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Critical behavior of the dimerized Si(001) surface: Continuous order-disorder phase transition
in the two-dimensional Ising universality class
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The critical behavior of the order-disorder phase transition in the buckled dimer structure of the Si(001)
surface is investigated both theoretically by means of first-principles calculations and experimentally by spot
profile analysis low-energy electron diffraction (SPA-LEED). We use density functional theory (DFT) with
three different functionals commonly used for Si to determine the coupling constants of an effective lattice
Hamiltonian describing the dimer interactions. Experimentally, the phase transition from the low-temperature
c(4x2)- to the high-temperature p(2x 1)-reconstructed surface is followed through the intensity and width of
the superstructure spots within the temperature range 78—400 K. Near the critical temperature 7. = 190.6 K,
we observe universal critical behavior of spot intensities and correlation lengths, which falls into the uni-
versality class of the two-dimensional (2D) Ising model. From the ratio of correlation lengths along and
across the dimer rows we determine effective nearest-neighbor couplings of an anisotropic 2D Ising model,
Jy = (=249 £ 094y £ 1.34)meVandJ; = (—0.8 £ 0.1, ) meV. We find that the experimentally determined
coupling constants of the Ising model can be reconciled with those of the more complex lattice Hamiltonian
from DFT when the critical behavior is of primary interest. The anisotropy of the interactions derived from the
experimental data via the 2D Ising model is best matched by DFT calculations using the PBEsol functional.
The trends in the calculated anisotropy are consistent with the surface stress anisotropy predicted by the
DFT functionals, pointing towards the role of surface stress reduction as a driving force for establishing the

c(4x2)-reconstructed ground state.

DOI: 10.1103/PhysRevB.109.134104

I. INTRODUCTION

Materials with reduced dimensions often exhibit en-
ergetically close-lying metastable states due to combined
instabilities of the electron and the lattice system. Examples
in one dimension (1D) include the formation of charge density
waves, doubling of periodicity driven by a Peierls distortion,
or symmetry breaking through a Jahn-Teller instability [1-4].
In purely 1D structures, these instabilities are predicted to
exist only for 7 = 0K. Even smallest thermal excitations
drive the system into the high-temperature state. Only those
interactions mediated by higher dimensions, e.g., the coupling
of parallel 1D atomic wires perpendicular to the wire direc-
tion, stabilize the instability at finite temperatures. Examples
for such systems are adsorbate-induced atomic wires such as
Si(553)-Au [5-8], Si(557)-Pb [9-12], Ge(110)-Pt [13], and
Si(111)-In [14,15].

A truly famous example of such a 1D structure with
weak coupling in the second dimension is the bare Si(001)
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surface exhibiting a so-called dimer reconstruction [16-18].
The bulk-terminated Si surface exhibits two half-filled dan-
gling bonds per atom, which makes the Si(001) surface
electronically unstable. Since thermodynamics always tends
to minimize the surface free energy, these dangling bonds
form dimers, leading to a doubling of the periodicity along
the dimer axis and thus forming a reconstruction on the
Si(001) surface [19-21]. These dimers, which are alternately
buckled at low temperatures [22], are arranged in paral-
lel rows. At low temperatures, the adjacent dimer rows are
arranged in an antiphase registry, leading to a ¢(4x2) recon-
struction as the ordered ground state [23,24]. The buckling
orientation can be formally assigned to an up- or down-
spin, i.e., a two-dimensional (2D) antiferromagnetic order
arises. This system is known for the experimental obser-
vation of a continuous order-disorder phase transition that
occurs at 7, =~ 200K from the c(4x2) to the p(2x1) high-
temperature state [25]. Similar to silicon, the Ge(001) surface
also exhibits such a structural phase transition from a c¢(4x2)
to a p(2x1) reconstruction at slightly higher temperature
[26-30]. Kevan et al. [31] suggested that this order-disorder
phase transition occurs via a two-step process for Ge(001).
Details of the phase transition on Ge(001) can be found
elsewhere [26].

©2024 American Physical Society
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Although the order-disorder phase transition for the dimer-
ized Si(001) surface has been known for decades, the critical
behavior has yet not been studied in detail. Previous studies
were constrained by the limited instrumental resolution of
low-energy electron diffraction (LEED) and the pinning of
the phase transition by the extreme sensitivity of the surface
to adsorbates or the omnipresent atomic steps that prevent
large-scale spatial fluctuations [25,32-34]. Also, experimental
findings such as the observation of streaklike diffuse intensity
[32] could not be explained by theory [35].

Very recently, we showed that the Si(001) order-disorder
phase transition can be described by an anisotropic 2D
Ising model with 7. = 190.6 K [36]. The critical behavior
of the order parameter, the fluctuations and the correla-
tion lengths were analyzed in the framework of the 2D
Ising universality class [37,38] and were mapped onto
the exactly solved nearest-neighbor (NN) 2D Ising model
[39,40]. This mapping onto renormalized effective NN cou-
plings was justified a posteriori by the very large coupling
anisotropy ratio [36]. The experimentally determined cou-
pling energies J; = —24.9meV and J, = —0.8 meV along
and across the dimer rows, respectively, were in agreement
with some previously conducted ab initio density functional
theory (DFT) calculations, while other such calculations
deviated from the experimental results. To elucidate the mi-
croscopic interactions involved, we performed comprehensive
DFT calculations with three different exchange-correlation
functionals. Our paper thus helps to resolve the long-
standing debate as to why some theoretical predictions
of T, (e.g., T. = 316K [35]) differ from the experimental
value.

This paper is organized as follows: After summarizing the
current understanding of the energetic hierarchy of the Si(001)
surface structure in Sec. II, we review the techniques for
setting up lattice Hamiltonians for the Si(001) surface and
present our interaction parameters calculated from DFT in
Sec. III. We then argue that, as far as the critical behavior
close to the order-disorder transition is concerned, the lat-
tice Hamiltonian can be reduced to an anisotropic 2D Ising
Hamiltonian with two effective parameters (Sec. IV). The
analytically known scaling laws of the 2D Ising model allow
us to precisely determine 7; and the ratio of the interaction
parameters. In Sec. V the experimental data analysis used in
Ref. [36] is explained in more detail. Finally, we conclude
and give an outlook on possible future work. In the Appendix,
we compare the results of our DFT calculations with previous
studies.

II. DIMERIZED S1(001) SURFACE

The bare dimerized Si(001) surface exhibits a rich hi-
erarchy of structural motifs that minimize the surface free
energy [41]. The dimer formation is facilitated by the energy
minimization of the bulk-terminated Si surface, where each
surface atom has two half-filled dangling bonds. This unstable
structure results from the directional covalent bonds of the un-
derlying diamond crystal structure. Each dimer is composed
of two Si surface atoms bonded to each other, resulting in a
twofold periodicity along the dimer axis. As will be seen in
Sec. V, the dimers form parallel dimer rows giving rise to a

strong geometric and electronic anisotropy of the surface with
a p(2x1) unit cell as sketched in Fig. 1(a). The correspond-
ing LEED pattern reflects the doubling of the periodicity by
additional spots halfway between the integer order spots, as
shown in Fig. 4(a) below. Each dimer reduces the number
of half-filled dangling bonds by a o-like bond resulting from
the overlap of half-filled dangling bond orbitals as sketched in
Fig. 1(a). This fully occupied o -like bond reduces the lateral
distance between the two Si surface atoms from 3.84 A to
2.23A [42]. The associated bending of the backbonds from
the top Si surface atoms by &20° brings the two remaining
dangling bonds almost parallel to each other, allowing for fur-
ther energy reduction by forming a m-like bond. The energy
gain of ~1.8eV per p(2x1) unit cell due to the saturation of
the dangling bonds overcompensates by far the energy cost of
the unfavorable bending of the backbonds. Due to this large
gain of energy the Si(001) surface remains dimerized up to
temperatures of at least 1200°C [43].

The symmetric dimer phase is found above 900 K [43],
however, is instable to lateral and vertical buckling and can
further reduce its energy by Jahn-Teller distortion: One of
the dimer atoms moves inward toward the bulk, the other
outward toward the vacuum as sketched in Fig. 1(b) [20].
Such buckling does not require changes of bond lengths,
which are almost conserved while the bond angles change
drastically until the dimer is tilted by 18° with respect to
the surface plane [41,44-49] as sketched in Fig. 1(b). This
process is accompanied by a charge transfer of ~0.1e (eg is
the elementary charge) from the down-dangling bond Doy, to
the energetically more favorable s-like up-dangling bond Dy,
[50]. This charge transfer from the lower to the upper dangling
bond causes the ionic character of the surface atoms. The re-
pulsive force between equally charged dimer atoms induces an
alternation of the dimer buckling direction along each dimer
row. Each negatively charged up-atom is now surrounded by
four positively charged down-atoms reducing the electrostatic
repulsion between the ionic dangling bonds. Ramstad et al.
used first-principles calculations to determine the reduction of
surface energy due to alternatively buckled dimers by another
50 meV /dimer [41].

