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First-principles calculations have been used to investigate the electronic and topological properties of the
two-dimensional C¢_,,(BN), biphenylene network, a graphenelike structure composed of not only hexagonal
ring but also octagonal and square rings. Nontrivial topological properties have been found in two of them, with
a stoichiometry of C4BN and C,(BN),. The former C4BN is predicted to be a type-II Dirac semimetal with
a superconducting critical temperature 7. = 0.38 K, which is similar to the pure carbon biphenylene network
(C-BPN). The latter shows an isolated edge state exists between the conduction and valence bands. By regulation
of strains and virtual-crystal approximation calculations, we found the annihilation of two pairs of Dirac points
(DPs) in the nonhigh-symmetric region causes the two corresponding edge states to stick together to generate
this isolated edge state. In addition, we found that one pair of DPs arises from the shift of DPs in the C-BPN,
while another pair of DPs emerges around the time-reversal invariant momenta point X due to the doping of
boron and nitrogen. We constructed a tight-binding model to reveal the mechanism of forming the isolated edge
state from the C-BPN to C,(BN),. This study not only demonstrates the existence and mechanism of forming
the isolated edge state in semimetals, but also provides an example in which the DPs can move away from the

high-symmetry region.

DOI: 10.1103/PhysRevB.109.125424

I. INTRODUCTION

Shortly after the experimental fabrication of two-
dimensional (2D) graphene through the mechanical stripping
method [1], its unique electronic [2—4], thermal [5-8], and
mechanical [9,10] properties were systematically reported.
Its honeycomb lattice also inspired the introduction of many
famous models in topological band theory, including the
Haldane model [11] and the Kane-Mele model [12]. The pre-
dicted Dirac cones at the Fermi level (Ep) in graphene play
a central role in understanding the topologically protected
quantum states in topological insulators and Dirac semimet-
als [11-16]. Recently, Fan et al. successfully synthesized
biphenylene [17], another carbon allotrope first predicted
in 1997 [18]. It consists of adjacent octagonal, hexagonal,
and square rings (4—6-8 rings), which is commonly referred
to as the “ohs” structure. Despite only being synthesized
two years ago, the ohs structure has already attracted a
significant amount of interest due to its novel properties
in electronic band structure [19-21], phonon heat transport
[22-24], thermoelectricity [25], mechanical properties [23],
hydrogen evolution reaction [26], and superconductivity (7. =
0.59 K) [19,27]. Moreover, the above-mentioned properties of
the biphenylene network (BPN) could be further regulated by
atomic doping or adsorption [28-38].
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In particular, electronic structure calculations revealed that
there is a pair of tilted type-II Dirac cones along the I'-Y
direction of the Brillouin zone and an edge state connect-
ing the Dirac cones along the armchair edge, indicating it
is a 2D Dirac semimetal [19]. Further investigations have
indicated that the superconducting critical temperature (7t)
of biphenylene can be increased from 0.59 to 3.91 K by
absorbing Li atom on the hexagonal rings of BPN. Under
the application of biaxial tensile strain, 7. can be further
enhanced up to 15.86 K [33]. Given those graphenelike ma-
terials with honeycomb lattice have been extensively studied
and have proven to be a fruitful testing ground for exploring
Dirac materials and topological concepts, we can reasonably
anticipate that the BPN structure composed of 4-6-8 rings
may also share similar features in electronic and topologi-
cal properties. Therefore, expanding the BPN system beyond
pure carbon is valuable to unveil the physics of this type of
material.

Considering that carbon can form strong covalent bonds
with boron and nitrogen because they are similar in atomic
size and electronegativity [39-44], it is possible to substi-
tute part of the carbon—carbon bonds in biphenylene with
boron—nitrogen bonds, similar to graphenelike nanomem-
branes composed of boron, carbon, and nitrogen. Recently,
Lv et al. discovered two types of Ceg_p(BN), structures
[34] by using the first-principles structural search. By con-
trolling the shape of the band structure, they were able to
achieve an improvement in the thermoelectric properties. The
above-mentioned studies have inspired us to investigate the
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electronic, topological, and superconducting properties of the
2D Cg—_2¢(BN), ohs structure.

