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Feshbach resonance of heavy exciton-polaritons
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We study interactions between polaritons formed by hybridization of excitons in a two-dimensional semi-
conductor with surface optical phonons or plasmons. These quasiparticles have a high effective mass and can
bind into bipolaritons near a Feshbach-like scattering resonance. We analyze the phase diagram of a many-body
condensate of heavy polaritons and bipolaritons and calculate their absorption and luminescence spectra, which

can be measured experimentally.
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I. INTRODUCTION

Exciton-polaritons, formed by coherent coupling of ex-
citons with photons in semiconductor microcavities, have
been a subject of active research [1,2]. These hybrid light-
matter quasiparticles are of interest due to their potential
device applications [3] and solid-state realizations of conden-
sation and superfluidity [4,5]. Many phenomena unique to
exciton-polaritons stem from strong interactions induced by
their excitonic component. Recent pump-probe optical exper-
iments revealed that exciton-polaritons can exhibit a Feshbach
scattering resonance mediated by the biexciton state [6—11],
which in some sense allows one to control the strength and
sign of polariton interactions, akin to the manipulation per-
formed in experiments with atomic gases.

The origin of the exciton-polariton Feshbach resonance
is associated with formation of bipolaritons, i.e., bound
states of polaritons. One might expect that bipolaritons are
realized when the Rabi splitting (Sec. IIA) exceeds the
biexciton binding energy. However, due to the strong dis-
persion of the photon, exciton-polaritons have a very small
effective mass and the bipolariton binding energy is expo-
nentially suppressed in two dimensions. Thus, bipolariton
states are not observed [12], although radiative corrections
can significantly modify the biexciton dispersion [13-16].
Note that while such radiatively renormalized biexciton states
are often called bipolaritons in the literature, in this pa-
per we use the term bipolariton to mean a true bound
state of two polaritons with energy below the two-particle
continuum.

Polaritons in two-dimensional (2D) materials, such as
phonon-polaritons in hexagonal boron nitride and exciton-
polaritons in transitional-metal dichalcogenide (TMD) mono-
layers, are a growing research field, which provides a
controllable platform to study polaritons and their interac-
tions [17,18]. Motivated by this, we consider a novel type
of exciton-polariton formed by strong coupling of excitons in
a 2D semiconductor with surface optical phonons or surface
plasmons, see Figs. 1(a) and 1(b). In contrast to previous in-
vestigations of resonant exciton-phonon coupling [19-21], we
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consider the regime where the phonon frequency is resonant
with transitions across the band gap, not between internal
states of the exciton. This is similar to the case of plexci-
tons, which are hybrid quasiparticles resulting from resonant
coupling between excitons and plasmons in metallic nanos-
tructures [22-24]. By analogy to heavy fermions, we use a
common term heavy exciton-polaritons for these quasipar-
ticles to emphasize that they have a large effective mass
inherited from a nearly flat dispersion of phonons or plas-
mons. This is why heavy exciton-polaritons can be confined
in nanocavities of size much smaller than the diffraction limit
of light. Note that such highly confined heavy polaritons have
a very small photonic component. In this regard, we wish
to clarify that we use the term polariton in a broad sense,
meaning a hybrid excitation of a polarizable medium.

In this paper, we analyze the Feshbach scattering reso-
nance between heavy polaritons and show that they can form
bipolariton states near the resonance. In contrast to previously
studied exciton-polaritons in photonic cavities, where paired
states are essentially biexcitons, heavy polaritons retain their
hybrid nature in the bound state [Fig. 1(c)] assuming that Rabi
frequency exceeds the biexciton binding energy. We subse-
quently consider a system with finite densities of polaritons
and bipolaritons that can exhibit Bose condensation and su-
perfluidity. We study possible phases of such a condensate, the
polariton superfluid (PSF) and bipolariton superfluid (BSF)
[25-28], and the associated excitation spectra within a mean-
field approximation.

The rest of this paper is organized as follows. In Sec. II
we first discuss single-particle states and compare heavy
exciton-polaritons to photon exciton-polaritons. We then in-
clude exciton-exciton interactions and show how bipolariton
states emerge near the Feshbach resonance. In the last part of
Sec. II, we study the consequences of heavy bipolariton for-
mation in many-body condensates. In Sec. III, we compute the
absorption and luminescence spectra of the polariton systems
and show that they are dominated by collective excitations of
the condensate. We discuss additional experimentally testable
predictions of our theory in Sec. IV. Details of our calcula-
tions are provided in the Appendix.
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FIG. 1. Schematic diagrams of the (a) photon cavity and
(b) phonon/plasmon cavity. The lines indicate the electric field
direction. (c) Schematic of the heavy exciton-polariton (left) and
bipolariton (right). The ring surrounding the exciton indicates the
characteristic polariton radius R, = (1/m,)"/?, with m, the exciton
mass and Q2 the polariton Rabi frequency. Bipolaritons are well
defined when the biexciton binding energy E,, is much smaller
than 2, or equivalently R, is much smaller than the length scale
o« = (1/mE,,)"?, which is of order of the bipolariton radius.

II. MODEL

A. Single-particle states

We consider a simple model of the heavy polariton that
captures the essential physics. The Hamiltonian is

Q
HO = Z [a)x,kbltbk + wc,kaltak + Tk(bzak + H'C'):|’ (1)
k

which is analogous to what is commonly used to model
exciton- polarltons in photonlc cavities [2]. In that context
the operators a, and bk, respectively, create cavity mode and
exciton states with momentum k. The exciton kinetic energy
Sy = k% /2m,, where m, is the exciton mass. In our case a,t
creates a phonon or a plasmon (Fig. 1) with energy w.x = ¢
independent of k since the dispersion of a surface optical
phonon (plasmon) is nearly flat compared to that of the ex-
citon. We refer to parameter § as the cavity detuning. The
strength of the coupling is characterized by the Rabi frequency
Qy, i.e., the rate of energy transfer between the two modes,
which we take to be momentum independent for simplicity:
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FIG. 2. Plots of the polariton energy (left) and the exciton frac-
tion (right) versus momentum for (a) photon exciton-polaritons and
(b) heavy exciton-polaritons.