There is still one degree of freedom left for the arrangement
of the alternately buckled dimer rows. The registry of buckling
in neighboring dimer rows could be either in-phase as for the
asymmetric p(2x2) reconstruction or phase shifted by one
lattice spacing along the dimer rows resulting in the c(4x2)
reconstruction as sketched in Fig. 1(b) and observed in LEED
as shown in Fig. 4(b) below. Due to electrostatic interaction
and minimization of surface stress, the c(4x2) structure is
slightly (by 3 meV/dimer according to the calculations of
Ref. [41]) more favorable than the p(2x2) structure, where
the buckling in adjacent dimer rows occurs in-phase. This is
supported by LEED above ~45 K, where only faint intensity
of the (1/21/2) spot was reported [32,33,51]. However, small
portions of the surface may exhibit the p(2x2) reconstruction
in coexistence with the c(4x2) reconstruction at very low
temperatures below ~45K [51], where the long-range order
of the buckled dimers in the ¢(4 x2) reconstruction can still be
lifted locally by the creation and motion of antiphase transla-
tional domain boundaries (so-called phasons) [52-54] and/or
by electron doping by the probe [55-61].
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FIG. 1. Dimer reconstruction of Si(001). Atomic structure models of the Si(001) surface for (a) the symmetric p(2x 1) and (b) the c(4x2)
reconstruction. (c) Spin model describing the arrangement of alternation of dimer buckling. Effective interaction parameters J; and J, along
and across the dimer rows are indicated. (d) STM image recorded at T = 300K, U = —2.0V, I = 0.7 nA (occupied states) exhibiting buckled

dimers in the vicinity of a surface defect.

Dabrowski et al. determined an energy barrier of 90 meV
between the asymmetric left- and right-tilted states of the
p(2x1) phase [49]. Their calculations exclude any metastable
state as function of buckling angle, i.e., there exists no
symmetric dimer configuration without buckling. At room
temperature, however, the dimers appear as a symmetric
p(2x1) [Fig. 1(a)] in scanning tunneling microscopy (STM)
due to fast dynamical flipping motion between left- and
right-tilted configurations at a frequency of 10''s~! [49].
Figure 1(d) shows a room-temperature STM image at negative
sample bias, i.e., imaging the occupied states of the Si(001)
surface. The p(2x1)-reconstructed dimer rows are clearly
visible. Dark areas represent missing dimer defects. In the
vicinity of an extended defect the thermally activated flipping
motion of the buckled dimers is quenched in two adjacent
dimer rows, locally exhibiting the c(4 x2) reconstruction. The
transition between the c(4x2) ground state and the p(2x1)
reconstruction observed at room temperature is also described
as an order-disorder transition.

III. FIRST-PRINCIPLES CALCULATIONS
A. DFT methods

Our goal is to describe the thermodynamics of the Si(001)
surface by a lattice Hamiltonian. Since the potential energy
surface of the Si dimers has two clearly distinct minima
and a saddle point in between [16,49,62], it is appropriate
to model the buckling angle by Ising spins o; ; = £1 corre-
sponding to the two buckling orientations “right” or “left” of
the Si dimers as sketched in Fig. 1(c). The energetics of the
Si(001) surface, including low-energy excitations of the Si
dimer pattern, are described by a generalized anisotropic 2D
Ising model on a rectangular lattice. We use DFT calculations
as implemented in the Quantum Espresso (QE) simulation
package [63] to determine the coupling parameters in this
model. QE is a periodic DFT computational suite that im-
plements plane waves for the expansion of electronic wave
functions.

Here, we compare three different functionals to treat the
exchange-correlation interactions of electrons, the local den-
sity approximation (LDA) as parametrized by Perdew and
Zunger (PZ) [64], and the generalized gradient approxima-
tions (GGAs) in the parametrizations PBE [65] and PBEsol
[66]. The ion-valence electron interactions are treated using

norm-conserving pseudopotentials of Hartwigsen-Goedecker-
Hutter type [67] when PZ and PBE exchange-correlation
functionals are used, and an ultrasoft pseudopotential [68]
when the PBEsol functional is used. For geometry relaxation
the convergence thresholds of the total energy and each com-
ponent of forces on each atom were set at 0.0l meV and
1 meV/[A], respectively. The calculations were performed at
T =0K.

For these calculations a (6x4) supercell of the Si(001)
surface with two Si dimer rows was constructed with eight Si
atomic layers. The lateral dimensions of the supercell were
set according to the bulk lattice constant of Si, which was
determined individually for each functional. The supercell
included a vacuum region of 15A to avoid artificial inter-
actions between the slab and its image replicas normal to
the surface. In addition, total energy calculations for fixed
geometries were carried out for a plane-wave cut-off of 75 Ry,
following a total energy convergence test of the cut-off energy.
To carry out total energy integration over the Brillouin zone
of the supercell, a Monkhorst-Pack mesh [69] of 3x5x 1 was
used after fully examining the convergence of the total energy
with respect to the size of the k mesh. The dangling bonds
of the bottom-most Si atoms were saturated using H atoms and
the Si and H atoms in these layers were kept fixed throughout
the geometry relaxation.

In the present paper, seven different tilting patterns of
the Si(001) surface were modelled in order to obtain the
coupling constants of the lattice Hamiltonian, which, as will
be shown, describes the short-ranged dimer interactions and
their contributions to the total energy of the Si(001) surface.
Figure 2 displays the modelled tilting patterns. Among the
Si(001) surface tilting patterns, only the p(2x 1) and p(4x1)
reconstructions do not have an alternation of the buckling
along a Si dimer row. As will be shown, this translational sym-
metry along the Si dimer row introduces an energy penalty
that makes these two tilting patterns energetically less favor-
able. Also, according to previous experimental reports on the
existence of domain boundaries (phasons) on the Si(001) sur-
face [52], we modelled c(4x2) patterns in which the domain
boundaries exist in one row due to flipping of a single dimer in
one row (SDF) or two dimers in two adjacent rows (SDF-2R),
see Fig. 2. We also included a tilting pattern with two domain
boundaries formed by flipping of two dimers (TDF) in a single
Si dimer row, see Fig. 2.
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FIG. 2. Schematics of dimer tilting patterns of the Si(001) surface. Seven different dimer tilting patterns of the Si(001) surface were studied
in DFT modeling to determine up to six interaction parameters between the Si dimers (denoted by the highlighted arrows in the ellipsoids).
Here, SDF, TDF, and SDF-2R stand for single dimer flipped, twin dimers flipped (in one row), and single dimer flipped in adjacent rows,
respectively. Heads and tails of arrows denote the up- and down-dangling bonds of the tilted surface Si dimers as introduced is Fig. 1(c).

B. Lattice Hamiltonian

In early studies [35,70,71], researchers included at least
three short-range two-spin interactions Jy,1, Ji,1, and Jq 1,
along, across, and diagonal to the Si dimer rows in their
Hamiltonians, see Fig. 2. Later, conditional longer-range mul-
tispin interactions (Cys and Cy4) were added [47,72], which
contribute only when three or four adjacent dimers are tilted
in the same direction, see the Appendix for a discussion. In
addition, a second-nearest-neighbor (NNN) interaction Jj » as
well as a four-spin plaquette interaction were first introduced
by Ihm et al. [70], denoted as U and F in their Hamiltonian.

In this paper, we demonstrate that it is sufficient to solely
use two-spin interactions to account for the most important
two-, three-, and four-dimer interactions within two dimer
rows in our DFT model. However, as the couplings along the
dimer rows are much stronger than across the dimer rows [36],
in addition to the nearest-neighbor (NN) interactions we allow
for NNN and third-nearest-neighbor (NNNN) interactions in
the direction along the dimer rows. Thus, the generalized Ising
model Hamiltonian used here reads

3
H=—Ji E 01,j0i+1,j — E Jy.r E 0i,j0i, j+r
i =1 i

2
- Zjd,r Z 0, j(Oig1, j+r + Oig1,j—r) - (nH
r=1 i,j

In the direction across the dimer rows longer-ranging inter-
actions than J, ; are neglected since they turned out to be
reasonably small. For comparison with previous studies, we
also explored two approaches that simply add Cys, or both
Cy;s and Cyy instead of Jj 2, J) 3, and Jg 5. These results are
summarized in the Appendix.

The large correlation length anisotropy present in the
considered system and the resulting strong antiparallel short-
range correlations in parallel direction [36] gives rise to
renormalized effective NN couplings of the form

Ji=Ja=Ji2+ 3, (22)
Jo=J11—2Ja1+ 242, (2b)

which will be used in the following.

