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Including the effect of the trivial band near Weyl nodes, we evaluate the longitudinal magnetoconductivity
(LMC) of Weyl semimetals along the magnetic field direction using the Boltzmann magnetotransport theory and
study its dependence on the magnetic field, Fermi energy, and temperature. We find that for weak internode and
node-trivial band scatterings, the LMC is quadratic in the magnetic field and is inversely proportional to the
fourth power of the Fermi energy at high densities due to internode scatterings and to the square of the Fermi
energy at low densities due to scatterings between a Weyl node and the trivial band. In the case of strong internode
and node-trivial band scatterings, the magnetic field-driven anisotropy induced by the phase-space volume
element and the orbital magnetic moment cannot be neglected. As a result, the LMC exhibits a significantly
different trend compared to that in the weak internode and node-trivial band scattering limit. Finally, we
calculate the temperature dependence of the LMC in the strong inelastic scattering limit and obtain its asymptotic
behaviors at low and high temperatures, respectively, demonstrating that the temperature dependence is strongly

affected by the existence of the trivial band.
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I. INTRODUCTION

When an electric field E and magnetic field B are applied
to Weyl semimetals (WSMs), the chiral anomaly [1,2] breaks
the number conservation of electrons in each Weyl node with
chirality y = %1, given by

on, e’E -B

a X4n2h2c’ %
where n, is the electron number density at node x. It ef-
fectively pumps electrons from one node to another, leading
to the charge imbalance between the nodes, which induces
the positive longitudinal magnetoconductivity (LMC) along
the magnetic field direction in WSMs [3-14]. Utilizing the
relaxation time approximation % = —‘:—Xa, where f, is the
nonequilibrium distribution function and 7? is the anomalous
relaxation time which characterizes the relaxation rate of the
chiral charge imbalance, Ref. [3] found that the LMC is
given by

ge? v (eB)*v?
4rn’licc &}

do(B) = T (ep), @)
where g is the number of Weyl node pairs, v is the Fermi
velocity of Weyl nodes, and ef is the Fermi energy measured
from the Weyl point energy.

Understanding the anomalous relaxation time is essential
to properly estimate the LMC. Conventional theories have
assumed that, for a steady state, the charge pumping by the
chiral anomaly is entirely compensated by the scatterings
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between the Weyl nodes. Therefore, t® has been considered
as the internode scattering time [3,4,7-10,13-17]. However,
as shown in Fig. 1, scatterings between the Weyl nodes and
the neighboring trivial band can also affect the chiral charge

chiral anomaly

Trivial band

FIG. 1. Schematic illustration of the charge imbalance caused by
the chiral anomaly and the associated scattering processes leading to
a steady state. The colored arrows represent scatterings by impurities
indicated by the star at the center. The global and local Fermi levels
of each node are represented by the dotted and solid brown lines,
respectively, and the energy of the Weyl point is set to zero, as
indicated by the dotted gray line. Focusing on the vicinity of the
Weyl point energy, we assume that the Fermi energy measured from
the trivial band center is substantially larger than that measured from
the Weyl point. Note that E - B > 0 is assumed.
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imbalance. For instance, for the + node, the influx of electrons
by the chiral anomaly is balanced by the outflux not only
by internode scatterings (green arrow) but also by scatterings
between the trivial band and the + node (red arrow). In ad-
dition, the trivial band which is not involved in the charge
pumping by the chiral anomaly maintains a steady state by
balancing the influx by scatterings between the trivial band
and the + node (red arrow) and the outflux by scatterings
between the trivial band and the — node (blue arrow). This
trivial band effect becomes dominant near the Weyl point due
to the low density of states (DOS) at the Weyl nodes, making
scatterings between the Weyl nodes and the trivial band pre-
vail over internode scatterings. On the contrary, as the Fermi
energy increases, the effects of internode scatterings become
significant compared to node-trivial band scatterings and the
anomalous relaxation time would exhibit distinct dependence
on the Fermi energy, showing a crossover as carrier density
increases.

In this work, using the Boltzmann magnetotransport the-
ory, we evaluate the LMC of WSMs along the magnetic field
direction and study its dependence on the magnetic field,
Fermi energy, and temperature. Contrary to conventional the-
ories, we not only consider a pair of Weyl nodes but also
a trivial band near them, demonstrating that the trivial band
significantly affects the LMC. In the weak internode and
node-trivial band scattering limit, where internode scatterings
and scatterings between a Weyl node and the trivial band are
negligible compared to intranode and intratrivial band scatter-
ings, the LMC is quadratic in the magnetic field, exhibiting
1/&f dependence at high densities due to internode scatter-
ings and 1/¢7 dependence at low densities due to scatterings
between a Weyl node and the trivial band, consistent with
the experimental results in Ref. [9]. For strong internode
and node-trivial band scatterings comparable to intranode
and intratrivial band scatterings, the magnetic field-driven
anisotropy arising from the phase-space volume element and
the orbital magnetic moment is no longer negligible; thus the
LMC substantially deviates from that in the weak internode
and node-trivial band scattering limit. We also evaluate the
temperature dependence of the LMC assuming strong inelas-
tic scatterings and find its asymptotic behaviors at low and
high temperatures, respectively. The LMC exhibits 1 — 7>
dependence for some « > 0 in the low temperature regime,
1/T? dependence due to scatterings between a Weyl node
and the trivial band in the intermediate regime, and 1 /T4
dependence due to internode scatterings at high temperatures.

II. REVIEW ON BOLTZMANN
MAGNETOTRANSPORT THEORY

In a stationary, homogeneous system with nonvanishing
Berry curvature €2, the Boltzmann equation states that the
nonequilibrium distribution function f; satisfies

dfe _; 0fk d'K

_— = k - — = —D /W ’ r — , 3

I ok (2yd Dk Wi (i = fi) (3)
where d is the dimension of the system, Dy = 1 + h%(ﬂk -B)
is the phase-space volume element [18,19], and W, is the
transition rate from k to k’. If not specified otherwise, we
assume nonmagnetic elastic impurity scatterings so that

Wigr = 2 Nimp|Viaw [*8(Bx — &) by the Fermi golden rule,
where njmp, is the impurity density and Vs is the matrix
element of the impurity potential. By the magnetic field,
the dispersion of electrons is modified into &, = e — my, - B,
where g and my, are the dispersion without a magnetic field
and the orbital magnetic moment, respectively.

