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Long-distance superexchange coupling provides a powerful tool for scalable quantum processors required in
quantum information and quantum computation. Quadripartite spin-crossover molecules are prototypical sys-
tems for studying novel quantum phenomena assisted by superexchange interactions. In this paper, we consider
a quadripartite molecule where two central monomers are connected to two electrodes, whereas another two
are side coupled to their neighboring central monomers. Numerical renormalization group results demonstrate
that, when the energy level spacing between two central monomers � turns on, spins on the two side monomers
are organized ferromagnetically. The effective antiferromagnetic superexchange interaction between the side
units and the electrodes then induces a long-distance ferromagnetic Ruderman-Kittel-Kasuya-Yosida interaction
between two side monomers. For intermediate �, the linear conductance tends to reach its unitary limit in a
moderate low-temperature regime due to a superexchange two-stage Kondo effect. When the hopping integral
between two central monomers sweeps upwards, where � is fixed at a small value, a quantum phase transition
occurs. A long-distance antiferromagnetic exchange coupling between two side units is clarified, isolating the
molecule from the electrodes with zero conductance. If � is set to be an intermediate value, applying the hopping
integral then triggers a singular quantum phase, where two central monomers are antiparallelly aligned, whereas
two side ones are organized ferromagnetically, revealing well the competition between the above two kinds of
long-distance superexchange couplings. Temperature-dependent images and numerical simulations confirm the
above conclusions.
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I. INTRODUCTION

Heisenberg exchange interaction plays an important role
in many branches of condensed matter physics and related
technologies [1,2]. It allows precise voltage control over
spin dynamics, due to the ability to control the overlap of
orbital wavefunctions [3–5]. This feature ensures the study
of fundamental quantum behaviors [6–8] and finds poten-
tial applications in quantum information processing [9–12].
However, it is intrinsically short ranged, which fails to meet
the requirement of large-scale quantum computing [3,4,13],
while long-range interactions between two remote spins
may develop due to virtual processes through any mediator
quantum system [14]. This mechanism is the so-called su-
perexchange, and is present in various nanoscale structures.
Many approaches to implement superexchange coupling be-
tween distant quantum systems have been proposed, using
a variety of coupling mechanisms. These include an empty
[3,15], single-electron [14], multielectron [4,16] or virtually
occupied [17] quantum dot. Previous works have suggested
that such long-range connectivity may be highly advantageous
for quantum error correction [12,18], as well as for reducing
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the number of operations required in quantum algorithms
[14,19], and is also essential for quantum-state transfer in a
quantum data bus [20,21]. So far, the effect of long-distance
superexchange couplings on the electronic transport is still
lacking.

Coupled quadripartite spin chains are prototypical systems
predicted to exhibit superexchange couplings, which are
important for studying long-distance state transfer and remote
entanglement [4,5,21–23]. Distinguishing from such isolated
systems, the physical picture may become quite different if
the quadripartite spin chain connects to external electrodes,
which provides opportunities to reveal the electronic transport
properties manipulated by long-distance superexchange
couplings. In the present work, we considered a spin chain
constituted by a quadripartite spin-crossover molecule
(QSCM), where two central units are connected to the source
and drain electrodes, whereas the other two units are only side
coupled to their neighboring central units, see Fig. 1. Taking
the interaction between the electrodes and the central units
into account, such an architecture may exhibit various kinds of
superexchange couplings. Disclosing the electronic transport
property and quantum phase transition (QPT) of such a
structure is important both for fundamental reasons, as well
as for designing novel quantum devices. Our main findings
include the following. When the energy level difference
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FIG. 1. Schematic illustration of the quadripartite spin-crossover
molecule (QSCM) connected to the source (S) and drain (D) elec-
trodes. Molecular monomers (MMs) 1 and 2 connect directly to the
electrodes, while each side monomer (MM3 or MM4) only connects
with its neighboring central monomer. εi is the energy level of the
ith monomer, U is the on-site electron-electron repulsion, and �

is the hybridization function between the central monomers and
the conduction bands. t1 illustrates the interorbital hopping integral
(tunneling coupling) between the two central monomers, and t2 is
that between the central monomer and its corresponding side unit.

between two central units � sweeps upwards, spins on the
two side units keep at a ferromagnetic configuration. For small
�, the origination of the ferromagnetic interaction includes
two aspects: the one mediated by the spin triplet of two central
units, and that mediated by the antiferromagnetic superex-
change interaction between the side units and the electrodes.
The latter one is analogous to a Ruderman-Kittel-Kasuya-
Yosida (RKKY) interaction mediated by the superexchange
interaction. For large �, only the latter one contributes to the
ferromagnetic configuration, because the side units nearly de-
couple from their neighboring central units. For intermediate
�, the linear conductance tends to reach its unitary limit in
a moderate low-temperature regime due to a superexchange
two-stage Kondo effect. When the hopping integral between
two central units is applied, both the spin correlations
between two central units and two side units change to
antiferromagnetic through a QPT if � is fixed at a small value.
A long-distance exchange coupling between two side units
is clarified, isolating the chain from the electrodes with zero
conductance. Temperature-dependent images and numerical
simulations confirm the above conclusions. If � is fixed at an
intermediate value, applying the hopping integral between two
central units then triggers a singular quantum phase, where
two central monomers are antiparallelly organized, whereas
two side ones are aligned ferromagnetically. Superexchange
Kondo effect appears at low-enough temperature.