In this work, we constructed two configurations of C4BN
and C,(BN),. Their dynamic stability is examined by phonon
dispersion calculation. For C4BN, the energy band structure
is similar to pure carbon BPN(C-BPN) with a pair of type-II
Dirac points along the I'-Y line [19]. For C;(BN),, we found
that an isolated edge state exists between the conduction and
valence bands. By the regulation of strains, the conduction
and valence bands overlap in reverse to produce two pairs
of Dirac points (DPs) in the nonhigh-symmetric region (non-
HSR). The isolated edge state is split into two edge states.
With the shift of the DPs in the Brillouin zone, a pair of DPs
with opposite chirality finally annihilates at the time-reversal
invariant momenta (TRIM), and the corresponding edge state
disappears. By the virtual-crystal approximation calculations
and tight-binding (TB) model analysis, we illustrated the
mechanism of forming this isolated edge state. For supercon-
ductivity, we found that the electron-phonon coupling (EPC)
strength in C4BN is weakened compared to C-BPN, with a
critical temperature 7, = 0.38 K, due to the doping of boron
and nitrogen.

II. COMPUTATIONAL METHODS

The first-principles calculations were performed within
the framework of density-functional theory [45,46] (DFT)
implemented in the VASP [47] package. We used the Perdew-
Burke-Ernzerhof parametrization of generalized-gradient ap-
proximation to describe the exchange-correlation energy [48].
The projector-augmented wave [49] was chosen to treat the
electron-ion interaction. The spin-orbit coupling (SOC) effect
was considered in the calculation of electronic properties. In
the structural optimization, all atoms were fully relaxed until
the Hellmann-Feynman forces on each atom were smaller
than 0.0001 eV/A. A kinetic energy cutoff of 550 eV was
adopted with a Gaussian width of 0.1 eV for the smearing.
A 14 x 12 x 1 Monkhorst-Pack k-points mesh [50] was em-
ployed to sample the Brillouin zone. To evaluate the structural
stability, we conducted ab initio molecular dynamics simula-
tions using a 5 x 5 x 1 supercell with only I" point included.

To investigate the electronic structure of nanoribbons and
edge states, a TB Hamiltonian was constructed by the method
of maximally localized Wannier functions [51] by using the
WANNIER9O package [52,53]. The nontrivial edge states are
calculated from the imaginary part of surface Green’s function
by using the WANNIERTOOLS package [54].

For the superconducting calculation, the phonon dispersion
and electron-phonon coupling calculations were performed
based on density functional perturbation theory with norm-
conserving pseudopotentials [55] as implemented in the
Phonon module of the QUANTUM ESPRESSO (QE) package [56]
with a 10 x 8 x 1 ¢ mesh and 40 x 32 x 1 k-point grid. The
cutoff for kinetic energy and charge density are 80 and 400 Ry,
respectively. The electron phonon coupling A4, with mode v
and wave vector g was calculated as [57]

Yav
Ay = ———— 1
" whN(Ep)w}, M

where w,, represents the phonon frequency, and N(Ef) is
the electronic density of states (DOS) near Er. The phonon
linewidth y,, reads

27rwa,
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where Qg7 is the volume of the Brillouin zone, &x,(&x+qm)
represents the eigenvalues of Kohn-Sham Hamiltonian, and
Ehnk g Ar€ the elements of the electron-phonon matrix
[58], respectlvely The Eliashberg electron-phonon spectral
function «?F (w),which describes the coupling between the
phonon and the electrons near the Fermi level, is calculated
as follows:

«2F (o) = Z 5w~ wg). ()

27N (Er) (EF) Wgqy

The total EPC A(w) can be calculated by integrating the
Eliashberg spectral function o>F (w) [59]:

® v2
A(w):ZAqU—ZfaF(w) de. “)
qv

The superconducting critical temperature 7, can be deter-
mined using the McMillan-Allen-Dynes formula [58],
1.04(1 4+ A)
A —p*(1+0.6220) |

where u* = 0.1 is the effective screened Coulomb repulsion
constant, wy,e represents the logarithmic average frequency,

T, = flfz% exp [— )

22dw ,
Wlog = €XP n £ ?a F(w)logw |. (6)