In the present paper, seven dimer tilting patterns of the
Si(001) surface with varying thermal stability were studied,
see Fig. 2. The coupling parameters of the Hamiltonian given

in Eq. (1) were determined by solving a system of linear
equations corresponding to the tilting patterns considered.
Subtracting the energy of the reference ground state c(4x2),
we find

Ecux2 =0, (3a)
E,ox2) = —24J, (3b)
Espr = —4(J) +J1), (3¢)
Etpr = =8(J) +J1L — %Ju,l), (3d)
Espr-or = —8(J) +JL —JL 1), (3e)
E,uxty = =240 — 2Jg1 +J)2), (39)
Epoxiy = =24 +J1L + 241+ J)2), (32)

where the quantities on the left-hand sides are the DFT total
energies of the dimer tilting patterns in the (6x4) supercell.
As Egs. (3) are written in terms of the renormalized effective
NN couplings J; and J; from Eq. (2), they can be solved
successively as discussed below.

C. DFT results on lattice Hamiltonian

The numerical results of our DFT calculations are summa-
rized in Tables I and II for the functionals used.

From Egs. (3) we can successively determine numerical
values of the interaction energies: (i) Firstly, we employed
the c(4x2), the p(2x2) and the single-dimer excitation SDF

TABLE I. DFT results on energetics of the tilting patterns. Rela-
tive energies of the tilting patterns of the (6x4) supercell obtained
using different exchange-correlation functionals (in combination
with appropriate pseudopotentials). The energies (in meV) are given
relative to the total energy of the c(4 x2) reconstruction.

Tilting

pattern LDA PBE PBEsol
c(4x2) 0.0 0.0 0.0
p(2x2) 38.0 12.3 16.4
SDF 105.5 131.4 99.2
TDF 103.1 123.9 109.7
SDF-2R 2419 306.8 2494
p4x1) 1169.0 1293.6 1220.0
p(2x1) 858.2 942.3 882.4
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TABLE II. DFT results on interaction energies. Interaction energies are given in meV. For each functional, the left columns are determined
from the three energies Eqs. (3a)—(3¢c), with J, = J 3 = Jq1 = Ja» = 0, while the middle columns result from the five energetically lowest
structures Egs. (3a)—(3e), with J 3 = Jy» = 0. Finally, the right columns are the result of all structures with the full Hamiltonian Eq. (1). Note
that the resulting renormalized effective NN couplings J;, , are equal in all cases. T is derived by Eq. (6) using the values for J; ;. For the
derived quantities, we assume an error of 0.1 meV in the coupling energies. The DFT results are compared to the experiment, with the first
error bar giving the statistical and the second the systematic error (see also Table IV).

LDA [64] PBE [65] PBEsol [66] Experiment
Eqgs. (Ba)-(3c)  (Ba)-(Be) (Ba)-(3g) (Ba)-(B3c) (Ba)-Be) (Ba)-(Bg) (Ba)-(Bc) (Ba)-(Be) (3a)—(3g)
Jia —24.8 —-27.0 —27.0 —-32.3 —-34.7 —34.7 —24.1 —22.2 —22.2
Ji2 0 -22 —16.6 0 —24 —14.0 0 1.9 —19.3
Ji3 0 0 —144 0 0 —11.6 0 0 —21.3
Jy —24.8 -32.3 —24.1 —-249+09+1.3
Ji —1.6 3.8 3.8 -0.5 5.5 5.5 —-0.7 6.4 6.4
Ja1 0 2.7 3.6 0 3.0 3.8 0 35 3.7
Ja2 0 0 0.9 0 0 0.8 0 0 0.2
Jy —1.6 -0.5 -0.7 —0.8+0.1+0
Jy/JL 16(1) 63(12) 35(5) 31.24+38+0
T.(K) 228(5) 210(10) 179(7) 190.6 £ 0.4 +£9.6
a (A) 5.38 5.46 5.43 5.43

[see Figs. 2(a)-2(c)] to uniquely obtain the two effective in-
teraction parameters J, and Jj using Eqs. (3a)-(3c). These
two couplings will not be altered by the following refinement
procedure. (ii) Alternatively, one can start by constructing
a Hamiltonian focusing only on the five energetically most
favorable structures shown in Figs. 2(a)-2(e). Using these
five structures and Eqs. (3a)—(3e), one obtains a Hamiltonian
with four interaction parameters, two along the dimer row and
two across the dimer row or in the diagonal direction. (iii)
Using all seven structures calculated by DFT, we are able to
fit a lattice Hamiltonian with six interaction parameters. The
results of these three procedures are summarized in Table II.

This procedure provides strong evidence that a two-
parameter Hamiltonian with effective interactions is suitable
to correctly describe the phase transition on the dimerized
Si(001) surface. Lattice Hamiltonians including more long-
range interactions may still be useful in providing microscopic
understanding. However, due to the alternating sign of the
dimer buckling, the more long-ranged interactions, entering
with positive and negative signs in Egs. (2), tend to cancel
each other out. Thus, it is possible to “condense” these inter-
actions into a compact Hamiltonian with only NN interactions
without loss of accuracy.

It is found that the interaction J; < O is strongest along
the Si dimer rows, in support of a pronounced anticorrela-
tion between the tilt angles of adjacent dimers along a row.
Compared to Jj,1, the NNN interaction J; » is found to be
considerably smaller. Therefore it seems justified to neglect
this interaction in a first analysis. Considering the even longer
ranging NNNN interaction J) 3 does not affect the values of
Jy,1, but interestingly J| » is renormalized. Still, the sum of
both remains the same as well as the value of Jj. Except for the
case when only Eqgs. (3a)—(3c) are considered, the interactions
between the dimer rows, J, 1, Jq.1, and Jq2, are found to
have positive signs, but their combination J, [Eq. (2b)] turns
out to be negative in all cases, showing that an alternating
tilt angle of the dimers is also preferred across the dimer
TOWS.

Comparing the results obtained with the different DFT
functionals, one notes that PBE yields the largest value for the
ratio Jy/J,, while LDA yields the smallest, and PBEsol falls
in between. This trend correlates with the lattice constants
predicted by the functionals: While PBE overestimates the
lattice constant ay,, of bulk silicon (DFT value 5 46 A vs ex-
perimental value 5.43 A) and LDA underestimates it (5.38 A),
the PBEsol functional gives the most accurate value (5.43 A).

It has been demonstrated experimentally that the Si(001)
surface is under anisotropic surface stress [73]. The fact that
the Si dimers prefer to buckle alternately is an indication
that the surface attempts to reduce the local surface stress
anisotropy [74]. Hence, the interaction parameters (that are
responsible for alternating buckling on a lattice Hamiltonian)
are also expected to be highly sensitive to stress, or equiva-
lently to external strain, as recently demonstrated by means of
DFT calculations [72]. We therefore include a discussion of
surface stress in the next Sec. III D.

An intuitive picture of the energetics of the Si(001) surface
may be obtained best by looking at the energy differences. The
energy gain for the c(4x2) reconstruction over the p(2x2)
reconstruction obtained in our calculations is 1.4 meV /dimer
using the PBEsol functional (cf. Table I). In comparison,
Ramstad et al. derived a value of (3 &= 13) meV/dimer in
their LDA calculations [41], while in the PBE calculations
of Xiao et al. [72] only an energy gain of 0.1 meV /dimer
was obtained. The error bars of these data indicate that such
calculations depend on subtle details and choice of the proper
functional. However, irrespective of the DFT functional used,
our results confirm that the ¢(4x2) reconstruction is indeed
the most stable reconstruction for the dimerized Si(001) sur-
face at T = 0 K. Moreover, the common trend of the energies
reported in Table I among all three functionals give us con-
fidence that DFT gives qualitatively the correct physics of Si
dimer buckling.

To locate transition states we used the Climbing-Image
Nudged Elastic Band (CI-NEB) [75] method. Two different
types of processes were considered: the creation of a phason-
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antiphason pair by flipping one dimer in a perfect p(2x2)
reconstruction of Si(001), and the barrier for moving an iso-
lated phason by one lattice distance along the Si dimer row.
For the latter case, a (5x2) supercell of Si(001) was con-
structed and the flipping of a single dimer was modelled. A
total of eight images were considered to sample the reaction
path of the Si dimer flipping. Starting from the p(2x2) re-
construction, for flipping of a Si dimer the barrier energies
of 110, 150, and 74 meV are obtained using the LDA, PBE,
and PBEsol functionals, respectively. Since the thermal en-
ergy equivalent to the measured (and calculated) 7 is small
compared to the barrier energies, crossing the barrier is a rare
event, and thus the thermodynamic modeling with o; ; = &1
is justified, as any intermediate tilting angles contribute negli-
gibly to a thermal average.