The remaining part of this paper is organized as follows. In
Sec. II, we give the many-body Hamiltonian of the QSCM
device, and present the calculation method and basic for-
mulas. In Sec. III, we show the numerical results and their
discussions. Finally, a conclusion is given.

II. MODEL AND METHOD

To study the quantum behaviors assisted by long-distance
superexchange couplings, we consider a QSCM device, with

its schematic illustration schematically shown in Fig. 1. In
such a device, the molecular monomers 1 and 2 (MM1 and
MM2, the central molecular monomers) are connected di-
rectly to the source (S) and drain (D) electrodes in a parallel
configuration, whereas MM3 and MM4 (the side molecu-
lar monomers) have no direct connections to the conduction
leads. According to this architecture, we can build the Hamil-
tonian based on a four impurity Anderson model, which is
written as [24–26]

H = Hν + HM + Hhyb, (1)

Hν =
∑
νkσ

ενkσ c†
νkσ

cνkσ , (2)

HM =
4∑

i=1

∑
σ

εiniσ +
4∑

i=1

Uini↑ni↓

− t1
∑

σ

(d†
1σ d2σ + H.c.)

− t2
∑

σ

(d†
1σ d3σ + d†

2σ d4σ + H.c.), (3)

Hhyb =
2∑

i=1

∑
νkσ

τνkσ (c†
νkσ

diσ + H.c.). (4)

Here, Hν (ν = S, D) represents the contribution of the non-
interacting metal electrode. ενkσ is the electron energy with
respect to the Fermi level, where k is the wave vector of the
free conduction electrons, and σ is the spin index (σ =↑ or ↓).
c†
νkσ

(cνkσ ) is the creation (annihilation) operator for con-
duction electrons with spin σ . HM is the Hamiltonian of the
spin-crossover molecule. niσ = d†

iσ diσ is the number operator
of electrons in MMi (i = 1, 2, 3, 4) with energy εi and spin
σ . Experimentally, εi can be controlled by an external gate
voltage Vg [26]. Ui corresponds to the strength of Coulomb
repulsion in MMi, t1 is the hopping integral between two cen-
tral monomers, and t2 is that between one side monomer and
its neighboring central monomer. To be specific, Ui depends
closely on the orbital properties, and results from the fact that
if an electron with energy εi is localized on the transport-active
orbital of MMi, a latter one with an antiparallel spin direction
injected into the same orbital will have an energy εi + U . ti
may lead to an antiferromagnetic exchange coupling, and is
always determined by the wavefunction overlaps, and hence
could be adjusted by the distance of different monomers.
For the sake of simplicity, we assume that the repulsions on
four monomers are identical, namely, Ui = U . Finally, Hhyb is
the contribution of the hybridization between the conduction
band and the central monomers. τ is the tunneling coupling,
which is assumed to be source-drain symmetric and k, σ

independent, hence we omit its subscript in the following,
i.e., τνkσ ≡ τ .

In this paper, we focus on the electronic transport and QPTs
of the device in the strongly correlated regime. It is noticed
that when electrons in the molecular orbitals are noninteract-
ing, the quantum transport could be well solved by the density
functional theory (DFT) in combination with the Landauer
formula or the nonequilibrium Green’s function [25,26].
However, if the Coulomb repulsions on those orbitals become
strong enough, these approaches would fail, because the
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correlation effects are treated at a mean-field-like level, and
the excited spectrum cannot be captured properly [27]. Under
such a circumstance, many-body nonperturbative methods are
desired, within which the Wilson’s numerical renormalization
group (NRG) method is proved to be a reliable technique in
dealing with the strongly correlated problems of quantum
impurity models [25,26,28–32]. Hence, we adopt the NRG
method to solve Eq. (1). The NRG method can provide us
with much information about the static and thermodynamical
properties on the entire energy scales. In our NRG calculation,
we set the renormalization parameter � to be ∼2.5–3.0 and
maintain around 3000 low-lying states at each iteration.
Furthermore, a wide flat conduction electron density of states
(DOS) ρ0 = 1/(2Wb) is used where Wb is the half bandwidth.
The hybridization function between the conduction band and
central monomers can then be written as � = πρ0τ

2.
The spectral function of electron on the molecule at tem-

perature T , Ai j (ω, T ), is expressed as the imaginary part of
the Green’s function:

Ai j (ω, T ) =
∑

σ

Ai jσ (ω, T ) = − 1

π

∑
σ

ImGi jσ (ω, T ). (5)

Here, ω is the energy variable, and Gi j (ω) is the Fourier
transformation of the retarded Green’s function Gi j (t ) with

Gi jσ (t ) = −iθ (t )〈{diσ (t ), d†
jσ }〉. (6)

If i = j, Aii(ω, T ) turns is the local density of states (LDOS)
of electrons on the ith monomer orbital. In order to quantify
the transport property, the linear conductance G(T ) through
the QSCM at temperature T is obtained from the Landauer
formula [33,34]:

G(T ) = e2

h

∫ [
−∂ f (ω)

∂ω

]
C(ω, T )dω (7)

with f (ω) denoting the Fermi-Dirac distribution function, and
the transmission coefficient C(ω, T ) is expressed as

C(ω, T ) = −�

2∑
i, j=1

∑
σ

ImGi jσ (ω, T ). (8)

Throughout this paper, we set the Fermi level ε f = 0. The zero
temperature conductance G(T = 0) in the limit of zero bias
then can be defined as

G(T = 0) = e2

h
C(ω = 0, T = 0). (9)

To enhance the precision, we use a procedure of the full
density matrix (FDM) to calculate the spectral density, which
is done iteratively in the Anders-Schiller basis [35].

