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Graph theoretic analysis of three-terminal quantum dot thermocouples:
Onsager relations and spin-thermoelectric effects
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We introduce a simplified model for a three-terminal quantum thermocouple consisting of two strongly
coupled quantum dots. To elucidate spin-dependent Seebeck and Peltier effects, we employ a microscopic Hamil-
tonian and map the Lindblad master equation onto a quantum transition network, capturing the key working
principles for both reciprocal effects. Our analysis reveals quantum thermodynamic networks encompassing
both Coulomb interaction and spin-flipping processes, lead to the emergence of spin-thermolectric effects.
Using algebraic graph theory, we recover the phenomenological law of irreversible thermodynamics from the
stochastic version of the entropy production rate expressed in terms of cycle flux and cycle forces. Remarkably,
Onsager reciprocity and Kelvin relation for transport coefficients find their premises in the properties of cycle flux
trajectories within the quantum transition network. This underscores the universal generality of thermodynamic
principles across classical and quantum realms, despite their fundamentally different basis from classical laws
of irreversible thermodynamics relying on local equilibrium assumptions.

DOLI: 10.1103/PhysRevB.109.125124

I. INTRODUCTION

Thermoelectric devices have garnered significant attention
owing to the continual demand for innovative and effective
approaches to temperature sensors, heat pumps, and energy
conversion [1-7]. This interest is rooted in the phenomenon
of thermoelectricity, where a temperature gradient induces
an electric current (Seebeck effect), and a potential gradient
induces a heat current (Peltier effect). From a thermodynamic
point of view, a nonequilibrium system experiences a distinct
set of generalized thermodynamic forces, arising from its
simultaneous couplings with different reservoirs [8,9]. The
system’s response to these external thermodynamic forces is
reflected in a corresponding set of generalized thermodynamic
fluxes. The concept has been well investigated in classical
irreversible thermodynamics, with Onsager’s groundbreaking
work on the reciprocity principle of thermoelectric phenom-
ena [10-12]. Traditionally, thermocouples consisting of two
different metal wires, are used to observe such reciprocal
effects. Only in recent times, experimental research on mag-
netic metals and insulators, have experienced the emergence
of the spin Seebeck effect (SSE), wherein a spin current is
generated in response to a thermal gradient [13—15], and con-
versely, the spin Peltier effect (SPE), involves a spin voltage
producing a thermal current [16—18]. The above findings have
ignited renewed enthusiasm among researchers to grasp the
fundamental aspects of spin caloritronics [19-22] and ex-
plore practical applications such as waste heat recovery and
on-chip refrigeration for future nanoelectronics. As a result,
there is a considerable interest in understanding the quan-
tum thermodynamics of nanoscale thermoelectrics through

*arnab@iitk.ac.in

2469-9950/2024/109(12)/125124(18)

125124-1

theoretical modelings [23-30] and experimental setups in-
volving quantum dot (QD) nanostructures, nanowires, and
two-dimensional materials [31-37].

The quantized energy levels and strong on-site Coulomb
interactions among QDs, make them excellent candidates for
thermoelectric applications [28-30,38—42] and various other
nanoscale thermal devices [43—47]. While the discrete QD
spectrum can be fine-tuned via external gate voltages and
offers energy-selective transport, the strong Coulombic inter-
action between electrons on capacitively coupled QDs can
facilitate the transfer of precise amounts of energy from the
heat reservoirs. However, the use of QDs as working sub-
stances for quantum thermodynamic devices, characterized by
a limited number of quantum states, necessitates a completely
new understanding of these devices [29]. The typical ther-
malization length being larger than the nanoscale dimension
forces these systems to behave in a highly nontrivial manner,
and their transport properties cannot be adequately described
by the usual Boltzmann transport equation [48], which pri-
marily relies on the local equilibrium assumptions.

On the contrary, the Lindblad master equation, formulated
in terms of the density matrix, is used as the preferred tool for
examining the thermodynamic properties of the open quantum
systems [47,49-55]. Though it is quite effective in accurately
calculating the steady-state currents amid nonequilibrium
conditions, it does not reveal any information about the op-
erational principles and the nature of the transport coefficients
involved in complex quantum systems. In contrast, network
theory in recent years has emerged as a powerful instru-
ment for comprehending nonequilibrium quantum systems
[30,56]. In this framework, dissipative quantum dynamics can
be represented as a weighted network featuring nodes and
edges [57]. Here, vertices (nodes) signify quantum states, and
edges denote nonequilibrium transitions from one quantum
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state to another, with positive flux rates. Network theory has
been applied for many years to explore complex biological
phenomena and chemical reactions [58—61]. However, recent
work by Wang et al. [30] has drawn huge attention by uti-
lizing network theory to understand the principle working
mechanism of quantum thermal devices. The present authors
have extended the technique further to molecular systems to
unravel hidden electron transfer pathways in solar cells under
strong nonequilibrium conditions [56].

In this paper, we leverage the advantages of network theory
to elucidate the operational principles of spin-thermoelectric
effects within a three-terminal quantum setup, closely resem-
bling classical thermocouples. We demonstrate how spin and
energy currents, obtained from the quantum master equa-
tion, are linked to the thermodynamic forces, manifesting
spin-Seebeck and spin-Peltier, as thermodynamic crossef-
fects. Close parallelisms between the microscopic and the
macroscopic description of the nonequilibrium system are es-
tablished via cycle force and cycle fluxes within a basic graph
and thermodynamic forces and fluxes of phenomenological
laws. The central concept being used here is an expression
of the entropy production rate within the framework of the
algebraic graph.

The present work is organized as follows. In Sec. II,
we introduce the basic model of the quantum thermocouple
and present the microscopic description using the Lindblad
master equation and quantum kinetic Pauli master equation.
We elaborate the basic framework of network theory in the
context of spin-thermoelectric effects in Sec. III and recover
the phenomenological law of irreversible thermodynamics
and Onsager’s reciprocity in terms of network cycle flux
and forces. Operational principles of both spin-Seebeck and
spin-Peltier effects are presented in Sec. IV and finally, we
conclude in Sec. V.

II. MICROSCOPIC MODEL AND QUANTUM
MASTER EQUATION

The basic model of a quantum thermocouple consists
of two strongly coupled quantum dots (QDs) via Coulomb
interaction. The lower quantum dot, denoted as QD;, is si-
multaneously coupled with a spinful free-electron reservoir
(on the left) and a magnon bath (on the right), both main-
tained at an equal temperature (7p), as depicted in Fig. 1.
The upper quantum dot, QD,,, is only coupled with a spinless
free-electron reservoir, acting as a junction like in a classical
thermocouple (Fig. 1: top inset). The spinful free-electron
reservoir comprises spin-polarized electrons with both spin-
up (1) and spin-down (| ) orientations [30,62]. In contrast, the
spinless free-electron reservoir in the middle consists of elec-
trons without any distinct spin orientation, and the magnon
bath at the right is responsible for inducing spin-flipping of
the QD; electrons [27,30,62,63]. It facilitates the generation of
spin current by creating two spin channels propagating in op-
posite directions, carrying an equal amount of charge current.
The spin being an angular momentum, the situation produces
a pure spin current without any charge current (Fig. 1: bottom
inset).

Though two-terminal setups are commonly used to ana-
lyze thermoelectricity at the nano-scale, they pose practical

Junction

FIG. 1. (Inset) Schematic diagram of the classical thermocouple
and an illustration of spin current generation. Schematic diagram of a
three-terminal Coulomb-coupled QD thermocouple. The lower quan-
tum dot (QD;) is coupled to the left reservoir, i.e., a spinful reservoir
(in green) and the right reservoir (in blue), i.e., a magnon bath. Both
terminals are kept at equal temperatures and serve as cold ends. The
upper quantum dot (QD,,) is coupled to the middle reservoir (in red)
i.e. a spinless electron reservoir. Here, heat is transferred from the
middle reservoir which acts as a junction (hot end) and the spin
current is across the lower two terminals, analogous to the open ends
of a thermocouple.

challenges in decoupling the heat reservoirs from the electri-
cal circuits [44,64]. By spatially separating the heat reservoir
(upper terminal) from the conductor circuit (lower two ter-
minals), the three-terminal model allows us to independently
control the direction of spin current using external gate
voltages, without affecting the heat current direction. Thus
the three-terminal quantum dot model presented here bears
a striking similarity to a classical thermocouple, manifest-
ing both the spin-Seebeck and spin-Peltier effects (SSE and
SPE) within a single setting. In SSE, a spin current emerges
under the influence of a temperature gradient (67°), while
SPE occurs with the application of a spin bias voltage at
the lower terminals, resembling the open ends of a con-
ventional thermocouple. Notably, the difference between the
statistical properties of the magnon (bosonic) and electron
(fermionic) reservoirs plays a crucial role in generating spin-
thermoelectric effects. This distinction can be attributed to
the role of dissimilar metal wires in a classical thermocou-
ple, highlighting its significance within the present quantum
framework.