Finally, we identify the elementary excitations of the
c(4x2) ground state. Structurally, the simplest excitation is
flipping of a single dimer from its equilibrium tilting po-
sition to the opposite tilting. This situation is depicted as
the SDF state in Fig. 2. The excitation energy is given by
the energy difference between the SDF state and the ground
state and can be calculated from Eq. (3c). Our calculations
yield an excitation energy on the order of 100 meV for all
three functionals (cf. Table I). The energy barriers for such
a transition, i.e., for creating a phason-antiphason pair, are
165 meV (LDA), 148 meV (PBEsol), and 209 meV (PBE),
respectively. It should also be noted that the energy per dimer
for the p(2x2) reconstruction is lower than for the SDF and
TDF states. However, such nonlocal collective excitation of
the entire surface is unlikely to occur at low temperatures.

D. Surface stress

The surface stress tensor for each tilting pattern of the
Si(001) surface is obtained from the (6x4) supercell stress
tensor as

G;%rf = C(U;Cﬁ — 0,808 — %US%’H) , (€))
where ¢ = 26 A is the dimension of the supercell normal to the
surface, i.e., a thickness of eight atomic layers. G;C’H is the su-
percell surface stress of the Si surface slab passivated on both
sides by H atoms. Including such a term ensures that the con-
tribution of H atoms (at the bottom of the Si slab) to the stress
is well excluded. The presence of o,, in the above expression
is a caveat to ensure that a residual nonzero diagonal surface
stress component perpendicular to the surface is eliminated.
Thus o;“rf satisfies the physical requirement of zero z stress
[74]. The components of the surface stress tensor for each
tilting pattern are calculated as oY > oy and o\ = o,
for the respective directions along and across the dimer rows
(cf. Table III). Finally, the stress anisotropy Ac = o — 0
of the tilting patterns is used to quantify the magnitude of
the difference between the surface stress tensor components
across and along the Si dimer row. It should be noted that for
the p(4x1) and p(2x 1) reconstructions o}, becomes negative,
i.e., a compressive stress arises. This is in good agreement
with experimental [76] and theoretical [77] studies, which
suggest tensile and compressive stress across and along the
dimer rows, respectively, for Si(001) with p(2x1) domains
formed at 730°C temperature. Across the dimer rows the Si

TABLE III. DFT results on surface stress. Surface stress
6 = (0 + 0y)/2 and stress anisotropy Ao = o, — oy (in meV//o\z)
of the tilting patterns of the (6x4) supercell obtained using different
exchange-correlation levels of theory.

LDA PBE PBEsol
Tilting pattern 7 Ao 7 Ao o Ao
c(4x2) 65 31 71 64 63 39
p(2x2) 62 31 78 65 64 39
SDF 51 44 69 71 53 53
TDF 54 42 71 75 55 50
SDF-2R 41 76 59 94 41 72
p(4x1) 33 104 45 128 27 104
p(2x1) 38 79 49 116 37 91

surface is subject to tensile stress o, which remains almost
the same for each tilting pattern. This is because it is an
individual property of the buckled dimer bond and its length
does not change dramatically upon different reconstructions
of the Si(001) surface.

Our results show that the stress anisotropy Ao becomes
smallest (nearly 39 meV/A? using the PBEsol functional)
when Si dimers form the c(4x2) and p(2x2) tilting pat-
terns. In contrast, for the tilting patterns p(4x 1) and p(2x1),
the surface stress anisotropy becomes very large (104 and
91 meV/A?) because the surface is under compressive stress
along the Si dimer row. Our results are in good agreement with
those of previous theoretical [74,78] and experimental studies
[79,80].

Looking at the stress anisotropy at different levels of
DFT theory gives us clue to correlations between the stress
anisotropy and the coupling constant ratio J; /J, with the DFT
functionals. For the c¢(4x2) reconstruction the ratio J/J
amounts to 16, 63, and 35 for the LDA, PBE, and PBEsol
functionals, respectively (cf. Table I). From Table III we de-
rive for the stress anisotropy values of 31, 64, and 39 meV/ A2
for LDA, PBE, and PBEsol functionals, respectively. Thus,
our results show a correlation between the stress anisotropy
and the coupling constant ratio J;/J,. As will be shown in
the experimental Sec. V, the experimental value of this ratio
is best reproduced by the PBEsol functional that also closely
reproduces the experimental lattice constant of silicon (cf.
Table I). Although this is just an observation whose bearing
would require more advanced investigations, we note that
the Si atoms of the subsurface layer are responsible both for
accommodating local strain and for mediating the elastic con-
tribution to the interaction between the Si dimers. Therefore,
we believe that the correlation between the stress anisotropy
and the coupling constant ratio is more than just fortuitous.

IV. ANISOTROPIC 2D ISING MODEL

In the further analysis of the order-disorder phase transition
and of the experimental data, we choose to model the system
based on the well-known anisotropic 2D Ising model on a
rectangular lattice with the Hamiltonian

Hetr = — Z(J\\Ui,jai,j+l +J10ij0iv1,5) ©)

iJ
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FIG. 3. Energetics of the anisotropic 2D Ising model. (a) Critical
temperature 7; as a function of the effective NN coupling constants
Jy and J, . (b) Temperature and correlation length ratio dependence of
the coupling energy ratio |J;/J, | derived from Eq. (8). Equation (6)
holds at the black-dotted line with + = 0 where the relation for
(&7 /a))/(&] /a.) simplifies to Eq. (10). Red-solid lines and the data
points indicate results for 7. = (190.6 &£ 0.4, = 9.6,,s) K in (a) and
Jy/JL = 31.2 £ 3.8, in (b) as derived from the experiment.

where Jj is the effective NN coupling along the dimer row,
while J is the effective NN coupling between adjacent rows.
NNN couplings can be absorbed additively into the effec-
tive NN as in Egs. (2) due to the large correlation length
anisotropy [36], which guarantees that the corresponding
dimers are approximately aligned antiparallel in the whole
experimentally relevant temperature range. This property can
be quantified by generalizing the approximation by Zandvliet
[81] to anisotropic systems, yielding a renormalized coupling
Ji=Ji1— 24+ 0E /5 Va,-

In advantage over more complex models, the 2D Ising
model is accessible to an analytical solution [39], and the
well-known scaling laws can be used as a basis for fitting
experimental data. By analyzing the spot profiles in an elec-
tron diffraction experiment along the two directions along and
across the dimer rows, the effective NN interaction parameters
Jj,1 can be determined experimentally, whereas it is difficult
to extract signatures of any more long-ranged interaction pa-
rameters from such experimental data.

According to the analytical solution of the 2D Ising model
by Onsager [39], the system exhibits a second-order phase
transition at the critical temperature 7; determined by [82]

21, 217
sinh ( 2911) ginn (2M21) )
kg T ke T

A false-color plot of the solution of Eq. (6) is shown in
Fig. 3(a) together with the results of the experiment [36].

The spin-spin correlation function {o; joy ;) decays expo-
nentially on a length scale given by the anisotropic correlation
length &5 in direction 8 € {||, L}. Above (below) T, the cor-
relation function asymptotically decays to zero (a constant
value); characteristic of a second-order phase transition.

In the vicinity of the phase transition, however, the system
exhibits universal critical behavior, i.e., quantities such as
the correlation length &;(¢), the order parameter \W(¢), or the

susceptibility y (¢) behave asymptotically as power laws of the
reduced temperature t = 7 /7, — 1,

W) ~ W (=), (7a)
x@) =~ xFt| 7, (7b)
Es(t) ~ E5|t| ™. (7c)

Here, ¥~, x* and éai are nonuniversal amplitudes above
and below T, while the critical exponents have the values
B=1/8, y =7/4 and v =1 for the universality class of
the 2D Ising model. These exponents can accurately describe
the behavior of the system close to the critical temperature.
Indeed, x generally corresponds to fluctuations that are strong
near the critical temperature 7.

Above T, the correlation lengths &; in the anisotropic 2D
Ising model are given by [40,83]

T) 1> J 2105177
6 rn [ o (ML) 25 )
as kBT kBT

where a; = 3.84 A is the Si(001) surface lattice parameter,
and a; = 2ay, while § denotes the direction perpendicu-
lar to §. With Eq. (6) and the correlation length ratio
(&y/ay)/(é1/ay) [which holds above and below T, see
Fig. 3(b)] derived from Eq. (8), the renormalized effective NN
couplings J;s of the Si dimers/spins along and across the dimer
rows can be derived [36]: An expansion of Eq. (8) around T
from Eq. (6) yields the correlation length amplitudes Eq. (7¢)

above T,

FooTr2 2175 2155177

& [l g 2y L 2
as ke T, kpT; kT,

from which one can deduce a simple relation between the
effective NN couplings J; and the ratio of correlation length

amplitudes,

+ 217

éi/aa :sinh( | 5'), (10)
é,-:g /aS kg T

such that we can determine the anisotropic renormalized ef-
fective NN couplings Js solely from the correlation length
amplitude ratio [84]. Note that the signs of J; must be de-
termined from the diffraction analysis below.

