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Probing the exciton condensate via shot noise spectroscopy in superconducting
hybrid structures based on excitonic insulators
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We theoretically study the shot noise and the Fano factor in a voltage-biased junction consisting of a bilayer
excitonic insulator (EI) sandwiched between a bilayer semimetal (SM) and a conventional superconductor (S).
By comparing the scenarios in SM-EI-S junctions with and without exciton condensates, we illustrate the effects
of exciton condensates on the shot noise and demonstrate that the shot noise spectroscopy can signify the
existence of exciton condensate in both well-contacted and tunnel SM-EI-S junctions. We also show that in
a tunnel SM-EI-S junction, the Fano factor located in the super-Poissonian regime is a consequence of the
competition between the exciton-mediated normal reflection and the Cooper-pair-mediated Andreev reflection.
By virtue of the scattering probabilities, we elucidate the underlying physics. These results offer an alternative
route toward the identification of neutral exciton condensate via charge transport measurements.
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I. INTRODUCTION

The excitonic insulator (EI) arises from the condensate
of electron-hole pairs bound by Coulomb attraction in a
narrow-gap semiconductor or a small band-overlap semimetal
(SM) [1–3]. During the last decade, experimental indications
of this excitonic ordered state have been proposed in a se-
ries of candidate materials including 1T -TiSe2 [4], Ta2NiSe5

[5,6], WTe2 monolayer [7,8], and MoSe2-WSe2 double layers
[9,10]. Spurred in part by the tremendous progress in the
synthesis of various layered materials, the list of EI candidates
is rapidly updating, thereby boosting the research activities to
detect and engineer novel states in EIs and EI-based hybrid
structures [11–20].

The exciton condensate in semimetallic systems can be
characterized in analogy with the Bardeen-Cooper-Schrieffer
(BCS) theory of superconductivity [1,2]. In the framework
of the BCS-like picture, the coherent transport related to
the exciton condensate has been intensively investigated in
EI-based hybrid structures [21–33]. A particularly prominent
example is the prediction of the electrical signature of neutral
exciton condensate in a junction consisting of a bilayer EI
sandwiched between a bilayer SM and a conventional super-
conductor (S) [26,27]. Owing to the interplay between neutral
excitons and charged Cooper pairs, in a SM-EI-S junction
with high transparency, the exciton-mediated normal reflec-
tion (NR) dominates over the Cooper-pair-mediated Andreev
reflection (AR) when the incident energy E is less than the ex-
citonic gap �. As a consequence, the differential conductance
exhibits a minimum at E � �, which can serve as a direct hall-
mark for detecting the exciton condensate in a well-contacted
SM-EI-S junction [26,27]. In a parallel vein, the phase
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controllable conversion between the neutral exciton flow and
the charged supercurrent has been theoretically demonstrated
in bilayer-EI-based Josephson junctions, holding the promise
for probing the neutral exciton condensate in terms of charge
transport measurements [29,30].

While substantial efforts have been devoted to unveiling
the effects of exciton condensates on the charge transport
properties of EI-based superconducting hybrid structures,
the research attention to date has been restricted to the
time-averaged quantities such as the differential conductance
[26–28] and current [29,30]. In contrast, the manifestations
of the interplay between neutral excitons and charged Cooper
pairs in the nonequilibrium current fluctuations have been
scarcely studied in EI-based superconducting hybrid struc-
tures. As it is commonly known, the signatures intrinsic to the
nonequilibrium current fluctuations can provide information
on the nature of transport that are not accessible through
the current and conductance measurements [34–48]. In the
present paper, we address this issue in a SM-EI-S junction
resorting to the shot noise spectroscopy.