The equations of motion for Bloch electrons read [20]

i:vk—kxﬂk, hk:(—e)(E—i—fxB), )
C

where vy = %f—k?:k is the group velocity. Thus, introduc-
ing the mean-free-path vector Ly as fi ~ fi! — eE - LyS(&)
to the linear order in E, where f;' is the equilibrium
Fermi-Dirac distribution and S(&;) = —0 fkeq /08, Eq. (4)
transforms Eq. (3) into [21-23]
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Here, v = D, '[vx + (@ - ve)B] is the modified veloc-
ity. Solving Eq. (5), we obtain the current density from
J=zg(-e) [ %i‘fk and the corresponding conductivity
from [23]

_ o[ d% = o mod(i) ; (j)
0y =20 | GorDSEN LY. 6)

III. EVALUATION AND ANALYSIS OF LMC
AT ZERO TEMPERATURE

For numerical calculations, we consider a model where
a magnetic field B = BZ is applied on a WSM with a pair
of two isotropic Weyl nodes and an isotropic trivial band
separated equally from each node. The effective Hamilto-
nian near a Weyl node is given by Hy, = x/ivo -k, where
k is the momentum measured from the node x and o
is the vector of Pauli matrices. Without loss of general-
ity, we assume that the Fermi energy lies on the upper
band. Then, the eigenvalues are given by & = hivk with
the eigenstates |ugy) = [cos(0/2), sin(8/2)e®]' and |uy_) =
[sin(8/2), — cos(8/2)e?]t for the x = %1 nodes, respec-
tively, where (k, 6, ¢) is the spherical coordinate of k. The
overlap factor between the states in the Weyl nodes is given
by Feywy = %(1 + x x'k - k), the Berry curvature is given by
@, = —xk/2k?, and the orbital magnetic moment is given
by my, = —xevk/2ck?.

For the trivial band, we assume the Hamiltonian to be H; =
&£41 for some isotropic &4, so that the Berry curvature and the
orbital magnetic moment vanish. Here, ¢ is the momentum
measured from the center of the trivial band and, for each ¢,
there exist (pseudo)spin up/down states represented by s =
£1. The overlap factors are given by Fyg¢ = 8, between
the states in the trivial band and Fy,.,s = (1 4 xs cos6)/2
between the states in the Weyl node and the trivial band. In
addition, we adopt the impurity potential V,, for intranode scat-
terings, V; for intratrivial band scatterings, V,, for internode
scatterings, and V), for scatterings between a Weyl node and
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the trivial band. Assuming that the Fermi wave vector is much
smaller than the inverse screening length, and the separation
between the Weyl nodes or between a Weyl node and the
trivial band, we neglect the momentum dependence of the
impurity potentials.

Based on this model, we rewrite Eq. (5) along the z direc-

tion as
d’q
(z) _ (2)
Y= / Gy o (b =

+3 [ W1~ 1) 0

L(f)/)

and

mod(s) _ @
vk)( Z/ (2 )3 WkX qs LZX _Léi))
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+XZ/ 2y

Here, the transition rates are given by Wy, = %’nimpvfa
(6 — eq) between the states in the trivial band, Wy, =
Wiygs = nlmpV Fiyqs0(Eky — &4) between the states in the
trivial band and a Weyl node, and Wy, ., = 2h nlmpVXZX,
Fiyae v 8(Ery — Eyy) between the states in the Weyl nodes,
where V,,» =V, for x = x’ and V;,, otherwise. Note that the
Lorentz force term, the second term on the left-hand side of
Eq. (5), vanishes since it does not affect the transport along
the magnetic field direction in isotropic systems.

Solving Eq. (7), we can evaluate the conductivity along the
magnetic field direction through

0.(B) = a%(B) + o (B), (8)

Der,WkX;er,(L,(f) L;j),) (7b)

where

Gzt?(B) _ geZZ/ o )XS(S,I)U(Z)L(Z) )
and
n 2 dzk ~ mod(z) (Z)
o (B) = ge Z kaXS(ekX)vk Ly (10
x

Note that S(¢) = §(¢ — ef) at zero temperature. Details on the
calculations are presented in Appendix A.

A. Dependence on the magnetic field

Figure 2 illustrates the conductivity o,,(B)/o,,(0) as a
function of bg, where bp = % |B||Quy |c—, = eB/2lickg is the
dimensionless quantity representing the coupling strength be-
tween the magnetic field and the Berry curvature [23,24].
From Fig. 2(a), we find that weak internode and node-
trivial band scatterings yield a large positive LMC increasing
quadratically with respect to the magnetic field, as seen from
Eq. (2). As pyi(ep) increases, where pyi(eg) is the DOS per
(pseudo)spin of the trivial band at the Fermi level, scatterings
between a Weyl node and the trivial band become significant,
increasing the anomalous relaxation rate and consequently
lowering the LMC. On the other hand, as seen in Fig. 2(b),
for strong internode and node-trivial band scatterings, the
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FIG. 2. 0,,(B)/0,(0) as a function of bg for (a) Vy, =V =
0.1V, and (b) V,, = = V,.. The blue, orange, and green lines rep-
resent the results for pm(ep)/ pn(er) =0, 0.15, and 1.5, respectively.
The dashed lines with the corresponding colors represent Eq. (13)
neglecting the field-driven anisotropy. Here we assume v, = v and
Vi=VW.

negative LMC appears in the absence of the trivial band due to
the phase-space volume element and the orbital magnetic mo-
ment, consistent with Refs. [21,22,25]. As pyi(eg) increases,
however, the LMC becomes positive in contrast to the weak
internode and node-trivial band scattering case.

Magnetic fields affect the LMC in two distinct ways: by
inducing a charge imbalance through the chiral anomaly and
by affecting intranode scatterings through the field-driven
anisotropy induced by the phase-space volume element and
the orbital magnetic moment. If internode and node-trivial
band scatterings are sufficiently weak, the chiral charge im-
balance becomes significant, making the former dominant.
Otherwise, the contributions from the latter cannot be ne-
glected. This accounts for the substantial difference between
the results in Figs. 2(a) and 2(b). For verification, we an-
alytically obtain the conductivity neglecting the field-driven
anisotropy. In the absence of the phase-space volume element
and the orbital magnetic moment, Eq. (5) along the magnetic
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field direction, with no Lorentz force term, reduces to

() a() (2) (@)
v+ vp¢ /(Zn)dek (L = LY). (11)

%(Slk - v;)B is the anomalous velocity. Writing

where v} =
L(Z) Z(Z) IZ(Z), we separate Eq. (11) into two parts: the
nonmagnetlc part that does not depend on the magnetic field
and the anomalous part that depends on the magnetic field.