The temperature-dependent magnetic moment μ2(T ) and
entropy Smol(T ) are given by the contribution of the molecule
to the total magnetic moment and entropy of the whole sys-
tem, respectively,

μ2(T ) = χmol kBT/
(
gμ2

B

)
= 〈

S2
z

〉 − 〈
S2

z

〉
0, (10)

Smol (T ) = E − F

T
− (E − F )0

T
. (11)

Here, χmol is the contribution of the QSCM to the total mag-
netic susceptibility of the whole device at temperature T .
kB is the Boltzmann’s constant, g is the electric gyromag-
netic factor, and μB is the Bohr magneton. Sz is the total z
component spin operator of the QSCM, and the subscript 0
refers to the situation when the QSCM is absent. Finally, E =
〈H〉 = Tr[He−H/(kBT )] and F = −kBT lnTr[e−H/(kBT )] are
the total energy and free energy of the whole system,
respectively.

III. RESULTS AND DISCUSSIONS

A. Itinerant electrons mediated ferromagnetic RKKY coupling
between two side monomers and superexchange two-stage

Kondo effect: Effect of � without t1

First, we study the QPT and transport property of the
QSCM affected by the energy difference between two cen-
tral monomers �. We concentrate on the case that the two
central monomers are not directly coupled with t1 = 0. Ac-
cording to parameters in those real spin-crossover molecules
[36,37], we set U = 0.5. The strongly correlated condition
is illustrated by U = 25�. Furthermore, we fix Vg = −U/2,
t2 = 0.001 and ε3 = ε4 = Vg. ε1 and ε2 are defined as ε1 =
Vg + �/2 and ε2 = Vg − �/2, respectively. Here, we have
chosen the half bandwidth of the conduction lead Wb as
the energy unit, which is about several eV in typical metal
electrodes.

In Fig. 2(a) we show the numerical results of the elec-
tron occupation number on each monomer 〈ni〉 at nearly zero
temperature as a function of �. As � sweeps upwards, the
occupation number of MM1 〈n1〉 decreases from 1.0 to 0.0
gradually due to an increasing energy level ε1 = Vg + �/2,
and 〈n2〉 increases from 1.0 to 2.0 for its energy level while
ε2 = Vg − �/2 is reduced. In this process, the electron num-
bers for two side monomers MM3 and MM4 will always
be 1.0, since ε3 and ε4 are fixed at the particle-hole (p-h)
symmetric point.

The spin-spin correlation between different monomers
〈SiS j〉 are depicted in Fig. 2(b). It is seen that for small �,
electrons on MM1 and MM2 are aligned parallelly because
the strong U (U � �, t2) favors each monomer to be singly
occupied, and the effective Kondo couplings result in antifer-
romagnetic alignment of electrons on the central monomers
and the electrodes. Therefore, a ferromagnetic RKKY interac-
tion between electrons on two central monomers mediated by
the Kondo couplings arises, mirroring 〈S1S2〉 ≈ 1/4. On the
other side, electrons on MM1 (MM2) and MM3 (MM4) are
organized antiparallelly with 〈S1S3〉 ≈ −0.38, because there
exists an antiferromagnetic coupling induced by t2. The above
spin configuration then leads to a long-distance ferromagnetic
superexchange coupling between two side monomers medi-
ated by the spin triplet of two central monomers, reflected well
by a parallel alignment with 〈S3S4〉 ≈ 1/4.

As � increases, 〈S1S3〉 changes from an antiferromagnetic
correlation to an uncorrelated state around � ≈ 0.5, and the
ferromagnetic configuration between two central monomers
〈S1S2〉 changes to an uncorrelated state too. These behaviors
are caused by the fact that when � is relatively large such
that � > U , MM1 is in the empty state |0〉 and MM2 is
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FIG. 2. (a) The electron occupation number on each monomer
〈ni〉, (b) spin-spin correlation between different monomers i and
j 〈SiS j〉, and (c) linear conductance G(T ≈ 0) at nearly zero temper-
ature as a function of �. Here, 〈n4〉 and 〈S2S4〉 are not shown due to
〈n3〉 = 〈n4〉 and 〈S2S4〉 = 〈S1S3〉. The other parameters are given
by � = 0.02, U = 0.5, Vg = −U/2, ε1 = Vg + �/2, ε2 = Vg − �/2,
ε3 = ε4 = Vg, t1 = 0, and t2 = 0.001.

in the fully occupied state |↑↓〉. We can also see that the
value of 〈S3S4〉 remains a constant of about 1/4. Here, we
stress that the underlying physical picture is distinguished
from the small � case, due to the side monomers being nearly
decoupled from their neighboring central ones. In fact, when
MM1 is empty, while MM3 is singly occupied, there exists a
superexchange coupling between electrons on MM3 and the
electrodes. To obtain the strength of such a coupling, one may
derive the effective Hamiltonian by using the perturbation
theory in the tunneling matrix elements. The superexchange
mechanism via the energy level ε1 at MM1 can then be il-
lustrated by the fourth order perturbation with respect to the
tunneling matrix elements t2 and τ . In the light of Ref. [38],
we write the strength of the superexchange coupling JISE

as follows:

JISE =2

(√
2τ t2
ε1

)2[
ε2

1U − (ε3 − 2ε1)(ε1 − ε3)2

ε3(ε3 − 2ε1 − U )(ε1 − ε3)2
+ 1

ε3 + U

]
.