III. RESULTS AND DISCUSSION

A. Electronic and topological properties

We constructed two different configurations of Cg¢_»,(BN),
monolayer by replacing the C—C bonds in the ohs structure
with B-N bonds; the structural parameters are summarized in
Table S1 of the Supplemental Material (SM) [60]. We only
focus on the C,(BN), configuration in the following discus-
sion since the C4BN has similar properties (see the SM) with
C-BPN. In terms of dynamics, they are all stable, which can
be confirmed by the phonon spectrum calculation, as shown in
Fig. 1(c). Although a small portion of imaginary frequencies
exist around the I point in Fig. 1(c), it is a common and negli-
gible phenomenon in 2D materials. The unit cell of C;(BN),
with a rectangular lattice structure [see Fig. 1(a)] belongs to
the P2/m space group with a centrosymmetry. Figure 1(a)
shows the electron localization function (ELF) along the [001]
plane between ELF =0 and 0.9, where the value of 0.9 corre-
sponds to a perfect localization. There is a noticeable electron
localization in the middle of each bond, which confirms the
C,(BN), monolayer is a covalent compound.

Figure 2(a) shows the calculated orbital-resolved bulk band
structures along the high-symmetry lines in the Brillouin
zone. The band structure indicates that C,(BN), is metallic
as the valence band crosses the Fermi level. We calculated
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FIG. 1. The atomic structure and electron localization function
of C,(BN), (a). Brillouin zone together with the high-symmetry &
points for C;(BN), (b). Phonon spectrum (c) of C;(BN),.

the bulk band structure and found that the local energy gap
exists all over the Brillouin zone [Fig. 2(b)]. We calculated the
Berry curvature using the following formula: €, (k) = V; x
A, (k) = Vi x i{u,(k)|Vi|u,(k)), where A,(k) is the Berry
connection that is similar to the vector potential in a magnetic
field and |u, (k)) represents the Bloch wave functions labeled
by the crystal momentum k and band index n. The result
is illustrated in Fig. 2(c); nonzero Berry curvature exists in
certain regions. The corresponding Berry phase is given by
Yo = $.Ank) - dk = [ [ R,(k)-dS, where S defines an area
whose boundary c¢ encloses the nonzero Berry curvature. The
calculated Berry phase is . To confirm their edge states, we
constructed a tight-binding Hamiltonian by the WANNIER90
package. The surface electronic structure of a semi-infinite
monolayer of C,(BN), was then calculated by using Green’s
function method. The computed edge state along the zigzag-
edged ribbon is shown in Fig. 2(d). An isolated complete edge
state appears between the conduction and valence bands.

E-Ef (V)

Energy (V)

4

k‘(;]/:) 0 os o e T X

FIG. 2. Orbital-resolved bulk band structure with SOC (a), elec-
tronic band structure for the conduction band and valence band (b),
and Berry curvature €2, (c) in the 2D Brillouin zone of the C,(BN),.

Edge DOS (d) along the zigzag cut [see Fig. 1(a)] of the C,(BN),.
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FIG. 3. The schematic diagram of the strain regulations by in-
creasing cell angle y from 90° to 95.5° (a); the Berry curvature €2,
at y = 92.5° (b); the evolution of the location of the Dirac points
with the positive chirality (D;) and negative chirality (D), in the
first quadrant of Brillouin zone (c). The open star represents the
annihilation of a pair of Dirac points with the opposite chirality
located at D,.

To further understand the isolated edge state and the
nonzero local Berry curvature for the C,(BN),, we increased
the cell angle y by the regulation of strains as shown in
Fig. 3(a) while keeping the lattice length constant. In the
whole process, the position of the Dirac points with posi-
tive chirality (D;) and negative chirality (D,) is shown in
Fig. 3(c), and the Dirac points with opposite chirality are
located symmetrically about the origin. The gray oval region
represents the region of the initial structure (y = 90°) with the
Berry phase of +. Conveniently, we represent position D on
the center of Dirac points at the y = 90.7° as the gray oval
region [Fig. 3(c)]. With increasing y, two Dirac points (D
and D») appear on each side of the oval region. Without loss
of generality, we only show the Berry curvature [Fig. 3(b)]
at the y = 92.5° and all others could be found in Fig. S1
of the SM. Figure 4 shows the corresponding edge states
under the strain regulation. We found that the creation of two
pairs of Dirac points causes the “isolated complete edge state”
which is split into two parts of edge states connecting each
pair of Dirac points [Fig. 4(a)—4(b)]. With the y = 95.5°,
a pair of Dirac points (D,) annihilates at the TRIM point
X [the open star shown in Fig. 3(c)] and the corresponding
edge state disappears [Fig. 4(f)], resulting in a topological
transition.