In a diffraction experiment, we have access to these quanti-
ties by evaluating the spot intensity and its shape. For T > T¢,
the diffraction pattern consists of Lorentzian peaks whose
widths FWHM], ; are proportional to the inverse correlation
lengths 58_', while their intensity I is proportional to the
susceptibility x. For T < T, the diffraction pattern consists
of Lorentzian peaks just as for T > T, but in addition, there
are delta peaks whose intensity Ig scales with the square of
the order parameter W2. Experimentally, all peaks are ad-
ditionally broadened by the instrumental response function,
i.e., a Gaussian function with constant FWHM independent
of temperature.

V. EXPERIMENT

A. Experimental methods

We followed the order-disorder phase transition by means
of SPA-LEED, which combines high resolution in reciprocal
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FIG. 4. SPA-LEED patterns. Patterns were taken at (a)
T =300K and (b) T = 80K, respectively. Primitive unit cells of
the p(2x1) and c(4x2) reconstructions are indicated by the yellow
rectangles and orange rhombi, respectively. Additional to the spots
streaklike intensity is found centered at the (3/4 1/2) spots.

space with superior signal-to-noise ratio [85,86]. The ex-
periments were performed under ultrahigh vacuum (UHV)
conditions at a base pressure p < 2x 1079 mbar in order to
ensure very low surface contamination by residual gas ad-
sorption. The Si(001) sample (miscut <0.2°) was mounted
on a cryostat for sample cooling with liquid nitrogen. Direct
current was applied to heat the sample for degassing at 600 °C
and subsequent flash-annealing at 7 > 1200 °C for 5 s with
the pressure remaining in the 10~'? mbar regime. The temper-
ature was monitored during annealing with an IMPAC IGA10
pyrometer. Subsequently, the sample was cooled to 78 K in
less than 5 min. Using the built-in resistive heater of the
cryostat, the sample was heated from 78 K to 400 K at a rate of
10 K/min while the sample temperature was measured with a
Pt100 Ohmic sensor. The systematic error in temperature de-
termination is in the order of 10 K while the statistical error
is less than +1 K. At the same time, spot profiles through the
(00) spot, p(2x 1) spots and c(4x2) spots were continuously
taken by SPA-LEED at an electron energy of £ = 112¢eV.
The transfer width of our SPA-LEED was larger than 320 A.
The probing electron beam can induce disorder in the c(4x2)
structure [34,56-58]. We confirmed that this is not the case in
our study because the beam current in SPA-LEED was kept
as low as possible. The total electron dose was smaller by a
factor of 50 compared to experiments using back-view LEED
optics [85]. Scanning tunneling microscopy (STM) images
were taken at room temperature in another chamber under
UHYV conditions.

B. Experimental results

The change of the surface structure upon the Si(001)’s
order-disorder phase transition is clearly seen in the LEED
patterns shown in Fig. 4 and taken at 300 K and 80 K, i.e.,
above and below the critical temperature, respectively. The
diffraction pattern recorded at 300 K [Fig. 4(a)] exhibits sharp
diffraction spots and a low background reflecting the low step
density and low defect and/or adsorbate density. The pattern
is composed of an incoherent superposition of two distinct
p(2x1) patterns originating from the 90°-rotated dimer rows
arrangement on adjacent terraces. The twofold periodicity in
the diffraction pattern refers to the direction across the dimer

rows, while the x 1 periodicity is along the dimer rows [cf.
Figs. 1(a) and 4(a)]. From the FWHM (full width at half max-
imum) of the (00) spot, we determined that the mean terrace
width was larger than 50 nm, which is in good agreement with
the expectation from the miscut of the wafer.

The streaklike intensity centered at the quarter-order spot
positions is visible even far above the critical temperature [32]
and is indicative of fluctuations of the dimers, i.e., activa-
tion of diffusive phase defects in between p(2x1) domains
(phasons and antiphasons) [6,52]. The faint intensity at the
(1/21/2) position (see left panel in Fig. 6 below) at 50 %SBZ
(surface Brillouin zone [100%SBZ = 2m/(3.84 A)]) can
originate either from the incoherent overlap of the streaklike
intensities of surrounding c(4x2) spots and/or from local
p(2x2) reconstruction sites. We estimate from the fits to the
line profiles shown in Fig. 6 that the surface exhibits almost no
sites of the latter at any temperature in the investigated range
78-400 K.

The diffraction pattern recorded at 80 K [Fig. 4(b)] exhibits
additional sharp spots at those of the quarter-order positions
belonging to a ¢(4x2) reconstruction. The streaklike intensity
is still present. Again, this pattern is composed of an incoher-
ent superposition of two 90°-rotated c(4x2) patterns. Thus,
the surface structure has undergone a phase transition to a
c(4x2) reconstruction with two alternatively buckled dimers
per centered unit cell, as sketched in Fig. 1(b).

For a quantitative analysis, spot intensity profiles in the
temperature range 78—400 K were taken for several diffraction
spots. Line profiles through the (00) spot and the half-order
spots exhibit sharp Gaussian-shaped spots reflecting the long-
range order of the surface [cf. insets of Figs. 5(d) and 5(e)].
The FWHM of these spots [see Figs. 5(d) and 5(e)] exhibits no
temperature dependence, which is also a proof that adsorption
of residual gas during this experiment was negligible. From
the sharpest spot, i.e., the (11/_2) spot, we determined the
instrumental resolution of 1.07 %SBZ [Fig. 5(e)].

The Debye-Waller effect for elastically scattered electrons
at temperature 7 [86]

I(T) = [ye™ 318K (11)

for the normalized spot intensity I(7)/ly with isotropic
mean-squared vibrational motion (u?) of the atoms and
momentum transfer AK at almost vertical incidence of
90° — B/2 = 86.5° (B = 7° is the angle between electron gun
and channeltron of the instrument [86]) was employed to
disentangle the intensity drop due to the vibrational motion
of the atoms and the contributions of the order-disorder phase
transition for the peak intensities. Thus, in the framework of
the Debye model, the peak intensity for temperatures below
the Debye temperature ®p, is given by [87]

IT) o (13 () [ 0%))

X e 4msikgOp ©p

7 (12a)

where mg; is the mass of the Si atoms, and the momentum
transfer in SPA-LEED

2
|AK| = E‘/(l + cos B)mE .

(12b)
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FIG. 5. Temperature dependence of diffraction spots. (a) Scaled LEED spot intensities / of the (00) spot, half-order spots, and the (3/4 1/2)
spot (shown with its Gaussian and Lorentzian contributions). The spot intensity decreases with increasing temperature due to the Debye-Waller
effect according to Eq. (12). Debye temperatures are indicated. The (3/4 1/2) spot clearly deviates from simple Debye-Waller behavior as its
intensity is affected by the order-disorder phase transition. (b) The integrated intensity Iy, of the (3/4 1/2) spot drops as function of temperature
due to the Debye-Waller effect according to Eq. (12) without being affected by the phase transition. Colored solid lines indicate the expected
intensity drop due to the Debye-Waller effect for various Debye temperatures ®p between 325 K and 500 K. The black solid line depicts
the best fit with ®p = (391 £ 74, ) K. (c) Intensity of the homogeneous thermal diffuse background /g and corresponding Debye-Waller fit
yielding ®p = (367 £ 1084, ) K. (d), (¢) FWHMSs (uncorrected for instrumental resolution) of the (00) spot and half-order spots along the
[110] and [110] direction, respectively. Insets show line profiles (red dots) and corresponding fits (black lines) through the (00) spot and

neighboring half-order spots at T = 78 K.

Equation (12a) also considers zero-temperature fluctuations
that already become relevant at the low temperatures in our
study.

The peak intensities of the relevant spots are plotted in
Fig. 5(a). The intensities of the (00) and half-order spots
[blue and green data points in Fig. 5(a)] decrease with in-
creasing temperature, which is explained through a simple
Debye-Waller behavior. Their respective Debye tempera-
tures of ®Op = (474 & T4, ) K for the (00) spot [88] and
Op = (601 = 4, ) K for the half-order spots are determined
using Eq. (12) [solid-black curves in Fig. 5(a)]. However, the
peak intensity of the quarter-order (3/41/2) spot (red data
points) clearly deviates from the Debye-Waller behavior as
it is strongly affected by the phase transition. The drop in
intensity at 7 =~ 200K reflects the expected behavior for an
order-disorder phase transition.

Figure 5(b) depicts the integrated intensity of the (3/41/2)
spot calculated from integration along the line profiles shown
below in Fig. 6. Since the integrated intensity exhibits a

small deviation from the expected Debye-Waller behavior
around the critical temperature, the fitting of the spot pro-
file may still be affected by the critical behavior of the
phase transition, e.g., due to the Fisher exponent n [89]. We
have therefore plotted a family of curves describing possi-
ble Debye-Waller behaviors using Eq. (12) for a range of
Debye temperatures from ®p = 325K to 500 K. Analyzing
these curves within the kinematic approximation, we can rule
out sufficiently strong effects from the critical behavior, and
the best fit to the data is obtained for ®p = (391 &£ 74, ) K,
which is in reasonable agreement with the values obtained
for the other spots. In addition, the thermal diffuse back-
ground intensity of the diffraction pattern shows an increase
with temperature [Fig. 5(c)] as expected from Debye-Waller
theory [86]. The corresponding Debye-Waller fit yields
Op = (367 £ 1084a) K.