From a practical point of view, we emphasize that a sim-
ilar three-terminal setup without any spin consideration has
already been experimentally realized by Thierschmann et al.
[44], as a nanoscale thermoelectric energy harvester. The de-
vice was fabricated from a GaAs/AlGaAs wafer that contains
a two-dimensional electron gas (2DEG). Annealed Au/Ge
pads were incorporated into the electronic reservoirs to es-
tablish reliable electrical connections with the 2DEG. Similar
setups can potentially demonstrate spin-thermoelectric effects
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within a junction system between a magnetic material and a
conductor. Generally, a ferrimagnetic insulator like yttrium
iron garnet (YIG) and a paramagnetic metal like Pt, are used
for this purpose due to their thermally excited dynamics of
localized magnetic moments [22]. Furthermore, the circuit
QED magneto-spectroscopic technique can be used to realize
spinful states in a double quantum dot [65], and the spin bias
voltage could be measured using the Hanle method [66], or
be converted into an electric voltage through the inverse Hall
effect [67].

The total Hamiltonian of the entire three-terminal setup is
thus given by

H = Hs + Hg + Hi,
Hs = Z E1oNig + 4Ny + Z Un,nyq, (1)
={t.1} ={1.}}

Hg = Hy, + Hy + Hg,

= Z(GL(rk — ULo )bz(,kbL(rk
o,k

+ Z(EMk — )bl vk + Z ERqalTQqaRq, 2
k q

Hi = Hy. + H + Hr,

=h Z(lLkaL(,kdzo +15d) biok)
o,k

+ 1Y (tb{ydu + ) bae)
k

+ 1Y (grgay,dfydiy + ghod) divarg).  (3)
q

Equation (1) represents the total system Hamiltonian of the
two Coulomb-coupled QDs, where U describes the long-
range positive Coulomb repulsion energy that permits energy
exchange but forbids any particle exchange between the
QDs. The operator n;, = dfadl,, is the number operator for
QD,, with eigenstates |¢;) = {|0), [1), |} )} and corresponding
eigenenergies 0, g4 and g, respectively, where d;g (dis)
denotes the electron creation (annihilation) operator with a
single particle energy level ¢, obeying anticommutation
relation {dla,dfa,} = §40’; 0 being the spin orientation of
the electrons. Similarly, n, = d'd, is the number operator
for QD,, with eigenstates |¢,) = {|0), |1)} and corresponding
eigenenergies 0 and ¢,, respectively, where, d;' (d,) represents
the electron creation (annihilation) operator for QD,, with a
single particle energy level of ¢,, satisfying the anticommuta-
tion relation {d,, d|} = 1.

Equation (2) describes the total bath Hamiltonian Hjg,
wherein Hr, Hy and Hy are the respective Hamiltonians for
the left (L), middle (M), and right (R) reservoirs. The oper-
ators bi‘;ak (b;,[k) and br,x (bmy) represent the creation and
annihilation operators of electrons for the L and M baths,
where, €1, and ur, stand for the energy and chemical po-
tential of electrons corresponding to the spinful fermionic
reservoir (L), with k being the continuous wave number (mo-
mentum) and o denotes the electron spin. The difference
between the chemical potentials 1, and pp4 is given by the
spin bias voltage, i.e., Aus = pury — prt. On the other hand,

emr and wy refer to the energy and chemical potential of
electrons without any specific spin orientation for the spinless
fermionic reservoir (M). For the magnon bath (R), ag g and
agg are the bosonic creation and annihilation operators with
the energy €g, and momentum g respectively.

Equation (3) provides the total system-reservoir interac-
tion Hamiltonian Hy, where Hy, (¢ = L, M, R) represents the
interaction between the system and the «-th reservoir. Here
the QD; (QD,) is tunnel-coupled to the L and M reservoir
with the tunneling amplitudes #; (), allowing both particle and
energy exchange with the QDs, while QD is simultaneously
coupled to a magnon bath which flips only one spin at a time.
Under strong coupling, the eigenstates of Hs are determined
by the tensor product of the number operator’s eigenbasis
|pu@;) of the coupled QD system. For convenience, the six
microstates of the coupled system {|0), [1)} ® {|0), |1), 1)},
are labeled by |1) = |00), |2) = |10), |3) = |01), |4) = |0J,),
|5) =|11), |6) =|1]) and their corresponding eigenener-
gies (g, i=1,2,...,6) are given by ¢1 =0, g2 = ¢, &3 =
&1y, €4 =¢61, &5 =&, + &4y +U and g6 = ¢, + &, + U, re-
spectively. There are in total nine allowed transitions: The
transitions [1) <> |3), |1) <> [4), |2) <> |3) and |2) <> |6) are
driven by the reservoir L, while the transitions |1) < |2),
|3) <> |5) and |4) <> |6) are induced by the reservoir M, and
the transitions |3) <> |4) and |5) <> |6) are triggered by the
bath R.

To calculate the thermal spin (Js) and energy current (Jg)
under the SSE and SPE, we first derive the Lindblad quantum
master equation of the reduced density matrix p for the cou-
pled QDs system under the Born-Markov and Secular (BMS)
approximation [49,55,56,68] (see Appendix A)

— = Lulpl + Lrlp]l + Lulpl. “

Here £, (@ = L, R, M) is the Lindbladian due to the interac-
tion of the quantum system with its «th reservoir. The explicit
form of the superoperator £ is given in terms of dissipater
DO)lpl = CoC" = 3{p,C'C),  C € {di, du, djydy),
&)

as follows:

Lilpl= ) Lislpl,
o={1.{}

Lislpl =) nlf(ere, e, TLID(],)lp]

{ero}

+ (1 = f(eLo, Lo, TL)Dio)[P]l,  (6)

Lulpl =Y yulf(em, o, Tw)D(@)[p]

{em}

+ (1 = fem, um: Tw)D(d)p]], )

Lelpl =) wrln(er, To)D(] dir)lp]

{er}
+ (1 +n(er, TNDWEdi)lpll. (8)

Note that we have implemented the strong coupling formalism
to derive the interaction picture master equation presented
above [47,69]. Here, the strong coupling refers to the
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interaction between the two QDs, while the system-reservoir
coupling is assumed to be weak, allowing for the safe imple-
mentation of the BMS approximation. In Egs. (6)—(8), all y
values stand for the bare tunneling rates associated with indi-
vidual processes and depend on the system-reservoir coupling
strength through the respective bath spectral function. Lastly,
fle,u, T) = [e®W/RT L 117 and n(e, T) = [/ — 177!
are respectively the Fermi-Dirac (FD) and Bose-Einstein (BE)
distribution functions with the positive transition energy e,
chemical potential o and temperature 7' associated with the
thermal reservoir, where kg is the Boltzmann constant. Since
the Hamiltonian Hg in Eq. (1) is diagonal in the number state
eigenbasis of the coupled QDs system, the reduced density
matrix p of the above Lindblad master equation effectively
decouples the diagonal and off-diagonal matrix elements in
the eigenbasis of Hg [47]. The diagonal elements of the den-
sity matrix p signify the occupation probabilities of each
microstate and the time evolution is given by

dP;

— =Juzt+Jiz + s, ©)

dt

apP

o= J21 + Jas + Jag, (10)

dP;

o = J31 + J34 + J3s, (11)
t

dP,

= Ja1 + Jaz + Jue, (12)

dPs

o= Js2 + Js3 + Jss, (13)

dPs

e = Jo2 + Joa + Jos. (14)

Here J;; stands for the net transition rate from state |§) to |f)
which is given by

Jig = kiP5 — kb, (15)
Jy=—Jp 53=1,2,....6, (16)

where P; = (i|p]i) is the population of the i-th eiegenstate and
kgg (ki5)—5) gives the transition probability from microstate |f)
to microstate |f). The rate expressions kg for all transitions in
terms of y and the distribution functions can be summarized
as follows:

k31 = yLf(eip, pp, Io),

ki3 = yL[1 — f(enp, pury, T,

kgy = yof(ery, puoy, I),

kya = vl — f(ery, oy, TUI,

ksy = yf(eiy + U, ury, o),

kos = yL[1 — f(ery + U, ury, IL)l,

ke2 = yLf(ery + U, pry, To),

kog = yL[1 — f(ery + U, ury, To)l,

ka1 = ymf(eu, M, Tm),

kyz = ymll — f(ew, um, Tm)l,

ks3 = kes = ymf(eu + U, um, Tv),

kss = kae = ymll — f(eu + U, pm, Twl,
ka3 = kes = yrn(er, — €14, Tr),
k3g = ks = yr[1 +n(ey — &1, Tr)] (17
Combining Egs. (9)-(14) with Eq. (15), it is evident that
the evolution equations for the microscopic probabilities ex-

hibit linearity with respect to the populations {P;}. As a result,
we can cast these equations in the following compact form:

i & 6
d_tu = Zjﬁﬁ = Zkﬁjpﬁ — kB

j=1 b=

i3 (18

where Z?:ﬂ P; = 1. Equation (18) is known as the quantum
kinetic Pauli master equation which is “classical” in looking
but quantum mechanical in content through the transition
probabilities {k;;}, determined by the Fermi golden rule within
BMS approximation and the statistical properties of the re-
spective quantum baths [70,71]. To obtain the steady-state
solution P; of Eq. (18), one has to solve the system of linear
equations, satisfying the conditions 0 < 2 < 1 and > P=1.
With the help of Eq. (18) and the rate coefficients calculated
from the above microscopic picture [cf. (17)], it is possible
to evaluate the steady-state spin and energy currents in terms
of the net transition rates [cf. Eq. (15)] between the system
microstates, where {P;} get replaced by the steady-state pop-
ulations {A}. Following the definition of the spin and energy
currents mentioned in Appendix A, we obtain the mathemati-
cal expression of the steady-state spin current Jg which flows
from left to right, as