(12)

For ε1 and ε3 given in our present model, the superexchange
constant JISE further simplifies to

JISE =16

(
τ t2

� − U

)2
[

4U (� − U )2 − 2(U − 2�)�2

U�2(U + 2�)
+ 2

U

]
.

(13)

FIG. 3. (a)–(c) The transmission coefficient through the QSCM
C(ω) at nearly zero temperature for various of �. (d) The local
density of states (LDOS) of MM1 (MM2) A1(ω) at nearly zero
temperature for � in different regimes. Inset in (a) and (d): C(ω) and
A1(ω) for � = 0.128 in an enlarged scale, which shows zero spectral
weight at the Fermi level. The remaining parameters are given the
same as in Fig. 2.

When 〈n1〉 deviates from 1.0, JISE develops and it shows a
divergence when � → 0 or U . Meanwhile, a similar superex-
change coupling of the same quantity also exists between
electrons on MM4 and the electrodes. Notice that JISE keeps
positive, hence electrons on MM3 (MM4) and the electrodes
are favored to be organized antiparallelly. As a result, elec-
trons on MM3 and MM4 tend to be ferromagnetically aligned
due to a long-distance RKKY interaction mediated by JISE .
Since JISE also develops in the small nonzero � regime, the
origination of the ferromagnetic configuration between MM3
and MM4 in this regime includes, in fact, both the superex-
change coupling mediated by the spin triplet of two central
monomers and the RKKY interaction mediated by JISE .

Figure 2(c) shows the linear conductance at nearly zero
temperature G(T ≈ 0) as a function of �. One finds that the
value of G(T ≈ 0) is always zero except a steep peak when �

is moderate and in the range ∼[0.4, 0.47]. Thus, we can divide
the physical process varied with � into three regimes. Regime
I where the linear conductance is zero when � is small, regime
II where G(T ≈ 0) has a peak where its maximum rises to
nearly the unitary limit 1.0 when � is moderate, and regime III
where the linear conductance drops abruptly to zero when �

is large enough with � > �c ≈ 0.47. Detailed pictures could
be found from the transmission coefficient through the QSCM
C(ω) in Figs. 3(a)–3(c). It is seen that for � in regime I, e.g.,
� = 0.128, C(ω) has two symmetric Coulomb peaks at about
ω = ±U/2, but the spectral weight at the Fermi level is nearly
zero [cf. inset in panel (a)], indicating zero conductance.
Here, the suppression of the linear conductance is assisted
by the Fano antiresonance: when t2 is absent, the transport
property of such a device is dominant by the underscreened
spin-1 Kondo effect, resulting in a full conductance [39,40].
However, once t2 turns on, the Kondo peak at the Fermi level
splits, and a dip at ω = 0 develops, which is the so-called
Fano antiresonance dip. This behavior could be attributed to
a destructive interference of the quantum amplitudes for the
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FIG. 4. Temperature-dependent (a) G(T ), (b) local magnetic mo-
ment μ2(T ), and (c) entropy Smol (T ) for the QSCM as functions of
temperature T in terms of different �. Curves in (a) along the black
arrow are for � = 0, 0.304, 0.4, and 0.464, and curves along the
olive arrow are for � = 0.48, 0.528, and 0.8, respectively. (d) 〈SiS j〉
between MMs i and j versus log10(T ) for � = 0, 0.464, and 0.8,
respectively. Curves 1–3 in panel (d) are for 〈S1S2〉, 1′–3′ are for
〈S1S3〉, and 1′′–3′′ are for 〈S3S4〉. Curves for each � in the four panels
are unified with the same color. The remaining parameters are the
same as in Fig. 2 unless otherwise specified.

conduction pathway directly through the central monomers
without passing through the side monomers and the indirect
conduction pathway through the side monomers via t2 [41].

When � gradually increases, the position of the Coulomb
peaks and the shoulders of the central dip move close to
the Fermi level. And finally, they fuse into one peak as the
system moves into regime II, which can be clearly seen
from Fig. 3(b). The peak at the Fermi level suggests that
the tunneling process happens, and the value of G(T ≈ 0)
reaches 1.0. This behavior can be attributed to the fact that
when � increases close to U , JISE is enhanced. Thus, the
superexchange-induced Kondo effect develops, which cor-
responds to the process of the local magnetic moments on
the side monomers that partially screened by the itinerant
electrons tunneling virtually through the central monomers
[38], as will be discussed in detail in the following. As �

increases further to regime III, the peak splits again. In this
regime, JISE becomes extremely small, hence impedes the
superexchange-induced Kondo effect to happen. An increas-
ing � will decrease the height of the peak and push the
symmetrical peak positions far away from the Fermi level,
for the energy level, ε1 (ε2) is lifted up (descended down),
cf., Fig. 3(c). The above Kondo effect could also be clarified
by the LDOS of the central monomers A1(ω) as is shown in
Fig. 3(d). For both small and large enough �, the spectral
weights at the Fermi level of A1(ω) are nearly zero, while for
moderate �, an obvious peak develops, inferring the Kondo
behavior.