Qr = Q. We also ignore the polarization degree of freedom
of the exciton. We use units such that # = 1 throughout. The
spectrum consists of upper and lower polariton branches with
energies

Wik = 5[@ck + Ork £ \/(wx,k —wex)?+ 2, @

and the exciton fraction in each branch is given by the squares
of the Hopfield coefficients

U =31+ (o —wcr)/ \/ (Wek — we)? + 2] )

In Fig. 2, we compare the momentum dependence of the
polariton energy and Hopfield coefficients for conventional
photon exciton-polaritons and heavy exciton-polaritons. Cav-
ity photons have a very steep energy-momentum dispersion,
which takes the form w,x ~ § + k2 /2m,, with an effective
mass m,, ~ 10~*m,. Therefore, for a photonic cavity, the po-
laritons have a strong dispersion at small k, but with increasing
k outside the light cone the lower polariton rapidly becomes
mostly exciton and the upper polariton becomes mostly pho-
ton. This is contrasted with the heavy polaritons, which have
an effective mass of order of the exciton mass m, and retain
their hybrid character at much larger k.

B. Two-particle states

The interaction between two excitons, viewed as rigid
structureless bosons, takes the form

Hin = o ;w 4 Dy gbir_ b b €

where A is the area of the system and W, is an attractive
interaction that supports the biexciton bound state. The struc-
tureless boson approximation for excitons is justified if their
binding energy is much greater than all other relevant energy
scales in the problems, including the Rabi frequency, the
biexciton binding energy, etc. If this is not true, a more so-
phisticated formalism is required [29]. The total Hamiltonian
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is H = Hy + Hiy, with Hj defined in Eq. (1). We may estimate
the bipolariton binding energy E from the well-known for-
mula for weak attractive interactions in two dimensions [30]:

27
, 5
|vp|m,> ©)

E:EAexp(—

with V, < 0 the polariton interaction strength at zero mo-
mentum, m, the reduced mass of the two polaritons forming
the bound state, and E, a high-energy cutoff determined by
the range of the interaction. For photon exciton-polaritons,
m, ~ mp, ~ 10~*m,, so the binding energy is exponentially
small, as mentioned earlier in Sec. I (see also Appendix A).
In contrast, for heavy polaritons m, and V, are of the same
order as those of the exciton. Therefore, strongly bound bipo-
laritons are expected near the biexciton resonance. We find the
bipolariton energies from the poles of the exciton two-particle
scattering matrix. To simplify the calculation we choose W,
to be momentum independent, i.e., a contact interaction, and
subsequently eliminate it in favor of the biexciton binding en-
ergy E,, to obtain the renormalized scattering matrix 7 (K, w),
which depends on the total incoming momentum K and en-
ergy w of the particles. We give an explicit formula for the
scattering matrix, along with details of the calculation, in
Appendix A.

Here and in the following calculations we choose 2 =
3E,, for the Rabi frequency. In Fig. 3(a) we plot the bipolari-
ton energies versus cavity detuning 8. There are two Feshbach
resonances. The first one occurs when the energy of a biex-
citon (the horizontal dotted line) coincides with the energy of
two lower polaritons (the lower boundary of the continuum),
2w_ = —E,,, all at momenta k = 0. The second resonance is
found where the biexciton energy is equal to the sum of the
energies of a lower and upper polariton, wy + w_ = —E,;,.
In both cases there are bipolariton states lying below the
continuum of unbound two-particle states, e.g., » = w_(k) +
w_(—k). In principle, two upper polaritons can also form a
quasibound state but it lies in the continuum and is damped.
Figure 3(b) shows the binding energies and radii of the states
outside the continuum versus §. The bipolariton states become
more loosely bound with decreasing § as the exciton fraction
u* decreases e.g., for two lower polaritons m, o< u_> and
V, x u* , hence their binding energy decreases towards zero
in accordance with Eq. (5) while their radius diverges.

C. Phase diagram and excitations

Many-body physics of a system with a finite concentration
of polaritons may be described by a two-channel effective
Hamiltonian [28] that explicitly includes polariton (&;) and
bipolariton (&) fields:

Her = Y Y (wik — 1€ &ik

i=1,2 k

Zzgkk’ i,k+q jk’ Ejkglk

ij kk'q

\/— Z O‘kqgl q/2+k§1 q/2-k524 + He. ) (6)

FIG. 3. (a) Energies of the bipolariton states versus detuning 8§
for Q@ = 3E,,. The solid and dashed black lines are the energies
of lower-lower, upper-lower, and upper-upper bipolaritons, denoted
respectively by w__, w,_, and w4 . The horizontal dotted line is the
biexciton energy, the negative of the biexciton binding energy E,..
The dashed-dotted lines are the sum of the energies of two polaritons
at zero momentum, with the two-polariton continuum shown by the
shaded regions above. (b) The binding energies E__ = 2w_ — w__
and £, = w; +w_ — w,_ and corresponding radii of the bipo-
lariton states versus detuning §. The radii ryy are defined by ré, =
[ d*r Py ()2, with e (r) the bipolariton wave function, and
r. = (2/3m.E,)"? is the biexciton radius for the contact potential
model.