In our model, considering the isotropy of the system, we
obtalnl(Z) = v(Z)r“(eq) la(“ =0, l( D — (Z) " (ex), and l(? =

vZ(Z) a(esk) where vk = —xvbZ and bk = eB/Zka2 From
Eq (7) assuming Dkx ~ 1 and &, ~ e, the relaxation times
at the Fermi energy are given by (see Appendix C for the
details)

111

_— = =4 —, (12a)
T'(ep) T T
1 1 1
= — , (12b)
Tﬁr(SF) Tin 3Tn 3Tnn
1 1 1
= — + — (12¢)

T2(6F) T Tmn

1/T0 = 2 nimp Vi pn(ep), 1/n = 2;; Rimp V2 o (€F),
1/'L'nn = 27”nimpvnznron(‘QF)a 1/7:nt = h nlmp mpn(EF) and
1/tn = %”nimpvnztptri(sls) characterize the scattering rates
for intranode scatterings, intratrivial band scatterings,
internode scatterings, node-to-trivial band scatterings,
and trivial band-to-node scatterings, respectively, and
on(e) = €2/2m%(hv)? is the DOS of a single Weyl node at
energy ¢. Finally, from Egs. (9) and (10), the zero temperature
conductivities from the trivial band and the Weyl nodes are

given by

Here,

2 tr tri
. v 1 (eF) 20,
tri B)~?2 2 i t ot — 0 13
0. (B) ~ 2ge"py (8F)|: 3 } T, (13a)
and o(B) ~ 0/°(B) + ¢ (B), respectively, where
UZ'EU(E )
ol(B) ~ 2ge2pn<eF>[“TF]
N 27, 31, -1
=600(1+ 22 4 (13b)
Tnn 7:tl'l

is the normal conductivity that does not depend on the mag-
netic field and

02(B) ~ 2ge* pu(er)[(vbr) T ()]

—1
Tn Tn
= 6b§o(;l<— + —)
Ton Ttn

is the anomalous conductivity that depends on the magnetic
field followmg Eq. (2). Here, o = ge 2 0 (ep)V2T,0/3, O, ‘“ =
ge ,om(el:)vl 7;/3, and v is the Fermi velocity at the tr1v1a1
band. In Fig. 2, we observe that Eq. (13), illustrated in the
dotted lines, is well fitted to the results for weak internode
and node-trivial band scatterings, but shows a significant de-
viation from the results for strong internode and node-trivial
band scatterings. Here, the deviation decreases with increas-
ing pyi(er) since no field-driven anisotropy exists in the trivial
band.

(13c)
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FIG. 3. (a) d0,;/80. as a function of ¢g/e.. The blue, orange,
green, and red lines represent the results for V,, = V,, = 0.1V}, 0.4V},
0.8V, and 1.0V, respectively. The black dashed line represents the
result obtained using Eq. (14). Here, we assume b, = eB/2fck? =
0.001 with k. = e./hv, v, = v, and V, = V,. (b) Experimental data
measuring the LMC of TaAs in Ref. [9] (black dots) and its fitting
curve using Eq. (14) (black line) with ¢, = 10.18 meV and o, =
0.1010y0. As seen from the red and blue dotted lines, do,, o 1 /sé
at low densities and 8o, o 1/¢f at high densities. For experimental
details and the definition of o,,, refer to Ref. [9].

B. Dependence on the Fermi energy

In Fig. 3(a), we illustrate the LMC do,, = 0,.(B) — 0,,(0)
normalized by do. as a function of ep/e., where e, =
(Vae/Van)V/ 272 (hv)3 pyi (0) is the crossover energy that sat-
isfies Ty /T = (zsc/s]:)2 and 60; = 80;;|¢p=¢, 15 the LMC at
&g = &.. As seen from Fig. 3(a), the LMC rapidly decreases
with increasing Fermi energy due to the corresponding de-
crease of the Berry curvature || ~ 1/¢Z, which couples with
the magnetic field. In the weak internode and node-trivial band
scattering limit, do,(B) ~ o (B) given by Eq. (13c). From
bF ~ 1/8]2:’ 0(1)1 ~ 81(39 tn/‘cnn = (Vnn/vn)2 ~ 81(3’ and Tn/Tm =
(Vat/Va*Lpui(0)/ pa(er)] ~ 1/e, we obtain

280.(B)

(er/€c)? + (er/ec)*’

o (B) ~ (14)
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which is quadratic in the magnetic field from §o.(B) ox B>.
The crossover energy &, characterizes a threshold beyond
which dominant scatterings transition from trivial band-to-
node scatterings to internode scatterings, while the crossover
conductivity 6o, characterizes the overall scale of the anoma-
lous relaxation time and the corresponding LMC, quantifying
the nonuniversal aspect of the sample quality. Note that fo-
cusing on the vicinity of the Weyl point energy, where the
chiral anomaly becomes significant, we assume that the Fermi
energy measured from the trivial band center is substantially
larger than er measured from the Weyl point. Consequently,
we can treat the Fermi energy measured from the trivial band
center as a constant, leading to an approximation pyi(ep) ~
pui(0) for the corresponding DOS. We emphasize that at low
densities where scatterings between a Weyl node and the
trivial band are dominant, 8o, o 1/¢2, and at high densities
where internode scatterings are dominant, §o,, o 1/ el‘é.

On the other hand, Fig. 3(b) shows the experimental data
for the LMC of TaAs in Ref. [9]. Conventional theories have
claimed 8o, o 1/&# assuming the constant anomalous relax-
ation time [9,26] or §o,, o 1 /sl‘é assuming ideal WSMs with
no trivial bands [15,27]. However, as seen in Fig. 3(b), the
experimental result cannot be explained by either of the two.
Indeed, since the anomalous relaxation time is much larger
than the quasiparticle lifetime [9], the sample used in the ex-
periment belongs to the weak internode and node-trivial band
scattering regime, so that the LMC would follow Eq. (14).
From Fig. 3(b), we find that the experimental result fits well
with Eq. (14).

IV. TEMPERATURE DEPENDENCE OF LMC

It is widely known that the LMC induced by the chi-
ral anomaly rapidly decreases as the temperature increases
[7,9,26]. At finite temperature, inelastic scatterings such as
electron-electron or electron-phonon scatterings are involved.
However, exactly incorporating inelastic scatterings into the
Boltzmann transport equation is quite challenging. Thus, for
simplicity, we assume strong inelastic scatterings, as well
as weak internode and node-trivial band scatterings, so that
each Weyl node reaches local thermal equilibrium [8] with
the local chemical potential n, = u — eE - I, where I, =
<v2x }/(1/t%(e)). Here, for an arbitrary Ay, (Ag) is defined by

1
Pn(er)
The corresponding LMC is given by

(Ar) =

/ dexon(e0)S (A, (15)

(vg,)
S0, = g n -
e TP (EF)XX:um(ek))

_ g62 v (eB)*v? 1
Cdmlice &2 (1/t(ex))’

which has the same form as in Eq. (2). For detailed
derivations, see Appendix D.