Js = 3(Te(d] dyy L1, [p]} — Trid) iy Liy[p])),
= Jaa + Jse = (ksaPs — kazPs) + (ksePs — kesPs), (19)

and the steady-state energy (heat) current Jg, through the
middle reservoir is given by

Jg = Tr{LulplHs} = U(s3 + Js)
= Ul(ks3Ps — k3sPs) + (keaPsy — kasPs)].  (20)

Equation (20) immediately implies that a finite energy current
always requires a finite Coulomb interaction energy. However,
obtaining the exact analytical solutions for Jg, Jg in terms of
steady-state populations [Egs. (19) and (20)] by solving the
linear master equation [Eq. (18)] is by no means a trivial task.
Secondly, while, one may in principle use exact Eqgs. (19)
and (20) to numerically compute the steady-state spin and
energy currents, it does not provide any physical insight into
the underlying transport mechanisms leading to SSE and SPE.
Nor does it explain how the macroscopic spin and energy
currents are related to the thermodynamic forces that give rise
to spin-thermoelectric effects as a manifestation of thermody-
namic crosseffects.

An alternative yet effective method is to calculate alge-
braic expressions for steady-state currents through a network
or mathematical graph theory [72,73]. This also allows
us to understand the operational principles of QD-based
spin-thermoelectric effects quite easily. In this method,
one first constructs a basic graph G as a diagrammatic

125124-4



GRAPH THEORETIC ANALYSIS OF THREE-TERMINAL ...

PHYSICAL REVIEW B 109, 125124 (2024)

representation of the right-hand side of Eq. (18). To extract
the principal mechanism from complex transport behaviors,
one then decomposes the quantum transition network into
cycle trajectories, collects the cycle fluxes using algebraic
graph theory, and selects the top-ranked cycle fluxes, i.e., the
cycle trajectories with the highest probabilities [30]. In the
following section, we illustrate this method in the context of
the present problem and establish the connection between the
microscopic descriptions of the nonequilibrium system via the
basic graph and the macroscopic description of thermolectric
phenomena in terms of thermodynamic forces and fluxes,
including the celebrated Onsager and Kelvin relations [8]. The
key concept throughout the entire formalism is the expression
of entropy production rate in the framework of graph theory
[9,57].

III. NETWORK THEORY AND RECIPROCITY RELATION

The network or graph theory found its first application in
electricity, with Kirchhoff making a pioneering contribution
to the understanding of electrical circuits as nonequilibrium
systems involving electric current and potential. Since then,
graph theory has expanded its horizons and produced a flurry
of inspiring early works by Hill, Kohler, Vollmerhaus, King,
and Altman [58,59,74], particularly on biophysical and bio-
chemical systems. A vast body of literature is available on
this subject [60,61,75-77]; still, Schnakenberg’s 1976 review
is considered a seminal contribution to this field [57].

A. Quantum transition network and cycle flux analysis

As an extension of network theory to quantum systems,
the notable work of Wang et al. [30] is worth mentioning.
They have recently demonstrated that the dissipative quan-
tum dynamics of nonequilibrium transport can be mapped
onto networks of quantum state transitions, where nodes or
vertices correspond to quantum states, and the connecting
lines or edges between two quantum states represent their
allowed transitions. In the present case, the diagrammatic
representation of the quantum transport processes under the
nonequilibrium condition is shown in Fig. 2 in the form of
a basic graph (G), where each node or vertex represents a
quantum state {|i)} along with its associated (microscopic)
occupation probability {F;}. The transition between adjacent
quantum states |f) and |j) are depicted by edges. The steady-
state population P; can then be calculated as

_ A . - b
Pﬁzx, with 0 <P <1 and ZPﬁ=1; (21

where A; represents the sum of the weight of the spanning
trees rooted on the |i)-th state and A is defined as the sum of
the weights of the spanning trees rooted on every individual
state {|f)}, i.e. ) ; A;. In the literature, the above method
is known as Kirchhoff’s theorem [57,78]. According to this
theorem, a spanning tree is a subgraph of G which includes
all the vertices with the minimum number of edges that are
always connected but have no circuits (cyclic sequence of
edges or cycle trajectory). To construct a spanning tree, one

|4)

FIG. 2. Schematic diagram of the basic graph (G). Subcycles
{C1, Cs, Cs, C9, Cyp}, sharing the common edge (|3) <> |4)) are used
to calculate edge flux Jy3 [cf. Eq. (24)].

should remove v = e — v 4+ 1 number of edges of the basic
graph G, where e and v are the numbers of edges and vertices
in G [57]. As a result, all possible spanning trees contain an
equal number of vertices and edges.

Under the nonequilibrium condition, each edge represents
a transport process and the rate of these transport processes is
determined by the net transition rate or edge flux. The steady-
state edge flux from a state |j) and |f) is defined as

Jis = kss Py — kg, (22)

where each edge denotes a pair of transitions with the tran-
sition probabilities ks; (from |f) to |§)) and kg (from |8) to
|§)) [57,75]. Measuring edge currents in a graph or network
is a challenging task, yet, techniques like scanning tunneling
microscopy (STM) can provide insights into edge currents for
fabricated nanoscale systems [79]. Typically, a basic graph G
is comprised of numerous undirected subcycles (C), and each
of these subcycles represents a pair of two one-directional
circuits (Fig. 2), namely, C* (counterclockwise) and C~
(clockwise) [59]. Since the circuits are formed by the cyclic
sequence of edges within G, the edge flux can be defined in
terms of the circuit fluxes [57], as

By =Y SyOUE —I) =Y SyCle.  (23)
c c

Here Jo = JF — J; denotes the net cycle flux wherein JZ and
J; are the circuit fluxes correspond to circuits C* and C~
respectively, with the prefactor Sz3(C) = 0, £1. S33(C) = 0 if
C* and C~ does not contain the edge |§) — [f); S53(C) = +1
if the orientation of C* (C™) is along (opposite) to edge
I§) = 18) and Ss5(C) = —1 if the orientation of C* (C7) is
opposite (along) to edge |j) — |i). For example, the edge flux
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J43 (Jj4)—|3)) in the basic graph G, can be expressed in terms
of the circuit fluxes (Fig. 2) as
Jay=J3 —JG —Je,

—JgS+JC—5+Jg; —Jg, +Jg,

—JE I, (24)
The name “circuit” was initially introduced by Kohler and
Vollmerhaus [59] and also termed a “one-way cycle” by
Hill [80]. However, we prefer to use the term “circuit” or
“cycle trajectory” to avoid confusion with the usual “cycle.”
Hill and Chen provided the physical interpretation for circuit
fluxes [58], revealing that these fluxes signify the ‘frequency’
(or rate) of circuit completions along a particular cycle tra-
jectory. To be specific, the circuit flux associated with a
one-directional cycle trajectory C* is given by

Ac

G (25)

JE=nE=E

Here, l'[ﬁE denotes the weight factor which is determined
by the product of the transition rates along the circuit C*.
For example, the clockwise cycle trajectory Cy (|1) — [4) —

|3) — |1)) (Fig. 2) has the weight factor HEI = kysksgkqr,
where, A¢ represents the sum of the weight of the spanning
trees rooted on cycle C and A = ), A;. Now, there are a total
of 22 paired cycle trajectories, or 11 subcycles, for our basic

J

ka1 + k31 + kaqg —k12 —ka3
—kay kiz + ksz + ke2 0
M — —kay 0 k13 + kg3 + ks3
- —k411] 0 _k413
0 —ks2 —ks3
0 —kga 0

Equation (27) is known as the Laplacian or transition matrix
of the weighted graph G. Furthermore, in accordance with
the matrix tree theorem, it is possible to compute both the
numerator and denominator of Egs. (21) and (25) as the de-
terminants of the reduced transition matrix. For instance, A;
is related to MI[i, i] which can be obtained by removing the
i-th row and column of the Laplacian matrix M. Similarly, A¢
is identical to the det(M[C, C]), obtained by deleting rows
and columns belonging to cycle C of the transition matrix
M. This directly leads to a simple algebraic expression of the
steady-state population

[ AL ULV (28)

> det(M[t; 8])

and the one-directional circuit flux associated with circuits C*
in the following form:

. det(MIC;C])
€3 det(M[t;8])°
where > ;det(M[f;8]) = A. As an example, the sum of

the weights of spanning trees rooted on cycle C; in
terms of the reduced determinant of the original Lapla-