Shot noise refers to the nonequilibrium fluctuations of
currents emanating from the discreteness of carriers and the
stochastic nature of scattering processes [43–46]. The shot
noise spectroscopy has been employed to decipher the de-
gree of correlations and the effective charge of carriers in
a variety of hybrid heterostructures, including normal-metal-
superconductor (NS) junctions [41–49] and N-EI junctions
[31–33]. In a low transparent NS junction with the bias
voltage below the superconducting gap �, the shot noise
is doubled as compared to the case of a corresponding NN
junction, due to the AR process by which an effective charge
of 2e is transferred [45–52], while the shot noise in a N-
EI junction vanishes in the regime of 0 < E < �, since the
exciton blockade effect completely suppresses the transmis-
sion of quasiparticles and leads to nonrandom scattering
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[21,22,31–33]. Under these lines, it is natural to ask that in a
SM-EI-S junction with both exciton and superconducting con-
densates, how does the interplay between the neutral excitons
and charged Cooper pairs affect the shot noise? On the other
hand, we note that in a well-contacted SM-EI-S junction, the
hallmark of exciton condensate proposed in Refs. [26,27] is
encoded in the minimum of differential conductance located
within the subgap regime of 0 < E < �. However, in a tunnel
SM-EI-S junction, the differential conductance almost van-
ishes in the whole subgap regime of 0 < E < � [51], thus
smearing the signature of the minimal differential conduc-
tance caused by the exciton-mediated scattering. As such, the
subgap differential conductance may be incapable of directly
proving the existence of exciton condensates in a tunnel SM-
EI-S junction. In order to extend the proposal on the charge
transport measurements of neutral exciton condensates to the
situation of a tunnel SM-EI-S junction, it is highly desirable to
provide an alternative route to pinpoint the exciton-mediated
scattering scenarios.

In this paper, we study the nonequilibrium current fluctua-
tions in SM-EI-S junctions by calculating the differential shot
noise and the Fano factor. By comparing the E -dependent
differential shot noise in the SM-EI-S junctions with and
without exciton condensates, we illustrate the influences of
exciton-mediated scattering on the differential shot noise.
We demonstrate that the shot noise spectroscopy can serve
as a hallmark to testify the existence of exciton condensate
in both well-contacted and tunnel SM-EI-S junctions, thus
extending the previous proposals on the charge transport mea-
surements of exciton condensates [26,27] to the situations of
tunnel SM-EI-S junctions. Furthermore, we show that in a
tunnel SM-EI-S junction the value of Fano factor lies within
the super-Poissonian regime when � < eV < � with V the
bias voltage. This scenario results from the energy-dependent
competition between the exction-mediated interlayer NR and
the Cooper-pair-mediated intralyer AR, which can profoundly
modify the transparency of the EI region. Resorting to the
scattering probabilities, we explicitly elucidate the underlying
mechanism. These results provide an alternative route to probe
the neutral exciton condensate in bilayer systems.

The paper is organized as follows. We present the model
and calculation method in Sec. II. In Sec. III, we give the
numerical results and discuss the manifestations of the inter-
play between the neutral excitons and charge Cooper pairs in
the shot noise and the Fano factor. Finally, we summarize the
results and draw a brief conclusion in Sec. IV.

II. MODEL AND METHOD

We consider a setup similar to the one proposed in
Ref. [26]. As schematically shown in Fig. 1, a bilayer EI
is placed in the xy plane, with two metallic electrodes and
two superconducting electrodes covering the regions of x < 0
and x > L, respectively. The Coulomb interaction between the
top (T) and bottom (B) layers is assumed to be screened by
the metallic electrodes, so that the region of x < 0 can be
modeled by a two-band SM [26]. In the x > L region, the su-
perconductivity is induced by the superconducting electrodes
via the proximity effect [26,29,30,52]. The Bogoliubov-de
Gennes (BdG) Hamiltonian describing the SM-EI-S junction

FIG. 1. Schematic of a junction consisting of a bilayer excitonic
insulator (EI) sandwiched between a bilayer semimetal (SM) and a
conventional superconductor (S), where a bilayer EI is in contact,
respectively, with two metallic electrodes covering the region of
x < 0 and two superconducting electrodes depositing in the region
of x > L. The transport along the x direction is concerned.

takes the form of HBdG = ∫ ∞
−∞ dx�̂†(x)H�̂(x) [26,29,30],

where �̂† = (�†
T,↑, �

†
B,↑, �T,↓, �B,↓) spanned in the Nambu

⊗ sublayer space, and

H = τz ⊗
[(

− h̄2∂2
x

2m
− E

)
σz + �(x)σx

]
+ �(x)τx ⊗ σ0,

(1)
with σx,z (τx,z) the Pauli matrices operating in the sublayer
(Nambu) subspace, and σ0 a 2 × 2 unit matrix. The overlap
between the bands of the T and B layers is parametrized
as E , which can be modulated by gating the two layers in-
dependently [26,29,30]. Following Refs. [26,27,29,30], we
assume that the superconducting order parameter �(x) and
the exciton condensate order parameter �(x) can be effec-
tively characterized by step functions, i.e., �(x) = ��(x −
L) and �(x) = ��(x)�(L − x), with �(x) the Heaviside step
function.