Figure 4 illustrates the LMC normalized by its value at zero
temperature as a function of the normalized temperature 7'/ Tr,
where Tr is the Fermi temperature. As mentioned above, the
LMC rapidly decreases with temperature. To analyze further,

(16)

(@) Pr= 1, Tin=7Twm
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FIG. 4. é0,,(T) normalized by §o..(0) as a function of 7' /T for
(pr, Ton/Tn) t0 be (a) (1, 7), (b) (7, 7), and (c) (7,49), where p; =
Pui(0)/ pn(er). The red and blue dashed lines represent Egs. (17) and

(18), respectively. The intermediate regime 7 < T < T; with §o,, ~
1/T? only appears in (c), where the trivial band effect is significant.

we study the asymptotic behaviors of the LMC with the aid
of Ref. [28] (see Appendix E for the details). At T > T, the
LMC follows

So(T) _ ﬂ (Tin/Ton )(1 + Ttn /Tan)
80..(0) 5 (T/To)? + (T/To)*

, a7

where T, = Vv hiz(fnn/fm)TF is the crossover temperature.
The first and second terms in the denominator on the right-
hand side of Eq. (17) originate from node-trivial band
scatterings and internode scatterings, respectively. From
Eq. (17), 80,. ~ 1/T* in the high temperature regime T >
max(7g, Tz). If T, > Tr, the intermediate temperature regime
Ty < T < T, with 80,. ~ 1/T? appears [Fig. 4(c)]. As ob-
served in Figs. 4(a) and 4(b) with the same value of 7.,/ 7,
the high and intermediate temperature behaviors are com-
pletely determined by t,,/7y,. The decrease of the LMC with
temperature stems from the excited electrons at high energy
where the internode and node-trivial band scattering rates
are significant. Therefore, increasing t,, /7, results in a large
CroSsSOver energy &. X /Ton/Tm, Slowing down the increase of
the anomalous relaxation rate with energy and consequently
decelerating the decrease of the LMC with temperature. On
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the other hand, at T < Tg, the LMC follows
1 Ay (18)
—al =),
Tr

2201+ 3pp) — (Tan/Ti)(1 = pp)]
B 31+ o)1 + Ton/Tin) )

Here, pr = pui(0)/pn(er). Contrary to T > T, Ton/Tm alone
does not completely determine the low temperature behaviors.
Given 1y, /T, the LMC decreases more rapidly as p; increases
in the low temperature regime [Figs. 4(a) and 4(b)]. At low
temperatures 7 < Tr, the trivial band DOS characterized by
pr affects the chemical potential &~ eg[1 — 3(1”—:&)(%)2] (see
Appendix E for its derivation) and corresponding S(eg ), accel-
erating the decrease of the LMC given by Egs. (15) and (16).
This effect barely affects the LMC at high temperatures where
un =~ 0.

3o, (T) _
30,(0)

where

19)

V. DISCUSSION

This work focuses on the WSMs without tilt. However, it
would be possible to analyze the tilted WSMs in a similar
manner by solving Eq. (5) for the Hamiltonian Hy, = xhvk -
(0 + B), where B is the tilt vector normalized by v. Here, we
briefly discuss the LMC of tilted type-I WSMs with [B]| < 1
in the weak internode and node-trivial band scattering limit.
Using the relaxation time approximation, Ref. [14] found that
the LMC induced by the chiral anomaly can be decomposed
into 80,,(B) = 01(B) 4 02(B), where

ge’v eB

@ tr
5P e (20)

with the intranode relaxation time ', and

o1(B) =

g62 v (eB)*v? a
472hc ¢ &} v @h

o2 (B) = (1 —|B1*)?

with the anomalous relaxation time t?. Since this type of tilt
does not change the power-law dependence of the DOS and
the corresponding power-law dependence of the relaxation
times on the Fermi energy, 7." and 7 exhibit the same power-
law dependence on the Fermi energy as that of WSMs without
tilt. From Eq. (12), for weak internode and node-trivial band
scatterings with 7, < Ty and 17, K Ty, 1/78 ~ eé, whereas
1/7* ~ & at low densities due to scatterings between a Weyl
node and the trivial band, while 1/7? ~ 812: at high densities
due to internode scatterings. Therefore, o,(B) ~ 1 /8%, while
0,(B) follows the same power-law dependence presented in
Eq. (14). On the other hand, for type-1I WSMs with || > 1,
the linear Weyl Hamiltonian itself cannot capture the closed
Fermi pocket. Thus the Fermi energy dependence of the DOS,
relaxation times, and LMC are determined by the higher-order
terms in k in the Hamiltonian.

So far, we have assumed that the Fermi energy measured
from the trivial band center is substantially larger than that
measured from the Weyl point. Consequently, the LMC de-
pends only on er measured from the Weyl point. However,
when the two Fermi energies are comparable, the LMC would
also depend on the Fermi energy measured from the trivial

band center, through the dependence of the trivial band DOS
and the corresponding trivial band-to-node scattering time.
Similarly, in the temperature dependence of the LMC, the
crossover would occur at both Fermi temperatures with re-
spect to the Weyl point and the trivial band center.

The Boltzmann magnetotransport theory is only valid in
the semiclassical regime with a weak magnetic field br < 1.
To study a system with strong magnetic field or low carrier
density, the quantum mechanical approach is needed, taking
the Landau levels into account. We expect that, contrary to
conventional theories, the vertex correction should not be ne-
glected. As seen from Eq. (C4) in Appendix C, the (1 — cos)
factor originating from the vertex correction cancels off the
contributions of intranode scatterings from the anomalous
relaxation time, increasing the LMC by order t,,/t,. We leave
the fully quantum mechanical approach for future work.

In summary, we use the Boltzmann magnetotransport the-
ory to find how the LMC of WSMs depends on the magnetic
field, Fermi energy, and temperature, incorporating the effects
of the trivial band near the Weyl nodes, which have been
neglected so far. The trivial band significantly affects not only
the value of the LMC, but also the power-law dependence
on the Fermi energy and temperature. Thus trivial bands in
WSMs should also be widely considered when studying the
chiral-anomaly induced magnetotransport.
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APPENDIX A: DETAILS FOR THE CALCULATION
OF LMC

In isotropic 3D WSMs, the effective Hamiltonian is given
by Hy, = xhvo -k, where k is the momentum measured
from a Weyl node with chirality y = +1. Without loss of
generality, we assume that the Fermi energy lies on the
upper band. Then, the eigenvalues are given by &, = hvk
with the eigenstates |u.) = [cos(6/2),sin(f/2)e']' and
lug—) = [sin(0/2), — cos(9/2)e’?]" for the nodes x = =1,
respectively, where (k, 8, ¢) is the spherical coordinate of k.
The overlap factor is given by F ey = (1 + xx'k k) =
%{1 + x x'[cosO cosO + sinf sinb’ cos(¢p — @)1}, the

Berry curvature is given by
d d k
ﬂkX = —Im uk}( uk}( = —X—7
ok ok 2k?

