
PHYSICAL REVIEW B 109, 115425 (2024)

Magnon transport and thermal properties of confined anisotropic CrI3
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In this study, we derive the expressions of transmission and reflection for the quasi-one-dimensional spin-wave
system in the presence of anomalous quadratic interactions due to the Holstein-Primakoff transformation, which
are the generalization of Fisher-Lee formula in electronic systems. We employ the Green’s function technique
to calculate the coherent transport in nanowires with two terminals by considering the exchange randomness
and spin dilution. The quantized magnon transmission is modified by both types of disorder, leading to reduced
mean-free paths which could be relevant for the implementation of unconventional logic gates. In the linear
response regime, the longitudinal thermal conductance divided by temperature shows a broad peak corresponding
to a maximum release of entropy, implying the development of spin-correlations. This behavior resembles that of
longitudinal and transverse thermal conductivity revealed in the Kitaev model within the framework of quantum
spin liquids. These results provide insights into the mechanisms of magnon transport in quasi-one-dimensional
spin-wave systems, paving the way for further research on anisotropic magnets and their potential applications
in novel computational devices.
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I. INTRODUCTION

Magnons are quantized low-energy collective excitations
of the spin waves in ferromagnetic or antiferromagnetic mate-
rials, and their manipulation has opened up a new avenue for
exploring topological phases in condensed matter, forming an
emerging field in spintronics [1–5]. Magnonics is concerned
with the transport behaviors of spin waves in the nanometer
scale and investigates their abilities to carry and process spin
information with excellent coherence and low dissipation [6].
Therefore, the propagation and evolution of magnons in spin
systems are central issues in magnonics. Theoretical study
has indicated that magnon wave packets may undergo self-
rotation [7], and a rotational motion along the sample edges
gives rise to the thermal Hall effect which can be measured
experimentally [8,9]. The correction to the thermal transport
coefficient due to the orbital motions has been taken into
account within the framework of the linear response theory
[10]. Furthermore, disorder can induce the decoherence of
magnons and generate Joule heat, making the investigation of
the disorder effects on the magnon transport highly desirable.
Nasu et al. have studied the transport and thermodynamic
properties of two types of disorder in the Kitaev model and
revealed two distinct mechanisms of disorder [11]. Within
these efforts, the relevant studies in the two-dimensional (2D)
structures are also rapidly growing [12–14].

In the research field of 2D materials, one of the most
exciting developments is the finding of magnetic orderings
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in various compounds and van der Waals heterostructures,
such as layered A2IrO3 (A = Li or Na) [15–17], α-RuCl3
[18–20], as well as the monolayers of CrGeTe3 [21] and
CrI3 [22]. These nanoscale systems offer an ideal platform
for studying the interplay between low-dimensional electronic
and magnetic phenomena with quantum confinement, for
example, the magnetoelectric effect [23,24] and spin-valley
polarization [25].

Among these materials, the ferromagnetic CrI3 as a layered
transition-metal compound is particularly interesting by virtue
of its frustrated structure and anisotropic exchange interac-
tions. This exchange anisotropy stabilizes ferromagnetism in
the 2D systems, otherwise thermal fluctuations due to finite
temperature spoil the magnetic orderings according to the
Mermin-Wagner theorem [26,27]. In CrI3, the chromium ions
surrounded by six neighboring iodine atoms constitute a hon-
eycomb lattice in which magnons play an important role in
determining the magnetic and related thermal properties [28].
The magnon Hall effect has been observed in the ferromag-
netic insulator Lu2V3O7 [29] and its theoretical interpretations
based on the magnon Berry phases have been proposed [7,30–
33]. In an analogous way, the thermal Hall conductivity of
CrI3 has been investigated theoretically in terms of magnon
topology [14]. In most previous studies [34], a 2D geometry
of systems is assumed, whereas the quasi-one-dimensional
(Q1D) CrI3 where one of degree of freedom is confined has
not been explored, to the best our knowledge. In this work,
we devote our efforts to studying the magnon transport and
thermal properties of Q1D CrI3 monolayer based on the gen-
eralized Green’s function technique for coherent transport in
bosonic systems.
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The purpose of the present paper is twofold. First, we
derive the detailed Green’s function formalism for spin-wave
systems. This approach generalizes the Fisher-Lee relation
[35] in electronic systems to the counterpart for bosonic sys-
tems in which the anomalous magnon interactions emerge due
to the Holstein-Primakoff transformation [36] or Schwinger
boson mean-field method [34]. Second, we consider the
quantized magnon transport in confined CrI3 nanowires with
magnetic anisotropy. The longitudinal thermal conductance is
calculated using the magnon transmission based on the above
Green’s function method.

