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Manipulating Fermi arc surface states for nonlinear nonreciprocal transport in Weyl semimetals
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In this work, the realization of nonreciprocal transport in Weyl semimetals is proposed by manipulating surface
states. Our method, distinct from traditional techniques focusing on bulk band asymmetry, involves surface
asymmetries characterized by an asymmetric mass term. Utilizing the Boltzmann transport equation, we unveil
second-order conductivity responses, leading to nonreciprocal transport primarily governed by Fermi arc surface
states when the Fermi surface is proximal to the Weyl point. Our method deviates from conventional techniques
focused on bulk band asymmetry, shedding light on distinctive transport properties from engineering surface
states in Weyl semimetals. Importantly, our findings provide an observable signal for surface state engineering,
enhancing the understanding of nonlinear transport phenomena in these topological semimetals.
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I. INTRODUCTION

Reciprocity in charge transport reflects a symmetrical
interplay between current and voltage, where the current mag-
nitude induced by a positive voltage equals that generated
by a corresponding negative voltage. This reciprocity is typi-
cally protected by time-reversal symmetry (TRS) and spatial
inversion symmetry (SIS) [1], thereby rendering it a preva-
lent phenomenon in natural systems. Conversely, systems that
exhibit nonreciprocal behaviors have garnered significant in-
terest, such as the pn junction. Contrasting with the inherently
asymmetric nature of pn junctions, achieving nonreciprocal
transport in materials with translational symmetry remains a
challenge. The pioneering concept of electric magnetochiral
anisotropy and unidirectional magnetoresistance introduced
by Rikken [2] has sparked extensive research into materials
exhibiting nonreciprocal transport, leading to discoveries in
systems like chiral nanosystems [2,3], polar semiconductors
[4–6], bilayer heterojunctions [7–11], and topological systems
[12,13]. Nonreciprocal responses can arise from either linear
or nonlinear processes, with the latter being more complex
and currently under active development [1].

Topological semimetals, recognized as a novel class of
topological materials [14–31], have sparked notable interest
in the study of nonlinear transport phenomena [14,32–43].
The pursuit of nonlinear transports in topological semimetals
is also fundamentally associated with breaking TRS or SIS.
In Weyl semimetals, the inherent absence of at least one of
these symmetries makes them particularly suitable for studies
in nonlinear transport. Theoretically, the Boltzmann equa-
tion, combined with the band-geometric quantities, provides
an effective method for exploring nonlinear electrical and
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thermal transport in such systems [32,44–46]. Based on the
semiclassical Boltzmann transport formalism, a specific tilt in
the band structure is essential for simultaneously breaking in-
travalley and intervalley symmetries [32,43], which constrains
the scope of potential candidates. On the other hand, the Fermi
arc surface states (FAs) are a hallmark of Weyl semimetals.
Interestingly, recent research progress shows that the config-
urations of the FAs are quite sensitive to the details of the
sample boundary, which opens the possibility for manipulat-
ing the FAs through surface modifications [47–51]. Moreover,
advances in surface engineering and chemical doping have
enabled modifications to the chemical potential of surface
states, while preserving the lattice structure and symmetry
[52]. These advancements render the nonreciprocal transport
induced by the asymmetry of FAs a promising area of re-
search. An interesting question is whether the chirality of
the FAs manifests itself through surface state engineering and
causes the related nonlinear effect [12,41]

In this work, we propose an interesting approach for non-
linear nonreciprocal transports in Weyl semimetals. Distinct
from modulating the bulk band structures, we use the FAs of
Weyl semimetals to realize nonreciprocal transport, obviating
the symmetry requirements of the bulk band. As shown in
Fig. 1(a), the FAs on the upper and lower surfaces converge at
the projection of the Weyl points, displaying opposite group
velocities. This topologically protected spatial separation of
electrons moving in opposite directions facilitates the creation
of asymmetric energy bands through the manipulation of FAs.
The key point to our model is the use of an effective potential
by surface doping on a specific surface state, while preserving
the bulk band structure, as shown in Fig. 1(c). This approach
results in the emergence of a significant second-order conduc-
tivity which shows a proportional relationship with the square
of the relaxation time, the applied effective potential, and
the chemical potential. Additionally, the nonreciprocal trans-
port signals are theoretically calculated in a Weyl semimetal
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FIG. 1. (a) shows the schematic representation of a Weyl
semimetal, illustrating a pair of Weyl points and their surface projec-
tions connected by FAs. The surface states exhibit chiral dispersion,
with electrons on opposing surfaces moving at opposite velocities
and interconnected through the bulk Weyl points. (b) and (c) show
the proposed model for measuring nonreciprocal transport in a Weyl
semimetal nanobelt. The red area indicates the doping on the upper
surface which modulates the effective potential.

nanobelt, as shown in Fig. 1(b). Attributed to the suppression
of backward scattering in the FAs, the current discrepancy for
opposing voltages achieves an order of magnitude of 10−1,
which provides a distinct signal for surface state engineering.