w9

We assume that only the polaritons, which are the
lower-energy states, are present. Parameter p is the chemical
potential; ; = p, o = 215 w1 x = w—_ x and wy  [defined by
Eq. (8) below] are the energies of the polariton and bipolari-
ton, respectively, and « is the polariton-bipolariton coupling.
Parameters g/ are repulsive background interactions, which
depend on the Hopfield coefficents according to

glkjk'q = Uf,kU—,k/Uf,k#»qU—,k/—qgl]/mX? (7)
and g/ are dimensionless interaction strengths, which we
assume to be constant. The parameters o and w;  are deter-
mined by an expansion of the polariton-polariton scattering
matrix near the bipolariton pole (see Appendix A):

T_(k. k'K, ®) =U_gppxU_kp2-kU_ k2w U_ k21

®)

OkKO' K
w — a)z’K ’

x T(K, w) ~
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FIG. 4. (a) Schematic of polariton distribution in the BSF and
PSF phases. (b), (c) Ratio of single polariton condensate density to
the total density at zero temperature as a function of cavity detuning
8 and chemical potential x (b) or density n (c). The background
scattering parameters are 8'! = 6, §'2 =9, and g*> = 20. The normal
phase is labeled by N, the polariton superfluid by PSF, the bipolariton
superfluid by BSF, and phase separated regions by PS.

The system exhibits a transition from a polariton to bipo-
lariton superfluid with changing density and detuning. In the
polariton superfluid phase (PSF) both polaritons and bipolari-
tons condense; in the bipolariton superfluid phase (BSF) only
bipolaritons condense. Following Refs. [26,28], we calculate
the mean-field phase diagram at zero temperature using the
two-channel model of Eq. (6). We caution the reader that these
phase diagrams are not suitable for immediate comparison
with experiment because quantum fluctuations beyond mean-
field theory can significantly shift the phase boundaries [28].
Additionally, there is a significant uncertainty in the values of
phenomenological parameters g;; (see more below).

We plot the ratio of the single polariton condensate density
to the total density in Figs. 4(b) and 4(c) [note that r,, =
(1/myEy)'"/?], showing the BSF to PSF phase transition with
decreasing &, which can be either first order or continuous. In
the case of a first-order transition, there is a region of phase
separation between the PSF phase and the BSF or normal
phase. The mean-field phase boundary of the continuous tran-
sition is described by the equation

E__ = (gn/2—gn)n+av2n, )

with E__ the bipolariton binding energy. This equation relates
the total density n to the cavity detuning §. Note that the
parameters g/ are difficult to determine even for simplified
microscopic models; furthermore, they depend crucially on
details such as the exciton spin structure not included in
our simple model. We crudely estimate these parameters by
requiring that the BSF-PSF transition occur at a critical den-
sity ny in accordance with the Mott criterion nyr:_ ~ 0.03
[31,32]. Here r__ is the bipolariton radius, which is plotted
versus detuning in Fig. 3(b). Associated with this criterion is
the picture of particle distribution in real space, Fig. 4(a). In

the BSF phase, polaritons form a dilute gas of bound pairs. As
the system approaches the phase transition, the binding energy
of these pairs decreases while their radius becomes larger
so they begin to overlap in space. As a result, a significant
fraction of these pairs dissociate leading to the formation of
a single-polariton condensate in addition to the bipolariton
condensate in the PSF phase.

As discussed below in Sec. III, the optical response of
the PSF and BSF phases is dominated by their collective
excitations. The excitation spectrum has one gapless acoustic
mode and one gapped mode in each phase [26]. In the BSF
phase, the gapless mode is due to phase oscillations of the
bipolariton condensate and the gapped mode is due to pair
breaking of bipolaritons into two polaritons. The energy of
the gapped mode is

EBSF = {[L(E__ — goomy +2g1m)]” — &’m}'%, (10)

where n; is the single polariton density and n, is the bipolari-
ton density. In the PSF phase, the gapless and gapped modes
are due to in-phase and out-of-phase fluctuations of polariton
and bipolariton fields, respectively. The energy of the gapped
mode is

EPSY ={[E__—gian — gnny + 2g1im+2g10m — a/nz)
+ anila — 2g12/m + (dgi1 + gn)v/mal} 2. (11)

Both EPSF and EFSF vanish along the phase boundary given
by Eq. (9). Far from the phase transition, and neglecting the
Feshbach coupling «, the energies of the gapped modes have a
simple interpretation. We may write EPSF = @, — 2@, where
@ = gnm + gy and @y = —E__ + giony + gnno are, re-
spectively, the polariton and bipolariton energies renormalized
by interaction. This corresponds to the energy to create a bipo-
lariton. Similarly, EBSF = 1(2@, — @,) corresponds to the
energy to break a bipolariton into its constituent polaritons.

III. EXPERIMENTAL SIGNATURES

One way to distinguish PSF and BSF phases is by mea-
suring the optical absorption or luminescence spectrum. The
spectrum in both normal and condensed states is determined
from the collective excitations of the system, which we calcu-
late from the effective Hamiltonian of Eq. (6). Details of the
calculation are given in Appendix B. There are two contribu-
tions: direct coupling of polaritons to photons, which gives
rise to sharp emission lines, and coupling of a bipolariton
to a photon and polariton, which yields a broad continuum.
In Fig. 5, we show plots of the absorption and luminescence
spectra for a polariton condensate at zero temperature.

The energy of a photon measured in an optical experiment
is the sum (difference) of the chemical potential © and ex-
citation energy corresponding to absorption (emission) of a
photon along with emission of a collective excitation. There-
fore, the gapless modes follow the lines w = w (the solid lines
in Fig. 5), and the gapped modes are positioned above or
below these lines. Within the mean-field theory, the chemical
potential is given by

gun + gy — a/nin
/,(/ =
H—E__ + gnm)

(PSF)

(BSF). (12)
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FIG. 5. (a) Absorption and (b) luminescence spectra at zero tem-
perature for density nr2, = 0.015 (left) and nr2, = 0.03 (right). The
chemical potential p is denoted by the solid lines, and dashed gray
lines indicate thresholds associated with the emission of collective
excitations. The absorption spectrum is negative for frequencies be-
low u, corresponding to optical gain, and positive for frequencies
above p. Since only emission (and not absorption) of collective
excitations is possible at zero temperature, luminescence only occurs
at frequencies below .