The paper is organized as follows: in Sec. II, we formulate
our model and develop the theoretical formalism for magnon
transport. The calculation results are presented and discussed
in Sec. III. Section IV contains the summary and conclusions.

II. MODEL AND THEORETICAL METHOD

A. Spin-wave Hamiltonian of CrI3

The ferromagnetism of CrI3 is governed by the honeycomb
lattice composed of the chromium ions with a magnetic mo-
ment S = 3/2, and can be described by the Heisenberg-Kitaev
Hamiltonian

H = −
∑
〈i, j〉

(
JSi · S j + KSν

i Sν
j

) −
∑

i

A
(
Sz

i

)2
, (1)

where the first summation runs over the nearest neighbor-
ing spin, in which the first and second terms account for
the isotropic Heisenberg exchange with the strength J and
the anisotropic Kitaev contribution with the strength K , re-
spectively. The magnetic anisotropy is described by three
directions of the Cr2I2 plaquettes, viz., ν̂1 = (0,−√

2/3, 1√
3

),

ν̂2 = ( 1√
2
, 1√

6
, 1√

3
), ν̂3 = (− 1√

2
, 1√

6
, 1√

3
), whereupon Sν

i =
Si · ν̂ [14]. The second summation comes from the easy-axis
anisotropy of magnitude A.

The isotropic and anisotropic exchanges can be written
concisely as −∑

〈i, j〉 Ji jSi · S j with exchange coupling Ji j

depending on the link directions. The three possible links
of exchange interactions are expressed uniformly as Ja =
J + K ν̂a ⊗ ν̂a with a ∈ {1, 2, 3} labeling the bond directions.
Using the Holstein-Primakoff transformation:

Sx
i,μ �

√
S/2(γ †

i,μ + γi,μ),

Sy
i,μ � i

√
S/2(γ †

i,μ − γi,μ),

Sz
i,μ � S − γ

†
i,μγi,μ, (2)

with i being the lattice index and μ ∈ {A, B} denoting the
type of sites in the unit cell of honeycomb lattices, whereby
γ

†
i,A(γi,A) ≡ a†

i (ai ) and γ
†
i,B(γi,B) ≡ b†

i (bi ) represent bosonic
creation and annihilation operators for the A and B sites,
respectively. Substituting Eq. (2) into Eq. (1), we obtain the
spin-wave Hamiltonian as

Hspw =
∑

i

(3J + K + 2A)Sa†
i ai +

∑
i

αa(a†
i bi + aib

†
i )

+
∑

i

(βaa†
i b†

i + β∗
aaibi ), (3)

where the normal quadratic terms stand for the particle-
particle couplings with the strength αa = −(J xx

a + J yy
a )S/2

in terms of the components of the strength matrix Ja.
Analogous to the Bogoliubov–de Gennes Hamiltonian for
superconductors, Eq. (3) contains the anomalous parings like
a†

i b†
i and aibi arising from Kitaev anisotropic exchanges with

the strength βa = −(J xx
a − J yy

a )S/2 − iJ xy
a S (i is the imagi-

nary unit).
Furthermore, the matrix elements of exchanges along

δ1 are given by J xx
1 = J , J yy

1 = J + 2K/3, J zz
1 = J + K/3,

and J xy
1 = 0. Along the link δ2, we have J xx

2 = J + K/2,
J yy

2 = J + K/6, J zz
2 = J + K/3, J xy

2 = K/(2
√

3). For the
third link along δ3, the values are J xx

3 = J + K/2, J yy
3 =

J + K/6, J zz
3 = J + K/3, J xy

3 = −K/(2
√

3). The values of
J , K , and A can be obtained from the first-principle calcu-
lations [37]. Throughout this work, we adopt J = 0.53 meV,
K = 4.07 meV, and A = 0.44 meV [14]. The magnon cou-
plings for normal and anomalous quadratic terms are given by

α1 = α2 = α3 = −JS − K

3
S, (4)

and

β1 = K

3
S,

β2,3 = −K

6
S ∓ i

K

2
√

3
S. (5)

The total number of magnons is not conserved due to the
presence of anomalous terms of a†b or ab† in Eq. (3), leading
to the failure of the conventional Bogoliubov transformation
for diagonalization of Hamiltonians. To this end, the general-
ized Bogoliubov-Valatin transformation or Colpa’s algorithm
should be employed. In this approach, the eigenmodes can be
obtained by diagonalizing σ3Hspw instead of original Hamil-
tonian to retain the bosonic commutation relations, where
Hspw is the matrix form of Hspw [38,39].