The quantitative investigation of the phase transition is
employed through a detailed spot profile analysis of the
(3/41/2) spot. Using line profiles, both across (along the
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FIG. 6. Temperature dependence of line profiles through the
(3/41/2) spot. Profiles through the center of the spot were recorded
in the directions across (left panel) and along (right panel) the dimer
rows. Data are plotted as bluish to reddish lines while the fit to the
data is given by the solid-red lines, see also Eq. (13). For better
visibility the experimental data is Fourier-filtered and 80% of the lin-
ear background is subtracted. The Gaussian (purple) and Lorentzian
(rose) contributions to the spot intensity (corrected for instrumental
resolution) are schematically depicted in logarithmic scale closely
above T at T = 198 K in the right panel.

[110] direction, left panel in Fig. 6) and along (along the [110]
direction, right panel in Fig. 6) the Si dimer rows, the tem-
perature dependence of the spot profiles has been recorded.
The spot profiles consist of a sharp central spike, a broad
diffuse part, and background intensity. In accordance with the
2D Ising model and Refs. [32,33], the data were therefore
fitted by a combination of a Gaussian-shaped contribution
(sharp central spike) with peak intensity Ig(¢) and full width
at half maximum FWHMg s and a broad Lorentzian-shaped
contribution (broad diffuse part) with peak intensity 7 (qo, t)
and full width at half maximum FWHM ;(t) = 2w /&;5(¢),
respectively, where we consider a spot at reciprocal lattice
vector qg, with q = (g, ¢1 ). Such a line profile in direction §
is therefore described by

I(gs,t) = 8(q5 — qo.s)lc(t) + IL(gs, 1),

with asymptotic scaling forms after Debye-Waller correction
according to Eq. (12)

Io(t) ~ Ag (—)*

(13a)

(13b)

L(gs,t) ~ AEGD) 17,

near T, where we introduced the dimensionless scaling vari-
able [89]

(13¢)

|~ s — 908

= gF| 13d
Vs Eg | . ( )

Here, Ig() describes the sharp central § spike proportional
to the square of the order parameter W(¢) from Eq. (7a) and
follows a power law with exponent 28 = 1/4 and amplitude
Ag below T... Accordingly, I1.(gs, t) is the broad diffuse part
of the spot profile, whose height is proportional to the sus-
ceptibility x (¢r) from Eq. (7b) and scales with an exponent
of y =7/4, while its width scales anisotropically with the
inverse correlation lengths &5(¢) from Eq. (7c). The corre-
sponding Lorentzian scaling function is denoted Af (ygt) and
will be discussed at the end of this section [90].

To account for the instrumental response function of the
SPA-LEED, a pseudo-Voigtian function (sum of a Lorentzian
and a Gaussian peak with the minimum Gaussian FWHM of
the sharpest spot, i.e., the (1 1/2) spot [Fig. 5(e)] as a measure
of the instrumental response) was used to fit the Lorentzian
contribution [91]. Accordingly, also the Gaussian contribution
is broadened by the instrumental response function. The fit to
the data is superimposed on the line profiles in Fig. 6 as red
curves.

Below T = 200K the spot profile of the (3/41/2) spot
consists of a sharp Gaussian contribution and a weaker
Lorentzian part with constant intensity and FWHM. Both
parts are schematically depicted in the right panel of Fig. 6
for T = 198K and as ® and @ in Fig. 5(a), respectively.
Above T ~ 200 K the central spike has disappeared, while the
width of the broad diffuse part increases strongly. However,
the diffuse part is still clearly visible at room temperature
[see also the streaks of the LEED pattern in Fig. 4(a)] and
above. In contrast, all integer order spots like the (00) spot
and all half-order spots always exhibit a spot profile given
solely by a sharp Gaussian with constant FWHM independent
of temperature [cf. Figs. 5(d) and 5(e)].

The fits to the line profiles of the (3/41/2) spot, namely
the Debye-Waller-corrected intensities of the Gaussian cen-
tral spike I and of the broad diffuse Lorentzian I, as
well as both Lorentzian peak widths FWHM, s are further
analyzed and compared with the theoretical predictions of
the anisotropic 2D Ising model. Both intensity contributions
vary strongly with temperature, i.e., reflecting the critical
behavior of the phase transition. The critical temperature
T, = (190.6 & 0.4, = 9.64y5) K is derived by a global fit
of all four critical quantities for temperatures up to 310 K
[colored-solid lines (shaded areas indicate systematic errors)
in Figs. 7(a)-7(d)], i.e., I and FWHM_ ;. The Gaussian
contribution [Fig. 7(a)] exhibits a sharp drop around 200 K,
indicative of the order-disorder phase transition [25,33]. The
orange-solid line is a fit to the critical behavior following
the power law (—#)?# proportional to the square of the order
parameter ¥ with g8 = 1/8.

For T > T, the (3/41/2) spot exhibits a Lorentzian pro-
file with decreasing peak intensity [Fig. 7(b)] and increasing
widths along both directions (cf. Fig. 6) as function of temper-
ature. The orange-solid line is a fit to the intensity above T¢,
which is proportional to the susceptibility x and scales with
the power law |¢|77 with y = 7/4.

The Lorentzian FWHMs along and across the dimer rows
are shown in Figs. 7(c) and 7(d). Starting at 7, both FWHMs
increase asymptotically from zero (colored dashed lines)
with FWHM /t = b = (7.8 & 0.3t = 1.05y5) %SBZ and
FWHML |/t = b; = (40.4 £ 0.8, £ 5.05) %SBZ,
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FI&T Order-disorder phase transition in Si(001). Critical behavior of the Gaussian (a) and Lorentzian (b) contributions /g, to the
(3/41/2) spot intensity during and above the phase transition, respectively. Data are corrected for the Debye-Waller effect. (c), (d)
Temperature-dependent FWHMs of the Lorentzian contribution to the (3/4 1/2) spot profile along (along [110] direction, intra dimer row

coupling) and across (along [110] direction, inter dimer row coupling)

the dimer rows corrected for the instrumental resolution, respectively.

(e) Correlation lengths & | of the Lorentzian contribution vs. reduced temperature ¢ above 7. (f) Correlation length ratio (§;/a;)/(§./a.) of

the Lorentzian contribution. Data are fitted for (a) T € [95K, T¢), (b) T

€ [225K, 400K], (c) T € [220K, 300K], and (d) T € [210K, 300K].

Light-pink data points belong to the so-called domain state and are not taken into account for the fits in (b)—(f). Colored lines indicate fits to the
critical behavior predicted by Onsager theory, determining the critical temperature 7. = (190.6 & 0.4, &= 9.64y,) K. First-order corrections are
taken into account for the FWHMs and the correlation lengths in (c)—(e), respectively. The asymptotic (linear) behavior is shown by the colored
dashed lines in (c)—(e). In (f) the expected behavior for the 2D Ising model (dark-yellow line) is derived by matching the values with the results
from the fit to the critical behavior (dark-pink line) at 7;.. The reduced temperature ¢ is derived from Ising model 7. = 190.6 K. Shaded areas
indicate corresponding systematic errors, accordingly. Black-dotted lines indicate fits to the critical behavior with unfixed exponents 8 and y.

respectively. The fit (colored-solid lines) to the data shows a
deviation from the asymptotes, which is well described up to
T ~ 300K by a first-order correction term to the Lorentzian
FWHMs, i.e., FWHML 5(¢t) = bst(1 +cst +...) for T > T
[83]. Approaching T, i.e., t — 0T, both correlation lengths
&s(t) = 2n /JFWHML 5(¢) diverge according to Eq. (7c) with
an exponent v = 1 [colored-dashed lines in Fig. 7(e)].

Comparing the experimentally observed temperature
dependence of the Lorentzian correlation length ratio
(&1/ay)/(é1/ay) above T. with the exact solution Eq. (8) of
the 2D Ising model [see Fig. 7(f)] we derive by extrapolation
t— 0",

arby

§®/ay _
ajb

=0+ & (t)/ay

= 10.29 £ 0.395 = 0.01y5. (14)

Using Eq. (10) at 7., we finally derive the coupling
energies as Jj = (—24.9 £ 0.9 £ 1.35)meV  and
J1 = (—0.8 0.1y )meV. The negative sign of both
couplings follows from the spot positions in the diffraction
pattern, leading to an antiferromagneticlike coupling of
the dimers along and across the dimer rows with c(4x2)
symmetry. Eventually, we obtain the coupling energy ratio
Jy/JL =312 £ 3. 8.