In the present work, we study the shot noise in terms
of the scattering wave approach. This method has been ex-
tensively employed to investigate the transport properties in
various hybrid heterostructures with arbitrary transparency
[26,27,30,42–46]. We focus on the transport scenarios caused
by an incident electron stemming from the T layer of the
SM region. Owing to simultaneous occurrence of the exciton-
mediated intralayer scattering and the Cooper-pair-mediated
Andreev scattering, there exist four possible reflection pro-
cesses. Specifically, the incident electron originating from the
T layer of the SM region can either be normally reflected back
as an electron into the T (B) layer with amplitude rTT

ee (rBT
ee ),

or be Andreev-reflected back as a hole into the T (B) layer
with amplitude rTT

he (rBT
he ). Hence, in the SM region (x < 0)

the resulting wave function �SM is given by

�SM = ψT,+
SM,e +

∑
α=T,B

∑
q=e,h

rαT
qe ψα,−

SM,q. (2)

The basis scattering states ψ
T(B),±
SM,e(h) and ψ

B(T),−
SM,e(h) can be

obtained by solving the BdG equation Hψ = Eψ straight-
forwardly, and the details are presented in Eq. (A1). On the
other hand, the incident electron can tunnel into the T (B)
layer of the S region (x > L) as an electronlike quasiparticle
with amplitude tTT

ẽe (tBT
ẽe ) or as a holelike quasiparticle with

amplitude tTT
h̃e

(tBT
h̃e

). Consequently, in the S region the wave
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function �S can be written as

�S =
∑

α=T,B

∑
q=ẽ,h̃

tαT
qe ψα,+

S,q , (3)

where the electronlike (holelike) quasiparticle is denoted by
the index q = ẽ(h̃), and the basis scattering states ψ

T(B),+
S,ẽ(h̃)

and

ψ
B(T),+
S,ẽ(h̃)

are given by Eq. (A2). In the EI region (0 < x < L),
the wave function �EI is a linear combination of all possible
scattering states, i.e.,

�EI =
∑

α=T,B

∑
q=e,h

(
cα

q ψα,+
EI,q + dα

q ψα,−
EI,q

)
, (4)

where the related scattering amplitudes are indicated by cα
q

and dα
q , and the basis scattering states ψ

T(B),±
EI,e and ψ

T(B),±
EI,h are

shown in Eq. (A3).
In general, at the boundaries of x = 0 and x = L there

inevitably exist interfacial imperfections caused by the elec-
trodes. In order to capture the essential effects of the
interfacial imperfections on the transport properties, we
introduce two interfacial potential barriers characterized
by U (x) = Z1h̄2k2

0/(2m)δ(x) + Z2h̄2k2
0/(2m)δ(x − L), where

Z1(2) denotes the dimensionless strength of the interfacial
potential barrier located at x = 0 (x = L), δ(x) labels the
Delta function, and k0 =

√
2mE/h̄2. In doing so, the boundary

conditions can be formulated as

�SM|x=0− = �EI|x=0+ , (5a)

�EI|x=L− = �S|x=L+, (5b)

� ′
EI|x=0+ − � ′

SM|x=0− = M1�SM|x=0, (5c)

� ′
S|x=L+ − � ′

EI|x=L− = M2�EI|x=L, (5d)

where M1(2) = k0Z1(2)τ0 ⊗ σz, with τ0 a 2 × 2 unit matrix
operating in the Nambu space. Resorting to Eqs. (2)–(5), the
reflection amplitudes can be obtained to define the reflection
probabilities

RαT
qe =

∣∣∣∣∣
〈
ψα,−

SM,q| ĵx|ψα,−
SM,q

〉
〈
ψT,+

SM,e| ĵx|ψT,+
SM,e

〉
∣∣∣∣∣∣∣rαT

qe

∣∣2
, (6)

where α = T(B) labels the top (bottom) layer, q = e(h) de-
notes the electron (hole), and the particle current density
operator ĵx ≡ − i

h̄ [x,H] = −i h̄
m ∂xτz ⊗ σz.