The eigenmodes from the Colpa’s algorithm constitute a
paraunitary matrix U which satisfies

U†σ3U = σ3, Uσ3U† = σ3, (6)

where

σ3 =
(
1N×N 0

0 −1N×N

)
, (7)

where 1 is the unitary matrix with the dimension N dependent
on the system size in real space.

B. Green’s function theory for magnon transport

The eigenproblem of the present spin-wave system can be
written as

σ3Hspw� = ω�, (8)

where ω is the eigenfrequency of magnons which are the
quanta of spin waves. Here we have set h̄ = 1 for brevity
in this section. In this work, we are dealing with the Q1D
systems such that the discrete Hamiltonian of the spin-wave
system is decomposed into three parts for computational
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FIG. 1. Schematic of the honeycomb lattice composed of Cr3+

ions with (a) zigzag and (b) armchair edges. The Cr3+ ions (violet)
lie in an octahedron made up of the upper and lower planes of iodine
ions indicated by light (upper) and dark (lower) brown circles. x, y, z
are the octahedral coordinate axes. The sites boxed by the dashed
rectangles represent the unit cells depicted by the Hamiltonian H00 in
our calculations. The couplings between two neighboring unit cells
are denoted by H01 and H10. The anisotropic exchanges depend on
the three links, δ1, δ2, and δ3. (c) Schematic setup of the consid-
ered two-terminal device with armchair edges along the transport
direction.

convenience as

Hspw =
∞∑

j=−∞
H00| j〉〈 j| + H01| j〉〈 j + 1| + H10| j + 1〉〈 j|,

(9)

where j is the index of unit cells in the Q1D system. H00 is the
Hamiltonian of unit cells, and H01 (H10) represents the for-
ward (backward) coupling between the nearest-neighboring
unit cells as shown in Fig. 1. The entire system comprises
numerous such unit cells and can be divided into three com-
putational regions, as shown in Fig. 1(c): the central region

where significant scattering occurs, and two semi-infinite
leads attached to the scattering region from the left and right.
To account for the effects from the leads, we first derive the
surface Green’s function and the related physical quantities
such as the self-energy and linewidth function for magnon
transport.

For an infinitely long system, the discrete Schrödinger
equation can be written as

(ω − σ3H00)u − λ∗σ3H10u − λσ3H01u = 0, (10)

where λ = eik with k being the wave vector of the spin wave.
Here the lattice constant is assumed to be 1. u is a vector
representing the wave function of the unit cell and can be
normalized through u†σ3u = ±1 in contrast with the fermion
case u†u = 1. Multiplying both sides of the above equation by
λ, we arrive at

[(ω − σ3H00)λ − λ2σ3H01]u = σ3H10u, (11)

which can be recast into a matrix form as(
0 1

−σ3H10 ω − σ3H00

)(
u

λu

)
= λ

(
1 0
0 σ3H01

)(
u

λu

)
,

(12)

where 0 denotes the zero matrix whose size is determined
by the number of sites in the unit cell. Solving this general-
ized eigenproblem, we can obtain the dispersion relations of
magnons.

Define the retarded and advanced Green’s function for
magnons [31,40],

Gr/a(ω) = (ω − σ3Hspw ± iη)−1, (13)

where η is an infinitesimal positive number. The local density
of states (DOS) for magnons associates with the imaginary
part of Green’s function

DOS(ω, r) = ∓ 1

π
Im[Gr/a(ω; r, r)], (14)

where Im[· · · ] takes the imaginary part, and Gr/a(ω; r, r)
represents the diagonals of Green’s function matrix in real
space dependent on the frequency ω. r denotes the site indices
representing a position in real space.

To compute the perturbations recursively, Dyson’s equa-
tion is extremely useful, which is expressed for magnons as

Gr/a = Gr/a
0 + Gr/aσ3VGr/a

0 = Gr/a
0 + Gr/a

0 σ3VGr/a, (15)

where V is a perturbation to the original Hamiltonian. Gr/a

and Gr/a
0 are the Green’s functions corresponding to the

Hamiltonians with and without perturbations, respectively.
With the definition Eq. (13), we are ready to define the

surface Green’s function which takes into account the effects
of leads. For the right (R) lead, it is calculated in virtue of its
periodicity as [41]

gr
R = (

ω − σ3H00 − σ3H01g
r
Rσ3H10

)−1
. (16)

The left-surface Green’s function gr
L can be calculated sim-

ilarly. Based on the solutions of Eq. (12), the right-surface
Green’s function can be further expressed as

gr
Rσ3H10 = U�U−1, (17)
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where the matrix U consists of the eigenvectors {u} of
the right-propagating magnon states with positive group ve-
locities, and the matrix � is constructed by placing the
corresponding eigenvalue λ on the diagonal.

