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Four-dimensional Floquet topological insulator with an emergent second Chern number
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Floquet topological insulators have been widely investigated in lower-dimensional systems. However, Floquet
topological insulators induced by time-periodic driving in higher-dimensional systems remain unexplored. In
this work, we study the effects of time-periodic driving in a four-dimensional (4D) normal insulator, focusing on
topological phase transitions at the resonant quasienergy gap. We consider two types of time-periodic driving,
including a time-periodic onsite potential and a time-periodic vector potential. We reveal that both types of
time-periodic driving can transform the 4D normal insulator into a 4D Floquet topological insulator characterized
by an emergent second Chern number. Moreover, it is found that the topological phase of the 4D system can be
modulated by tuning the strength and frequency of the time-periodic driving. Our work will be helpful for the
future investigation of Floquet topological insulators in higher dimensions.
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I. INTRODUCTION

In the past decades, topological matter has become an
important topic in condensed matter physics [1-9]. Topo-
logical insulators (TIs) in d-dimensional space possess a
d-dimensional gapped bulk and (d-1)-dimensional gapless
boundary states [10—14]. Recently, four-dimensional (4D) TIs
have attracted considerable attention due to recent advances
in artificial metamaterials [15-22]. The 4D TI hosts three-
dimensional (3D) gapless boundary states, characterized by a
topological invariant—the second Chern number [16-18,23—
25]. The 4D TI cannot naturally arise in condensed mat-
ter systems due to the limited dimensionality. In artificial
metamaterials, synthetic dimensions [26-34] and mapping
4D models onto lower-dimensional systems [35-42] are
promising schemes for implementing 4D TIs. Experimentally,
the flexibility of atomic and photonic systems has inspired
proposals to realize 4D topological physics [26-29,31,43].
Furthermore, since electric circuits are defined in terms of
electronic elements and their interconnections, lattices with
genuine 4D structures can be constructed by applying appro-
priate capacitive and inductive connections [32,33,41,42].

Floquet engineering is a controlled protocol to induce
or manipulate exotic topological properties by time-periodic
driving [44-64]. Time-periodic driving can induce topolog-
ically nontrivial matter in trivial static systems, and such
topological matter is known as Floquet topological matter,
include Floquet topological insulators (FTIs) [65-71], Floquet
topological semimetals [72-80], etc. In lower-dimensional
(d < 3) systems, considerable research on the FTT has been
reported, such as the discovery of many intriguing topological
phases that are absent in static systems [71,81-91]. Up to
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now, FTIs have been realized by experiments for solid-state
[46,49,92], photonic [69,93-97], acoustic [98,99], electric cir-
cuits [100], and ultracold atom systems [101-103]. Then a
question naturally arises whether the FTT phase can occur in
4D systems.

In this paper, we answer the above question and provide
the scheme for inducing the 4D FTI via two types of time-
periodic driving. In the 4D FTI, the 4D bulk is characterized
by the second Chern number, accompanied by the 3D bound-
ary states. First, we study the influence of the time-periodic
onsite potential V() on the 4D system. When the frequency
of the time-periodic onsite potential w is smaller than the
bandwidth of the static system Ey , the time-periodic onsite
potential can induce a phase transition from the trivial static
system to a 4D TI. This 4D TI possesses 3D gapless bound-
ary states, characterized by a nonzero second Chern number
C, = —3, dubbed the 4D FTI. Notably, when the amplitude of
the time-periodic onsite potential V exceeds a critical value,
we find that the time-periodic onsite potential can transform
a topologically nontrivial phase with C; = —3 to another
topologically nontrivial phase with C, = 3. Additionally, our
investigation reveals that the time-periodic onsite potential
with different frequency can induce a topological phase transi-
tion in a 4D normal insulator, leading to the emergence of a 4D
FTI with distinct Chern numbers, namely C; = —3,C, = —1,
or C; = 3. Second, we demonstrate that the time-periodic
vector potential A(t) can induce the emergence of the 4D
FTI with C, = 2. However, when the amplitude A exceeds a
critical value, the time-periodic vector potential destroys the
topological properties of the Floquet system, accompanied by
the decay of second Chern number from C, = 2 to C; = 0.