In addition to the analysis within the anisotropic 2D
Ising model, we fitted the critical behavior of the sys-
tem with free exponents 28 and y. With this method we
can determine how well the Si dimers behave as expected
for an Ising system or another universality class. The re-
sults of the global fit are shown in Fig. 7 as black-dotted
lines. For comparison, the results of both fits, i.e., for free
exponents and for the anisotropic 2D Ising model with
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TABLE IV. Critical behavior of the (3/4 1/2) spot. Fit results
including statistical (stat, first) and systematic (sys, second) errors.

Ising model fit Free fit

T. (K) 190.6 + 0.4 + 9.6 187.1+0.6 + 9.0
28 0.25 0.21 £ 0.02 + 0.02
y 175 1.86 = 0.08 =+ 0.04
by (%SBZ) 78+03+1.0 6.7+03+03

¢ 0.32 4 0.09 £ 0.29 0.56 4 0.10 = 0.09
Jj (meV) —249409+1.3 —244412+12
b, (%SBZ) 404 +0.8+5.0 345+1.0+1.5
c —0.51 £0.04 +0.22 —0.29 + 0.05 + 0.06
J1 (meV) —0.840.1+0 —0.8+0.1+0
b, /b 515+020+0 516+0.25+0
/L 31243840 313+£4.940

28 =1/4 and y =7/4 are summarized in Table IV. As
we find for the free fit T. = (187.1 & 0.55 £ 9.04) K,
28 = 0.2140.024£0.02y5, and y=1.86=£0.085; £ 0.04s,
we can confirm that the system behaves Ising-like. A sim-
ilar level of agreement of the experimentally determined
exponents and Ising exponents has been found for com-
parable systems, e.g., the analogous phase transition on
Ge(001) [26,30]. For the free fit we derive the coupling con-
stants of Si(001) as Jj = (—=24.4 £ 124, £ 1.25) meV and
Ji = (—0.8+0.15) meV, and thus Jjj/J1 = 31.3 - 4.9y,
very close to the results of the anisotropic 2D Ising model.

The large deviation of the Lorentzian intensity, FWHMs
and correlation length ratio for T < T; (light-pink data points
in Fig. 7) from the expected behavior of the 2D Ising model
is due to the formation of finite-sized ordered domains.
The fluctuating dimer system was quenched upon passing
the critical temperature during cooling, i.e., reflecting the
frozen critical fluctuations at 7 > T.. Here, we observe con-
stant and isotropic Lorentzian FWHMs FWHM,, | = (2.52 +
0.01at) %SBZ and FWHM_ | = (2.41 £ 0.07 ) %SBZ, re-
spectively, i.e., the resulting domain size is limited by the
quench to about 14 nm.

Finally, we analyze the Lorentzian scaling function A;" (y; )
above T, from Eq. (13c), with direction é € {||, L} and scal-
ing variable y; from Eq. (13d). For this, in Fig. 8 we plot
the Debye-Waller-corrected experimental data for temper-
atures 222K < 7 < 320K as a scaling plot, by rescaling
the abscissa gs — go s with the correlation length £5(¢) from
Eq. (7¢) and the ordinate I1 (gs, t) with the inverse susceptibil-
ity x(#)~! from Eq. (7b). We obtain an impressive quantitative
data collapse of the different intensities in both directions
without applying any further fitting parameters. The system-
atic deviations at negative yI are due to the enhanced intensity
at g; = 50 %SBZ originating from the neighboring quarter-
order spots (cf. left panel of Fig. 6). The data fall nicely onto
the Ornstein-Zernike prediction Agz(y) = (1 + yz)‘l (black-
solid curve). We also show the exact scaling function obtained
by Tracy and McCoy [89, Eq. (B7)] (red-dashed curve), which
is barely distinguishable from Agz(y) at these small values of
ly|, and only starts to deviate for |y| = 10, where it decays as
ly|=7/* instead of y~2. This close agreement does not allow
us to discuss deviations from Ornstein-Zernike scaling, as has

.
}
© 320K © 268K
308K 0258K%
208K < 248K
4 288K 4 233K]
v 222K

¥ = &517(q5-q0,5)/(27)

FIG. 8. Scaling plot of the Lorentzian scaling function A; (y])
from Eq. (13c) above T, with direction § € {||, L} and scaling vari-
able y;” from Eq. (13d). The black solid line is the Ornstein-Zernike
prediction Aoz (y) = (1 4 y?)~!, while the red-dashed line is the ex-
act scaling function from Ref. [89 Eq. (B7)].

been done for other surface Ising systems [92], in the tempera-
ture and wavevector range covered by our present experiment.

VI. DISCUSSION & CONCLUSIONS

Comparing the interaction parameters derived from the
electron diffraction experiment via fitting to the Ising model,
J)y = (=249 £ 09 £1.54)meV  and J, =(-0.8=£
0.1 £ 0.2 ) meV  with T = (190.6 £ 0.4, £ 9.64) K
with the values calculated from DFT (Table II), we conclude
that all the three considered functionals predict the critical
temperature in the correct range, 179(7)-228(5) K, with the
PBEsol functional coming closest to the experimental value
of T.. However, the anisotropy ratio Jj/J, varies strongly,
between 16(1) for the LDA and 63(12) for the PBE functional.
Again, the PBEsol functional, which yields an anisotropy
ratio of 35(5), comes closest to the experimental value of
31.2 £ 3.8, in the Ising model fit (31.3 & 4.9, in the free
fit). This demonstrates a compensation effect: a functional
that overestimates J; tends to underestimate J; and vice
versa. Since these two interactions enter in opposite ways
into Eq. (6) for T, the predicted value of T is quite robust.
Only with the help of subtle experimental methods, i.e., the
spot profile analysis of diffraction spots, has the anisotropy
parameter become experimentally accessible, allowing us to
evaluate the performance of the different DFT functionals.
We find that the PBEsol functional, whose construction
was motivated by improving the values of surface energies,
also performs best in predicting the critical behavior of
the order-disorder phase transition. We trace back this
excellent performance of the PBEsol functional to yielding
the correct lattice constant and the surface stress anisotropy
associated with the Si(001) surface reconstruction. The
PBEsol results, yielding J; = —24.1meV, J; = —0.7meV,
and T, = 179(7) K, are strikingly close to the experiment,
within overlapping error bars.

Discrepancies between the experimental results and ear-
lier theoretical predictions of 7; have been interpreted as
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a result of overestimated defect concentrations in the per-
cent range within the dimer structure [35,93-98]. We have
shown in this study that such an explanation is incorrect for
clean surfaces with low defect concentrations. The critical
temperature of 7, = 190.6K is a robust result because it is
directly related to the interaction energies of the dimers via
Eq. (6).

The very small value of J, and the pertinent small en-
ergy difference between the c(4x2) and p(2x2) structure are
also consistent with the coexistence of ¢(4x2) and p(2x2)
domains sometimes observed in STM images at low temper-
atures [99]. Even slight perturbations of the surface by the
electric field and/or the current generated by the STM tip
may be sufficient to switch between the two reconstructions.
In addition, low-temperature STM experiments at elevated
tip voltage show dynamic changes of the Si dimer buckling
[52,60], in particular at the boundary between the c(4x2) and
p(2x2) domains. The (mobile) surface excitations observed
in such an experiment are called phasons [99], where a phason
(or antiphason) corresponds to two adjacent Si dimers tilted
in the same direction in an otherwise completely ordered
environment. Phasons can move along a Si dimer row and
can only be created or annihilated as phason-antiphason pairs.
In this sense, they are topological defects in an ordered 1D
structure. A Si dimer chain bounded by a phason and an
antiphason can be viewed as a domain whose order is out-
of-phase with the surrounding c(4x2) structure. The finite
length of such a dimer chain leads to a broadening of the
(3/41/2) diffraction spot in a LEED image. Therefore the
Lorentzian FWHM of this quarter-order LEED spot is a mea-
sure of the phason density. Thus, the size of ordered domains
is determined by a geometric length distribution [100], i.e.,
the correlations decay on large length scales r for T > T as
o exp(—r/&s) [40].

VII. SUMMARY & OUTLOOK

Our comprehensive DFT and SPA-LEED results provide
microscopic understanding of second-order phase transitions
on surfaces. The dimerized Si(001) surface is a prototypi-
cal system that exhibits such a phase transition at a critical
temperature of 7. = 190.6 K. Due to the dimerization of
the topmost surface layer on the square bulk-terminated
Si(001) face, the dimers are arranged in dimer rows and
thus anisotropic coupling between the dimers is observed.
Mapping of the anisotropic 2D Ising model for spins on
a rectangular lattice onto the structure of Si dimers allows
for a quantitative theoretical description of the experimen-
tally observed phase transition. The microscopic details of
the (electrostatic) coupling between the individual dimers de-
scribed by the Ising model determine the critical temperature
of the order-disorder phase transition. Our DFT calculations
go a step beyond the simple anisotropic 2D Ising model by
considering longer-ranging interactions. At the same time, the
effective lattice Hamiltonian derived from our DFT results
yields the same critical behavior as the anisotropic 2D Ising
model.