JE= (29)

graph G, which are as follows:

Ci: 1) < [3) < [4) < [T),
Ca2:2) « 5) « [6) < [2),

C3: 1) < [3) < 15) < [2) < [1),
Ca: 1) « [3) © [3) « [6) < [2) < |1),
Cs: 1) < |4) « [3) < [3) < [2) < 1),
Co : |1) < |4) < [6) < [2) < [1),
C7: 1) < |4) © [6) < [3) < [2) < |1),
Cs : 1) « [3) « [4) < [6) < [2) < 1),
Co 1 [3) « [3) « |6) < |4) < [3),
Ci:[2) © [6) & |4) < [3) < [5) « [2),
Ci: 1) < [3) & |3) < [6) < [4) < [T).  (20)

Hence, enumerating a large number of spanning trees rooted
at each individual state, as well as for cycles, poses a
formidable challenge. This difficulty becomes more pro-
nounced with the increasing size of the basic graph. To
bypass this problem, we utilize the generalized matrix-tree
theorem from algebraic graph [30,56] by rewriting the master
equation in the following form [81]: P = —MP, where P =
{Py, Py, P3, Py, Ps, Pg} is a column matrix and M is a square
matrix, given by

—kia 0 0
0 —kas —kag
—k3y —k3s 0
. (27
kig + kag + kea 0 —k4g @7
0 kas + kas 4 kes —ksg
—ke4 —kes kag + kas + ks

[
cian matrix M is obtained by deleting rows and columns
i(1, 2,3, 5) € Cs (Fig. 3). So, the principle minor M[C3, Cs3]
or M[1, 3,5,2;1, 3,5,2] and its determinant takes the form
of

k14 + k34 + ke
—ke4

—kae

MICs,C3] = |: kae + ke + kse

} (30)

and

det(M[C3, C3]) = kigkae + kiskas + kiakse + kzakas
+ kaakae + kaakse + kaskea + ksekea,
(3D

respectively. Equation (31) contains a sum of eight terms,
indicating that there are eight possible spanning trees rooted
on cycle Cs. Each term represents the weight of a spanning
tree in which all the weighted edges are directed towards the
cycle C; (Fig. 3). Finally, from Eq. (29), it is clear that we can
calculate the circuit fluxes JCi for each stochastic cycle trajec-
tory with the orientation either clockwise or counterclockwise
and efficiently rank out the top-ranked circuit fluxes. Next,
we will show how the microscopic details of cycle and circuit
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FIG. 3. Spanning trees rooted on cycle C; (shaded region) of the
basic graph.

fluxes help us understand the SSE and SPE, connecting spin
and energy currents to macroscopic thermodynamic forces in
the phenomenological laws of irreversible thermodynamics.

B. Onsager relation

The first step on our way from a microscopic to a macro-
scopic description is to establish an expression for entropy
production rate, the key quantity in understanding any irre-
versible processes [9,57]. To start with, we consider the von
Neumann entropy

S=—ks) PP, (32)

in the framework of our discrete-state quantum transition net-
work, characterized by its microscopic probability {F;}. Thus
the time evolution of S is given by

dS dP;

With the help of the quantum kinetic Pauli master equa-
tion (18), one can rewrite Eq. (33) as

as 1 P;
b e dn (=2 ). 4
- zkg%:fﬂ n(PE) (34)

Now, following Schnakenberg’s suggestion [57], we split
Eq. (34) into two parts,

W o)+ a0) (35)
I G(t),
dt
where we identify the first term ®(z) as the entropy flux rate
. 1 ks
(1) = _EkB%:Jﬁﬁ In <E> (36)

which arises from the interaction between the system and
its surroundings. The second term & (¢) is the total entropy
production rate

il

. 1 kﬁjpj
6(t) = ks Z(kﬁjpj — kP In (ﬁ) (37)
0]

Equations (37) may appear a little artificial at first glance,
and a natural question to be raised at this point is whether

Eq. (37) has anything to do with the entropy production of the
phenomenological irreversible thermodynamics, which needs
be expressed as a bilinear form of the macroscopic thermody-
namic forces and fluxes. It must be emphasized that neither
S in Eq. (35) nor @ in Eq. (36) are necessarily positive, but
only o(t) > 0, since it takes a form (a — b)In(a/b) > O [cf.
Eq. (37)]. This is indeed true since the total entropy produc-
tion rate (o) of any system must be always positive [9,57].
Thus it turns out that Eq. (37) satisfies the basic criteria for
the entropy production rate. Under the steady-state condition,
there is no change in the entropy of the system which implies
[9,57]

) . 1 - - ks
6 =—b(t) = Sks > (kigPy — ki) In (k—ﬂ> (38)

5.3 ¥

Using Eqs. (22) and (23), one may rewrite the above equa-
tion in terms of the circuit and cycle fluxes as [57],

6=k Yy UFAE +IgAG)
C

=ks Y (JF —J)AE =ks Y JoXe,  (39)
C C

where X¢ = ﬂg = ln(l'[g/l'lg) = —HA; is called the cycle
affinity. For a given cycle C, it measures the imbalance or
asymmetry between the transition rates along two opposite
cycle trajectories C* and hence qualifies as a thermodynamic
force [82]. This is because, when X = 0, it implies Jo = 0,
resulting in equal circuit fluxes in both directions, i.e., Jg’ =
Jo . Equation (39), expressed in terms of cycle fluxes and cycle
forces, can thus be regarded as a microscopic or stochastic
version of the phenomenological Onsager relation [9].

Moreover, we find from Eq. (29) that the ratio of Jéf is
equal to the ratio of weight factors Hg for each cycle, which,
in turn, is determined by the ratio of the product of the tran-
sitions rates along circuits C* and can be computed in terms
of externally controllable, macroscopic physical quantities 7y,
8T and Apus, as follows (see Appendix B):

+ +
o 06 pausten, (40)
Jo Mg

+ +
) (41)
Jo, g,

+ +
Je, = e, — QUOT /ksTo(Ty+8T) (42)
Jo, Mg,
JIo If
G "G VST /ksTo(To+3T) ,—Aps [kgTo (43)
Jo, g,
Joo Ik
Cs _ _Cs _ JUST/ksTo(To+dT) yAps/ksTo (44)
Jo. Mg,

+ +
J& _ Ie, — QST /ksTo(Ty+8T) (45)
Jo. Mg,
Jro 1y
G G JUST [ksTy(To+8T) yApus/ksTy (46)
Jo Mg
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J+ l—[+

JCs _ 10Cs _ JUST/ksTo(To+ST) ,— Aus /Ty (47)
st nCs

+ +

o _Zo @)
JC9 HC9

+ +
.ﬁ _ e, — Dus/ksTy (49)
JC]O nClo

+ +
Jen _ Mon _ -ausom (50)
JCH HCI]

In order to derive Egs. (40)—(50), one makes use of Eq. (17),
where the explicit form of the distribution functions are gov-
erned by the quantum statistical properties of the respective
thermal reservoirs (see Appendix B for details). The advan-
tages in writing the above set of equations as a ratio of the
circuits fluxes rely on the fact that if the external biases Aug
and 8T are zero on the right-hand side of Egs. (40)—(50), then
regardless of the magnitudes the circuit fluxes, correspond-
ing cycle can not contribute the spin and energy currents.
Therefore one can infer the cycle fluxes associated with the
subcycles {Cy, C2, C19, C11} are controlled by the spin bias
voltage Aus and hence can only contribute to the spin current
Js. Whereas the net cycle fluxes associated with the subcycles
Cs and Cg are dependent only on the temperature gradient §7
and thereby contributing solely to the energy current Jg. Note
that U term is only associated with 67", and not Au,. This
observation implies that a nonzero Coulomb interaction U is
always necessary for a finite energy current, as indicated in
conjunction with Eq. (20). However, there are few subcycles
{C4, Cs,C7, Cg} and their conjugate fluxes are governed by
both 8T as well as Augs and therefore can contribute to both
Js and Jg. Indeed, these are the four cycles that are responsible
for the spin-thermoelectric crosseffects of SSE and SPE as
we will demonstrate in Sec. IV. Note that the net cycle flux
associated with Cy is identically zero because the circuit fluxes
in both directions (clockwise and counterclockwise) are equal
as evident from Eq. (48). As a result, we can use Eq. (23)
to rewrite macroscopic spin and energy current expressions
[Egs. (19) and (20)] in terms of the microscopic circuit and
cycle fluxes as follows:

Js ==, = o) = Ve, =) = Ue, = Je.)
+ e, = Jeg) + Ve, —Je) = (g, = a)

5

+ (e, —Ja,) = Ué, —Jc,) (1)
= —Je, —Je, — Je, +Jes +Jc, — Je,
+Je — Jeys (52)
Je =U[(E = Jg,) + Ve = Je) + U — Je,)
+ (g, —Je,) + UG —Je) + Vg —Je)] (53
= UlJe, +Je, + Jo; +Jc, + o, + Je, |- (54)