The rest of the paper is organized as follows. In Sec. IT A,
we introduce a time-periodic onsite potential in the 4D Dirac
model and demonstrate the method for calculating the second
Chern number. Then, we present a 4D FTI driven by the
time-periodic onsite potential in Sec. IIB. In Sec. III, we
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investigate the topological phase transition of the 4D FTI
driven by the time-periodic vector potential. Finally, we sum-
marize our conclusions in Sec. IV.

II. TIME-PERIODIC ONSITE POTENTIAL
A. Model

We first study the influence of the time-periodic onsite
potential on the 4D system. The time-dependent 4D TI model
is given by the following equation:

Hk,1)=H®K)+ V(1) (1

The first term is a static Hamiltonian describing the 4D TI
(161,

H (k) = sin(k, )" + sin(k,)I"3 + sin(k; )"y + sin(k,, )T's
+m(K)I'y, 2)

where the Dirac matrices I'; = (0, ® 09,0, ® 00,0, ®
0x,0,®0y,0,00;),j=1,2,3,4,5, satisfying the
anticommutation relations {I'i, T';} = 26;;. m(k) =
m + c[cos(k,) + cos(ky) + cos(k;) + cos(k,,)], m is the Dirac
mass, and ¢ denotes the nearest-neighbour hopping amplitude.
In subsequent calculations, ¢ = 1. The second term represents
the time-periodic onsite potential V(t) =V cos(wt)l'],
where V is the amplitude of the time-periodic onsite potential,
and o is the frequency.

In four dimensions, the response of the current to an elec-
tric field E and a magnetic field B is related to two topological
invariants [2,16,17]:

2

. e 1 4 CZ(BF)
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The quantized linear response is associated with the first
Chern number, and the quantized nonlinear response of cur-
rent to the electric field and the magnetic field is correlated
with the second Chern number C,. The second Chern number
is given by the following formula [16-18,23,24]:

1
G=15 / AR Q0 + Quny + Lyl (D)

with the non-Abelian Berry curvature

Qaﬂ = 8maaﬂ - anaaﬂ + ilap, a,) ﬂ (5)

mn

where m, n = x, y, z, w, and the Berry connection of the occu-
pied bands a%# = —i(u"‘(k)la%”mﬁ(k)), |u®(k)) denotes the
occupied eigenstates below the Fermi energy ¢r with o =
1,..., Nocc. When the amplitude of the time-periodic onsite
potential V = 0, the static system exhibits different topologi-
cal phases for different Dirac mass:

0, m< —4
1, -4 <m< -2
-3, 2<m<0
Cy(m) = 3, O<m<?2 ©)
-1, 2<m<4
0, m > 4.

The values of the second Chern number |C; | imply the number
of 3D gapless boundary states for the 4D system.

Now we investigate the effect of time-periodic onsite po-
tential on the 4D system. Floquet theory is often used to study
time-dependent systems [104]. Based on the Floquet theory,
we can convert time-dependent Hamiltonian H () into time-
independent Floquet Hamiltonian Hr by using the Fourier
transformation. The Floquet Hamiltonian Hr is an infinite
Hamiltonian with the following form:

Hy—w Hy  Hypoo oo
H_, Hy Hi, -1 D

Hp =
H,z H,l H() +w
where
1 (7 ,
H=— / dtH(v)e'"", 8)
T Jo
wand T = =% represent the frequency and period of the time-

periodic ons1te potential, respectively. / can be taken as 0, 1,
42, .- .. After applying the Fourier transformation to the time-
dependent 4D TI model H (k, t) [Eq. (1)], the block matrices
of the Floquet Hamiltonian Hr are shown below:

Hy = sin(k,)I"; + sin(k,)I"3 + sin(k;)['4 + sin(ky )['s

4+ |m+c Z cos(k,) [Ty,

n=x,y,z,w

H.,=H = 5T

Hyz> =0. )

In subsequent calculations, the infinite Floquet Hamiltonian
is truncated when the results are convergent, and the Fermi
energy &r is set to w/2. In subsequent calculations, the second
Chern number refers to Cy(ep = w/2).