and the orbital magnetic moment is given by
e Oty Oty xevk
= —1 =

M= e ™ [< ok

ok 2ck

(Alb)

Thus, in the presence of a magnetic field B = BZ, the
phase-space volume element and the dispersion are given
by Dg, =1— xbrcos@/r* and Eky = er(r + xbrcosf/r),

(Ala)

X (Hk)( - Skx)
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respectively, where r = k/kp and bp = eB/2fickz. From the
dispersion, the z component of the modified velocity can be
written by

08 e &
mod — k k
vt = Dkxl[ ak* + h—c<szkx : —akX>B}
Z
cos® — xbpcos(20)/r>  xbg
= —_ —
1 — xbpcosf/r? r2

> . (A2)

We define a new coordinate system (R,0,¢) with R =
Eky/€r =1 + xbpcosO/r or equivalently r,(R,0) = R/2 +
\/ (R/2)* — xbr cos 6. The Jacobian for the coordinate trans-
formation from (r, 6, ¢) to (R, 6, ¢) is given by

E)rX(R 9)‘ o R/2
2 V(R/2)? = xbpcost |

(A3)

Ty (R, 0) =

On the other hand, we assume the trivial band Hamilto-
nian to be H, = ¢,1 for some isotropic &,, where q is the
momentum measured from the center of the trivial band.
For each momentum g, there exist (pseudo)spin up/down
states represented by s = +1. The overlap factors are given
by Fy.q¢ = 05y between the states in the trivial band and
Friygs = %(1 + xs cos @) between the states in a Weyl node
and the trivial band. There are no Berry curvature or the orbital
magnetic moment in the trivial band. For the scattering poten-
tial, we adopt V;, for intranode scatterings, V; for intratrivial
band scatterings, Vp, for internode scatterings, and V;; for
node-trivial band scatterings, all of which are assumed to be
momentum independent.

Based on our model, Eq. (5) along the z direction trans-
forms into

d3q/
() _ (2) (@)
qu - (27_[ )3 qu (L 5 qus)
+3 [ D1 1) (a0
J
mod( ) a3
o % T+ ff(zn)z

Dy Wiy

and

mod(z) __ (2) (2)
Vkx ‘ Z/(z ) kX‘IVLX_L‘IS)
a3k

+XZ/ @y

where the transition rates are given by Wiy = Zntimp
Vtza(eq - 8q’) qu kyx = ka;qs = nlmpV Fkx qs5(8kx gq)’
and Wy, = nlmpV Fkx;er/é(ekx Bpyr) with V0 =
Vo for x =y’ and Vin otherwise. Here the Lorentz force
term, the second term on the left-hand side of Eq. (5), van-
ishes since the Lorentz force does not affect the transport
along the magnetic field direction in isotropic systems. In
addition, since the Weyl Hamiltonian Hy, = x/ivk - o0 and
the corresponding eigenstates are invariant under the trans-
formation (k, x) — (—k, —x), note that Dg, = D_i)—y)
Wasix = Wasi(—to(—x)» and Fiy o = Frey i) (—y) TESULLING in
Wirii)—) = Van/Va)* Wiy~ Thus, from Eq. (Ada), we
find LY = vtk + di(e,), where

@ _ @
Dyy Wiy y (L = L), (Adb)

1 d*q &k
— = W, q-q
w =] @y 4 +Z/ @ry

d*q N d*k
=/quq/(l—qq)+2/(2 )3Dk+Wqu+

k)( qs:kx

(A5)
and
dy(e,) = Z I%DkaqS'ka(Z)
) q) — 3
Z f(zdn/§3Dkx qsikx
) (2)
f (271)3 Dk+quk+(LkZ+ +L(Z—k)—). (A6)

2f WDk+qu;k+

Here, d,(g,) characterizes the asymmetry of the mean-free
path between the x = +1 and x = —1 nodes due to scat-
terings with the trivial band. Assuming that the trivial band
is separated equally from the two Weyl nodes, we expect
ds(e4) =0 (see Appendix B for the formal demonstration
using the number conservation). From Eq. (A4b), on the other
hand, we obtain

()
Sk x' k’

o=
* Z /(2;,)%ka qs"‘z f

&K
Dy Wy y

@n)y

mod(z) + f (2”)% Dk’ ka Kk x [Lﬁ + (Vnn/v )ZL(Z) ]

3!
Zx / kax;qs + [1 + (Vnn/Vn)z] f %Dk’xwkx;k’x

(=K (=x) . (A7)

Assuming zero temperature, we focus on the Fermi surface by setting R = 1 and replacing all k dependence to the 6

dependence. Then, Eq. (AS) transforms into

(ep) T

2

1 1 1 . 1+ s cosé
=—+— | do sinf0fO) —— |,
Tnt

5 (A8)

where 1/7, = 2h nlmpV Pui(ep) and 1/Ty = = fimp m,on(ep) characterize the intratrivial band and node-to-trivial band scattering
rates, respectively, and p,(g) = &2/2m%(/iv)® and pgi(e) are the DOS of a single Weyl node and the trivial band with a single
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(pseudo)spin, respectively. Here, f(0) = f1(0) = f-(wr — 6) with f,(0) = rf((], 0)J,(1,0)D, (6), where D, (0) = Dy, on the
Fermi surface. On the other hand, considering the 6 dependence and x dependence of the transition rates, we rewrite Eq. (A7)
as

5°4@(6) 4 B1.y + X B2y coOsO

7 (@) _
Lier= a1 + xoz cosf ' (A9)
with
oy (1 . 1
<C¥2) = T_m<0> + Z(l + a) /d@ SlIleX(Q)(X COS@)
T, (1 1
= a(O> + 4(1 + a) /d@ 51n9f(9)<cos 0) (A10)
and
/31 _1 Vix 2 ! i/ INF @) 0/ 1
(32) L2 ) Jormonnnzin(, b
_ /d@ sin6 f, (0)[L(Z)(9)+ — LY ( —9)}( ! ) (A11)
4 x x cos6 |’

where LE(0) = L) /(vTa), 91O(0) = v @ /v, and 1/t0 = ZnimpV2oa(er), 1/70 = ZnimpVia pui(er), and 1/7on =

27”nimVnzn,on(51;) characterize the intranode, trivial band-to-node, and internode scattering rates, respectively. In general, we

can write 81, = xf1 + B} and B2, = x B2 + B5. Using the number conservation, we find 8] = g5 = 0 (see Appendix B for
details), so that Eq. (A9) satisfies L((i)k 0= —L,(f)'() as expected from the symmetry H(_xy—y) = Hk, and equal separation of the
trivial band from the two Weyl nodes. Thus 8, and 8, can be simplified into