The understanding of the order-disorder phase transition
gained in the framework of the anisotropic 2D Ising model
allows us to analyze nonequilibrium states of the Si(001)

surface that could be obtained, e.g., by rapid cooling of the
surface below T.. If the cooling is sufficiently fast, different
domains of the c¢(4x2) structure, bounded by a phason and
antiphason, could be frozen in, analogous to the kinetically
limited domain structure already observed in our experiments,
as reported in Sec. V. This could be the subject of future
research, e.g., in experiments where the cooling rate is sys-
tematically varied over a wide range.

From the theoretical perspective, general considerations
concerning the creation and persistence of defects while
swiftly crossing a phase transition can be helpful in making
predictions about the domain structure. The density of pha-
sons and antiphasons can only be reduced, i.e., a perfectly
ordered surface can only be achieved, if these defects have
sufficient time to propagate, meet, and annihilate. Thus, small
domains can be eliminated during cooling, while larger ones
will persist even below T¢. Given that the Kibble-Zurek mech-
anism [101,102] applies, a scaling law is predicted: the initial
size of the domains that persist during cooling scales like
(to/70)%, where 7 is the time scale associated with cooling,
defined by t/19 =1 —1T(t)/T;, and 70 is an intrinsic time
scale of the system, here associated with the flipping rate
of the Si dimers [103]. The exponent o =~ 0.3 is related to
the dynamic scaling exponent z of the underlying 2D Ising
model. Thus, studying the Si(001) surface under nonequilib-
rium conditions in combination with a scaling analysis could
provide valuable information about the microscopic time scale
associated with Si dimer flipping.
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APPENDIX: COMPARISON TO PRIOR
LATTICE HAMILTONIANS

In early studies [35,70,71], researchers included in their
Hamiltonians three interactions Cy, Cy, and Cp, along, across,
and diagonal to the Si dimer rows (cf. Table V). Later, condi-
tional longer-ranged interactions (Cy3 and Cy4) were added
[47,72], which contribute only when three or four adjacent
dimers are tilted in the same direction. In this paper, we
explore two approaches, simply adding Cy3 or adding both
Cvys and Cyy. To retain consistency with the literature on spin
models, we prefer an equivalent representation of the Hamil-
tonians in terms of (unconditional) NNN interactions Cy3 and
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TABLE V. Comparison to previous results. Interaction energies
are given in meV. T; is derived by Eq. (6) using the values of J;.
Energies Cys and Cy,4 from literature are converted to our redefinition
according to Eqgs. (A1) and (A2). The * indicates a phase transition
from the disordered p(2x1) phase to the p(2x2) phase as ground
state instead of the c(4x2) phase. Note that Xiao et al. [72], when
quoting their numbers for Cy and Cp, in their Table 11, forgot to divide
by a factor of 2. This must be concluded from their total energies in
Table I that are used as input to determine Cy and Cp. Also their Cyy
was miscalculated.

LDA PBE PWOl TB
Inoue Pillay Xiao Pillay Ihm Fu

[35] [47] [72] [47] [70] [104]
Cy =1, -51.9 —-168 -374 -253 -260 —-324
Cy 6.6 6.4 79 7.5 10.0 0.6
Cp 3.6 4.2 4.0 4.1 4.0 0.6
Cys 0.1 =37 —42 =2.7
Cys -53 =19 =27
J =C—-2¢p, -06 -20 -01 =07 2.0 —-0.6
NYan 86.5 84 374.0 36.7 —13.0% 54.0
T. (K) 3158 186.6 1734 187.1 2525 218.3

quadruple interactions Cyy4. Thus, the generalized Ising model
Hamiltonians used to fit our DFT results read

Ho = —Cy E 0:,j0i,j+1 — Cu E 0;,jOi+1,]
i i

- Cp E 0:,j(Oit1,j+1 + Oig1,j—1)

ij

—Cys Z |:1 + Z Ui,j+rai,j+s:| , (A1)
i,j

0<r<s<3

Hi =Ho— Cva E |:1 + 0;,j0i, j+10i j4+20i j+3

ij

+ ) oo 4 : (A2)

0<r<s<4

The coupling parameters of the lattice Hamiltonians given
in Egs. (A1) and (A2) are determined by solving a system of
linear equations corresponding to the tilting patterns consid-
ered in Fig. 2. After subtracting the energy of the reference
ground state c¢(4x2), we find

Ecux2 =0, (A3a)
Epox2) = —24(Cq — 2Cp), (A3b)
Espr = —4(Cy + Cv — 2Cp + Cvs), (A30)
Etpr = —4(2Cyx + Cy — 4Cp), (A3d)
Espp2r = —8(Cy —2Cp + Cvs), (A3e)
Epux1y = —24(Cy —2Cp +2Cv3 +4Cvs), (A3
E,ox1) = —24(Cy + Cy +2Cy3 +4Cvs) . (A3g)

To determine the interaction parameters of H,y we consid-
ered only the five energetically lowest structures (cf. Table 1),
Egs. (A3a)—(A3e).

TABLE VI. DFT results on interaction energies II. Interaction
energies are given in meV. 7; is derived by Eq. (6) using the values
of J;. Note the flipped sign of Cy; for PBEsol exchange-correlation
functional.

LDA PBE PBEsol
Cy =, —226 =226 -299 -299 -—26.1 -—26.1
Cu 3.8 5.7 5.5 7.1 6.4 6.7
Co 2.7 3.6 3.0 3.8 3.5 3.7
Cvs —22 =22 24 24 1.9 1.9
Cva -3.6 -29 —53
J =Cy—-2Cp, -16 —-16 -05 —-05 —07 -0.7
yn 143 143 584 584 382 382
T, (K) 213.6 213.6 1982 1982 1902 1902
A (A) 5.38 5.46 5.43

For comparison with previous literature (cf. Table V), we
have also parameterized a Hamiltonian #; [Eq. (A2)] and
included the resulting interaction parameters in Table VI
The equated results to H; are based on all equations except
Eq. (A3e), as this was the previously used set of patterns.
With the exception of the early results of Inoue er al. [35]
who obtained an unusually large value of Cy, the results are in
reasonable agreement with each other. In particular, the tight-
binding (TB) calculations also describe the leading interaction
term Cy with the correct magnitude. However, neglecting both
Cys and Cyy (cf. Refs. [35,70]) leads to an overestimation of
the remaining coupling parameters.

It should be noted that the selection of tilting patterns for
the computation of the interaction energies of the Hamiltonian
Ho (cf. Table VI), in particular the p(2x 1) and p(4x 1) struc-
tures, leads to much larger values of Cy and Cp compared
to the Hamiltonian H,. However, these two interactions of
opposite sign largely cancel out when the effective interaction
J, is calculated. Moreover, the inclusion of the energetically
high-lying p(2x1) structure in the calculation forces an un-
physically large value of Cya4. To date, neither the p(2x1)
nor the p(4x1) structure have been observed experimen-
tally as long-range ordered reconstructions. This is consistent
with our finding that both patterns are thermodynamically

TABLE VII. DFT results on surface stress. Surface stress o,
(in meV/A?) of the tilting patterns of the (6x4) supercell as well
as stress anisotropy Ao obtained using PBEsol exchange-correlation
functional for different thicknesses (8 and 10 atomic layers) of the
Si(001) surface slab. Negative (positive) signs denote compressive
(tensile) stress.

8 layers 10 layers

Tilting pattern o o Ao oL o Ao

c(4x2) 82.4 433 39.1 795 40.4 39.2
p(2x2) 83.5 45.0 386 812 430 382
SDF 78.9 26.2 527 780 248 532
TDF 80.1 30.3 49.8 785 29.0 49.5
SDF-2R 76.6 5.0 71.6 747 43 70.3
p(4x1) 789 =249 1039 78.6 -26.0 104.6
p2x1) 82.2 -85 90.7 802 -129 93.1
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unfavorable by ~0.85-1.3eV compared to the other five
patterns considered over all exchange-correlation functionals
used in the present paper. In contrast, the four interaction
energies Cy, Cy, Cp, and Cyj3 are determined using the five
most stable tilting patterns. Thus, we consider the Hamilto-
nian Ho with four interaction terms to be physically more
realistic, and thus better describing the underlying physics
of the Si(001) surface than the Hamiltonian #; with five
interaction terms. In fact, as we showed in Sec. III C, even two
effective interaction parameters, Jy and J,, are sufficient to

describe the critical behavior close to the order-disorder phase
transition.

We have also carried out the surface stress tensor calcula-
tion for a thicker slab (10 Si atomic layers) and we realized
that, except for the p(2x1) tilting pattern, the components of
the surface stress along and across the Si dimer rows change
just a little, see Table VII. However, the stress anisotropy
undergoes only very slight changes since the stress com-
ponents vary almost equally by increasing the number of
layers.
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