Now we focus on the thermodynamic properties of the sys-
tem. In Fig. 4, we show the temperature-dependent linear con-
ductance G(T ), local magnetic moment μ2(T ), and entropy
Smol (T ) of the QSCM, as well as the spin correlation 〈SiS j〉
between monomers i and j. The thermodynamic properties

show distinct behaviors in different temperature scales. When
T/U > 1, we notice that G(T ) ≈ 0 for all �. Because in this
high temperature scale, the local electrons on each monomer
are independent with 〈SiS j〉 = 0, and the possible states |0〉,
|↑〉, |↓〉, |↑↓〉 in each monomer are equally probable. Hence,
each monomer contributes 1/8 to μ2(T ) and ln 4 to Smol (T ),
resulting in total quantities μ2(T ) ≈ 1/2, Smol (T ) ≈ 4 ln 4.
As T decreases to the regime � < T � U , U begins to come
into play. The influence of U makes each monomer singly
occupied, and thus the states |0〉 and |↑↓〉 are inhibited. Each
monomer then contributes 1/4 to μ2(T ) and ln 2 to Smol (T ),
leading to μ2(T ) ≈ 1.0 and Smol (T ) ≈ 4 ln 2. Transport
in this regime is mainly dominated by the cotunneling
process, which results in a narrow plateau in the appearance
of G(T ) [42,43].

When T � �, the properties for � < �c and � � �c are
quite different. For � < �c, e.g., � = 0.0, the formation of a
local triplet state between two central monomers develops due
to the ferromagnetic RKKY interaction JRKKY , thus one ob-
serves a maximum value of μ2(T ). This tendency is confirmed
by the fact that 〈S1S2〉 grows from zero to about 1/4, cf.,
panel 4(d). In this case, the two central monomers contribute
SCMM (SCMM + 1)/3 = 2/3 to μ2(T ) and ln(2SCMM + 1) =
ln 3 to Smol (T ), leading to total quantities μ2(T ) ≈ 2/3 +
1/4 × 2 = 7/6 and Smol (T ) ≈ ln 3 + 2 ln 2 = ln 12. Corre-
spondingly, the value of G(T ) increases gradually until a
maximum value of about 0.6 due to the level broadening of
the local orbital in the central monomers. When T 
 J2 =
4t2

2 /U , the linear conductance plateau goes back to zero.
Because in this regime the electron in MM1 (MM2) forms a
spin singlet with that in MM3 (MM4), reflected by 〈S1S3〉,
it decreases to about −0.38, and the destructive quantum
interference suppresses the linear conductance. Meanwhile,
μ2(T ) and Smol (T ) drop to zero, while 〈S3S4〉 grows to
nearly 1/4.

For larger �, the high conductance window is enlarged.
Specifically, G(T ) increases to its unitary limit of 1.0 at a
higher temperature, while it weakens to zero at a lower tem-
perature. Therefore, for a fixed low temperature, G(T → 0)
increases continuously, revealing an image of Fig. 2(c).
This behavior is attributed to the following fact. When �

sweeps upwards, the RKKY interaction between two cen-
tral monomers JRKKY decreases, for JRKKY favors two central
monomers to be singly occupied. The related plateau in μ2(T )
then reduces to mix with that caused by U , see the black
line to the purple line along the black arrow in Fig. 4(b). The
relevant energy scale is dominated by U , hence G(T ) grows
to 1.0 early from the cotunneling process. In this process,
μ2(T ) is screened in two stages, e.g., � = 0.304 in panel
(b). In the first stage, the magnetic moments of the side
monomers are partially screened by the central monomers at
a temperature TK1 ∼ 10−5 due to t2, giving platforms of 1/4
to μ2(T ) and ln2 to Smol (T ). Then that of the remaining is
screened by the electrodes at a lower temperature TK2 due
to the superexchange interaction JISE . It is seen that TK2 de-
creases with � (� < U ), and could be fitted by the following
formula:

TK2 = c1TK1exp(−c2TK1/JISE ). (14)
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FIG. 5. (a) TK2 and (b) TSERKKY as functions of �. Scatter plots
are captured from our NRG data, while the solid curves are the fitting
functions. The other parameters are the same as in Fig. 2.

Here, TK2 is defined by the temperature corresponding to the
half maximum of μ2(T ) where μ2(T ) decreases from the
platform of 1/4 to zero. In Fig. 5(a), we show the results
fitted by Eq. (14). One may see that it has a good agree-
ment with the numerical results, where the fitting parameters
are given by c1 = 7.3 ∗ 10−11 and c2 = −5.7. This behavior
shows a clear crossover from the zero conductance regime to
the high conductance regime around the temperature indicated
by TK2, thus the enlargement of the high conductance window
is achieved. These results imply that the above phenomenon
occurring in G(T ) and μ2(T ) is in essence a two-stage Kondo
effect [43–47]. However, singular manifestations are identi-
fied. As is known, in typical side-coupled double quantum dot
systems, the fitting parameters c1 and c2 are some constants
of the order 1.0 [43,44,46], whereas in our present model,
c1 becomes extremely small. Because the magnetic moments
of the side monomers are screened by the superexchange
coupling, rather than the direct interaction, where the latter
one is always far more large than the former one. Furthermore,
in our present system, c2 is negative, differing from the case
of positive value in the typical two-stage Kondo effect. This
is resulted from the fact that TK2 in our model decreases with
increasing �, while in the typical two-stage Kondo effect, TK2

varies in a contrary tendency as the interdot hopping increases
[43,44,46].