I . . )
<§;> = Z(l - ;—> fd@ 51n9fx(9)L§(Z)(9)<X :089)

o do sin6f(0)LY () (A12)
T4 sin6.f cos@

Tnn

Substituting Eq. (A9) into Eq. (A12), we obtain the following:

B "1 B _ 4 -l
- 6)w(e)-0-w ()

where
: ~mod(z
V1 :l Y /d@smef(e)u+ @wy 1 A
V2 4 Tnn o1 + oy cosd cos 6
and
1 in6 1@
M= - 1_3 /d@ sin6 f(0) 1 00526? . AL5)
4 Thn o1 4+ apcos@ \cos6  cos“ 0

Solving Eq. (A13), we obtain the LMC along the magnetic field direction using Eq. (6). The conductivity o,,(B) = am (B) +
o..(B) is given by the sum of conductivities from the trivial band and the Weyl nodes, each of which is given by

tr
tn ) @y @) _  tri Ty (er)
"(B) = ge Z / ) S(ePLY) = o Z e (A16)
and
n 2 dgk mod(z) (Z) . ~mod(z) 7(2)
o(B) = ge Z kaxS(e Ve L) = 30g | d6 sin6 [ O)LY (), (A17)
X
where v, is the Fermi velocity at the trivial band, and am = ge ,om(ap)(vt 7/3)and oy = ge pn(er)(v21,/3) are the characteristic
conductivities for the trivial band and a Weyl node, respectively. Note that, since Dy, = D(_k)—y) vkx 0d@) — v?’_",f)((zlx), and
L(Z) —L(Z) (=) both Weyl nodes give the same contributions to the conductivities.
Neglectlng the field-driven anisotropy, r, (R, 8) = R, J,(R,0) =1, and D, (6) = 1, then Eq. (A16) reduces to
. 2 tri
oUi(B) = —20___ (A18)
1+ 7/ Tn
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In addition, 7°4(8) = cosf—ybr. (@1, 02)' = (3432 + 2, 0), M= ot —diag(1,1/3), (11, 72)' = pie
— —br(1—7,/Thn) 1 -7 /T
(=br, 1/3)'s (Br, B2)' = (g vy 30720 o 3572 ) and
. 3 0 b
L@O@) = cos — XOF , (A19)
x 1+ 27 /ton + 370/ T To/Ton + Tn/ T
and thus Eq. (A17) reduces to
"(B) =6 [ ! + i ] (A20)
(o3 = 00, .
“ °l1 + 2% /T + 3T/ T To/Ton + Tn/ T
APPENDIX B: CONSTRAINT FOR THE NUMBER CONSERVATION
Restoring d(e4) which is assumed to be zero in the previous section, Eq. (A7) is replaced by
d(z) a3 d*K ()
o Uy T2 (sq) S G Wixas + 20 | Gy Puy Waw i Ly,
kyx — ;
g 2 f (2::)* Wixgs + Z f (gjzkﬁ Dy Wiy x/
mod(z) a3 ) (2)
_ Vkx T4 di(ey) [ (2;1(;3 Wixqs + f (2:1)3 Dk xWiex [L ot Van/Va )ZL(Z k')(—)()] B1)
> kax;tlf + 1+ Va/ Vo)1 [ WDk’kax;k’x
and consequently Eq. (A11) is replaced by
Bix\ _ > ds 7 () 7 () 1
<,32,X 2rm >, sd; d0 sin6,0)| L (9)+ Ton L5 —) X cosf )’ (B2)
where d; = d,/(vt,). Substituting Eq. (A9) with Biy = xB1 + By and B2, = x B2 + B, we obtain Eq. (A13), as well as
- / / 9
dS/dG Sin6f(6)(1+s cosh) = /d@ sin@ £O)(1 + s cosg)PL P28 (B3a)
o1 + arcosf
from Eq. (A6) and
B >, d, / . B+ BycosO [ 1
/ + 1 + — de sinf f(0)————— B3b
<,32 Z‘Cm 3 sd; Ton sin6 £ )ozl + ap cos O \cos (B3b)

from Eq. (B2). However, as seen from the invariance under the transformation (d;, B, By — (ds + 2, B1 + rai, B + Aay) for
arbitrary A, the four equations in Eq. (B3) are not linearly independent. Thus, to uniquely determine the mean-free-path vectors
and the corresponding LMC, we introduce an additional constraint induced by the number conservation. Since the total carrier
density remains the same in the absence or presence of an electric field E, we have the following relation to the leading order in
E (at zero temperature):

_Z/(z U = ;§)+Z/%Dkx(ka_f’f;)
X

Z/ (o )3qu5(8q 8F)+Z/(2 )3DkakX5(8kx_8F) , (B4)

(

where  fos & fo! — €E - LgS(sg) and  fiy & f,f; —¢E -
Ly, S(Zky) are the nonequilibrium distribution function at
the trivial band and the Weyl nodes, respectively, and f®
represents the equilibrium Fermi-Dirac distribution function.
Adopting the electric field along the z direction and inserting

LY = vtk 4 dy(g4) and Eq. (A9) into Eq. (B4), we have

Bl + Bycosf
) +arcosh

pu(ee) Y. di+ puler) [ 6 sind £(0)

Combining Egs. (B3) and (B5), we obtain the unique solution
B1 = B5 = d; = 0 as we expected in Appendix A.

APPENDIX C: ANALYTIC ANALYSIS OF LMC
IN THE WEAK INTERNODE AND NODE-TRIVIAL
BAND SCATTERING LIMIT

Neglecting the phase-space volume element and the orbital
magnetic moment, the z component of Eq. (5) is given by
dk
o) @y

Wi (L7 — L), (Cl)
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where vj = ;= (8 - v¢)B is the anomalous velocity. Here the
Lorentz force term which does not affect the transport along
the magnetic field direction in isotropic systems is omitted.
Writing L,(:') = l,EZ) + l,?(Z), we naturally separate Eq. (C1) into
two parts: the nonmagnetic part that does not depend on the
magnetic field and the anomalous part that depends on the
magnetic field.