B. Periodic-driven 4D FTI

In the trivial phase (m = —6), the static system hosts a
trivial bulk gap and the bandwidth of the system is Ey =
2|m| 4+ 8 = 20. We can study the effect of time-periodic onsite
potential V (7) on the 4D trivial system by solving the Floquet
Hamiltonian Hr, Hp |Y%) = g4|¥%). In the Floquet Hamilto-
nian Hp, the diagonal block Hy £ w is a copy of the original
block Hj, shifting in energy by w. The band of the diagonal
block Hy (Hy £ w) is referred to as the undriven (driven) band.
As shown by the gray dashed line in Figs. 1(a) and 1(b), the
driven and undriven bands of the Floquet Hamiltonian Hp
cross each other when w < Ey. After turning on the ampli-
tude of the time-periodic onsite potential V, the off-diagonal
blocks H;(I # 0) of the Floquet Hamiltonian hybridize the
resonant quasienergies and gap them out, as shown by the red
solid line in Fig. 1(b).

In order to explore the phase transition of the 4D Floquet
system, we calculate the bulk gap in the resonant quasienergy
region as a function of the amplitude V as shown in Fig. 1(c).
When V = 0, the undriven conduction bands and the driven
valence bands mix with each other in the resonant quasienergy
region; thus, the bulk gap of the system is zero. This bulk
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FIG. 1. (a) The bulk quasienergy spectra for the Floquet Hamil-
tonian Hr when k, = 7, k; = 0, k,, = 0. (b) shows the quasienergy
spectra of the cyan region in (a). The gray dashed line (red solid line)
represents the amplitude of the time-periodic onsite potential V = 0
(V = 1). (c) The bulk gap &, and (d) the second Chern number C; as
a function of the amplitude of the time-periodic onsite potential V.
Those red solid dots in (c) represent the bulk gap of the effective
Hamiltonian Hgwa obtained by the rotating wave approximation.
Here, we choose w = 11 and m = —6.

gap can be opened by the time-periodic onsite potential with
V > 0. In Fig. 1(d), we show the second Chern number
as a function of V, and one can find that the bulk gap
opened by the time-periodic onsite potential in the resonant
quasienergy region is topologically nontrivial. In the interval
V € (0, V. = 6.785), the second Chern number of the system
maintains a quantized plateau C; = —3. When V =V, the
bulk gap closes at points K| = (ky =7, k, =7, k; =0, k, =
0), K, =(7,0,7,0), K3 =(7,0,0,7), K4 = (0,7, m,0),
Ks =(0,7,0,7), and Kg = (0,0, 7, ). When V > V,, the
bulk gap reopens and the system transitions from a topologi-
cally nontrivial phase with C, = —3 to another topologically
nontrivial phase with C;, = 3.

In Figs. 2(a) and 2(b), we show the quasienergy spectra
of the system when the open boundary condition is along
the x direction. The color bar represents the natural loga-
rithm of the density of states In(p), where p is normalized
to one. It can be found that there are three gapless Dirac
points in the resonant quasienergy gap and no Dirac points
in the gap near ¢ = 0. These Dirac points are distributed at
the high symmetry points Y = (ky =7, k, =0,k, =0),Z =
(0, 7,0), and W = (0, 0, w). The system with three gapless
Dirac points is dubbed 4D FTI, characterized by a nonzero
second Chern number C, = —3. Moreover, in another topo-
logically nontrivial phase with C, = 3, there are three gapless
Dirac points distributed at My, = (ky =7, k, = 7, k,, =0),
My, = (7,0, ), and M, = (0, 7, ) when the open bound-
ary condition is along the x direction.

Furthermore, we show the bulk gap &, and the second
Chern number C, as a function of the frequency @ when
V =1 in Fig. 3(a). The solid blue line and the red dotted

—10
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FIG. 2. (a) Band structure in the plane (e, k) when the open
boundary condition is along the x direction. The indicators of
the horizontal axis are the high symmetry k points in the first
Brillouin zone of the quasi-3D system, I' = (k, = 0,k, =0, k, =
0), Y=(7,0,0), Z=(0,7,0), W=(0,0,7), My, = (, 7, 0),
My, = (,0,7), My, = (0,7, m), R = (r, w, ). (b) Band struc-
ture in the quasienergy interval e € (4,7) in which there
are gapless boundary states. Here, we choose w =11, V =1,
and m = —6.