To study what happens when the Dirac points emerge and
annihilate, we calculated the orbital-resolved band structure
around these Dirac points in the whole process of strain
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FIG. 4. The edge DOS along the zigzag cut of the C,(BN), with different cell angle y.

regulation. The corresponding 3D energy band structures are
shown in Fig. S2 of the SM. As shown in Figs. 5(a)-5(c),
the emergency of two pairs of Dirac points is accompanied
by an overlap of energy bands. In the process of annihila-
tion, as shown in Figs. 5(d)-5(f), the annihilation of Dirac
points (D,) causes the parity change at the point X. We also

calculated the Z, topological invariant to confirm its topo-
logical nature. This number comes directly from the parity
eigenvalue of the occupied bands at the TRIM points. There
parities £ (i) of the 12 occupied valence bands for the C,(BN),
monolayer are summarized in Table I. The parity products
for the occupied states at the TRIM points are calculated by
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FIG. 5. Orbital-resolved bulk band structure around the Dirac points in the process of strain regulation. The signs “+” and “~” represent
the parity eigenvalue of the conduction band and the valence band at the two TRIM points I" and X, respectively.
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TABLE I. The calculated parity eigenvalues of the 12 occupied
bands at four TRIM points for C,(BN), biphenylene with y = 95.5°.

TRIM Parities Product
r +—-—++—-——+—-——++- +
X -4 4+ —-——++—++ -
S -+ -+ —-+—-—+ -+ —+ +
Y +-+-+-———++—+ +

(k) = [In=, £(i), tobe +1, —1, +1, and +1 for T, X, S, and
Y, respectively. This yields a nontrivial topological invariant
v=1by (-1) ]_[?=1 8(k;). This result indicates the pres-
ence of nontrivial topological Dirac semimetal in C,(BN),
with y = 95.5°.

Energy (eV)
Energy (eV)

B. Virtual-crystal approximation and tight-binding model

To understand why the DPs in the C,(BN), system are lo-
cated in non-HSR after substituting part of the carbon—carbon
bonds in biphenylene with the boron—nitrogen bonds, we stud-
ied the energy structures [Figs. 6(a)-6(d)]and the positions
[Fig. 6(e)] of the DPs as a function of composition ¢ for the
whole range (r+ = 0 to 1) based on the first-principles virtual-
crystal approximation (VCA) [61,62] calculations for the
Cg_4;(BN),, BPN structure. We found that the DPs are located
on the high-symmetric line I'-Y with the ¢ = 0, and with the
doping of B and N, the DPs deviate from the high-symmetric
line and move towards the nonhigh-symmetric region. These
DPs pass through the high-symmetry line I"-S [Fig. 6(i)] at the
t = 0.90. When the boron and nitrogen doping ratio is 82%,
the conduction band and valence band cross at the TRIM point
X to produce the type-I Dirac point, and then this DP moves
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FIG. 6. (a)—(d) The electronic band structure for the conduction band and valence band in the 2D Brillouin zone with different doping ratio
t. (e) The shift of the location of the Dirac points in the first quadrant of Brillouin zone. (f) The schematic diagram of the movement of the

Dirac points in the Brillouin region during this process of substituting.

ratio f.

(g), (h) The orbital-resolved bulk band structure with different doping
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FIG. 7. (a)—(e) The band structure of bulk and zigzag ribbons with width N = 50. The red dashed lines represent the edge states. (f)—(h)
The 3D band structure corresponding to (a), (b), and (d), respectively. The setting of parameters is summarized in Table S2 in the SM.