For the left-propagating states with negative group veloci-
ties, we can obtain the left surface Green’s function as

gr
Lσ3H01 = U�U−1, (18)

where U comprises the eigenvectors of the left-propagating
states, and the diagonal of � contains the corresponding
eigenvalue λ.

Define the self-energy of the right lead,

�r
R = H01g

r
Rσ3H10, (19)

and its Hermitian conjugate

�a
R = (

�r
R

)† = H01σ3g
a
RH10. (20)

The linewidth function of the right lead is defined as


R = i
(
�r

R − �a
R

) = i
(
H01g

r
Rσ3H10 − H01σ3g

a
RH10

)
. (21)

For the left leads, the self-energy reads

�r
L = H10g

a
Lσ3H01, (22)

and the corresponding left linewidth function can be calcu-
lated as


L = i
(
�r

L − �a
L

) = i
(
H10g

r
Lσ3H01 − H10σ3g

a
LH01

)
. (23)

To distinguish the left- and right-propagating magnon
states, we need to calculate the group velocity of magnons
at the nth eigenstate:

vn = dωn

dk
= ±iu†

n(λnH01 − λ∗
nH10)un, (24)

where the ± is dependent of the type of the particles. It can
be easily verified that the propagating states and the linewidth
function satisfy the relation

u†
n
Run′ = |vn|δnn′ . (25)

A similar expression for the left linewidth function also exists.
To proceed, we write the right-surface Green’s function in
terms of eigenvectors {un} as

gr
Rσ3H10 = U�U−1 =

∑
n

unλnũ
†
n, (26)

where ũn and ũ†
n are the nth column and row of U−1, respec-

tively. The linewidth function can be further written as


R = i
(
H01g

r
Rσ3H10 − H01σ3g

a
RH10

)
= i

∑
n,m

ũm(u†
mH01unλn − λ∗

mu
†
mH10un)ũ†

n

=
∑

n

ũn|vn|ũ†
n, (27)

where we have used Eq. (24) and inserted the unitary ma-
trix 1 = ∑

m umũ
†
m = ∑

m ũmu
†
m. We obtain the relation of the

linewidth function for later usage:


L/R =
∑

n

1

|vn|
L/Runu
†
n
L/R. (28)

Using Gr (ω − σ3H) = 1 and the Schrödinger equa-
tion (ω − σ3H)� (�)

n = 0 for the nth asymptotic scattering
state in the lead �, we can write the wave function in real space
as

� (�)
n (r) = 〈r|Gr (ω − σ3Hspw)

∣∣� (�)
n

〉
=

∑
j

〈r|Gr | j〉〈 j|σ3Hspw

∣∣� (�)
n

〉
−〈r|Grσ3Hspw| j〉〈 j

∣∣� (�)
n

〉
, (29)

where the summation runs over the scattering region and
leads. By substituting the Hamiltonian Eq. (11) into Eq. (29),
we find that the terms in the scattering region cancel each
other and the asymptotic wave function can be reduced into
the summation involving only contributions from the surfaces
of the leads. Consider the asymptotic wave function in the left
lead,

� (�)
n (r) = 〈r|Gr |xL〉σ3H01〈xL − 1

∣∣� (�)
n

〉
−〈r|Gr |xL − 1〉σ3H10〈xL

∣∣� (�)
n

〉
, (30)

where xL represents the unit cell in the left lead. As xL ap-
proaches −∞, the scattering function takes the asymptotic
form for the jth unit cell in the lead as

� (�)
n ( j) = φn( j)λ j

n = 1√|vn|
uneikn j, (31)

where the wave function has been normalized by the cor-
responding group velocity. Ultimately, the wave function in
the left lead where the magnons enter the scattering region is
given by [41]

� (�)
n (x) = 1√

vn,I
Gr

x,0σ3
(
H01σ3g

a(�)
L H10−H01g

r(�)
L σ3H10

)
φ

(�)
n,I

= i√
vn,I

Gr
x,0σ3
�φ

(�)
n,I, (32)

where we have used Eq. (27) and the property of the Green’s
functions Gr

x,x′ = Gr
x,x′′ (σ3H01g

r
L )x′′−x′

. Gr
x,0 = 〈x|Gr |0〉 stands

for the matrix element of the Green’s function between unit
cell x in the scattering region and the 0th unit cell which is
the first one in the left lead. vn,I denotes the group velocity
for the nth incoming mode of the spin wave described by the
vector φn,I . Similarly, vn,O denotes the group velocity for the
nth outgoing mode of the spin wave with the wave function
φn,O. In the practical calculations, the incoming and outgoing
modes are classified according to the signs of group velocities.