Taking advantage of the reflection probabilities, the dif-
ferential shot noise at zero temperature can be obtained in
accordance with the Landauer formula [46],

S(E ) = 2eG0

∫ π
2

0

[(
RTT

he + RBT
he

)(
1 − RTT

he − RBT
he

)
+ (

RTT
ee + RBT

ee

)(
1 − RTT

ee − RBT
ee

) + 2(RTT
he + RBT

he )

× (
RTT

ee + RBT
ee

)]
cos θdθ, (7)

where G0 = 2e2

h
W

√
2m(E+E )
π h̄ indicates the differential conduc-

tance of the normal state, E is the incident energy, and θ =
sin−1( h̄ky√

2m(E+E )
) denotes the incident angle. The mathemati-

cal details concerning the derivation of Eq. (7) are given in
Appendix B. Accordingly, the noise-to-current ratio, i.e., the

Fano factor, can be expressed as [46]

F =
∫ eV

0 S(E )dE

2e
∫ eV

0 G(E )dE
, (8)

where G(E ) = G0
∫ π/2

0 (1+RTT
he +RBT

he − RTT
ee − RBT

ee ) cos θdθ

denotes the differential conductance of the SM-EI-S junction,
and V parametrizes the bias voltage.

III. RESULTS AND DISCUSSION

In this section, we perform the numerical calculation and
illustrate the manifestations of the exciton condensate in the
nonequilibrium current fluctuations. In the numerical calcu-
lation, � = 4� and E = 100� are fixed for definiteness, and
the length of EI region L is set in units of the exciton coher-
ence length ξ� = h̄2k0/(m�) [29,30]. To address the effects of
the exciton-mediated scattering on the nonequilibrium current
fluctuations, we compare the scenarios in a SM-EI-S junction
with exciton condensates (i.e., with a finite EI region of length
L 
= 0) to those of a SM-S junction without exciton conden-
sates (i.e., without the EI region by setting L = 0).

As a starting point, we concentrate on the differen-
tial shot noise in a well-contacted SM-EI-S junction with
Z1 = Z2 = 0. In the situation of L = 0, the exciton-mediated
interlayer scattering processes disappear and only the in-
tralayer NR and intralayer AR processes contribute to the
transport. Since the junction is well contacted with Z1 = Z2 =
0, for 0 < E < � the intralayer AR process dominates over
the intralayer NR process [26,51], strongly suppressing the
randomness of scattering. Consequently, the differential shot
noise almost vanishes in the regime of 0 < E < �, as indicted
by the solid curve in Fig. 2(a). In the presence of exciton
condensate, i.e., L 
= 0, the differential shot noise emerges and
is highly sensitive to the incident energy E , in stark contrast
to the case of L = 0. Remarkably, when L � ξ� to sufficiently
prohibit the direct tunneling of evanescent modes, the profile
of E -dependent differential shot noise exhibits a minimum
at E � �, as depicted in Fig. 2(a). This phenomenon can
be ascribed to the energy-dependent competition between the
exciton-mediated interlayer NR and the Cooper-pair-mediated
intralayer AR in the regime of 0 < E < �. Specifically, in
the case of E � 0 the intralayer AR probability keeps finite
since the contacts are ideal with Z1 = Z2 = 0 [26], although
the exciton-mediated interlayer NR arises. As a consequence,
at E � 0 the coexistence of intralayer AR and interlayer
NR processes results in the randomness of scattering and
enables the differential shot noise to be finite. As E in-
creases up to �, the exciton-mediate interlayer NR process
dominates over the intralayer AR process and profoundly
suppresses the randomness of the scattering, leading to the
reduction of the differential shot noise. By further increas-
ing E into the regime of � < E < �, the particles with
|ky| <