The energy @ = p + EFSF of the collective mode above u in
the PSF phase and the energy w = p — EBSF below p in the
BSF phase, can be viewed as the renormalized energy of the
bipolariton spectral line. Far from the transition, this energy is
given by the formula

=00 — & =—E__+ (g1 — gi)m + (g2 — gn)n.
(13)

At large positive &, the system is in the BSF phase, where
bipolaritons are energetically favored. The gap between u
and the absorption or emission threshold is the energy of
the gapped excitation mode, given by Eq. (10). The gapless
mode, which is due to phase oscillations of the bipolariton
condensate, is not observed in this phase because bipolaritons
do not couple directly to light. With decreasing detuning, the
gap decreases and closes at the phase transition, where single
polariton condensation becomes favorable. In the PSF phase,
both gapless and gapped modes are observed. The energy of
the gapped mode is given by Eq. (11).

We now discuss the relation of our results to previous
experiments on the polaritonic Feshbach resonance [8-10].
Photon exciton-polaritons studied in those experiments have
a polarization or pseudospin degree of freedom since there
are two countercircular polarization states of the photon that
couple to excitons with the same polarization. Since the in-
teraction between two excitons is attractive (repulsive) when
they have antiparallel (parallel) spin, only polaritons with
antiparallel spin can form biexcitons. In the experiments, the
system is pumped with circularly polarized light to create
a condensate of spin-up polaritons. A probe beam with the
opposite circular polarization then excites a few spin-down
polaritons, which interact with the spin-up condensate to form
biexcitons. This results in a shift in the spin-down polariton
energy observed in the probe transmission spectrum. The
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FIG. 6. Density profiles for polariton condensate in a harmonic
trap for first-order transition (left) and continuous transition (right).
The plots correspond, respectively, to §/E,, =0 and §/E,, =2
in the phase diagram of Fig. 4(b). The trap potential is V(x) =
%E)oc(x/rm,p)2 with 7y, = 300r,,. Here n; is the single polariton
density, n, is the bipolariton density, and n = n; 4 2n, is the total
density.

shift changes from positive to negative with decreasing cavity
detuning as the system is tuned across the Feshbach reso-
nance, which is often colloquially described as the interaction
changing from repulsive to attractive. The corresponding ef-
fect in our model is the change in the collective mode energy
from —EPSF to EFSF in Fig. 5(a) and crossing between the
photon energy o in Eq. (13) and chemical potential . In
other words, the renormalized bipolariton binding energy ef-
fectively changes from positive in the BSF phase to negative
in the PSF phase. However, the aforementioned experiments
have studied a transient state rather than the true ground state
of the polariton system, since in principle biexcitons should
also condense.

In addition to photoluminescence spectroscopy of a uni-
form density system, the PSF to BSF transition can be
detected by imaging the polariton condensate confined in
a trap. In Fig. 6, we show the density profile in a har-
monic trap calculated in the Thomas-Fermi approximation
by solving wu[n(r)] + V(r) = uo for n(r), where u[n] is the
local chemical potential as a function of density, V(r) =
%Em(r/rmlp)2 is the trap potential with ryap = 3007, and
o is the chemical potential at the center of the trap. Since
the local chemical potential u(r) decreases with increasing
radial coordinate r, there is a transition from the PSF to
BSF phase, which results in a discontinuity in the density
n(r) or its derivative Z—’r’ for a first-order or continuous tran-
sition, respectively. Since u is continuous across the phase
boundary of the continuous transition, Ax = 0, we may relate

the discontinuity in ‘;—’rf to that of %—’6‘ by A%—‘g = —Z—ZA?,—’;,
with ‘;—g’ determined from the phase boundary in Fig. 4(c).
From Fig. 5, 2|, = —0.022 and 2|, = —0.026, where

c— (c+) indicates that the derivative is evaluated just below
(above) the transition point. This gives A%—g ~ —0.004, and

: dn 2 W 2
since 95 & 0.002/(E,.ry,), we have AZ- ~ 2E,,r;, . There-
2
dny—1 — Tuap AU~ 2 . . .
fore, A(F) = EurA_Bn A 10ryprs,, which is consistent

with the slopes in Fig. 6: Z—'r’|c_ ~ —0.5/(ruapr?,) and % ey &
—0.05/ (rtraprfx). This explains the large kink seen in the den-
sity profile of Fig. 6 (right) despite the small discontinuity of
3 in Fig. 5.
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IV. DISCUSSION AND OUTLOOK

We have investigated a novel type of quasiparticle, heavy
polaritons, formed by strong coupling of excitons in a 2D
semiconductor with surface optical phonons or plasmons.
Similar to systems of cold atoms, where this phenomenon
was first studied, heavy polaritons exhibit a Feshbach res-
onance when the biexciton energy becomes resonant with
that of two polaritons. Such resonances have been recently
probed in experiments with exciton-polaritons in photonic
cavities. However, in those experiments the polaritons did not
form true bound states. In contrast, we predict that heavy
polaritons bind into bipolaritons near the Feshbach reso-
nance. For a system with a finite density of polaritons and
bipolaritons we have analyzed the possible phases, polariton
(PSF) and bipolariton (BSF) superfluids, and their collec-
tive excitations within a mean-field approximation. We have
computed the absorption and luminescence spectra in these
phases.

Another observable signature of polariton condensation is
formation of quantized vortices. Such vortices can be induced
in the system by external perturbations or nonequilibrium
flow and subsequently detected by optical imaging [33-35].
According to Ref. [26], in the PSF phase the Feshbach cou-
pling of polaritons and bipolaritons induces a splitting of a 27
polariton vortex into two m vortices connected by a domain
wall. Observation of this vortex splitting would confirm the
existence of the PSF phase.