In the asymptotic region where all evanescent states have
decayed, a spin wave arising from the incoming state φ

(�)
n,I is

scattered into the outgoing state φ
(�)
m,O in the different leads

attached to the scattering region, such that

� (�)
n ( j) =

{
φ

(�)
n,I ( j) + ∑

m rmnφ
(�)
m,O( j), if j in lead �∑

m t (�′�)
mn φ

(�′ )
m,O, if j in lead �′,

(33)

where rmn and t (�′�)
mn are the reflection and transmission am-

plitudes between the mth and nth propagating magnon states.
Note that the reflections occur in the same lead, whereas the
transmissions occur between two different leads. Utilizing the
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orthogonal relation Eqs. (25) and (32), we obtain the reflection
amplitude

rmn = 1√|vmvn|
(
iφ(�)†

m,O
�Gr
00σ3
�φ

(�)
n,I − φ

(�)†
m,O
�φ

(�)
n,I

)
, (34)

and the transmission amplitude

t (�′�)
mn = i√|vmvn|

φ
(�′ )†
m,O
�′Gr

N+1,0σ3
�φ
(�)
n,I, (35)

where Gr
00(ω) = 〈0|Gr (ω)|0〉 and Gr

N+1,0(ω) = 〈N +
1|Gr (ω)|0〉 are the matrix elements of the total Green’s
function, where 0 and N + 1 denote the first unit cell of the
left and right leads, respectively. Equation (34) and (35) are
the generalized Fisher-Lee relations for coherent magnon
transport.

C. Thermal conductance of magnons

In analogy with the phonon transport, the energy flux of
magnons through a scattering region connected to two leads
at different temperatures TL and TR is given by [42–44]

Q =
∫ ∞

0

dω

2π
h̄ωT (ω)[nB(TL ) − nB(TR)], (36)

where nB(ω, TL/R) = {exp(h̄ω/kBTL/R) − 1}−1 with kB being
the Boltzmann constant is the Bose-Einstein distribution for
magnons, and T (ω) is the magnon transmission coefficient
obtained with the help of Eq. (35):

T (ω) =
∑
m,n

|tmn(ω)|2, (37)

where the summations of m, n run over all propagating states
of magnons.

The longitudinal thermal conductance of the wire is
defined as κxx = Q/�T , where �T = TL − TR is the temper-
ature difference between the reservoirs. In the linear response
regime, the longitudinal thermal conductance of magnons
takes the form

κxx(T ) = 1

2π

∫ ∞

0
h̄ωT (ω)

∂nB(ω, T )

∂T
dω, (38)

where the partial derivative of the Bose-Einstein distribution
nB with respect to temperature T yields

∂nB(ω, T )

∂T
= h̄ω

kBT 2
eh̄ω/kBT (eh̄ω/kBT − 1)−2, (39)

Finally, the longitudinal thermal conductance of two-terminal
spin-wave systems is given by

κxx(T ) = kB

2π

∫ ∞

0
T (ω)

(
h̄ω

kBT

)2 eh̄ω/kBT dω

(eh̄ω/kBT − 1)2 . (40)

III. RESULTS AND DISCUSSION

We first demonstrate the energy spectra of magnons in
CrI3 nanowires with two types of edges. Along the transport
direction, the arrangement of edged atoms shown in Figs. 1(a)
and 1(b) are represented by zigzag and armchair edges, re-
spectively. The dispersion relations of zigzag and armchair
nanowires are present in Figs. 2(a) and 2(b), respectively. The
overall band structures for both cases exhibit two asymmetric

 (1/a)

ħ
ω

 (m
eV

)

DOS (arb. units)

18

14

10

6

2

-3       -2      -1        0        1        2       3
ħ

ω
 (m

eV
)

18

14

10

6

2

(a)

(b)

FIG. 2. The dispersion relations (left panel) of Q1D CrI3 with
zigzag (a) and armchair (b) edges and corresponding density of states
(right panels). There are 32 and 40 sites in the zigzag and armchair
unit cells, respectively. Here J = 0.53 meV, K = 4.07 meV, and
A = 0.44 meV [14].

parts separated by a large bulk gap in which the corresponding
DOS are rather small. In contrast with graphene, the edge
states in zigzag wires disappear in the present band because
the onsite terms in the Hamiltonian depend on the number
of neighboring exchange couplings. The states in the bulk
gap are chiral and still localized around the edges [14]. The
magnon band structure of the armchair wire differs signifi-
cantly from that of graphene, particularly in the central regime
where the chiral states are localized near the boundaries.
Moreover, the distinct onsite energies of the edged sites com-
pared with the bulk sites lift the degeneracies of states at
specific energies and wave vectors, leading to the anticrossing
feature in the armchair band. In the zigzag band, this feature
mostly occurs near kxa = π where bands intersect, making it
less pronounced. However, this feature is entirely absent in
graphene due to its zero onsite energy. Furthermore, depen-
dent on the width of nanowires, the armchair band structure
might possess an intrinsic gap. In the present case as shown
in Fig. 2(b), the intrinsic gap is too narrow to be discernible,
while the varnishing DOS in the right panel is clearly visible
in the vicinity of h̄ω = 8 meV.