When � is large enough in regime III, e.g., � = 0.48,
the images of μ2(T ) and Smol (T ) show a significant change.
With increasing �, the cotunnelling process is suppressed
gradually. Note that in this case, G(T ) weakening to zero can
occur in higher temperatures, indicating that the temperature
window for the cotunnelling process to occur is becoming
narrower, see the trend of the green arrows in Fig. 4(a). In this
case, μ2(T ) and Smol (T ) decrease to a platform with μ2(T ) =
1/2 and Smol (T ) = 2ln2 at a scale T ∼ U , respectively, for
electrons in the two side monomers are in the local moment
regime. When T becomes lower, e.g., T ∼ 10−9, μ2(T ) in-
creases to a higher value of about 0.67, which is resulted from
the RKKY interaction between two side monomers mediated
by JISE , and a spin triplet is generated with an effective spin
SSMM = 1. Meanwhile, Smol (T ) decreases to about ln3, sat-
isfying that Smol (T ) = ln(2SSMM + 1). This behavior is well
confirmed by the process where 〈S3S4〉 increases to 1/4, cf.,
Fig. 4(d). The temperature TSERKKY , where the high magnetic
moment platform develops, decreases with increasing � as
per relation

TSERKKY = c3JSERKKY, (15)

with the fitting parameter given by c3 = 0.00028, and JSERKKY

the superexchange coupling mediated RKKY interaction be-
tween two side monomers, which we evaluate as [48]

JSERKKY = U (ρ0JISE )2. (16)

In Fig. 5(b), we show the results fitted by Eq. (15). One notices
they are consistent with our NRG results. These conclusions
are similar to those between the RKKY interaction JRKKY and
the RKKY temperature TRKKY in the parallel multi-quantum-
dot systems [48], but with a more small fitting parameter, due
to a more complex geometry.

B. Spin singlet mediated antiferromagnetic coupling between
two side monomers: Effect of t1 with � = 0

Then we turn to the case when the hopping integral be-
tween two central monomers t1 is applied. We first concentrate
on the case that the energy levels for four monomers are
identical with εi = −U/2. In Fig. 6(a) we show the numerical
results of 〈SiS j〉 as functions of t1. It is seen that when t1
exceeds a critical point t1c ≈ 0.019, 〈S1S2〉 drops to about
−0.7, due to the antiferromagnetic coupling induced by t1
overwhelming the ferromagnetic RKKY interaction between
electrons on two central monomers. In this process, 〈S3S4〉
also jumps to a negative value of about −3/4, indicating
an ideal spin singlet of two side monomers. However, one
can hardly attribute this spin configuration to the antiferro-
magnetic coupling between the central monomers and their
neighboring side units, because they are nearly decoupled
from each other with 〈S1S3〉 ≈ 0. To explore the origin of the
antiferromagnetic coupling between two side monomers, we
make a Schrieffer-Wolff transformation [49] to the isolated
QSCM system, which maps the present four impurity An-
derson model to a four impurity spin-1/2 Kondo model. The
effective Hamiltonian of Eq. (3) then can be written as

Heff = J1S1 · S2 + J2S1 · S3 + J2S2 · S4, (17)
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FIG. 6. (a) 〈SiS j〉 at nearly zero temperature as functions of t1.
(b), (c) C(ω) at nearly zero temperature for various t1. Inset in (b):
C(ω) for t1 = 0.0096 in an enlarged scale. The other parameters are
given by � = 0.02, U = 0.5, � = 0, Vg = −U/2, ε1 = Vg + �/2,
ε2 = Vg − �/2, ε3 = ε4 = Vg, and t2 = 0.001.

with J1 = 4t2
1 /U , J2 = 4t2

2 /U , and Si the spin operator of
MMi. When J2 
 J1, i.e., t2 
 t1, a superexchange coupling
between two side spins S3 and S4 then occurs when two
central spins S1 and S2 are configured as a singlet via virtual
excitation to the triplet configurations [5]. Dropping a constant
and going to the third order of J2, the effective superexchange
Hamiltonian between spins S3 and S4 takes the Heisenberg
exchange form

HSSE = JSSE S3 · S4, (18)

where JSSE denotes the singlet mediated long-distance su-
perexchange coupling, which can be written as [5,23]

JSSE = 2J2
2

J1

(
1 + 3J2

2J1

)
. (19)

Therefore, when t1 > t1c, to reduce the total energy of the
system, the spins on two side monomers favor to be an-
tiferromagnetically organized. The discontinuous change of
〈SiS j〉 indicates the transition at t1c is a first order QPT.
The critical point t1c satisfies that the ferromagnetic RKKY
interaction JRKKY equals to the direct antiferromagnetic ex-
change interaction J1 between two central monomers, viz.,
0.62 ∗ 64�2/(π2U ) = 4t2

1c/U [48,50], giving t1c ≈ �.
Figures 6(b) and 6(c) present the transmission coefficient

at nearly zero temperature C(ω) for different t1. It is seen that
for both t1 < t1c and t1 � t1c, the spectral weights of C(ω)

FIG. 7. Temperature-dependent (a) G(T ), (b) μ2(T ), and
(c) Smol (T ) for the QSCM device in terms of different t1. Curves in
panels (a)–(c) are for t1 = 0, 0.0168, 0.0216, 0.0336, and 0.0792,
respectively. The remaining parameters are the same as in Fig. 6.

at the Fermi level ω = 0 are nearly zero, illustrating zero
conductance for both cases. For t1 < t1c, e.g., t1 = 0.0096, the
suppression of the linear conductance is assisted by the de-
structive interference as is mentioned above. For t1 � t1c, e.g.,
t1 = 0.0192, the spin singlet between two central monomers
decouples the QSCM from the electrodes, hence electrons can
not transfer from the left to the right electrodes, suggesting
zero conductance.