√
2m(E ± √

E2 − �2)/h̄2 can propagate across the EI
region to participate in the AR process. When E is just over
� the scattering is random because the retrieved intralayer
AR probability is comparable to the interlayer NR proba-
bility, while by further increasing E up to � the intralayer
AR process becomes dominant and suppresses the scattering
randomness again [26]. Therefore, in the case of � < E < �
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FIG. 2. The differential shot noise S as a function of the incident energy E in (a) a well-contacted SM-EI-S junction with Z1 = Z2 = 0 and
(b) a tunnel SM-EI-S junction with Z1 = Z2 = 1, where � = 4�.

the differential shot noise initially increases and then decays
by enhancing the incident energy. By comparing the scenarios
related to L = 0 and L 
= 0, we conclude that, in addition
to the differential conductance proposed in Refs. [26,27],
the differential shot noise spectroscopy can also be utilized
to identify the existence of exciton condensate in a well-
contacted SM-EI-S junction.

We now turn to the differential shot noise in a tunnel
SM-EI-S junction with Z1 = Z2 = 1. An immediate conse-
quence of the interfacial potential barriers is the suppression
of the AR process at E � 0 (see Fig. 3), resulting in the
disappearance of the zero-energy conductance peak [51].
Therefore, differing from that in a well-contacted SM-EI-S
junction [26,27], in a tunnel SM-EI-S junction the minimum
of differential conductance caused by the exciton condensate

becomes ambiguous. In contrast, as charted out in Fig. 2(b),
the differential shot noises corresponding to L = 0 (without
exciton condensates) and L 
= 0 (with exciton condensates)
possess markedly distinct configurations. In this sense, we
state that the differential shot noise can offer a distinguishable
signature to probe the exciton condensate even in a tunnel
SM-EI-S junction. On the other hand, the interfacial poten-
tial barriers can profoundly affect the interplay between the
excion-mediated NR and the Cooper-pair-mediated AR pro-
cesses. To be more specific, we take the scenarios in a tunnel
SM-EI-S junction with L = ξ� as examples and illustrate the
underlying physics by virtue of the reflection probabilities
shown in Fig. 3. In the case of 0 < E < �, the incident
particles are blocked by the excitonic gap and the interfacial
potential barriers, thus both the intralayer AR and interlayer

FIG. 3. Contour plots of the reflection probabilities of a tunnel SM-EI-S junction versus the incident angle θ and the incident energy E ,
where Z1 = Z2 = 1, L = ξ� , and � = 4�.
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FIG. 4. The Fano factor F of a tunnel SM-EI-S junction varies with (a) the bias voltage eV and (b) the length of the EI region L. In both
panels, Z1 = Z2 = 1 and � = 4�.

AR, are strongly suppressed, as depicted in Figs. 3(c) and
3(d). As a result, the differential shot noise almost vanishes in
the regime of 0 < E < �, as shown in Fig. 2(b). When E >

�, however, propagating modes emerge in the EI region and
which can in turn reach the EI-S interface to participate in the
AR processes, as indicated by the enhanced AR probabilities
shown in Figs. 3(c) and 3(d). The presence of AR processes
results in the randomness of scattering, leading to the en-
hancement of the differential shot noise shown in Fig. 2(b).
Moreover, the two interfacial potential barriers enable the
EI region to form a resonant double-barrier structure, thus
in the case of � < E < � the E -dependent reflection prob-
abilities exhibit pronounced resonance textures (see Fig. 3).
This scattering configuration leads to the oscillating profile
in the E -dependent differential shot noise when � < E < �,
as indicated by the short-dash and short-dot curves shown in
Fig. 2(b).