The DOS are strongly dependent of dimensionality. As
shown in the right panels of Fig. 2, the DOS of the zigzag and
armchair CrI3 nanowires exhibit both one-dimensional (1D)
and two-dimensional (2D) characteristics. In 1D systems, the
DOS diverge as the inverse of the square root of the energy
close to the band extrema, resulting in the prominent “spikes”
in the DOS associated with the van Hove singularity. Such
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spiky behaviors imply the confinement along the direction
perpendicular to the propagating direction of magnons, while
the multiple spikes close to onsets of new subbands reflect the
extension along the transport direction. Around h̄ω = 6 and
12 meV for zigzag wires, numerous band branches aggregate
at kx = ±3, leading to the accumulations of spikes and strong
enhancements in DOS. For armchair wires, the enhancements
in DOS due to the aggregations of van Hove singularities are
preserved but are less pronounced. These features in DOS are
in principle observable by spectroscopic experiments [45].

Magnons have potential to implement alternative comput-
ing concepts such as nonboolean computing, reversible logic,
and artificial neural networks [46]. The logic operators based
on the Mach-Zehnder spin-wave interferometer equipped with
current-controlled phase shifter can realize the exclusive-
not-OR logic gate [47,48]. These applications rely intimately
on the coherent propagation of magnons such that theoreti-
cal studies of coherent magnon transport in nanodevices are
highly relevant. Most prior calculations of coherent transport
properties of spin-wave systems have concentrated on pristine
systems, while the disorder induced by crystalline imperfec-
tions, strain deformations, and magnon-phonon interactions,
etc, is inevitable in practical circumstances. The disorder im-
pact on magnon coherent transport and the related thermal
properties remains an open issue to explore. Here we simulate
two types of disorder: the first one is the exchange randomness
by randomly varying the exchanges and the related onsite
energy in the magnon Hamiltonian. The strength of disorder
is determined by the variations in exchange δJ ∈ [−�,�]
in units of J , namely, Ji j → J + δJi j . The anisotropic Kitaev
term K is unchanged. Overall, the ratio of K/Ji j remains
approximately the same given that the averaged δJ is zero. An
alternative implementation of disorder in Heisenberg-Kitaev
model can also be found in Ref. [49]. The second type of
disorder is the spin dilution modeled by removing randomly
the spin sites in wires, as illustrated in Fig. 1(c). It has been
shown that detailed investigations of disorder effects help
clarify the sources of disorder and the nature of the ground
state of frustrated spin systems [11,50–52].

In Figs. 3(a) and 3(c), we show the magnon transmission
of zigzag and armchair nanowires, respectively, at various
concentrations p of the exchange randomness. The dashed
gray lines represent the transmission of the pristine wire for
comparison. The finite width of the nanowire quantizes the
wave vectors ky in the transverse direction giving rise to
numerous magnon modes. With the sweep of magnon fre-
quency, these modes are occupied sequentially forming the
transmission steps. The variation in strength is fixed to � =
0.1. The transmission has been averaged over quite a few
disorder configurations so that the strong oscillations stem-
ming from scattering are smoothed to some extent. For the
zigzag nanowire shown in Fig. 3(a), the transmission steps
are smeared by a low disorder concentration, and the quanti-
zation feature persists mostly. As the disorder concentration
increases, the magnon transmission is suppressed severely
with a complete loss of quantization. In the bulk gap regime,
the transmission is relatively robust to disorder owing to the
absence of backscattering, but sufficiently strong disorder can
produce a transport gap analogous to graphene [53]. The fluc-
tuated transmission arises from the scattering by the localized
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FIG. 3. The magnon transmission of (a), (b) zigzag and (c),
(d) armchair nanowires as a function of the magnon energy for
different types of disorder. There are 20 and 40 sites in the zigzag and
armchair unit cells, respectively. In panels (a) and (c), the nanowires
are subject to the exchange randomness, while panels (b) and (d) are
subject to spin dilution. p denotes the concentrations of disordered
spin sites. � accounts for the exchange variation between the nearest-
neighboring spins in units of J . In this case � = 0.1. The dashed gray
lines stand for the propagating modes of the pristine system.

magnon states generated by disorder, which reduces the mean-
free path of magnons.