In Fig. 7, we show the temperature-dependent G(T ),
μ2(T ), and Smol (T ). For small t1, the tendencies of these
physical quantities are similar to the case of t1 = 0. When
t1 is large, e.g., curves along the blue arrow in Fig. 7, the
plateaus of μ2(T ) and Smol (T ) disappear in the regime of
T ∼ JRKKY . Instead, they weaken to plateaus of 0.5 and 2ln2,
respectively. Because the direct antiferromagnetic coupling
between two central monomers J1 destroys the influence of
JRKKY , then μ2(T ) and Smol (T ) are only contributed by the
side monomers, which are still in the local moment regime
in this temperature scale. The temperature where μ2(T ) and
Smol (T ) drop to this regime grows gradually with increasing
t1, since J1 becomes larger.

When T sweeps downwards to a smaller value, e.g., T ≈
10−7 ∼ 10−8 for t1 = 0.0216, both μ2(T ) and Smol (T ) de-
crease to zero for the spin singlet between MM3 and MM4
generates. The related temperature TSSE , where μ2(T ) and
Smol (T ) drop to zero, decreases gradually with increasing
t1, since JSSE monotonically decreases with increasing t1.
This behavior confirms again our conclusion illustrated by
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FIG. 8. The temperature scale TSSE , which refers to the spin
singlet mediated long-distance antiferromagnetic exchange coupling
between two side monomers JSSE , as a function of t1. Scatter plots
are captured from our NRG data, and the solid curve is the fitting
function. The other parameters are the same as in Fig. 6.

Eq. (19). G(T ) ≈ 0 in nearly all temperature scales for the
resonant process is also suppressed by t1 > �.

To make a deep understanding of the above temperature
scale, we depict TSSE and its fitting function versus t1 in Fig. 8.
Here, TSSE is captured from our NRG data and is defined by
the temperature corresponding to the half maximum of μ2(T )
where μ2(T ) decreases from 0.5 to 0.0. One may see TSSE

decreases as t1 sweeps upwards, and could be illustrated by a
function of JSSE :

TSSE = c4JSSE , (20)

where the fitting parameter is given by c4 = 0.2. One finds the
fitting function is consistent with our NRG results.

C. Competition between the itinerant electrons and the spin
singlet mediated long-distance couplings

We then discuss the effect of t1 when � is fixed in regime
II, e.g., � = 0.428. It is seen that if t1 is small, the quantum
phase is similar to the case of t1 = 0, see Figs. 9(a)–9(c).
However, before the spin singlet between two side monomers
develops for large t1, the system experiences a singular quan-
tum phase around t1 = 0.013, distinguishing from the case in
Sec. III B. In such a phase, MM1 and MM2 are antiparallelly
organized due to t1. Meanwhile, the side monomers decouple
from their neighboring central monomers with 〈S1S3〉 = 0,
while two side monomers hold in a ferromagnetic align-
ment but with an enhanced value where 〈S3S4〉 increases to
a plateau. In this regime, the superexchange spin-1 Kondo
effect is dominant, hence G(T ≈ 0) holds at a high level,
see Fig. 9(c). This QPT is resulted from the competition
between the ferromagnetic RKKY interaction JRKKY and the
direct antiferromagnetic exchange interaction J1 of two cen-
tral monomers, giving a critical point t1,c1, which satisfies
JRKKY ≈ J1. Here, t1,c1 is significantly smaller than �, since
〈n1〉 and 〈n3〉 deviate from the p-h symmetric case of 1.0
[cf. Fig. 9(a)], which then leads to a smaller JRKKY [48].

FIG. 9. (a) 〈ni〉, (b) 〈SiS j〉, and (c) G(T ≈ 0) at nearly zero
temperature as functions of t1 with fixed � = 0.428. The other pa-
rameters are given the same as Fig. 6 unless otherwise specified.

If t1 grows to another critical point t1,c2 ≈ 0.016, the an-
tiferromagnetic correlation of MM1 and MM2 is enhanced
with 〈S1S2〉 ≈ −0.4, and 〈S3S4〉 decreases from 0.18 to
−0.75, indicating the center monomers decouple from their
corresponding side monomers and the long-distance superex-
change between two side monomers develops. The QSCM
seems like a quasiisolated system, hence G(T ≈ 0) becomes
small. This QPT is attributed to the competition between the
itinerant electrons mediated ferromagnetic RKKY coupling
and the spin singlet mediated antiferromagnetic coupling of
two side monomers, satisfying JSERKKY ≈ JSSE .