away from the point X to the non-HSR accompanied by the
band inversion as shown in Figs. 6(g)-6(j). As the doping
ratio continues to increase, the two pairs of Dirac points ap-
proach each other and eventually annihilate in non-HSR. The
annihilation of two pairs of Dirac points in non-HSR causes
two corresponding edge states to stick together to generate a
stripe of isolated edge state between the conduction and the
valence band, which is consistent with the inverse process
of the evolution of the edge states [Figs. 4(a)-4(f)] under
the regulation of strains for C,(BN),. Figure 6(f) shows a
schematic diagram of the movement of the Dirac points in the
Brillouin region during this process of substituting.
Hereafter, we discuss the mechanism of the deviation of the
DPs and the evolution of the corresponding edge states from
the system of C-BPN to C,(BN), by using a simple TB model.
All topological features found in our ab initio virtual-crystal
calculations can be retrieved by TB approximations with the

p. orbitals. Given the presence of three distinct types of atoms
for the system of C,(BN),, we set different hopping energies
(ta, tg,and 1) for each of the nearest-neighbor (n.n.) pair.
Meanwhile, we considered the site energies (e, €c, and €y)
for the different atoms as well as the hopping of the next n.n.
pairs in the square (#5 and #,) and hexagonal (7 and f,) rings to
obtain the energy band structure, which is similar to the DFT
bands. With these parameters, a TB model can be written as

i i
S de—1, 3 de
DN ((i,j))eH

() (i.j

Htg = —toZC:ij — 1y
(i, j)

+e Y clei+ (e, )

ty, for (i, j) € {C — C;B — N}
o = tg, for (i, j) e {C—-B}
t,, for (i, j) € {C — N}
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b
C

Y o)

0
X r X

FIG. 8. The calculated Zak phase y,(k,) of the upper valence
band along the k, direction. The lines (a)—(e) represent the same set
of parameters in Figs. 7(a)-7(e), respectively.

o _ [t for (G ) € (B—B)
7 \te, for (i, j)) € (N =N}

_ [te. for {(i. j)) € {C — B;C =N}
"= { te, for ({i, j)) € {B— N}

where S and H denote the atoms belonging to the square and
hexagonal rings, respectively. The (- - -) and ((- - -)) indicate
the n.n. and next n.n. pairs, respectively. The scheme of the
hopping amplitudes for the C,(BN), system is shown in Fig.
S3 in SM. For the system of C-BPN, without any loss of
generality, we set the same hopping energies with Ref. [20]
to reproduce the topological properties [Fig. 7(a)]. The edge
state only exists in the armchair ribbons [19,20] with width
N = 50 (see Fig. S4 in SM).

For the system of the C,(BN), network, the band structures
of bulk and zigzag ribbons are shown in Fig. 7(e), which
were calculated by the TB model of Eq. (7) with different
parameters that were set according to the TB Hamiltonian
constructed by using the WANNIER9O package. Significantly,
the TB model of this system with inversion symmetry has
broken the mirror symmetry in comparison to the system of

0.4
_
=
=
S |
0.2

0.0

r X S r Y

FIG. 10. The EPC X (q) along high-symmetry directions
for C4,BN.

C-BPN. As shown in Fig. 7(e) and Fig. 6(j), although the
energy band structure is not the same with the DFT band
at the point of I' and S, the difference has no effect on the
topological properties [Fig. 2(d)]. To study the mechanism
of the deviation of the DPs from the HSR and the evolution
of the corresponding edge states, we performed interpolation
between the parameters of pure carbon and BCN systems. As
shown in Figs. 7(f) and 7(g), we found that the changing of
hopping energies t; (from#; =, = 0.45eV tot; = 0.95 eV
and 7, = —0.10 eV) for the next n.n. pairs in the square ring
is the main reason that the DPs shift from the high-symmetry
line I'-Y to the non-HSR and the corresponding edge
state[Fig. 7(b)] emerges on the zigzag ribbons. With the
change of parameters, a pair of DPs [Fig. 7(c)] emerges at the
TRIM point X and then moves to the non-HSR [Fig. 7(h)].
The emergence and evolution of the corresponding edge states
can be observed in Figs. 7(c) and 7(d). In the end, the two
pairs of DPs approach each other and eventually annihilate in
the non-HSR. At the same time, the two corresponding edge

200

150

100

Frequency (meV)