The transmission quantization of armchair wires is more
complicated and more sensitive to disorder as shown in
Fig. 3(b). Disorder with a low concentration sufficiently re-
strains the quantized steps in transmission accompanied by
sudden drops with the sweep of the magnon energy conform-
ing to the van Hove singularity in DOS. As p increases, the
magnon transmission diminishes dramatically, and exhibits
two peaks around h̄ω = 6 and 12 meV where the van Hove
singularities aggregate resembling those in the zigzag cases.
For larger systems whose sizes are much larger than the co-
herent length, the disorder average should be conducted by
summing over all the phase-independent coherent subsystems.
In view of the random distribution of disorder, the average is
equivalent to an average over the positions of disorder within a
single subsystem. In our case, the prominent oscillations will
be suppressed after averaging sufficient disorder configura-
tions. Moreover, when the strength of disorder is varied with a
fixed p, the transmission exhibits similar features, namely, the
transmission declines as the strength of disorder increases.

Figures 3(b) and 3(d) display the transmission of
zigzag and armchair wires, respectively, in presence of
the spin dilution. Compared with the case of the exchange
randomness, a very small concentration of the spin dilution
can destroy the transmission steps in the bulk transport regime
and gives rise to strong oscillations, whereas the transmission
is relatively robust in the bulk gap regime since the role of the
spin dilution amounts to elongating the edges. In principle,
the above effects of propagating magnons can be detected
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FIG. 4. Temperature T dependencies of thermal conductance di-
vided by T for (a), (b) zigzag and (c), (d) armchair nanowires in the
presence of (a), (c) the exchange randomness and (b), (d) spin dilu-
tion. The unit cells of the zigzag and armchair nanowires contain 80
and 136 sites, respectively. p denotes the concentrations of disorder.
� denotes the strength of the exchange randomness in units of J . The
positions of the broad peaks are highlighted by red dots.

experimentally by combining the spin-pumping and inverse
spin Hall effects [54].

We now proceed to the thermal properties of CrI3 by
focusing on the longitudinal thermal conductance κxx since
it may provide crucial information of the ground states of
Heisenberg-Kitaev magnets. We find that κxx for all cases
undergoes a steep increase at low temperatures as the magnon
modes are getting occupied until it approaches a saturated
value at higher temperatures (not shown here). In view of
that κxx divided by temperature (T ) is loosely related to the
entropy of the system, we show the temperature dependencies
of κxx/T in Fig. 4 for zigzag and armchair wires with the
exchange randomness and spin dilution. In metallic ferro-
magnets, the adoption of κxx/T also facilitates the discussion
of the Wiedemann-Franz law [34]. The zigzag and armchair
wires have nearly the same width for comparison, and the
temperature is up to 100 K albeit the Curie temperature is 45 K
for ferromagnetic CrI3. Near or above the Curie temperature,
thermal spin fluctuations begin to dominate and drive the sys-
tem into a paramagnetic state. Consequently, the thermopower
generated by magnons is expected to decrease significantly.
However, experiments and theories have revealed that the
short-lived, short-range, locally ordered structures called para-
magnons can develop in paramagnets, mitigating the expected
thermopower reduction [55]. Nevertheless, the most inter-
esting features that occur in the ferromagnetic phase are of
interest to us such that the higher-order magnon-magnon in-
teractions are not very relevant for the present study and the
linear-spin-wave scenario is sufficient.

In the ferromagnetic phase, κxx/T of pristine zigzag and
armchair nanowires increases gradually as temperature de-
creases and then drops dramatically at low temperatures,
producing a broad peak around the characteristic temperature

Tp. It tends to zero at high temperatures where all bands are
equally occupied, and no bands are occupied at very low
temperatures. The similar behaviors of longitudinal and trans-
verse thermal conductivity have been discussed in the Kitaev
model based on the theory of quantum spin liquids, in which
the peculiar temperature dependence of κxx is used to probe
the fractional quasiparticles inherent to the Kitaev quantum
spin liquids [11,12,34]. The Kitaev quantum spin liquid de-
picts the fractionalization of quantum spin: itinerant Majorana
fermions and localized Z2 fluxes, which well describes prop-
erties of materials, such as A2IrO3 and α-RuCl3. In the present
spin-wave scenario, the emergence of the broad peak indicates
the growth of the nearest-neighboring (NN) spin correlations
along with a release of a significant amount of entropy as
suggested by the essence of κxx/T , in accordance with the
role of itinerant Majorana fermions in quantum spin liquids.
The peak represents a compromise between the magnon trans-
mission and the mode occupation as encoded in Eq. (40),
signifying a maximum entropy release as temperature varies.
Our calculations indicate that Tp is independent of the width
of wires.