Solving Eq. (C1) for our model, we obtain l (@) = v(z)t" (&q)
for the trivial band and l,i D = =T, (@) ptr (&g ) for the Weyl nodes.
Considering that the isotropic tr1v1a1 band is placed symmetri-
cally with respect to isotropic Weyl nodes, the relaxation times
are given as follows with the well-known (1 — cos) factor:

1 —/d3q/W(l i)
e ) @mp ot T

dgk
5

‘L'(g, in Eq. (AS) with Dy,

Vg - Vg T”(Ek)i| )

[vgl* 7 (gg)

which corresponds to 1/ ~ 1 and

Eky & &, and

rtf(sk)_z/(z ) "”[1

+ Z/ mwkx;k’x’(l —k- lAc,) €3)
T

Vi Vg T (8,1):|

o2 T (&)

Note that 1/7 and 1/7\" are independent of s and x, respec-
tively. Similarly, the anomalous part also yields /2 = 0 and
l;;;) = UZ;Z)‘L'a(&‘k), where v = —xvbiZ, bp = eB/2hck?,
an

a(ek>_2/ Qry Vs

3K o
Z/ (27)3 Wicga e (1= iy - ”lac’x’) (C4)

independent on x. Here we use vy =0 due to the absence
of the Berry curvature and the orbital magnetic moment in
the trivial band. Note that all contributions from intranode
scatterings to t* vanishes by (1 — 9}, 'ﬁz’x’) ={0—xx)
factor. Evaluating Eqgs. (C2) to (C4) at the Fermi energy, we
obtain

L1 + ! (CS5)
t(er) T T

1 L1 (VXX’>2/d9 -
= — -— » S1IN 4
Tér (¢r) Ttn 27, o Va ek ik

(1 + x x' cos Oy
X —
2

1 1 n 2
3t 3Tm

)(1 — coS i)

(Co)

where 6 is the angle between k and &’ satisfying cos 6 =
cosf cosf’ + sinf sin ' cos(¢p — ¢’) and

1 11 Vi) 11
= — 21— yy)= — + —.
T2(eR) Tn + 21, XZ< Va ) ( xx) T, +

tn THH
(&7))
Note that all of the relaxation times in Egs. (C5)

to (C7) do not depend on s and x. Approximat-
ing  pui(er) % pui(0), 1/7(er) oc (ef +&7), where e =
(Vat/Van)v/ 272 (hv)? pyi(0). The &3 dependence in 1/7%(er)
originates from 1/7,, characterizing internode scatterings,
while the &Y dependence originates from 1/7, characterizing
trivial band-to-node scatterings. On the other hand, assuming
Ty &K Tip and 7, <K Tun, 1/77(6F) o &5

When several bands cross the Fermi energy, the total con-
ductivity is given by the sum of conductivities from each band.
From the Einstein relation, we can obtain the zero-temperature
conductivity through o, = ol + o2 with

t 2(75ri
1 — 2ge ep)Dyi = —— C8a
£ :Otrl( F)D; T+ 7/t ( )

and
ol = 2g¢’ pa(er)(D + D)

60 6 b2

_ % %0 (C8b)
I +27%/tn + 3%/t To/Tan + Ta/Tim

where Dy = v21(er)/3, D = vt (er)/3, and D, =

(vbp)?t®(ep) are the diffusion constants with the
dimensionality 3 for the normal parts and 1 for the anomalous
part. Note that Eq. (C8) is exactly consistent with Eq. (13)
in the main text. The first term on the right-hand side of
Eq. (C8b) corresponds to the normal conductivity of the
Weyl nodes without magnetic field, while the second term
corresponds to the LMC given by Eq. (2). Discussions
regarding the ¢p dependence of the LMC are presented in
Sec. III B in the main text.

The analytic analysis in this section has assumed that the
field-driven anisotropy induced by the phase-space volume el-
ement and the orbital magnetic moment is negligible. As seen
in Appendix A, the anisotropy yields a correction of order
br in the velocity and the corresponding mean-free-path vec-
tor; thus 8l ~ vt"bg. Assuming the weak-field limit bg < 1,
our assumption is valid only if 8l < [} ~ vbgt?®, which
corresponds to the weak internode and node-trivial band scat-
tering limit 7, < 7, and 7, < Tpy-

APPENDIX D: ANOMALOUS MEAN FREE PATH
AT FINITE TEMPERATURE

In the presence of inelastic scatterings, Eq. (5) along the
magnetic field direction, the z direction, is given as follows
with the factor (1 — f5)/(1 — f) [29]:

3
mod(z) 'K

(2) () 1- feq
k4 K
" o )3Dkerk/(LZ —-L; )(1 — eq>, (D1)

k

where W, is the total transition rate from k to k" including the
one for inelastic scatterings. Applying Eq. (D1) to our model,
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the anomalous part can be written by
la(Z) d3k 1 — feq
v ke wi (la(z) la(z)) '
kx T2(8k) (27r)3 Kk \Thx Kx)\1— ¢ )

k
(D2)

a(z)

where v, a
x

= —xvbyg, T is the anomalous relaxation time
at zero temperature given by Eq. (C4), and Wkt,};, is the tran-
sition rate for inelastic scatterings from k to k’. For elastic
scatterings, we assume the weak internode and node-trivial
band scattering limit, incorporating their contributions into the
first term on the right-hand side of Eq. (D2) and neglecting
all the field-driven anisotropy. For inelastic scatterings, we
only consider the intranode contributions for simplicity. From
Eq. (D2), we obtain

lth(z)+ a(z) th

la(Z) — D3
kx 7 /rﬂ(e )’ (B3

where T
given by

is the quasiparticle lifetime for inelastic scatterings

/ €q
L Wi 1= fo
.L,,Eh (27.[ )3 kk 1— ]?q

(D4a)

J

With the aid of Eq. (D7), Eq. (D5) transforms into

d’k Bk &’k A
(27[)3S(Sk)|: (27[)3Wkk'(1 ) j| '3/ (27[)% (2n)3Wkk’ k (1

a3k’ d*k
=7 f ( o W

on(er)S(er) /T (&) _

1 / dex

and ["@ is defined by

th(z) eq

L _ 3K Wi 1—f, ey
.L,Izh (27.[)3 kk 1— f;q k' x

Combining Egs. (D3) and (D4b), we have

, eq th(z
&k wh - Jy [he) _ lk’x
R A R L O

al
vk,(z).[tn

’ €q
B Y et :
@r)? T = ) 1+ g/t e
Solving Eq. (D5), we can evaluate the anomalous mean free
path and the corresponding conductivity.