In conclusion, we briefly mention possible materials re-
alizations of our results. Since phonons have frequencies in
the terahertz region, resonantly coupling them to excitons
requires a narrow band gap semiconductor. One candidate is
gapped bilayer graphene, where tunable excitons have been
observed with energies around 100 meV [36,37]. These exci-
tons can be tuned into resonance with the low-loss hyperbolic
phonon modes in hBN [38,39]. Regarding plasmons, several
experiments have demonstrated strong coupling of excitons in
TMD monolayers with plasmons in metallic nanostructures
[24,40]. TMDs host strongly bound biexcitons with E,, &
50 meV [41]. Also, a highly controllable realization of plas-
monic strong local coupling with excitons can be achieved
using a nano-optical antenna [42,43]. Note that previously the
term heavy polariton has been used to describe hybridization
of excitons with heavy photons, i.e., flat photonic bands, in
an optical lattice [44]. Even though the range of momenta
where this band dispersion remains flat is relatively narrow,
this could potentially be another path to realization of the
physics described in this paper.

Possible extensions of our work include studying a
Josephson-like effect where the optical spectrum in the PSF
phase depends on the relative phase of polariton and bipo-
lariton condensates and analyzing the collective modes of
the polariton condensate in a trap. A potential application
of the heavy polariton Feshbach resonance is the generation
of entangled pairs of polaritons [45], which is another inter-
esting subject for future study. In addition, experiments with
atomic Bose gases near a Feshbach resonance have observed
novel phenomena including Efimov states [46], universal dy-
namical behavior [47], and formation of solitons [48] or
quantum droplets [49]. The system of heavy polaritons studied

in this paper provides another potential avenue to realize these
phenomena.
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APPENDIX A: SCATTERING MATRIX CALCULATION

The scattering matrix satisfies the Bethe-Salpeter equation,
which with the notation k = (k, iw,) takes the form [11]

Tk, k';k+q,k —q)

=Wk K,q)+ Y Wk Kq)G(k+q)
-

X Gy(k' —g"T(k+q' . kK —q'sk+q:k' —q). (Al)

Here W (k, k', q) is the interaction vertex and G,(k) is the
exciton Green’s function. If W(k, k', g) =W, is frequency
and momentum independent, then 7 depends only on the
total incoming momentum and energy (K, w) and Eq. (Al)
is solved immediately:

TK, 0) =W, - K, )],

with the two-exciton propagator (at zero temperature)

(A2)

do’ , ,
K, w) = Zf %GX(K —q,0— )G (q,w). (A3)
q

Consider first the case of free excitons, where the Green’s
function is Gg(k, ) = (0 — w,x)”", and the propagator is

2mi

> 1
7 @7 PxK—q T Wxg

Since the sum diverges logarithmically at large g, we must
impose a momentum cutoff A, and we have I[1y(K = 0, w) =
—% In(—E) /w), with Ej = A2/2mx. We eliminate W, by
requiring that the biexciton binding energy E., is the pole
of the of the zero-momentum scattering matrix, so WO’1 =
— 4= In(Ex /E,,), and the renormalized free exciton scattering
matrix takes the form

d /
Mo(K, ) = Z/ LK —q.0— )G o)
q

(A4)

47 [ my
In(—E,/w)’
which is the universal result for low-energy scattering in

two dimensions [50]. We now consider the case of exciton-
polaritons, where the exciton Green’s function is

G, (k, ) = Z L

o=t @ T Wsk

ToK =0, 0) = (A5)

(A6)

The polariton energies w4 x and Hopfield coefficients U, ; are
given, respectively, in Eqgs. (2) and (3) of the main text. The
two-exciton propagator is

2 2
Us,K —q Us’.q

H(K’ w) = Z Z W — WsK—q — (Us’,q.

q s,5'=%

(AT)
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FIG. 7. Diagrams for calculating photon self-energy including (a) normal and (b) anomalous contributions. In the normal state only the first
two diagrams in (a) are nonvanishing. Single and double lines denote exciton and biexciton Green’s functions, respectively. The filled circle
denotes the photon-polariton coupling vertex, and the open circle is the photon-polariton-bipolariton coupling vertex. Dotted lines indicate
particles going into or out of the condensate.

For photon exciton-polaritons, the cavity mode dispersion takes the form w),; =8 + k? /2m,,, with m, <« m,. We expand
(K =0, w) inm,/m, < 1 and find

m, Q*
In(=Ex/0) + ——| — 1 +In[—(m/2mp)w/Ex] —
m,

47

TK=00)= (@’ In[(04 + - — 0)/Ex]

w? + Q2

X

—1
+ Q*{— In(—2w/E.,) + In[2w, — )/Ex] + In[Qew_ — a))/Exx]})} +... } . (A8)
Here w1 = %(5 + /8% + Q2) are the polariton energies at zero momentum. This shows that 7 (K = 0, w) has a pole at the
biexciton binding energy, which is slightly shifted from E,, and acquires a small imaginary part in the two-polariton continuum.
In addition, there are bipolariton poles at energies below w; + wy, but it is apparent from Eq. (AS8) that the bipolariton binding
energy and spectral weight are exponentially small in the large mass ratio m,/m,, in agreement with Eq. (5) of the main text.
For heavy polaritons we take w. x = § constant. Then the integral in Eq. (A7) may be evaluated analytically at K = 0 and we

find

— (4 /m)l(28 — w)* + 7]

TK=0,w)=

The bipolariton energies w,y g are poles of T (K, w). The
scattering matrix between two polaritons s and s’ with incom-
ing momenta K/2 + k and K/2 — k and outgoing momenta
K/2 + Kk and K/2 — k' is given by
7;S'(k7 k,’ K7 Cl))
= Usk/21kUs k21U k240 Uy k-1 T (K, ). (A10)