As disorder is introduced, the suppression of thermal con-
ductance occurs and becomes more prominent with increasing
the disorder concentration p and strength �, while the broad
peak remains intact. In Figs. 4(a) and 4(c), the solid lines
represent the thermal conductance with � = 0.1 and p vary-
ing from 0% to 20%. The dashed lines are the cases with
the fixed p = 10% and � varying from � = 0.3 to 0.5 for
comparison with the red solid line. In Figs. 4(b) and 4(d)
corresponding to the cases with the spin dilution, the over-
all features of thermal conductance are rather similar for
both types of disorder, whereas the precise position of peaks
evolves differently. For the exchange randomness, Tp shifts
slightly to the low-temperature side, while the peak shifts a
bit to the high-temperature side for the spin dilution compared
with the pristine case. As the disorder strength increases with
a fixed concentration, this feature becomes more evident, as
suggested by the dashed lines in Figs. 4(a) and 4(c). The
concentration dependence of Tp is relatively weak and easily
saturates at higher concentrations. Similar behaviors of ther-
mal conductance with respect to disorder were also found in
the Kitaev model [11].

The behaviors of peaks described above can be understood
as follows: Tp is associated with the development of the NN
spin correlations corresponding to the formation of a kind of
“ordering” that leads to a reduction in entropy. For the first
type of disorder, random exchanges disturb the states enhanc-
ing their degree of uncertainty and leading to an increase
in entropy of the system. Therefore, the formation of spin
correlations in this case has to be compensated by a lower
temperature. For the second type of disorder, some local spins
are removed such that the possible states diminish resulting in
a lower entropy which is connected to the number of states
according to the Boltzmann relation. As a result, the spin
correlation for the spin dilution can be developed at higher
temperatures compared with the pristine case.

We finally make further remarks on the validity of our
model and calculation results. In our calculations, the Curie
temperature is not directly involved. However, the val-
ues of exchange couplings and anisotropy, derived from
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first-principles calculations, can be utilized to predict the criti-
cal temperature based on the spin-wave theory. The theoretical
estimations of Curie temperature for CrI3 vary from 85 to 33 K
depending on the adopted models [26]. The magnetization
at low temperatures can be treated within the linear spin-
wave framework. At higher temperatures, a reasonable Curie
temperature can be estimated by using the nonlinear spin-
wave theory with magnon-magnon interactions. Therefore,
the Curie temperature within the linear spin-wave framework
in our case is expected to be higher than the experimental
value 45 K since the strong fluctuations and higher-order
terms are not taken into account. Our calculations accurately
depict the thermal conductivity with disorder at low tem-
peratures and also provide valuable insights into the overall
behaviors of thermal conductivity near the Curie temperature,
particularly in the absence of anomalous features. To unravel
the anomalous behaviors of thermal conductivity in proxim-
ity to the critical point, it is crucial to incorporate nonlinear
terms in the Holstein-Primakoff transformation along with the
strong fluctuations [56].

IV. SUMMARY AND CONCLUSIONS

We have generalized the Fisher-Lee formula and related
Green’s function theory for the studies of the magnon spectra
and thermal properties of spin-wave systems whose Hamilto-
nian contains the anomalous “particle-hole” interactions after
the Holstein-Primakoff transformation. The coherent trans-
port of magnons in the ferromagnet CrI3 nanowires in the
presence of two types of disorder has been investigated based

on the developed formalism. Both types of disorder strongly
modify the magnon transmission and demolish its quantized
steps easily. Despite graphene-like edge states are absent,
the DOS for zigzag and armchair wires features sharp spike
structures as a result of van Hove singularities reflecting the
characteristics of Q1D systems. The striking transmission os-
cillations emerge due to the scattering from magnon localized
states and are built up by the van Hove singularity-induced
mode jumping. These results are particularly significant for
the fabrication of logic gates in magnonics.

Furthermore, we have calculated the longitudinal ther-
mal conductance of two-terminal disordered CrI3 nanowires
and observed a broad peak in κxx/T as a signature of the
spin-correlations as the temperature decreases. The precise
position of peaks shifts slightly with respect to temperature
dependent on the type of disorder present. The exchange
randomness raises the uncertainty of states and the related
entropy, impeding the formation of spin-correlations. Con-
versely, the spin dilution shrinks the possible states, benefiting
the development of spin-correlations to some extent. This
behavior of peaks in the spin-wave scenario is reminiscent
of that observed in the quantum spin liquid, offering an al-
ternative interpretation of thermal conductance in anisotropic
ferromagnets.
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