Similar to Eqs. (19) and (20), the above set of equations are
the most general ones, however, the latter has an advan-
tage over the previous set of equations. Egs. (53) and (54)
can be expressed in terms of macroscopic forces, facilitat-
ing the connection between SSE and SPE as a manifestation

of thermodynamic crosseffects. In order to identify the
phenomenological forces, we substitute Eqs. (40)—(50) into
Eq. (39), to write the entropy production rate as a sum over the
associated thermodynamic forces and fluxes as (Appendix B)

§T
To(To + 8T)

Aps
- [-’Cl +JC2 +JC4 _JCs _JC7 +‘,C8 _JCIO +JC||]T

0
1 1
:JE[_ _ _} +Js[w _ m}
T (To + 6T) T T

= JgXg + Js X, (55)

6 =Ulle, +Jo, +Jos +Jes + Je, + Jc, |

where Xg and Xg are identified as conjugate forces cor-
responding to the energy current Jg, and spin current Jg,
respectively. If we compare Egs. (39) and (55), we observe
that in both cases, the entropy production rate ¢ is the product
of the fluxes and forces: In Eq. (39), ¢ is in terms of the
microscopic fluxes (Jg) and its conjugate forces (X¢), i.e.,
cycle affinities whereas in Eq. (55), o is in terms of the
macroscopic fluxes (like the flow of spin and energy current)
and the associated phenomenological forces (Xg and Xj).
This is one of our central results, showcasing the recovery of
the phenomenological thermodynamic law of entropy produc-
tion in terms of generalized thermodynamic forces and fluxes
derived from the microscopic dynamical framework of the
master equation employing network cycle flux and forces. For
small external bias §T and Aug, we can simplify Eq. (55) in

the following form:
A
+Js (ﬂ> : (56)

. (8T
o\ 7

which is in accordance with the linear dependence of the
entropy production rate on the relevant thermodynamic forces.
Similarly, the spin and the energy currents within the linear
response regime can be approximated as follows:

_ _ 8T _ _
Js ~ U(=Jg, +J¢& + g, _Jé:‘)<k_BT02> + (e, +J¢

- - - [ Aus
+‘IC4 +JCT5 +JC7 +JC_§ +JC10 +JC”)<KT()>’ (57)

Je~ U5 +J5 405 +J5 +05 + T4 o7
E ™ (C3+c4+cs+cﬁ+c7+cg)m

- _ Aps
+U(—Jg, +J¢. + G _Ja‘)(ﬁ)' (58)

Comparing Eqgs. (57) and (58) with the phenomenological
linear law of irreversible thermodynamics

6T A/LS
I =Leg| — | + L : 59
S SE(kBsz) Ss(kﬂb) (59)

8T A,LLS
I = L —— | + Les | == |, 60
E EE(kBToz) ES ks To (60)
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we identify the Onsager transport coefficients (L’ss) in terms
of the microscopic circuit fluxes obtained from the network
theory

Lsg = U(=Jg, + I3 +Jg, —JE) = Les, (61

Les = (Jg] +Jg, +Jg, + G+ IG
+ G 4o, Iz (62)

10
Lgg = UP(Jg, +Jg, + I8 + g, + g, +1%). (63)

Equation (61) encapsulates the essence of the Onsager reci-
procity relation. Here we derive this relation by applying the
quantum kinetic Pauli master equation within the framework
of network theory. It reveals that the BMS quantum master
equation is not a mere description of the dissipative dynam-
ics of the open quantum system; rather, it reproduces the
reciprocity relation of the linear law of irreversible thermo-
dynamics, which obeys due to the time-reversal symmetry of
the stationary fluctuations. Here instead, it follows from the
properties of the network circuit fluxes between the forward
(counterclockwise) and reverse (clockwise) cycle trajectories.

Now, our aim is to establish the relationship between the
coefficients of the spin-Seebeck and the spin-Peltier effects.
Under the zero spin current condition, i.e., Js = 0, we obtain
from Eq. (59)

talize) o () =0
SE KT s\, ) =

A 1 /L
or, Kz(ﬂ) :——(ﬂ) (64)
8T ) ,_o Ty \ Lgs

U _ _ _ _
k= _T(_J(M +J(}: +JC7 _Jé:)/(JCl +JC2
b s

+Jg, H g o +IE g, ) (65)

11

Here « = (Aus/8T )j=0 is the spin-Seebeck coefficient or
spin-thermoelectric power, defined as the change in the spin
bias voltage per unit change of temperature. Similarly, we may
define the spin-Peltier coefficient as

J] L
O :_(_E> =5 (66)
Js /) sr=0

= —U(—Jg, +J& + U5 —IE)/Ug, + g,
+Jg, +Jg + g, + IS g, +Ig,)- (67)

11

On the face of it, both Eqgs. (64) and (66), appear exactly
the same as their classical counterparts, although their basis
is completely different in classical and quantum cases. Using
Egs. (65) and (67), we immediately conclude that the classic
Kelvin relation

TO(%) _ _<J_E) _ _les _ Lse
T Js=0 JS §T=0 LSS LSS’

or Tok =1, (68)

equally holds for quantum thermocouples, connecting the two
thermoelectric effects, namely SSE and SPE. This is the hall-
mark of thermodynamics with its universal generality. The
generality prevails in the sense that all the thermodynamic
relations retain their forms in both classical and quantum

settings, with the only variation being in specific expressions
that are used to articulate them.

The superiority of graph theory lies in its ability to
provide a clear and comprehensive understanding of the fun-
damental mechanisms underlying spin-thermoelectric effects,
which can otherwise be a daunting task to infer from transi-
tion states alone. For instance, it is immediately clear from
Egs. (40)—(50), which cycles are only contributing in Jg
or Js and which cycles are responsible for the thermody-
namic crosseffects. The connection between the stochastic
description of nonequilibrium systems in terms of cycle fluxes
and cycle forces, and the macroscopic depiction of thermo-
electric phenomena characterized by thermodynamic forces
and fluxes, demands further attention. This synthesis results
in the retrieval of the classic Onsager and Kelvin relations
in the most intriguing way. Such integration facilitates the
transition from a microscopic perspective to a macroscopic
phenomenon, thereby enhancing our understanding and al-
lowing us to explore the intricate interplay between various
factors contributing to spin-thermoelectric effects, as dis-
cussed below.

IV. OPERATIONAL PRINCIPLES

To this end, we delve into the operational principles under-
lying the spin-Seebeck and spin-Peltier effects.

A. Spin-Seebeck effect

We observe the SSE when there is no spin bias voltage
Aps = 0, and a spin current is generated due to a temperature
difference §T between the upper and the lower terminals of
the device. For Aug = 0, Eq. (51) reduces to

Js = —(Id, = Jo,) + Ve, —Je,) + Ve, = Je,) = U, = Jc,)
= —JC4 +J(;5 + JC7 - ch, (69)

while the Jg is still governed by Eq. (54). As a result, we
identify that cycle fluxes corresponding to subcycles Cs, Cu,
Cs, Ce, C7, and Cg contribute to Jg, while Cy4, Cs, C7, and
Cs facilitate Js. All the contributing cycle fluxes, energy,
and spin currents, in dimensionless units, along with all six
microstate populations, are plotted in Fig. 4 with respect to
the dimensionless temperature gradient 67 . Although all six
cycles assist Jg, the primary contribution comes from Cs,
classified as the highest-rank cycle with a nonzero contribu-
tion. In contrast, all the cycles appearing in Js have equal
magnitudes but are lower in rank compared to C3 [Fig. 4(a)].
Consequently, the dimensionless spin current Jg observed in
the SSE, which is a linear combination of the four contributing
cycles, is two orders of magnitude less than the dimensionless
energy current Jg [Figs. 4(b) and 4(c)]. This is a typical feature
of SSE, where a weak spin current is generated due to the
temperature difference between the hot and cold terminals of
the device. The numerical results plotted in Figs. 4(b) and
4(c), in a way, verify this assertion. Upon setting Aug = 0
in Egs. (57) and (58), approximate expressions for Js and Jg
in the linear response regime are reduced to

8T
Js &~ Lsg 3 (70)
kgTy
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FIG. 4. Spin-Seebeck effect: All contributing (a) cycle fluxes
(b) populations (c) spin and (d) energy currents are plotted against
dimensionless thermal energy kz87 /hy. The parameters used are as
follows: y. = ym = yr = v, U = 0.8%iy, kgTy = 4hy, e, = 4.5hy,
ey = 0.5y, e, =3hy,and ur, = pry =0, and uy = 0.

and

Jeg = L or (71)

E ~ LEE el &
respectively, where Lsg and Lgg are given by Eqgs. (61) and
(63), respectively. We observe that Egs. (70) and (71) closely
follow the general Egs. (69) and (54) [solid lines in Figs. 4(b)
and 4(c)], but they start to deviate (dash-dot lines) for large
values of the temperature gradient. This is because Egs. (51)—
(55) are exact expressions in terms of circuit and cycle fluxes
under linear response regime; whereas, Eqgs. (56)—(58) are
approximated ones, satisfying phenomenological law of ir-
reversible thermodynamics in its standard form, where we
are approximating the energy force Xg = 8T /To(Tp + 6T),
by replacing with 87 /7;. Hence, there is close agreement
between the two results for smaller 67, but the difference
increases for larger §7.