The remainder of the paper is organized as follows. In
Sec. II, the model Hamiltonian and the Boltzmann equa-
tion method was introduced. In Sec. III, the numerical results
were presented and the behavior of the nonlinear conductivity
was discussed. The summary and discussion are given in
Sec. IV.

II. MODEL AND METHOD

A. Boltzmann equation and symmetry analysis

We begin with the steady-state Boltzmann equation under
the relaxation time approximation

eE · ∇k f = − f − f0

τ
, (1)

where f0 is the Fermi-Dirac distribution function of the elec-
trons, E is the electric field, and τ is the average scattering
time between two successive collisions, which is assumed to
be a constant. The electron current is expanded to the second
order of the electric field as

j = σ1E + σ2E2 (2)

where j denotes the current density. The second-order term
of the electric field does not vary with the direction, and
thus gives rise to a nonreciprocal current after reversing the
direction of the field. To calculate the nonlinear transport
coefficients, the distribution function is also expanded to the
second-order of the electric field

f = f0 + f1 + f2. (3)

Substituting it into Eq. (1) and comparing the same order
terms of E, the following equations can be obtained:

f1 = −τeE · ∇k f0

f2 = −τeE · ∇k f1.
(4)

In our study, we implement an electric field along the x axis
and concentrate our investigation on longitudinal transport.
After some straightforward algebra, we can obtain

f2 = τ 2e2E2
x

(
∂vx

∂kx

∂ f0

∂ε
+ v2

x

∂2 f0

∂2ε

)
. (5)

Defining

jx = σ1Ex + σ2E2
x

= e
∫

vx f1dkx + e
∫

vx f2dkx, (6)

we obtain the electron conductivities σ1 and σ2:

σ1 = e2τ

∫
v2

x

(
−∂ f0

∂ε

)
dkx

σ2 = e3τ 2

h̄

∫
vx

(
∂vx

∂kx

∂ f0

∂ε
+ v2

x

∂2 f0

∂2ε

)
dkx

= e3τ 2

h̄

∫
vx

∂vx

∂kx

(
−∂ f0

∂ε

)
dkx, (7)

where vx = ∂ε
∂kx

and integration by parts has been applied.
These equations suggest that a nonzero σ2 necessitates an
energy spectrum that is not an even function of kx. This re-
flects the requirements for the system’s symmetry, especially
in terms of SIS and TRS. Under time reversal or spatial
inversion operations, both kx and vx change sign. Therefore,
the linear conductivity σ1 can be nonzero but the second order
conductivity σ2 is forced to vanish. In Weyl semimetals, elec-
trons moving in opposite directions are spatially separated,
and distributed on the opposing FAs, as shown in Fig. 1. This
unique topological property enables us to achieve asymmetry
in the complete bands of the two surface states by surface
engineering, without altering the bulk energy bands [52].

B. Model Hamiltonian

Merely fulfilling the previously mentioned symmetry re-
quirements is not sufficient to realize nonlinear conductivity.
A nonlinear dispersion of the bulk band is also essential. Oth-
erwise, the dispersion of the Fermi arc surface states would
be linear, resulting in the term ∂vx

∂kx
= 0 in Eq. (7). From the

semiclassical Boltzmann approach, the drift in the first order
electron distribution function f1 induced by an electric field is
proportional to ∂ f0

∂kx
, which becomes zero when vx = ∂ε

∂kx
= 0.

Similarly, the second-order distribution f2 could be regarded
as the drift of the first-order distribution f1 driven by the
electric field, requiring a nonzero ∂2ε

∂k2
x
.

Based on our analysis, the following model of Weyl
semimetals were considered, which is widely recognized
in the study of magnetotransport and the three-dimensional
quantum Hall effect [53]

H (k) = C1
(
k2

x + k2
z

) + C2(kxσx + kyσy) + C3
(
k2
w − k2)σz.

(8)
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FIG. 2. Dispersion of the FAs. (a) and (b) display the band struc-
ture before and after doping, respectively. The top and bottom bands
are depicted using red and blue colors, exhibiting symmetrical and
asymmetrical behaviors against kx . (c) and (d) depict the FAs at
Ew = C1k2

w , where in (c) the arcs are symmetric around kx , while in
(b) the top arc shows divergence. The regions of the FAs are indicated
by black dashed circles.

(σx, σy, σz ) are the Pauli matrices standing for spin or orbital
freedom. k = (kx, ky, kz ) are the electron momentum. C1, C2,
C3, and kw denote model parameters. An anisotropic second-
order term C1(k2

x + k2
z ) is introduced to ensure the nonlinearity

of the surface state dispersion (see Appendix for details). This
Hamiltonian exhibits SIS with broken TRS and hosts two
Weyl nodes at kw = (0, 0, kw ) with energy Ew = C1k2

w. The
energy spectrum of the model is

ε = C1
(
k2

x + k2
z

) ±
√

C2
2

(
k2

x + k2
y

) + C2
3

(
k2

w − k2)2
, (9)

with ± standing for the conduction and valence bands, respec-
tively. By opening the boundary in the y direction in our model
Hamiltonian and replacing ky with −i∂y, the wave function
at kx = kz = 0 could be solved. Subsequently, we project the
Hamiltonian H onto the wave function to derive the effective
model for the top surface states (see Appendix for details)