line represent the bulk gap and the second Chern number,
respectively. It can be found that the topological phase of
the 4D FTI can be transformed by tuning the frequency of
the time-periodic onsite potential. When o = 11.98, the bulk
gap of the 4D system closes, accompanied by a topological
phase transition from C, = —3 to C; = 3. And when w =
15.985, the system transitions from a topological phase with
C, = 3 to another topological phase with C; = —1. Simul-
taneously, Fig. 3(b) illustrates the evolution of the second
Chern number C, with the amplitude V under the influence
of the time-periodic driving with different frequencies in the
4D system. It is evident that the time-periodic driving with
different frequencies can transform a 4D normal insulator
into a 4D Floquet topological insulator with distinct second
Chern numbers. In Figs. 3(c) and 3(d), we present the band
structures under the open boundary condition along the x
direction for w = 13 and w = 17, respectively. When v = 13,
the topologically nontrivial system possesses three gapless
Dirac points distributed at My, = (ky =7, k; = 7, k,, =0),
My, = (7,0, ), and My, = (0, 7, ), characterized by the
second Chern number C, = 3. And when w = 17, the topo-
logically nontrivial system possesses a single gapless Dirac
point distributed at R = (i, 7, ), characterized by the sec-
ond Chern number C; = —1.
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FIG. 3. (a) The bulk gap &, and the second Chern number C, as a function of the frequency w when V = 1. (b) The second Chern number
C, as a function of V. The blue, green, and red dotted lines correspond to w = 11, w = 13, and w = 17, respectively. Band structure of the
resonant quasienergy region in the plane (¢, k) under the open boundary condition along the x direction for (¢c) @ = 13 and (d) @ = 17. The

indicators of the horizontal axis are the high symmetry k points in the first Brillouin zone of the quasi-3D system, I' =
0,0,7),My, = (7, 7,0),Myy = (7,0, 7),Myy = (0,7, 7),R =

=(7,0,0),Z=(0,7,0),W=
in all plots, we choose m = —6.

In the limit where the frequency w is (nearly) resonant with
the level spacing of the Hamiltonian, we can apply the rotating
wave approximation (RWA) to analyze the time-dependent
system [65,104,105]. For the time-dependent Hamiltonian
H(, t) = H(K) + V cos(wt)I'{, we can convert it to the ro-
tating frame by using the unitary transformation,

H. = UT[H(k, 7)—i— (10)

0 U
ot |’
where U = P, + P_¢'®%, and Py are projectors on the unoc-
cupied and occupied bands of H(k). In the rotating-frame
Hamiltonian H, we can neglect the fast-oscillating terms
as they quickly average to zero [65,104]. Hence, we find a
time-independent Hamiltonian Hrwa as follows:

Hrwa = HK) + woP_P_ +

1%
S(P.TWP_ 4 PTiPy). (1)

In Fig. 1(c), we show the bulk gap of the Hamiltonian Hgrwa as
a function of V, labeled by red solid dots. When the amplitude
of the time-periodic onsite potential V is small, the results
obtained by the rotating wave approximation coincide with
those obtained by solving the Floquet Hamiltonian Hp.

III. TIME-PERIODIC VECTOR POTENTIAL

In this section, we apply a time-periodic vector potential
A(7) to the 4D Dirac model H (k), then the time-dependent

(ky =0, kz =0,k, =0),
(mw,m, ). In(c)and (d),V = 1. And

Hamiltonian H (K, 7) is given by the following expression:

5
Hk, 1) =Y hilk, )T},

(12)
j=1
with
hk,t)=m+c Z coslk, + A cos(wt)],
n=x,y,z,w
hy(K, t) = sin[k, + A cos(wt)],
hi(k, ©) = sin[k, + A cos(w7)],
hy(k, ) = sin[k, + A cos(wT)],
hs(Kk, ) = sin[k,, + A cos(wt)], (13)

where A is the amplitude of the time-periodic vector periodic.
After the Fourier transformation, the block matrices in the
Floquet Hamiltonian Hy are shown below:

Ho = [sin(k,)I", + sin(k,)I'3 + sin(k; )Ty
+ sin(k,)['5]1Jo(A) + m(K)T'y, (14)

H_ [—Zh IJFJ,'H_H

j=1

A (15)
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FIG. 4. (a) The bulk quasienergy spectra for the Floquet Hamil-
tonian Hy when k = k, (n = x, y, z, w). (b) shows the quasienergy
spectra of the region ¢ € (0, w) in (a). The gray dashed line (red solid
line) represents the amplitude of the time-periodic vector potential
A =0 (A =1.5). (c) Band structure in the plane (¢, k =k, =k, =
k,) when the open boundary condition is along the x direction.
(d) Band structure in the quasienergy interval ¢ € (4.5, 6.5) in which
there are gapless boundary states. In (c) and (d), the amplitude is
A = 1.5. Here, we choose w = 11 and m = —6.

with

=5 Y e+ =D @),

n=x,y,z,w

hops=— —[et — (=1 ™) 7(A),

2
hoys=— %[e"‘y — (=D ®171(A),
hosa == 3le% — (=D I,
hoys=— %[e”‘w — (=1)e ™ 7(A), (16)

where m(k) = m + c[cos(k,) + cos(k,) + cos(k;) + cos(k,)]
Jo(A). Ji(A) is the [th Bessel function of the first kind.

By solving the Floquet Hamiltonian Hp, we present the
bulk quasienergy spectra for A =0 and A = 1.5 as shown
in Figs. 4(a) and 4(b), with the horizontal axis representing
k =k, (n =x,y,z, w). The gray dashed line (red solid line)
represents the amplitude of the time-periodic vector potential
A =0 (A =1.5). When A = 0, the Floquet Hamiltonian Hp
contains only diagonal blocks, and the bands of different
blocks overlap each other in the interval ¢ € (0, w). After
applying the time-periodic vector potential, the band gap in
the interval ¢ € (0, w) is opened as shown by the red solid
line in Fig. 4(b). In Figs. 4(c) and 4(d) we show the band
structure when the open boundary condition is along the x
direction. One can find that there are two gapless Dirac points
in these gaps opened by the time-periodic vector potential,
and they are distributed on the diagonal (k = k, = k;, = k) in
the first Brillouin zone of the quasi-3D system. We emphasize

(a)

0.6

0.4

0.2

20 40 60 80
N

FIG. 5. (a) The bulk gap &, for the Floquet Hamiltonian H as
a function of A. (b) The second Chern number C, as a function of
A. The color of the solid line represents the number of k points
in the first Brillouin zone for the calculation of the second Chern
number, which is N*. (c) In|C, — 2| as a function of N for different
amplitudes A. The red, green, and cyan dotted lines correspond to
A=0.5,A=1, and A = 1.5, respectively. The dashed lines of the
linear distribution are obtained by fitting the dotted lines. (d) Band
structure in the plane (¢, k = k, = k, = k,,) when the open boundary
condition is along the x direction. We choose the amplitude of the
time-periodic vector potential A = 0.5 in (d). Here, the parameters
are w = 11 and m = —6.

that these gapless boundary states appear only in the resonant
quasienergy region ¢ € (0, w) and are not present in the gap
near ¢ = 0.

In Fig. 5(a), we show the bulk gap of the Floquet Hamil-
tonian Hy as a function of A. It is obvious that when 0 <
A < 1.966, the bulk gap is opened by the time-periodic vector
potential, and there are gapless boundary states in this gap.
In order to investigate the topological phase transition of the
system, we show the evolution of the second Chern num-
ber C, with amplitude A for different N in Fig. 5(b), where
N* represents the number of k points in the first Brillouin
zone for calculating the second Chern number. In the interval
A € (1, 1.966), the second Chern number exhibits a nonzero
quantized plateau C; = 2. When the bulk gap is closed at
A = 1.966, the second Chern number declines from a quan-
tized value of two to zero. In addition, one can note that
for weak amplitudes (0 < A < 1), the second Chern num-
ber exhibits nonzero fractional values. In Fig. 5(c), we show
the variation of the second Chern number C, with N. The
value of the second Chern number oscillates toward C, = 2
as N increases. We fit the evolution of In|C, — 2| with N as
shown by the dashed line in Fig. 5(c). It can be found that
In|C; — 2| decays linearly as N increases, i.e., the value of
the second Chern number approaches C, = 2 with an expo-
nential trend. Figure 5(c) shows that the rate of In|C, — 2|
decay is related to the amplitude A. When the number of k
points N in the discrete first Brillouin zone for calculation is
sufficiently large, the second Chern number can approach the
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integer value C; = 2, and the number of k points required for
the calculation decreases as the amplitude A is enhanced. In
Fig. 5(d), we show the boundary band structure when A = 0.5,
which implies that a weak vector potential can still induce the
occurrence of topological boundary states.