To clarify the effect of exciton-mediated scattering on the
charge transfer, we proceed to analyze the Fano factor F in
a tunnel SM-EI-S junction with Z1 = Z2 = 1. We note that
previous endeavors have demonstrated that in a NS junction
the value of F in the subgap regime of 0 < eV < � depends
on the transparency of the N region [45,46]. Explicitly, in
a NS junction with a low transparent N region the value of
Fano factor is located within the super-Poissonian range of
1 < F < 2, while for an opaque N region F tends to the
value of two. Based on this general concept, we elucidate
the scenarios of the Fano factor presented in Fig. 4(a). For
L = 0, the exciton-mediated scattering disappears and only
intralayer NR and and intralayer AR processes are responsible
for the subgap transport. Since the interfacial potential bar-
rier strongly suppresses the transparency, F takes a constant
value of two in the whole subgap regime of 0 < eV < �,
which is consistent with the results in an opaque NS junc-
tion [45,46]. In a tunnel SM-EI-S junction with L 
= 0, the
transparency, and thus the Fano factor, are profoundly in-
fluenced by the exciton-mediated scattering. In the case of
0 < eV < �, owing to the blockade effects resulting from the
interfacial potential barrier located at x = 0 and the excitonic
gap of the EI region, the incident particles are mostly reflected
back to the SM region, respectively, via the intralayer NR
and the exciton-mediated interlayer NR processes (see the
plots of RTT

ee and RBT
ee shown in Fig. 3). Consequently, as

shown in Fig. 4(a), F keeps the value of two in the regime

of 0 < eV < �. While for � < eV < �, on the one hand, the

particles with |ky| <

√
2m(E ±

√
(eV)2 − �2)/h̄2 can prop-

agate through the EI region to improve the transparency, as
evidenced by the apparent enhancements of RTT

he and RBT
he

shown in Figs. 3(c) and 3(d), respectively. On the other hand,
even in the case of � < eV < � the transparency of the EI
region remains low, due to the strong intralayer NR [refer to
Fig. 3(a)] dictated by the interfacial potential barriers. There-
fore, in the regime of � < eV < � the Fano factor drops into
the super-Poissonian range of 1 < F < 2. By comparing the
visibly distinct configurations of eV-dependent Fano factors
corresponding to L = 0 and L 
= 0, we conclude that in a
tunnel SM-EI-S junction the Fano factor can be taken as
a fingerprint to signify the existence of exciton condensate.
Moreover, as shown in Fig. 4(b), when L is large enough (nor-
mally several ξ�) to sufficiently suppress the direct tunneling
of evanescent modes, the value of F is weakly dependent on
L. Practically, this means that when the length of the EI region
is substantially longer than the exciton coherence length, the
Fano factor is insensitive to the structural parameters of the
SM-EI-S junction. This character renders the Fano factor fa-
vorable for the experimental detection of exciton condensate
in a tunnel SM-EI-S junction.

IV. CONCLUSION

To conclude, we have theoretically studied the differential
shot noise and the Fano factor in a SM-EI-S junction by virtue
of the scattering wave approach. By comparing the corre-
sponding scenarios in the SM-EI-S junctions with and without
exciton condensates, we have illustrated the manifestations
of exciton condensates in the differential shot noise and the
Fano factor. In both well-contacted and tunnel SM-EI-S junc-
tions, we have verified that the shot noise spectroscopy can
be employed to identify the existence of exciton condensates,
thus extending the previous proposals on the charge transport
measurements of neutral exciton condensates to the situations
of tunnel SM-EI-S junctions. We have shown that, as a con-
sequence of the competition between the exction-mediated
interlayer NR and the Cooper-pair-mediated intralyer AR, the
Fano factor in a tunnel SM-EI-S junction lies in the super-
Poissonian regime when � < eV < �. Taking advantage of
the scattering probabilities, we have explicitly elucidated the
underlying physics. Furthermore, we have revealed that when
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the junction length is large enough to sufficiently prohibit
the direct tunneling of evanescent modes, the value of the
Fano factor in a tunnel SM-EI-S junction is insensitive to
the geometrical parameters. These findings offer a feasi-
ble route for probing the neutral exciton condensate in
bilayer systems through charge transport measurements. We
anticipate more interesting results on the exciton-mediated
nonequilibrium current fluctuations in multiterminal EI-based
superconducting hybrid junctions.
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APPENDIX A: CALCULATION OF THE BASIS
SCATTERING STATES IN A SM-EI-S JUNCTION

In this Appendix we present necessary calculation details
regarding the basis scattering states a in SM-EI-S junction.