In this work, we focus on the strong inelastic scattering
limit 7™ « 2. To the zeroth order in t™, Eq. (D5) reduces

to
d*K ,
/ 3W,;,';, /s (zth(z) l“,‘jj)) =0.  (D6)
(2m) L= f

From Eq. (D6), we find l,[cl:((Z) ~ 19 independent of k. Note
that, for an arbitrary G, using Ster) = Bt (1 = £ and
the detailed balance Wi, f* (1 — 1) = W‘hf 1= £,
we obtain the following relation:

(D4b)

(D5)

— )Gy

2n)3 Qn )} Wit (1= £7)

o - 06 [ ws (2
(271)3 PR ] @y TR\ 1 —
K .
= / mS(gk,)Gk,/r,g,. (D7)
/ pu(Er)S (er)vp
deg — (DY)
1+ 7" /72(ex)

1+ " /2(er)

Comparing both sides of Eq. (D8), we find /" ~ vbt®. To the leading order in t""/7* < 1, Eq. (D3) results in [3©) ~ [
(vzgf) y/(1/t?(ex)) independent of k, where (Ax) for an arbitrary Ay is defined by

1
Ar) =
Al Pu(€r)

/ dexon(e0)S ()AL,

D9)

Finally, we can obtain the LMC through Eq. (6). Neglecting the field-driven anisotropy, the anomalous contribution corre-

sponding to the LMC is given by

ol(B) ~ ge* Z f derpn(e)S(e vy [ ~ ge pn<ap>2

a(z))

(l/Ta(ek)

g62 v (eB)*v? 1
~ 4nlhce g2 (1/7%(&x))’

(D10)
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Due to strong intranode scatterings, the normal contribution
to the distribution function is negligible. Thus, focusing on
the anomalous contribution, the distribution function devi-
ates from the equilibrium Fermi-Dirac distribution by § fi, =~
—eE - I3 S(ey) with a k-independent I, = (392, From S(g;) =
—3f; 1 /dek, we have

fix = [ (ex — ) + €E - la—feq (e — 1)

~ f [ek — (0 —eE - 1),

where 4 (¢) = 1/(ef* + 1) satisfying f = £ (&g — p),
so that each node reaches local thermal equilibrium with the
local chemical potential i, = u —eE -1 ;‘(

(D11)

APPENDIX E: ASYMPTOTIC FORM OF LMC
AT FINITE TEMPERATURE

1. Chemical potential

Since the carrier density measured from the charge neutral
point does not vary under the temperature change, we obtain

EF [o¢]
n= / de p(e)= / de p(e)lf* (e — ) — f (e + ),
0 0
(E1)
where p(g) = 2pui(e) + 204 (&) is the total DOS of the model.

Here we used f°i(e + u)+ f° (—e — u) = 1. Regarding
Pui(€) & pyi(0) as a constant near the Weyl point energy,

p(e) = (2 + &§)/m*(hv)?, where &y = /272 (Fv)? pyi (0) =
/Prer, wWhere p; = pui(0)/pn(er). To proceed further, we in-
troduce the following integral [28]:

o) xafl
/ dr—
0 7l +1
00 xaflzefx /<oo &
— A dxxo‘*l —z nefnx
/.5 1+ ze™ 0 ;( )
= U K ta_le_t} Y rene
0 — na o ’

(E2)

00 (=)
n=1 ne °

In(1 + 2).

where I'(«) is the gamma function and F,(z) = — >

Note that I'(a) = (¢ — DI'(¢ — 1) and Fi(z) =
With the aid of Eq. (E2), Eq. (E1) transforms into
B@-B1/9)  pf(pr)_ 143

(Ber)? 2 \ e 6

(E3)

J

o0

where z = e#**. At low temperature, the Sommerfeld expan-
sion reads [30]

. *© H (x)
lim dx——————
z7lev + 1

7—> 00 0
where H(x) is a function diverging no more rapidly than a
polynomial as x — oo. Then using (E2) for H(x) = x*~!,
Eq. (E4) becomes

Bu 7-[2
~ /0 dxH(x) + =H'(Bu). (E4)

(E5)

lim 70~

C(a+1)

whereas F,(z7 ') =z7! — 72;; N
from Eq. (E3), we obtain

72 a(e — 1)]
6 (B2 |

vanishes as z — 0o. Thus

2 2
ﬁ~1—”—<1> ifT < T (E6)
e 31+ o) \ Ti -

On the other hand, at high temperature, fu — 0 due to
the finite carrier densities; thus z — 1. From z ~ 1 4+ Bu +

(Buy*/2 for |Bul < 1,

( 2)

lim F, (2) ~ n(@) +n(a = DBp+ ——— ———(Br)*, (E7)

where n(a) = F,(1) is the Dirichlet eta function [31]. Substi-
tuting Eq. (E7) into Eq. (E3), we obtain
wo A+ 300)(Tx/T)*
e w2+ 3p(Te/T)
Here we used n(2) = 7%/12.

if T > Tr. (E8)

2. Anomalous conductivity
Solving Eq. (C4) at arbitrary energy &, we have
1 1 1 1 (a) 1
e + = —(—") +—, ()
T (Ek) Tnn(gk) Tm(gk) Ton \ €F Ttn

where

1/tan(ex) = h nlmp nnpn(gk) and 1/tm(er) =

2 Pimp Vi i (0) With pyi(ex) ~ i (0). Therefore, (1/7%(ex))
in Eq. (D10) is given by

1
<ra(sk)> B pn(eF>/

= _[81 fdskS(ek)(ek +s§s,§)}, (E10)
F

Pn(€r)S (k)
T2(ex)

tnn
where ¢, = Vat/Van)€o = +/Ton / Tm&F 1S the crossover energy.
Utilizing %f"‘q (—e—p)= ——feq (¢ + ), we obtain the
following with the aid of Eq. (E2)

o0 o0 8
f derS(er) (e + e2e;) = / dq(#ﬂ?&i){—a[ﬁq (ex — 1) + f (eﬁu)]}
— 0

- / dex(de] +2626)LF (ex — 1) + £ (e + )]
0

= 24(kp TY'[Fa(z) + Fa(1/2)] + 2(ks T)*e2[F2(2) + F2(1/2)],

resulting in

(I/t%ex)) T
1/7%(er)

T 4 - T 2
- {24(—) [F4(z)+F4(1/z)]+2<T—> (—) [Fz(z)+Fz(1/z)]}.
Ttn + Tin TF Ttn TF

(E11)

(E12)
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At T < Tr, using Egs. (ES) and (E6), we obtain
(/760

1/z%(er)

On the other hand, at T >> T, using Eq. (E7) with n(2) = 7%/12 and (4) = 77*/720, we have

(/1) tw Tt

1/7%(er)

7 12(1 4 3p) = (Tn/Tw) (1 = p)] ( T )2 EL3)
3(1 + pr)(l + fnn/.’:m) TF '
T\* 2/T\?
= (=) + A”—(— : (E14)
Thn + Ttn 15 TF Thn + Ttn 3 TF

Finally, inserting Eqgs. (E13) and (E14) into Eq. (D10), the asymptotic forms of the anomalous conductivity at low and high

temperatures, respectively, are given by

ol (T) ~ a;;(O){

for T « Tg and

o (T)~ ag‘z(O)|:

| P20 4 3p0) — (T /Tw)(1 = po)] ( T )2 EL5)
31+ po)( + Ton/Tw) Tr
T, It (T 4 T T[T 2l
— =) +t— = = (E16)
Ton + Tin 15 TF Tnn + Ttn 3 TF

for T > Tr, where 07,(0) is the anomalous conductivity at zero temperature given by Eq. (2). Note that Eq. (E16) is equivalent

to Eq. (17) in the main text.
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