IV. CONCLUSION

In this paper, we present the scheme for inducing 4D
FTI via two types of time-periodic driving, including time-
periodic onsite potential V(r) and the time-periodic vector
potential A (7). First, we introduce a time-periodic onsite po-
tential into the 4D Dirac model. For the trivial static system,
there is no boundary state in the bulk gap. When the fre-
quency of the time-periodic onsite potential w is less than the
bandwidth of the static system Ejy, the driven bands and the
undriven bands overlap each other in the resonant quasienergy
region ¢ € (0, w). We find that the time-periodic onsite po-
tential can open the bulk gap in the resonance quasienergy
region, leading to 3D gapless boundary states for the trivial
static system. The system with 3D gapless boundary states
is characterized by an emergent second Chern number C;,
referred to as a 4D FTI. By numerically calculating the evo-
lution of the second Chern number with the amplitude of the
time-periodic onsite potential V, it can be found that when
the time-periodic onsite potential is introduced into the 4D
system, the second Chern number exhibits a quantized plateau
with C, = —3. Moreover, when the amplitude V increases to
a critical value, the bulk gap closes and is accompanied by a
phase transition of the system from a topological phase with
C, = —3 to another topological phase C, = 3. Additionally,
we find that the topological phase of the 4D FTI can be
modulated by tuning the frequency of the time-periodic onsite
potential. The time-periodic onsite potential with different
frequency can induce a topological phase transition from a
4D normal insulator to a 4D FTI with C; = —3, C; = —1, or
C, =3.

Second, we study the influence of the time-periodic vector
potential A(7) in the 4D system. Similar to the time-periodic
onsite potential, the time-periodic vector potential can also
open the bulk gap in the resonant quasienergy region, and
there are 3D gapless boundary states in this gap. By calculat-
ing the variation of the bulk gap and the second Chern number
with the amplitude of the time-periodic vector potential A, we
show that the vector potential can induce the emergence of a
topologically nontrivial phase with C; = 2. Moreover, when

the amplitude A increases to a critical value, the bulk gap
closes and is accompanied by a phase transition from the 4D
FTI phase with C, = 2 to the trivial phase with C; = 0.

In this work, we confirm that the bulk-boundary corre-
spondence for the 4D FTI is indeed captured by the second
Chern number, and no boundary states are observed when
the second Chern number is zero. The topologically protected
Floquet boundary modes may appear in other 4D systems with
a zero second Chern number [64], which we will continue to
investigate in future work.

Due to the limited dimensionality, 4D TIs are impossi-
ble to realize in real materials. However, in recent years,
artificial systems have emerged as promising platforms for
the experimental realization of 4D TIs. So far, 4D TIs have
been realized in photonic crystals [26-29,31,36,43], acous-
tic lattices [30], electric circuits [32,33,41,42], and ultracold
atom systems [27]. Additionally, recent research indicates
that Floquet systems can be realized in solid-state [46,49,92],
photonic [69,93-97], acoustic [98,99], electric circuits [100],
and ultracold atom systems [101-103]. Therefore, we expect
that the 4D FTI phase will soon be experimentally realized in
artificial systems.

It is worth mentioning that in our other work [106], we
investigate the effects of high-frequency time-periodic driving
in a 4D TI. In that work, the frequency of the time-periodic
driving is greater than the bandwidth of the static system,
and the driven bands do not overlap with the undriven bands.
Therefore, we focus on the topological phase transition in
the off-resonant quasienergy gap. It is found that the second
Chern number of 4D TIs can be modulated by tuning the
amplitude of time-periodic driving.
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