The thermodynamic properties of the system clearly re-
flect the above competitions. In Fig. 10, we display the
temperature-dependent G(T ), μ2(T ), Smol (T ), and 〈SiS j〉. For
small t1, the tendencies of these physical quantities are similar
to the case of � located in regime II in Fig. 2(c). When t1
exceeds t1,c1, e.g., the blue line for t1 = 0.0145 in Fig. 10,
μ2(T ) and Smol (T ) decrease from the local moment regime to
platforms of μ2(T ) = 0.5 and Smol (T ) = 2ln2, respectively,
if T sweeps downwards to about T ∼ 10−5. Because an an-
tiferromagnetic configuration between two central monomers
develops, mirroring 〈S1S2〉 weakens to a negative value, cf.,
Fig. 10(d). In this case, the side monomers are decoupled from
the central ones, and each of them contributes 1/4 and ln2
to μ2(T ) and Smol (T ), respectively. When T reaches to about
T ∼ 10−8, μ2(T ) rises to a higher platform, because μ2(T ) =
SSMM (SSMM + 1)/3 = 2/3 caused by a spin triplet of two side
monomers is generated, giving an effective spin SSMM = 1.
In this case, Smol (T ) = ln(2SSMM + 1) = ln3 develops. This
behavior is also reflected by the fact that 〈S3S4〉 increases to
about 1/4. In these two temperature regimes, G(T ) holds at
a low level, due to the spin singlet of two central monomers.
However, if T is low enough, μ2(T ) and Smol (T ) decrease to
1/4 and ln2, respectively, due to the superexchange Kondo
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FIG. 10. Temperature-dependent (a) G(T ), (b) μ2(T ), and
(c) Smol (T ) of the QSCM device as functions of log10(T ) in terms
of different t1. Curves in these panels are for t1 = 0, 0.0096, 0.0145,
0.0147, 0.0151, 0.0288, and 0.0408, respectively. (d) 〈SiS j〉 between
MMi and MM j versus log10(T ) for t1 = 0.0096, 0.0145, and 0.0288.
Curves 1–3 are for 〈S1S2〉, 1′–3′ are for 〈S1S3〉, and 1′′–3′′ are for
〈S3S4〉. Curves for each t1 in these four panels are unified with the
same color. The remaining parameters are the same as in Fig. 9.

effect occurring and one of the side spins being screened by
electrons on the electrodes. As a result, G(T ) rises to a higher
level. When t1 > t1,c2, the situation is similar to the case of
previous lager t1 in Sec. III B.

IV. CONCLUSION

To conclude, we have studied the QPTs and electronic
transport properties of a QSCM device at zero and finite
temperatures assisted by various kinds of superexchange cou-
plings in the strongly correlated limit. In the QSCM, two
monomers are embedded in two metal electrodes, and the
other two monomers are side coupled to their neighboring
central monomers. When the hopping between two central
monomers t1 is absent, adjusting the energy level spac-
ing � then induces the zero-temperature linear conductance
G(T ≈ 0) to reach its unitary limit when � is in the interme-
diate regime. In such a regime, there exists a superexchange
coupling between electrons on MM3 (MM4) and the elec-
trodes. This kind of superexchange coupling then mediates a
long-distance ferromagnetic RKKY interaction between two
side monomers. Both of the above superexchange couplings
can be manifested by the magnetic moment and entropy
at abundant low temperature. Furthermore, a superexchange
two-stage Kondo effect is also clarified, which is well illus-
trated by the evolutions of the local magnetic moment and
spectral properties.

When t1 is applied where � is absent, one finds another
kind of long-distance superexchange coupling between two

side monomers mediated by the spin singlet of two central
monomers when t1 � t2. This coupling results in an antifer-
romagnetic configuration between two side monomers. The
spin configuration of the four units then isolates the de-
vice from the electrodes, hence zero conductance could be
found. Temperature-dependent images and numerical simula-
tions confirm well the above conclusions. If � is fixed at an
intermediate value, applying t1 then triggers a singular quan-
tum phase, where two central monomers are antiparallelly
organized, whereas two side ones are aligned ferromagnet-
ically. Superexchange Kondo effect appears at low-enough
temperature.

To be realized experimentally, we recommend the isomers
of the nickel tetraphenylporphyrin (Ni-TPP) molecule as the
best candidate of the QSCM. Such a molecule is predicted to
be an ideal framework for exploring the hybridization-induced
spin crossover, and a minimal quadruple orbital model that
captures the essence of the spin-state switching is proposed,
which is found to provide good insight into the underlying
physics [36]. Furthermore, a Fe-porphyrin (FeP) molecule
could also be an alternative candidate. Based on this molecule,
a mechanical spin-switch device is designed, in which ex-
ternal strain triggers the intrinsic magnetostructural coupling
through a purely organic embedding, and a low-spin (S = 1)
to high-spin (S = 2) crossover is demonstrated by tensile
strain [37]. More broadly, depending on the specific geometry
and the strength of the ligand field, spin-crossover molecules
may switch between a low-spin and a high-spin state as a
function of temperature, illumination, pressure, and magnetic
or electric field [51–62]. During the last years, spin-crossover
molecules have attracted much research interest, for it of-
fers unique opportunities for the discovery of fundamental
physical phenomena that are not accessible in bulk materials
studied with traditional approaches, as well as that it is desir-
able for molecule-based switching and memory applications
[51,52,63–67].

We believe that the above findings not only clarify the rele-
vant physical pictures of the QPTs and the transport properties
induced by different long-distance superexchange interactions
in a quadripartite spin chain, but they may also provide impor-
tant guidelines for tailoring molecular devices or nanoscale
semiconductor tunneling devices on demands.
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