The polariton Green’s functions are Gy(k, w) = (w — a)s,k)’1
and we define Gy K, 0)= [4G(0— o K/2-
k)Gy(o',K/2 + k), or

1

Gsx’ (k, K, a)) = .
W — Wy K2k — Wy K/2+k

(A11)
In the spectral vicinity of the bipolariton resonance, we
have [15]

Gss’ (kv K? w)ﬁs/ (kv k’v Kv w)GSS'(kls K! 0))

~ wss’ (k7 K)llfss/ (k'a K)
o W — Wy K ’

(A12)

which defines the bipolariton wave function v,y (k, K). In our
approximation
Us k2-1Uys K24k

w.ss’(k’ K) ZNK s

Wgs' K — ws,K/Z—k - ws’,K/2+k

(A13)

Q? In[2(w; + v — w)/Eq]+ (28 — a))Z{_ In[(26 — w)/Exx] + In[Qwy — 0)/Ex] + In[Qo_ — w)/Ex]} '

(A9)

(

with NV a normalization factor such that Y, ¥,y (k, K)|> =
1. The bipolariton wave function is used to compute the opti-
cal spectra, see Appendix B.

APPENDIX B: CALCULATION OF ABSORPTION
AND LUMINESCENCE SPECTRA

Two processes contribute to the absorption and lumines-
cence spectra: direct coupling of polaritons to photons and
coupling of a bipolariton to a photon and polariton [51,52].
The relevant diagrams for calculating photon self-energy are
shown in Fig. 7. The filled circle denotes the photon-polariton
coupling vertex. In terms of the photon-exciton coupling w,,
it is given by

Hi1,q = Uf,q//va B1)

where U_ , is the Hopfield coefficient. The open circle denotes
the photon-polariton-bipolariton coupling vertex, given by

Piokg =U kU2 4V (@ —K)/2, ¢ +)p,,  (B2)

with i the bipolariton wave function defined by Eq. (A12).
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1. Normal state

In the normal state, only the first two diagrams of Fig. 7

contribute. The Matsubara Green’s functions are

1
Gik,iw,) = ————, (B3)
oy, — Wik

where i = 1, 2 for the polariton and bipolariton, respectively.
Here @, x and @, are the polariton and bipolariton energies
shifted by interaction (see Sec. II). The photon self-energy is

T1(q, i) = |111,4*G1(q. ion) = Y D |i12.kgl*Gi(k, iws))

k o),
x Go(q + k, iw, + iw)). (B4)

Evaluating the sum over iw),, we obtain the absorption spec-
trum:

A(g, 0) = —2Im TI(g, @ — p) = |p1.,4]°278(0 — p — @1.4)
+ ) 12.kg P [5(@16) — n5(@2,414)]
k
X 278(w — p + D1k — D2.q40)- (BS)
with

np(w) = (P2 —1)~! (B6)

the Bose distribution function, 8 being the inverse tempera-
ture. The luminescence spectrum is [51]

1(q, ®) =ng(w — PA(g, ®)
= |i1,¢*np(@1,4)278(w — o — @1 4)

+ ) 12kg P+ np(@140)]

K
X n(@2,44+k)2m8(w — p + @1k — D2.g4k). (BT)
|

For ¢ = 0 and far from the Feshbach resonance, this spec-
trum consists of a sharp peak at w = u + g1 1n1 + gi2m2
and a continuum below the energy w = u — E__ + (g11 —
giony + (g12 — g2 )ny, similar to Eq. (13). In principle, this
spectrum is qualitatively different from what is shown in
Fig. 5(b), and so it can be used to identify the condensation
transition.

2. Condensed state

In the condensed state, there are two modes: a gapless
mode Ej; and gapped mode Ej ;. The Matsubara Green’s
functions may be written

2
Gilk, iw) = ) le —s)E" (B8)

0=0,1 s==%

Here the u; are Bogoliubov coefficients that satisfy

o,
Za,s S(ui,k

functions

2
)" =1. We also need the anomalous Green’s

USO'S

SM[ k k
Z Z iw, — JsE"' (B9)

0=0,1 s==%

Expressions for the energies and Bogoliubov coefficients in
terms of the parameters in the effective Hamiltonian of Eq. (6)
are given in Ref. [26]. The photon self-energy is

T(g, iwn) =114’ G (g, i0)) = Y Y o kgGik, i),)Ga(g + k, i, + i)

i
k iw),

=3 Iikgl Fralk, i) )F3i(q + k. i, + i)

ki)
+ 111204 [11G2(q. i0y) +12G1(q, —iwy) — 2/minaFia(g, iwn)]. (B10)
We find for the absorption spectrum
3

A(q.w)=—2ImII(g, 0 — p) = ZAn(q, ),

Ai(g, 0) = — |1 gl Z s(ul”) 2n5a) 1+ sE7),

Ax(g, ) = ZZZWIM,A 8 [ (73 () + T o | nm ) = s (5 )]

x 2m8(w — p + sEf — E‘;_k)
As3(g, ©) = — |n12.0,4] Z s|n ugqs +n2( ) -2 nlngu‘l’;ugqspm?(w—u+SE;). (B11)
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The luminescence spectrum is
1(q, ) =Ip(q, ) + ng(® — PWA(G, w) =

Ih(q, ®) =
Ii(g, @) = 1.4 Z

h(g, ) = ZZlemk:ﬂ s [( T W)

X 2n8(a) —u+sE; +5 ;Jlrk),

L(g. ) = 12,04/ Zs[nl (Mg,‘q_s)z + nz(u({,';)z

o,s

3
Y hig, o),
n=0

(Ier0l*n1 + 11120 0|2n1n2)<2n)36<w — (),
1 + nB(sE")]ZnS(a) —n+ sE;),

24/n1n2u‘17;u(2’q_5][1 + nB(sE;)]ZmS(w —u+ sE;).

g T |+ s BN+ s (5 E)]

(B12)

The first term is due to coherent spontaneous emission of photons from the condensate, and is not present in the absorption
spectrum. Actually, when ¢ — 0 the weight of the peak at w = pu diverges due to the divergence of the Bogoliubov coefficients.
We deal with this by integrating over a finite range of ¢, ¢ < g.. Physically, the cutoff g, represents a typical momentum due to
scattering by inhomogeneities, phonons, etc., or the inverse trap size in the case of confined polaritons (Sec. III).