Finally, we note that cycles (C4, Cs, C7, and Cg) involving
spin-flip processes contribute to Js. For example, consider the
dynamic steps of C; : starting from the most populated state
|00) as shown in Fig. 4(d), the system sequentially transi-
tions to |01) (where one spin-up electron tunnels from the
left reservoir into the lower QD), then to [11) (where one
electron tunnels from the middle reservoir into the upper QD).
The third step involves a spin-flip process [11) — |1]) by
absorbing one magnon supplied by the right reservoir. Sub-
sequently, one spin-up electron tunnels into the left reservoir
(]14) — |10)), and finally, the system returns to its initial state
|00) by releasing one electron to the middle reservoir. Thus,
at the end of the full cycle, an integer spin-1 is transferred
from the left spinful electron reservoir to the right magnon
bath. Similarly, the clockwise circuit C, represents the reverse
process, and both cycle trajectories additively contribute to
the spin current expression [Eq. (69)] in the SSE. The same

0.0002 27107 (),
Je — . — Approximate 7
R
70,0002 E
~0.0004 %
-0.0006 P,
.
-0.0008 Y
P
-0.0010 7
p
-0.0012
-0.0014
-0.0016 Apg
— 0 Zhs
0 005010 015 020 py 005 010 05 0.0 ny
-3 0.4
310 (0 (d
J —.— Approximate 7 .
s P £
Y / kS A— P—
, §0'3 P— P —
£ | p—n
0.2
1
0.1
Apg Aug
) 0.05 0.10 0.15 0.20 Ay 0.05 0.10 0.15 0.20 Ay

FIG. 5. Spin-Peltier effect. All contributing (a) cycle fluxes,
(b) populations, (c) spin, and (d) energy currents are plotted
against dimensionless thermal energy Apug/hy. The parameters
used are as follows: y. = yy = yr = ¥, U = 0.8%y, kgTy = 4hy,
&, =4.5hy, €4 =050y, &, =3hy, and urs =250y, u, =
iy + Aus, 8T =0, and puy = 0.

holds true for other contributing cycle trajectories mentioned
in Eq. (69).

B. Spin-Peltier effect
We observe the SPE in a scenario when §7 = 0 and an
energy current is generated due to a nonzero spin bias voltage.
Putting 67 = 0 in Eq (54), we obtain
Je = UL, —Jo) + V& = Je) + (g = Je,)

4
0 —e) ™)
= UlJe, +Jo, +Je, +Jc, ], (73)

and the same Eq. (51) can be used to calculate Js. As a
result, cycle fluxes corresponding to cycles Ci, Cz, C4, Cs,
Cy, Cs, Cyo, and Cy; attribute to the spin current, while only
four cycles Cy4, Cs, C7, and Cg contribute to the energy cur-
rent. All supporting cycle fluxes, spin and energy currents
in dimensionless units, and the population of each eigen-
state are plotted in Fig. 5 against the dimensionless spin bias
voltage Apus. In this case, the major contribution to Jg is
coming from cycle C; which is classified as the top-ranked
cycle with a nonzero contribution. On the other hand, all
the cycles contributing to Jg are lower ranked cycles relative
to C; with comparable magnitudes [Fig. 5(a)]. As a result,
the dimensionless energy current Jg in SPE, is two orders
of magnitude smaller than the dimensionless spin current Jg
[Figs. 5(b) and 5(c)]. This is a characteristic of SPE, where
a weak thermal current is generated due to the spin bias
voltage applied across the two ends of the cold terminals.
The situation is exactly the reverse of that of SSE and the
numerical results plotted in Figs. 5(b) and 5(c), agree with
this observation. This simply indicates that the current conju-
gate to its thermodynamic forces is always greater than the
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currents corresponding to the other thermodynamic forces.
Upon substituting §7 = 0 in Eqgs. (57) and (58), approximate
expressions for Jg and Jg in the linear response regime take the

form of
Aps
Jg &~ L —_— 74
E ES ( ToTo ) 74
and
Aps
Js~ L , 75
S SS ( Tl > (75)

where Lgs and Lgs are given by Egs. (61) and (62), respec-
tively. Note that Eq. (75) closely follow the solid line [cf. (51)]
in Fig. 5(b), while the energy current Jg deviates gradually
from the solid line for higher A g [Fig. 5(c)]. This is because,
Eqgs. (57) and (58) obey the Onsager reciprocity, fulfilling
Lsg = Lgs. As a consequence, the Jg expression in Eq. (74)
is influenced more than the spin current expression [Eq. (75)],
upon approximating energy force Xg by 8T /T in Egs. (57)
and (58).

Finally, we note that in both Figs. 4(d) and 5(d), the
change in the populations exhibits little variation with respect
to 8T and Apu,, suggesting a linear response of operation
close to equilibrium. Had it been operated far from equi-
librium, as recently explored in molecular photocells [56]
driven by solar radiations, it would have resulted in popu-
lation inversions and other interesting effects. As mentioned
earlier, each cycle C represents two paired circuits, i.e., C*
and C~. In Fig. 5(a), J¢ < O implies that the flux correspond-
ing to the counterclockwise circuit C* (J(;r ) is less than the
flux corresponding to clockwise circuit C™ (J;;). Finally, we
emphasize that it is the same set of four cycles (C4, Cs,
C7, and Cg) that not only produces a weak spin current in
SSE but also accounts for generating a weak energy current
in SPE.

C. SSE and SPE: As thermodynamic crosseffect

In Sec. III B, we have identified cycles C;, C», Cio, Ci1,
which can contribute solely to the spin current and not to
energy current. Conversely, cycles C3, Cg are found to con-
tribute exclusively to the energy current and not to the spin
current. Meanwhile, cycles C4, Cs, C7, Cg have the quality
to contribute to both energy as well as spin currents [Fig. 6].
To gain a deeper understanding, it is essential to analyze the
complete topology of the network. Notably, we observe that
all cycles contributing to Js must involve a spin-flip process,
either |01) <> |0}) or |11) < |1]), corresponding to the
edges |3) <> |4) or |5) < |6), respectively. Similarly, cycles
contributing to Jg must include the edges |3) < |5) (|01) <
[11)) or |4) < |6) (|0)) <> |1])), enabling Coulomb inter-
action between the upper and lower dots. This insight sheds
light on why the expressions for spin and energy currents,
derived from the master equation, take their particular forms
[cf. Egs. (19) and (20)]. At this juncture, it is imperative to
underscore that cycles C;, Cy, Co, Ci9, and C;; share the
edge |3) < |4) or |5) < |6), yet they do not contribute to
the spin current in the SSE due to zero cycle affinity. This
results from the fact that the circuit fluxes associated with the
cycle trajectories (C* and C™) are identical in both directions,

1)) |10)

|11)

|14)

100) 104)

FIG. 6. Schematic diagram of four subcycles {C4, Cs, C7, Cs}
which are truly responsible for the spin-thermolectric crosseffect of
SSE and SPE. Special edges are marked in orange.

Uy

yielding a zero cycle flux. The same holds true for the SPE
with cycles C3, Cg, and Cy in the absence of a spin bias
voltage, despite having the required edges. Intriguingly, cycle
Cy possesses both spin-flip and Coulomb-interaction edges
(Fig. 2), yet it yields zero cycle fluxes due to its zero cycle
affinity. Therefore the asymmetry in cycle affinity emerges as
the primary thermodynamic driving force and the foremost
criterion for obtaining a nonzero cycle flux. Conversely, cy-
cles C4, Cs, C7, Cg exhibit nonzero cycle affinity either in
the absence of a temperature bias (SPE) or in the absence
of a spin bias voltage (SSE). Consequently, these four cy-
cles stand as the sole contributors to both SSE and SPE,
featuring finite spin and energy currents. This is attributed
to their possession of both the spin-flip edge (|3) < |4) or
|5) <> |6)) and the Coulomb-interaction edge (|3) <> |3) or
|4) <> |6)). To summarize, we affirm that C4, Cs, C7, Cg
stand as the four pivotal cycles solely responsible for
materializing the thermodynamic crosseffect in the form of
the spin-thermoelectric effect within our simple minimal
model of the quantum thermocouple. The consequences of the
interference effect between these major contributing cycles
open intriguing avenues, and future research directions could
delve into the impact of quantum coherence and entanglement
effect [83,84] on the device performance from the perspective
of the network theory.