We assume that the translational symmetry is preserved in
the y direction, so that the transverse momentum ky can be
taken as a good quantum number. By solving the eigenvalue
equation H(−i∂x, ky)ψ = Eψ straightforwardly, the related
basis scattering states in the SM region (x < 0) can be for-
mulated as

ψ
T(B),±
SM,e(h) = ê1(4)e

±iκ+x+ikyy, (A1a)

ψ
B(T),−
SM,e(h) = ê2(3)e

iκ−x+ikyy, (A1b)

where κ± =
√

2m(E ± E )/h̄2 − k2
y , ê1 = [1, 0, 0, 0]T , ê2 =

[0, 1, 0, 0]T , ê3 = [0, 0, 1, 0]T , ê4 = [0, 0, 0, 1]T , and T de-
notes the transpose operation.

In the S region (x > L), the involved basis scattering states
are given by

ψ
T(B),+
S,ẽ(h̃)

= [ũê1(4) + ṽê3(2)]e
ik̃+x+ikyy, (A2a)

ψ
B(T),+
S,ẽ(h̃)

= [ũê2(3) + ṽê4(1)]e
−ik̃−x+ikyy, (A2b)

with related parameters being defined as

ũ(ṽ) =
√

[1 + (−)
√

1 − �2/E2]/2 and k̃± =√
2m(E ± √

E2 − �2)/h̄2 − k2
y .

In the EI region of 0 < x < L, the counter-propagating
scattering states can be expressed as

ψ
T(B),±
EI,e(h) = [uê1(4) + vê2(3)]e

±ik+x+ikyy, (A3a)

ψ
T(B),±
EI,h(e) = [uê3(2) + vê4(1)]e

∓ik−x+ikyy, (A3b)

where u(v) =
√

[1 + (−)
√

1 − �2/E2]/2 and k± =√
2m(E ± √

E2 − �2)/h̄2 − k2
y .

APPENDIX B: DERIVATION OF THE SHOT NOISE
IN A SM-EI-S JUNCTION

To calculate the shot noise in the present setup, we extend
the related formula developed in Ref. [42] to the sublayer
space. In the zero-frequency limit, the current fluctuation
spectral function between contacts i and j can be expressed
as [42,46]

〈�Ii�I j〉 = 2e2

h

∑
ρ,σ,μ,ν∈{T,B}

∑
α,β,γ ,δ∈{e,h}

∑
k,l∈{N,S}

sgn(α)sgn(β )

×
∫

dEAkγμ;lδν (iαρ, E )Alδν;kγμ( jβσ, E ) fkγ (E )

× [1 − flδ (E )], (B1)

where the indices i, j ∈ {N, S} denote the nonsupercon-
ducting or superconducting terminal, sgn(α) = +(−)1 for
α = e(h) labels the sign of contribution from an electron
(a hole), fkγ (E ) = 1/{1 + exp [(E − sgn(γ )EF,k )/(kBTk )]} is
the Fermi-Dirac distribution function for a particle of type γ in
contact k, with kB the Boltzmann constant, Tk the temperature
in contact k, and EF,k the chemical potential of contact k. The
parameter Akγμ;lδν (iαρ, E ) is given by

Akγμ;lδν (iαρ, E ) = δikδilδαγ δαδδρμδρν − sαγ ,ρμ

ik
†sαδ,ρν

il , (B2)

where δmn with {mn} ∈ {ik, il, αγ , αδ, ρμ, ρν} as the Kro-
necker delta, and sαγ ,ρμ

ik as the scattering matrix element,
labeling the scattering amplitude for a particle of type γ

stemming from the layer μ of contact k scattered to the layer
ρ of contact i as a particle of type α.