50 [

5
VA

N /u/
Y

r 02 04 06 08

FIG. 9. (a) Phonon dispersions weighted by the vibration modes, (b) phonon dispersion weighted by magnitude of EPC A,, for C4,BN
biphenylene; dashed box indicates the main A,, difference between the C4BN and C-BPN. (c) Frequency dependence of the Eliashberg

spectral function a>F (w) and the cumulative EPC A(w) for C4BN.
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states stick together to form an isolated edge state [Figs. 7(d)
and 7(e)], which is consistent with the DFT calculations. The
topological characteristics and edge states could also be
verified by calculating the Zak phase. Here, we have
calculated the Zak phase (Fig. 8) of the upper valence
band along the k, direction for each k., yy(ky) =
i ’Zf/b dky(u, (k)| 0, |uy(k)), where the |u,(k)) represents
the cell periodic function of the upper valence band Bloch
state of Eq. (7). The y,(k,) is defined modulo 27 and should
be quantized into O or 7 due to the chiral symmetry [63,64] or
inversion symmetry [65]. The value of the Zak phase y, (k,) is
equal to 7r, which means that one can guarantee the edge states
exist in this region [66]. Consistently, the Zak phase changes
from O [line (a) in Fig. 8] for the C-BPN with chiral symmetry
to local & at ' and Y points [lines (b)—-(d) in Fig. 8] for the
C,(BN), with inversion symmetry as the DPs shift away from
the high-symmetry line and emerge at the X point. Finally, the
two pairs of DPs are close to each other and annihilate to the
non-HSR, resulting in a Zak phase of 7 [line (e) in Fig. 8].

C. Superconducting properties of C;BN

To investigate the superconductivity of the Cg_»,(BN),
biphenylene networks, we have calculated the phonon
dispersions weighted by the vibration mode and by the magni-
tude of EPC A,,, respectively, as shown in Figs. 9(a) and 9(b).
Figure 9(c) shows the Eliashberg spectral function «’F (w)
and the EPC constant A(w) over the whole frequency range.
Since none of the Cg_,,(BN), biphenylene exhibits supercon-
ducting, except C4BN, we only show the results of C4;BN.
As shown in Figs. 9(a) and 9(b), the dominant contribution
to EPC [red circles in Fig. 9(b)] originates from the in-plane
vibrational mode of C atoms of the square ring. The majority
of the strong peaks of the Eliashberg spectral function aF (o)
also concentrate in the midfrequency zone [see Fig. 9(c)].
From the Eliashberg spectral function, there is a strong EPC
as indicated by the peak around 113 meV, which is consistent
with Fig. 9(b). From the accumulative EPC constant A(w)
shown in Fig. 9(c), the A from the midfrequency modes be-
tween 85 to 125 meV is 0.18, contributing 63% of the total
EPC constant (A = 0.286). The value of X is slightly smaller
than the C-BPN [19], resulting in a lower superconducting

temperature 7. = 0.38 K, compared to 7. = 0.59 K of C-BPN
[19] with the same p* = 0.1. The possible reason is that
the EPC strength in C4BN is weakened at higher phonon
frequency about 160 meV [see the dashed box in Fig. 9(b)],
due to the doping of boron and nitrogen. To further justify the
above argument, we have calculated the mode-integrated EPC
hot(q) = Y, Av(q) along high-symmetry lines (see Fig. 10).
The average value of the EPC strength along X-S is about 0.1,
which is significantly lower than 0.2 for the C-BPN [19].

IV. CONCLUSIONS

In summary, we constructed two different stable con-
figurations of the Cg_p(BN), biphenylene networks and
investigated their corresponding electronic structure and edge
states in great detail. In C4BN, we discovered the paired
type-1I Dirac cones, similar to the C-BPN. In C,(BN),, we
observed an isolated complete edge state between the conduc-
tion and valence bands. By regulation of the cell angle y, we
found two pairs of Dirac points appear on the non-HSR and
the corresponding complete edge state is split into two parts
of edge states. With the y = 95.5°, a pair of Dirac points with
opposite chirality annihilates at the point X of TRIM, which
produces a topological Dirac semimetal phase with a non-
trivial Z, topological invariant. By the VCA and TB model
analysis, we found hopping along the diagonal direction in
the square ring might be the main reason why the DPs shift
away from the HSR to the non-HSR. We illustrated that the
replacement of carbon atoms by boron and nitrogen leads
to a weakened EPC strength in C4BN compared to C-BPN.
This study could provide an understanding of the topological
properties in the 2D Dirac semimetals.
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