V. CONCLUSIONS

The key findings of our present analysis are outlined
as follows. (i) We present a simple model of a quantum
thermocouple that exhibits spin-caloritronic effects based on
three-terminal ultra-strong Coulomb-coupled quantum dots.
In contrast to four-terminal models, this minimal model
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mimics both spin-dependent Seebeck and Peltier effects in
complete analogy to classical thermocouples, used to describe
thermoelectric effects. In the quantum case, distinct statistical
properties of the thermal reservoirs play a role akin to dis-
similar metals in traditional thermocouples. (ii)) We find out
that the expressions for spin and energy currents, derived from
the Lindblad master equation, completely agree with network
theoretical results. However, the quantum kinetic Pauli master
equation serves as the basis for constructing the thermody-
namic network, encompassing joint system microstates and
associated transition rates. This is in stark contrast to classical
network theory, where microstates often result from coarse-
graining procedures. Here instead, they naturally emerge as
eigenstates of the coupled quantum systems, derived from
the microscopic Hamiltonian description of the composite
quantum system. (iii) Benefiting from the generalized ma-
trix tree theorem of the algebraic graph, we not only unveil
the fundamental operational principles behind spin-Seebeck
and spin-Peltier effects but also confirm the applicability of
well-known thermodynamic relations in nanothermoelectric
devices. The validity of Onsager reciprocity and Kelvin rela-
tions for thermoelectric coefficients underscore the universal
generality of thermodynamic principles in both classical and
quantum realms. In the present case, the above relations stem
from the characteristic properties of forward and backward cy-
cle flux trajectories of the quantum thermodynamic network.
This is fundamentally different from the phenomenological

J

classical laws of irreversible thermodynamics that hinge on
local equilibrium assumptions. (iv) In this context, we stress
the importance of network cycle flux, and cycle affinity in es-
tablishing the macroscopic spin and energy currents in terms
of stochastic cycle currents. Cycle affinity, expressed as a
ratio of transition rates between forward and backward cycle
trajectories, emerges as a fundamental driving force behind
nonzero cycle fluxes. Then, the cycle flux ranking scheme
powered by the microscopic or stochastic version of the en-
tropy production rate, sheds light on the origin of weak spin
and energy currents in spin-Seebeck and Peltier effects, re-
spectively. (v) Finally, we identify four nonintersecting cycles
that are responsible for manifesting both reciprocal effects
of spin-thermoelectricity within our simple minimal model.
Characterized by special edges involving the spin-flip process
and Coulomb interaction between interacting quantum dots,
these cycles pave the way for underpinning the fundamental
working principles of quantum thermocouples.
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APPENDIX A: DERIVATION OF THE LINDBLAD QUANTUM MASTER EQUATION

The total Hamiltonian of the overall three-terminal setup is given by

H = Hs + Hp + Hi, (AD)
where Hs, Hg, and Hj are the total Hamiltonian of the system, bath, and system-bath interaction, respectively. The interaction
Hamiltonian H; is defined as Hy = Hy, + Hiv + Hir, wherein Hy ry denotes the interaction of the lower quantum dot (QD,) with
the left (right) bath and Hyy represents the interaction of the upper quantum dot (QD,,) with the middle bath. The interaction
Hamiltonian Hy, (¢ = L, M, R) for each «th bath is given by [30,56]

Hyp =Hpy +Hyy, Hiy =h Z(thb;delT + t]ikkd;fTbLTk)» Hy,=h Z(thqukdli + Z‘Ekd,lbuk),
k X

Hy =h Z(thb]Tv[kdu + tindibwy), Hig = h Z (gRqangqd,TTdu + g;qdlldl?aRq)‘ (A2)

k q

To formulate the master equation, we begin with the derivation by considering the von Neumann equation applied to the total
density matrix pr of the combined system and reservoirs in the interaction picture, as given in Ref. [49],

der

2 = —%[Hl(t), pr(®)].

(A3)
Integrating Eq. (A3) and tracing out the bath degrees of freedom, the master equation in terms of the reduced density matrix p
of the coupled quantum dot system under the Born-Markov approximation can be written as [49]

d 1 =
fl(t—) = ——2Tr6/ ds[Hi(t), [Hi(t — ), pr()]]. (A4)
t h 0

In Eq. (A4), p(t) = Trg{pr} = Trg{p(t) ® pp} where pg = pr14 ® oLy ® pm ® pr, and Trg = Tr4 1y Mr Stands for the trace
over each bath degrees of freedom. As a result, we can rewrite Eq. (A4) as [47,55,56]

dp(t) 1

o
o= —?Trm,u,M,R/ ds[Hi(t), [Hi(t —s), p(t) ® pLy ® pLy ® pm @ pr]]-
0

(A5)
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Using the following relations [47,56],

Trop (bax(t)pLy) = 0 = Ty (bItTk(f)pm), Tryy (bLyx(®)pLy) =0=Tr, (bhk(l);ou), (A6)
Trm(baik(1)pm) = 0 = Trm(bl,, (pm),  Trr(arg(H)pr) = 0 = Trg (alzq(t)pR), (A7)
one can simplify Eq. (AS) as [47,55,56]

dp(t 1 e
/d)g ) = _ﬁ ZTI‘LT,L%NLR / dS[HIﬂ(l), [Hlﬁ(t - S), p(l‘) ® PLt & PL} ® 1% ® pR]]? IB = LT’ L‘L? M’ R. (A8)
8 0

Now, we use system operators in the interaction picture as
dl(t) — eiHst/ﬁdie—iHsl/h — Z e_igjﬁt/hdi,
{eps)
d (1) = ™l e M = N " et gl i =14, 1] u, (A9)
{es)

where g5 = &5 — & > 0 s the energy required for the transition between state [f) and |j) driven by their respective bath. Similarly,
one can write the expressions for the bath operators in the interaction picture. With all these given prescriptions, we have
simplified the Eq. (A8), resulting in the Lindblad form of the quantum master equation as follows:

dp

’r Lirlpl + Loy lpl + Lmlel + Lrlpl, (A10)

The explicit forms of the Lindblad super operator £ in the above equation are given by

Lirlpl =Y y[f (et py, TL)(d), (eL)pdin (eny) — 3Hdig (o)), (evr), p))

{eLt}

+ (1= feLr, py, TO)dir (eLr)pdf (s14) — 34d); (eLy)diy (1), p})], (A1)

Luylpl =Y v [flery. poy. T(d] (eLy)pdiy (er)) — ${diy (eL))d] | (1)), p})

{ery}
+ = feLy, Ly, TL))(dIL(ELL)pdlZ(SLL) - %{dL(Su)du(Su), o], (A12)
Lulpl =) vl f(em, 1w, TL)(d] (em)pdu(en) — SHdu(em)d](en), p})
{em}
+ (1 = f(em, um, T (dulem)pd, (em) — 2Hd] (em)du(em). p})]. (A13)

Lrlpl =) wr[nler. To)(V/ (er)oViler) — 3 {(Viler)V, (er). p})

{er}

+ (n(er, TR) + D(Vi(er)pV, (er) — 1V, (erVi(er), p})]. (Al4)

where the operators V; = d;}d, , and VZT = d; ¢le are responsible for the transition between spin-up (1) and spin-down () states.
The transition rates corresponding to their respective bath are characterized by the various y’s. The explicit form of all y’s in
terms of system-bath coupling constants can be calculated by Fermi’s golden rule, as 1, = 2wh ), |t |>6(¢ — €Lox), Where o =
(14l ym =270 Y, Ik |*8(e — emn), and yr = 271 )", |gryl*8(e — €ry) [56]. The functions f (e, j1, T) = [e“~#/BT 4 177!
is the Fermi-Dirac distribution function corresponding to the left (L) and middle (M) bath with the transition energy ¢,
chemical potential 1, and equilibrium bath temperature 7. Similarly, the function n(e, T) = [¢*/%T — 1]~ is the Bose-Einstein
distribution function corresponding to the right (R) bath with the transition energy ¢ and reservoir temperature 7. The distribution
functions are defined as the bath correlation functions and can be calculated as (bTb) = TrL(,(M)(bprL(,(M)) = fLoov) and (bb*) =
TrLg(M)(bprLa(M)) =1— fiso for the left (middle) bath and (aa) = Trr(a’apr) = ngr, (aa’) = Trr(aa’ pr) = 1 + ng for
the right bath [56]. The operators b and b' follow anticommutation relation whereas the operators a and a follow commutation
relation, and kp is the Boltzmann constant. The energies needed for the transitions which are driven by the left and middle
baths are g1y = {&31, €52}, 1., = {€41, €62}, and em = {21, €53, 64} respectively, while the energies required for the transitions
triggered by the right bath are eg = {e43, £65}. Note that one can express the various system creation and annihilation operators
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and their combinations in the following forms |8)(j| (i # j, 8, j= 1,2, 3, 4, 5, 6), which are given by

d,"'T = 3T +15)(2], diyp =11)(3|+12)(5],

df, = 141 +16)(2], diy =11)(4] +|2)(6],

di = 12)(1] + I5)(3] + 16)(4], d, = [1)(2] + |3)(5] + |4)(6],

Vi =dj iy = 1431+ 16)(5], Vi =d];di, = 13)(4] +15)(6]. (A15)
Finally, Egs. (9) to (14) in the main text can be derived with the help of Egs. (A10)—(A15) in the following manner. For example,

dP d
d_t]l = (ﬂld—/t)lﬂ) = (1L lelIT) + (VL [p]IT) + (T LulplIT) + (T LrLp]IT), (A16)

where the terms

@I LLA[p1IT) = v f(ear, uir, T(— 2D (T plT) — ST (1T)) + y.(1 = f(ear, mrr, TLATT)(3]pI3)(1]1))
=yl = f(e31, ury, TPy — vy f(esr, pry, TPy = kyzPs — k31 Py = Ji3, (A7)