[1] J.J. Hopfield, Phys. Rev. 112, 1555 (1958).

[2] A. Kavokin, Microcavities (Oxford University Press, Oxford,
2011).

[3] D. Sanvitto and S. Kéna-Cohen, Nat. Mater. 15, 1061 (2016).

[4] H. Deng, H. Haug, and Y. Yamamoto, Rev. Mod. Phys. 82, 1489
(2010).

[5] I. Carusotto and C. Ciuti, Rev. Mod. Phys. 85, 299 (2013).

[6] M. Wouters, Phys. Rev. B 76, 045319 (2007).

[7] I. Carusotto, T. Volz, and A. Imamoglu, Europhys. Lett. 90,
37001 (2010).

[8] N. Takemura, S. Trebaol, M. Wouters, M. T. Portella-Oberli,
and B. Deveaud, Nat. Phys. 10, 500 (2014).

[9] N. Takemura, M. D. Anderson, M. Navadeh-Toupchi, D. Y.
Oberli, M. T. Portella-Oberli, and B. Deveaud, Phys. Rev. B
95, 205303 (2017).

[10] M. Navadeh-Toupchi, N. Takemura, M. D. Anderson, D. Y.
Oberli, and M. T. Portella-Oberli, Phys. Rev. Lett. 122, 047402
(2019).

[11] M. A. Bastarrachea-Magnani, A. Camacho-Guardian, M.
Wouters, and G. M. Bruun, Phys. Rev. B 100, 195301
(2019).

[12] P. Borri, W. Langbein, U. Woggon, J. R. Jensen, and J. M.
Hvam, Phys. Rev. B 62, R7763 (2000).

[13] A. L. Ivanov and H. Haug, Phys. Rev. B 48, 1490 (1993).

[14] A. L. Ivanov and H. Haug, Phys. Rev. Lett. 74, 438 (1995).

[15] A. Ivanov, H. Haug, and L. Keldysh, Phys. Rep. 296, 237
(1998).

[16] A.L.Ivanov, P. Borri, W. Langbein, and U. Woggon, Phys. Rev.
B 69, 075312 (2004).

[17] D. N. Basov, M. M. Fogler, and F. J. G. de Abajo, Science 354,
aag1992 (2016).

[18] T. Low, A. Chaves, J. D. Caldwell, A. Kumar, N. X. Fang,
P. Avouris, T. F. Heinz, F. Guinea, L. Martin-Moreno, and F.
Koppens, Nat. Mater. 16, 182 (2017).

[19] Y. Toyozawa and J. Hermanson, Phys. Rev. Lett. 21, 1637
(1968).

[20] J. C. Hermanson, Phys. Rev. B 2, 5043 (1970).

[21] Y. B. Levinson and E. I. Rashba, Rep. Prog. Phys. 36, 1499
(1973).

[22] P. A. D. Gongalves, L. P. Bertelsen, S. Xiao, and N. A.
Mortensen, Phys. Rev. B 97, 041402(R) (2018).

[23] D. G. Baranov, M. Wersill, J. Cuadra, T. J. Antosiewicz, and
T. Shegai, ACS Photon. 5, 24 (2018).

[24] J. Sun, Y. Li, H. Hu, W. Chen, D. Zheng, S. Zhang, and H. Xu,
Nanoscale 13, 4408 (2021).

[25] L. Radzihovsky, J. Park, and P. B. Weichman, Phys. Rev. Lett.
92, 160402 (2004).

[26] L. Radzihovsky, P. B. Weichman, and J. I. Park, Ann. Phys.
(NY) 323, 2376 (2008).

[27] M. W. J. Romans, R. A. Duine, S. Sachdev, and H. T. C. Stoof,
Phys. Rev. Lett. 93, 020405 (2004).

[28] F. M. Marchetti and J. Keeling, Phys. Rev. Lett. 113, 216405
(2014).

[29] M. Combescot and S.-Y. Shiau, Excitons and Cooper Pairs : Two
Composite Bosons in Many-Body Physics (Oxford University
Press, Oxford, 2016), p. 546.

[30] L. D. Landau and E. M. Lifshitz, Quantum Mechanics Non-
Relativistic Theory (Elsevier, Amsterdam, 2013).

[31] M. M. Fogler, L. V. Butov, and K. S. Novoselov, Nat. Commun.
5, 4555 (2014).

[32] R. Maezono, P. Lépez Rios, T. Ogawa, and R. J. Needs, Phys.
Rev. Lett. 110, 216407 (2013).

[33] A. A. High, J. R. Leonard, A. T. Hammack, M. M. Fogler, L. V.
Butov, A. V. Kavokin, K. L. Campman, and A. C. Gossard,
Nature (London) 483, 584 (2012).

[34] J. R. Leonard, A. A. High, A. T. Hammack, M. M. Fogler, L. V.
Butov, K. L. Campman, and A. C. Gossard, Nat. Commun. 9,
2158 (2018).

[35] J. R. Leonard, L. Hu, A. A. High, A. T. Hammack, C. Wu, L. V.
Butov, K. L. Campman, and A. C. Gossard, Nat. Commun. 12,
1175 (2021).

[36] C.-H. Park and S. G. Louie, Nano Lett. 10, 426 (2010).