In the zero-temperature limit, the current fluctuation spec-
tral function contains only the nonequilibrium part, i.e., the
shot noise power Si j . Accordingly, at zero-temperature the lo-
cal shot noise power SNN measured in the nonsuperconducting
terminal can be written as

SNN = 4e2

h

∫ eV

0
dE

{
T ee,TT

NN

(
1 − T ee,TT

NN

) + T ee,TB
NN

(
1 − T ee,TB

NN

) − 2T ee,TT
NN T ee,TB

NN

+ T ee,BT
NN

(
1 − T ee,BT

NN

) + T ee,BB
NN

(
1 − T ee,BB

NN

) − 2T ee,BT
NN T ee,BB

NN

+ T he,TT
NN

(
1 − T he,TT

NN

) + T he,TB
NN

(
1 − T he,TB

NN

) − 2T he,TT
NN T he,TB

NN

+ T he,BT
NN

(
1 − T he,BT

NN

) + T he,BB
NN

(
1 − T he,BB

NN

) − 2T he,BT
NN T he,BB

NN

+ T ee,TT
NN T he,TT

NN + T ee,TB
NN T he,TB

NN + see,TB
NN

†
see,TT

NN she,TT
NN

†
she,TB

NN + see,TT
NN

†
see,TB

NN she,TB
NN

†
she,TT

NN

+ T he,TT
NN T ee,TT

NN + T he,TB
NN T ee,TB

NN + she,TB
NN

†
she,TT

NN see,TT
NN

†
see,TB

NN + she,TT
NN

†
she,TB

NN see,TB
NN

†
see,TT

NN
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+ T ee,BT
NN T he,BT

NN + T ee,BB
NN T he,BB

NN + see,BB
NN

†
see,BT

NN she,BT
NN

†
she,BB

NN + see,BT
NN

†
see,BB

NN she,BB
NN

†
she,BT

NN

+ T he,BT
NN T ee,BT

NN + T he,BB
NN T ee,BB

NN + she,BB
NN

†
she,BT

NN see,BT
NN

†
see,BB

NN + she,BT
NN

†
she,BB

NN see,BB
NN

†
see,BT

NN

− T ee,TT
NN T ee,BT

NN − T ee,TB
NN T ee,BB

NN − see,TT
NN

†
see,TB

NN see,BB
NN

†
see,BT

NN − see,TB
NN

†
see,TT

NN see,BT
NN

†
see,BB

NN

− T ee,BT
NN T ee,TT

NN − T ee,BB
NN T ee,TB

NN − see,BT
NN

†
see,BB

NN see,TB
NN

†
see,TT

NN − see,BB
NN

†
see,BT

NN see,TT
NN

†
see,TB

NN

− T he,TT
NN T he,BT

NN − T he,TB
NN T he,BB

NN − she,TT
NN

†
she,TB

NN she,BB
NN

†
she,BT

NN − she,TB
NN

†
she,TT

NN she,BT
NN

†
she,BB

NN

− T he,BT
NN T he,TT

NN − T he,BB
NN T he,TB

NN − she,BT
NN

†
she,BB

NN she,TB
NN

†
she,TT

NN − she,BB
NN

†
she,BT

NN she,TT
NN

†
she,TB

NN

+ T ee,TT
NN T he,BT

NN + T ee,TB
NN T he,BB

NN + see,TT
NN

†
see,TB

NN she,BB
NN

†
she,BT

NN + see,TB
NN

†
see,TT

NN she,BT
NN

†
she,BB

NN

+ T ee,BT
NN T he,TT

NN + T ee,BB
NN T he,TB

NN + see,BT
NN

†
see,BB

NN she,TB
NN

†
she,TT

NN + see,BB
NN

†
see,BT

NN she,TT
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†
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NN

+ T he,TT
NN T ee,BT

NN + T he,TB
NN T ee,BB

NN + she,TT
NN

†
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NN see,BB
NN

†
see,BT

NN + she,TB
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†
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NN see,BT
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†
see,BB

NN

+ T he,BT
NN T ee,TT

NN + T he,BB
NN T ee,TB
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†
she,BB

NN see,TB
NN

†
see,TT

NN + she,BB
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†
she,BT

NN see,TT
NN

†
see,TB

NN

}
. (B3)

where the scattering probabilities T αγ ,ρμ

ik = |sαγ ,ρμ

ik |2. Taking
advantage of Eq. (B3), the differential shot noise can be for-
mulated as

S(E ) = ∂SNN

∂V
, (B4)

with V the bias voltage. In a SM-EI-S junction, for the
scattering scenarios caused by an electron incident from the
top layer of the SM region, the differential shot noise given
by Eq. (B4) can be simplified straightforwardly to the form
shown in Eq. (7).
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