(1L [p1IT) = yif(ear, iy, T(— (D) (T1plT) = 2P (AT) + v (1 = f(ear, oy, TL)(T1)(4]p|4) (1]1))
=yl — feqr, pury, TPy — yif (&g, ury, TPy = kygPy — kay Py = Juy, (A18)

(MLulplI) = yf(e2n, iy T(— ST (TplT) = 2PN A) + 1.1 = flear, oy, TLATT)(2]p|2)(1]1))
= y.(1 = fear, pry, TPy — yif(ean, poy, TPy = kiaPa — ka1 Py = Jya, (A19)

(1| Lr[p]IT) = 0. (A20)

Similarly, one can derive time evolution equations for the population of the other fth states. Under the steady state, dP;/dt = 0
(f=1,2,...,06), and we have

dP
d_tu = (kiaP3 — k31 P1) + (k14Py — kgt Py) + (kioPy — koo Py) = Jiz +Jis +J12 =0, (A21)
apP
o= (kasPs — ksaP2) + (kagPs — keaP2) + (k21 Py — k12P2) = Jas + Jag + J21 =0, (A22)
dP
d—: = (ka1Py — ki3P3) + (k3sPs — ks3P3) + (k3aPy — kazP3) = J31 + J3s5 + J34 = 0, (A23)
dP,
d—;ﬂ = (kg1 Py — k14Py) + (kyePs — keaPs) + (kyaP3 — k3aPy) = Jg1 + Jse + J43 =0, (A24)
dP.
d_tj = (ksaP2 — kasPs) + (ksaP3 — k3sPs) + (ksePs — kesPs) = Js2 + Js3 +Js6 = 0, (A25)
dP,
d_tﬁ = (kea Py — kaePs) + (keaPy — ku6Ps) + (ksPs — ksePs) = Jo2 + Joa + Jo5s = 0. (A26)

In the present case, there is no particle exchange between the quantum dots, implying no particle current due to the middle
reservoir. So, the steady-state energy (heat) current through the middle reservoir within the Born-Markov-Secular (BMS) master
equation can be defined as [30,47]

Jg = Jp' = Tr{Lulp]Hs}, (A27)

where the system Hamiltonian Hg has the following form, Hg = ) ; &;|6) (f], with & being the energy of the ith state. Using
Eq. (A27), the expression for tJ/g can be calculated as

Jg = e21J21 + 5353 + €6464. (A28)
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At the steady state, one may verify Jio = —J21 = J53 + Je4. As a result, Eq. (A28) reduce to Eq. (20) of the main text:
Jeg = eu(=J12) + (6, + U)Jsz + (64 + U)Jes,
= —&uJ12 + (e, + U)Usz + Jo4),
= U(s3 + Jo4). (A29)

Similarly, the steady-state spin current due to the left and right reservoirs can be defined as [30]:
JE = N(Te(d) dyy Loy [p]) — Trld],diy LiyLo1)), (A30)
J§ = Te(V,'ViLrlp]). (A31)
Now, using Eq. (A15), one can derive the expressions for JsL and Jg from Eqgs. (A30) and (A31) in the follwing forms:
Js = 31(a1 +Js2) — U +J52)], (A32)

IR = Tz + Jes. (A33)

In the steady state, Jg1 + Jo2 = —(J31 + J52) = J34 + Js6. As a result, we get Eq.(19) of the main text as the steady-state spin
current

Js=Js = %[(-]zﬂﬂ + Jg2) + (Ja1 + J62)]
=Jgu +Jo2 = J34 + Js6 (A34)
= —(Jg3 + Jos) = —JX. (A35)

APPENDIX B: DERIVATION OF THE ENTROPY PRODUCTION RATE

From Eq. (38), the steady-state entropy production rate can be written as follows [9,57]:

1 kﬁﬁ
zkg ﬁZﬁ:Jﬁﬁ In (k_ﬁj)

1 kay ki3 kg1 ki ka3 kay
—kg|JayIn | — Jizln| — JygIn| — Jigln | — JyzIn | — JagIn | — B1
> B|: 31 n(k13>+ 13 n<k31>+ 41 H<kM>+ 14 H<km>+ 43 n<k34)+ 34 n<k43>+ i| (BD)

As we have mentioned in the main text J;; = —Jj for all § and j (i # ), so ¢ will be equal to

k k k k k k
G = kB[Jn In <ﬂ> + Jgr In <ﬂ> + JgzIn (ﬁ) + Jo1 In <ﬂ) + Js2In (i2> + JoaIn <ﬂ) +-- }
ki3 ki k34 k12 kas ks

_ _ _ _ _ ka1 _ _ _
=k3[(Jg] —Jo, HIE —Ie I =G g I IS = UG ) In <Kg> + (=Ig +Ig, + IS —Ja + I -G

o

1

_ _ kay _ _ _ _ _ ka3
+J(}L7 _JC7 _Jal +JC11) In (a) + (Ja _JC1 - Jérs +JCS +Jérs _JCz; _JCJ‘F*) - JC9 _J(}Llo +JC[0) In (a
_ _ _ _ _ _ kaq
el A e e A A e /e R 1 <@> +---
kygkgsk kygkgzk It Imr
= kg|Jd In [ ZEEE0) g (BN ) o =k n (S8 ) g (52 ) -
' \kisksakar ' \kisksaka b\, : I,
H+
— + - c
=kg(JZ, —Jg,)In (H—E‘> + -
1
1—[+
=ks Y JeXc. where Jo=(F—J;) and Xc=In (H—C> (B2)
C c

The ratio of l'[g is equal to the ratio of JCJTr for each cycle trajectory. These ratios are

+ +
Jo, Mg kaskaikig _ o Bus/kaTy (1 _ AMS)

J_El TG, kasksakan kg To

(B3)
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+ +
& _ E _ kagkesksa NN <1 3 A/,Ls> B4)
Jo, Mg, kasksekez kgTo
+ +
Je, _ I, _ kiakasksskar _ VST JhsTo(Tort5T) (1 usr ), (B5)
Jo, Mg, kiskaskszka kpTy?
+ +
‘@ — % — —kmk%k@skﬁkﬂ — U /ksTo(To+8T) = Aps [ksTo <1 UsT _ AMS) (B6)
Jo, Mg, kiskssksekezka ksTo*  ksTo
+ +
Je, _ I, _ kizkasksakaakar _ SUST [k To(To+5T) yApas [Ty o (1 usr n AMS) B7)
Jo, Mg, kuakasksskszka ksTo* ~ ksTo
+ +
Je, _ He, _ knakackeakar _ SUST ks To(Ty+6T) o <1 i U5T> (BS)
Joo Mg, kiakaskezka kg Ty?
+ +
e, _ He, _ kizkasksoksakat _ JUST [k To(To+5T) yApus [k Ty o (1 UsT n AMS>, (B9)
Jo, Mg, kiakaskesksakay ksTo>  kpTo
+ +
ﬁ = % - kyakaoksakasks — QUST ks To(To+5T) ,— s /ksTy A, (1 usr AMS) (B10)
Jo, Mg, kisksgkaskezkan ksTo>  ksTo
J_CJ*; _ 1'[_39 _ kaakagkeskss B11)
Jo, Mg kasksekeakss
+ +
ﬁ _ g, _ kaskssksakaske — Bus/kaTy A (1 n A/Ls>’ (B12)
Jo,, Mg,  kaekeakaskssksa kpTo
+ +
@ _ g, _ kyskaskeskssks — o Bus/ksTy (1 _ AMS)' (B13)
Jo,,  Hg,  kuskssksekeskan ksTo
Using Eqgs.(B3)-(B13) into Eq. (B2) yields
It It It It It
6 =Jg In <H—C> +Jg, In (ch) +Je, In (n_c> +Jg, In (n&) +Jg, In (HCS) 4o
C C Cs Cy Cs
A A usT UsT A
:JC1(_ MS>+JC2<_ MS>+JC3<_ )+JC4( - MS)
kgTo kgTo "\ kgTo(To +3T) kpTo(To +8T)  kgTy
= UsT L Aps) UsT .
S\hTo(Ty +T)  ksTy) " "\ kaTo(Ty + 8T)
8T AMS
= UlJe, + Je, +Jos + Je, + I, +ch]m + [—Je, = Je, — Jo, +Jes + Jo, — Jog + Jey, — JCH]TO
1 1
Sy [P A (B14)
I (To+3T) To Ty
where we identify the expressions of the macroscopic energy and spin currents in terms of microscopic cycle fluxes
Je = Ulde, +Jo, + Jes + e, + Jo, + Jey - (B15)
Js = [—Je, — Jo, — Je, +Jes + Jo, — o, + ey, — Jou, ] (B16)

which are equivalent to Egs. (54) and (52) of the main text.
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