115401-9


https://doi.org/10.1103/PhysRev.112.1555
https://doi.org/10.1038/nmat4668
https://doi.org/10.1103/RevModPhys.82.1489
https://doi.org/10.1103/RevModPhys.85.299
https://doi.org/10.1103/PhysRevB.76.045319
https://doi.org/10.1209/0295-5075/90/37001
https://doi.org/10.1038/nphys2999
https://doi.org/10.1103/PhysRevB.95.205303
https://doi.org/10.1103/PhysRevLett.122.047402
https://doi.org/10.1103/PhysRevB.100.195301
https://doi.org/10.1103/PhysRevB.62.R7763
https://doi.org/10.1103/PhysRevB.48.1490
https://doi.org/10.1103/PhysRevLett.74.438
https://doi.org/10.1016/S0370-1573(97)00074-4
https://doi.org/10.1103/PhysRevB.69.075312
https://doi.org/10.1126/science.aag1992
https://doi.org/10.1038/nmat4792
https://doi.org/10.1103/PhysRevLett.21.1637
https://doi.org/10.1103/PhysRevB.2.5043
https://doi.org/10.1088/0034-4885/36/12/001
https://doi.org/10.1103/PhysRevB.97.041402
https://doi.org/10.1021/acsphotonics.7b00674
https://doi.org/10.1039/D0NR08592H
https://doi.org/10.1103/PhysRevLett.92.160402
https://doi.org/10.1016/j.aop.2008.05.008
https://doi.org/10.1103/PhysRevLett.93.020405
https://doi.org/10.1103/PhysRevLett.113.216405
https://doi.org/10.1038/ncomms5555
https://doi.org/10.1103/PhysRevLett.110.216407
https://doi.org/10.1038/nature10903
https://doi.org/10.1038/s41467-018-04667-x
https://doi.org/10.1038/s41467-021-21353-7
https://doi.org/10.1021/nl902932k

B. VERMILYEA AND M. M. FOGLER

PHYSICAL REVIEW B 109, 115401 (2024)

[37] L. Ju, L. Wang, T. Cao, T. Taniguchi, K. Watanabe, S. G. Louie,
F. Rana, J. Park, J. Hone, F. Wang, and P. L. McEuen, Science
358, 907 (2017).

[38] J. D. Caldwell, A. V. Kretinin, Y. Chen, V. Giannini, M. M.
Fogler, Y. Francescato, C. T. Ellis, J. G. Tischler, C. R.
Woods, A. J. Giles, M. Hong, K. Watanabe, T. Taniguchi,
S. A. Maier, and K. S. Novoselov, Nat. Commun. 5, 5221
(2014).

[39] A. J. Giles, S. Dai, I. Vurgaftman, T. Hoffman, S. Liu, L.
Lindsay, C. T. Ellis, N. Assefa, I. Chatzakis, T. L. Reinecke,
J. G. Tischler, M. M. Fogler, J. H. Edgar, D. N. Basov, and
J. D. Caldwell, Nat. Mater. 17, 134 (2018).

[40] J. Qin, Y.-H. Chen, Z. Zhang, Y. Zhang, R. J. Blaikie, B. Ding,
and M. Qiu, Phys. Rev. Lett. 124, 063902 (2020).

[41] Y. You, X.-X. Zhang, T. C. Berkelbach, M. S. Hybertsen, D. R.
Reichman, and T. F. Heinz, Nat. Phys. 11, 477 (2015).

[42] H. GroB, J. M. Hamm, T. Tufarelli, O. Hess, and B. Hecht, Sci.
Adv. 4, aar4906 (2018).

[43] K.-D. Park, M. A. May, H. Leng, J. Wang, J. A. Kropp, T.
Gougousi, M. Pelton, and M. B. Raschke, Sci. Adv. 5, aav5931
(2019).

[44] S. Alyatkin, H. Sigurdsson, A. Askitopoulos, J. D. Topfer, and
P. G. Lagoudakis, Nat. Commun. 12, 5571 (2021).

[45] H. Oka and H. Ishihara, Phys. Rev. Lett. 100, 170505 (2008).

[46] S. E. Pollack, D. Dries, and R. G. Hulet, Science 326, 1683
(2009).

[47] P. Makotyn, C. E. Klauss, D. L. Goldberger, E. A. Cornell, and
D. S. Jin, Nat. Phys. 10, 116 (2014).

[48] J. H. V. Nguyen, D. Luo, and R. G. Hulet, Science 356, 422
(2017).

[49] C. R. Cabrera, L. Tanzi, J. Sanz, B. Naylor, P. Thomas, P.
Cheiney, and L. Tarruell, Science 359, 301 (2018).

[50] D. Boll¢ and F. Gesztesy, Phys. Rev. Lett. 52, 1469 (1984).

[51] H. Haug and S. Schmitt-Rink, Prog. Quantum Electron. 9, 3
(1984).

[52] E. Hanamura and H. Haug, Phys. Rep. 33, 209 (1977).

115401-10


https://doi.org/10.1126/science.aam9175
https://doi.org/10.1038/ncomms6221
https://doi.org/10.1038/nmat5047
https://doi.org/10.1103/PhysRevLett.124.063902
https://doi.org/10.1038/nphys3324
https://doi.org/10.1126/sciadv.aar4906
https://doi.org/10.1126/sciadv.aav5931
https://doi.org/10.1038/s41467-021-25845-4
https://doi.org/10.1103/PhysRevLett.100.170505
https://doi.org/10.1126/science.1182840
https://doi.org/10.1038/nphys2850
https://doi.org/10.1126/science.aal3220
https://doi.org/10.1126/science.aao5686
https://doi.org/10.1103/PhysRevLett.52.1469
https://doi.org/10.1016/0079-6727(84)90026-0
https://doi.org/10.1016/0370-1573(77)90012-6