Ht
arc = C2kx + C1

(
k2

x + k2
z

)
. (10)

From Eq. (10), it is crucial that C1 is nonzero to ensure the
nonlinear dispersion of the Fermi arc. Moreover, the topolog-
ical boundary conditions introduce constraint on kx and kz as
expressed by

k2
x + k2

z < k2
w, (11)

visually represented by the red circles in Figs. 2(c) and
2(d). Similar to Eqs. (10) and (11), the bottom surface state
disperses as Hb

arc = −C2kx + C1(k2
x + k2

z ) with the constraint
k2

x + k2
z < k2

w. Together with the top surface, a complete sym-
metrical surface band is formed as shown in Figs. 2(a) and

FIG. 3. Conductivities as functions of the chemical potential μ

for for various bias values M at T = 100k and τ = 10−11s. (a) shows
the linear conductivity σ1, and (b) shows the second-order nonlinear
conductivity σ2.

2(c). The effective Hamiltonian of the two band system can
be expressed as

Heff =
(

Ht
arc 0
0 Hb

arc

)
= C1

(
k2

x + k2
z

)
τ0 + C2kxτz, (12)

where τ0 and τz stand for the surface degrees of freedom.
Note that here the surface and spin degrees of freedom are
locked, and the Fermi arcs on opposite surfaces exhibit oppo-
site spins. In experimental settings, surface state manipulation
is achievable via diverse surface engineering approaches, such
as truncation across distinct atomic layers [48], applying a
surface gate voltage [51], or surface doping [52]. To simplify,
we introduce an effective potential M on the top surface,
resulting in a shift of the top energy bands (see Appendix for
details):

Ht
arc = C2kx + C1

(
k2

x + k2
z

) − M,

Hb
arc = −C2kx + C1

(
k2

x + k2
z

)
. (13)

This shift breaks the symmetry of the Heff , resulting in asym-
metry in the energy spectra of the two surfaces, as depicted
in Figs. 2(b) and 2(d). The asymmetry in the bands is further
reflected in the nonlinear conductivity along the x direction:

σ1 = e2τ

∫
v2

x

(
−∂ f0

∂ε

)
dk,

σ2 = e3τ 2

h̄

∫
vx

∂vx

∂kx

(
−∂ f0

∂ε

)
dk. (14)

Combining Eqs. (10) and (13) with Eq. (14), the first and
second-order conductivity can be determined. The parame-
ters used in the following text are C1 = 2 eVnm2, C2 = C3 =
1 eVnm, and kw = 0.3 nm−1.

III. RESULTS AND DISCUSSIONS

The conductivities σ1 and σ2 as functions of chemical
potential under varying effective potentials are illustrated in
Fig. 3. σ1 denotes the two-dimensional Drude conductivity,
which scales as

σ1 ∼ k2
f ∼ μ (15)

at zero temperature. k f is the wave vector corresponding to the
Fermi energy μ. An increase in M leads to a rise in both the
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Fermi wave vector and velocity at the upper surface, thereby
enhancing the conductivity σ1. The nonlinear conductivity σ2

is illustrated in Fig. 3(b). According to Eq. (13), different
surfaces contribute oppositely based on their opposite chiral
Fermi velocities. Consequently, at zero temperature, σ2 can be
estimated by the difference in lengths of the two FAs shown
in Fig. 2(d), which can be expanded to the first order of μ at
μ = Ew,

σ2 ∼ Larc
I − Larc

II ∼
√

Mμ, (16)

where Larc
I,II are the length of the two Fermi arcs, respectively.

This property opens a new route for the detection of manip-
ulations on the FAs. As the Fermi energy increases, the FAs
on the upper surface contracts more rapidly than that on the
lower surface, thus amplifying the difference between them.
The relationship between σ2 and M can be similarly analyzed.
σ2 is equal to zero when M is near zero and increases as M
increases.

To effectively compare the contributions of first and
second-order terms in transports, we examine a Weyl nanobelt
with dimensions Lx = 10 µm, Lz = 10 µm, and Ly = 0.1 µm
as shown in Fig. 1(b). The thickness chosen in the y direction
effectively enhances the FAs transport in the xz plane while
reducing bulk band transport. To determine the nonreciprocal
resistance, we apply a current along the x axis and then reverse
it. Under small M, The electrical resistance can generally be
described as

R = R0(1 + Mγ J ), (17)

where R0 is the resistance at M = 0, and J is the electric
current. The second term, dependent on the electric current,
indicates nonreciprocal resistance. Note that the nonreciprocal
tensor γ equals zero in systems with SIS [4]. In our model, the
effect of breaking SIS is simulated by the asymmetry of the
FAs, leading to a nonzero γ . The resistance difference after
reversing the current direction is expressed as

�R = R(J ) − R(−J ) = 2R0Mγ J. (18)

As shown in Figs. 4(a) and 4(b), the nonreciprocal resis-
tance increases linearly with the current, and the ratio of �R
and R is about 0.1 at T = 100 K, increasing with higher J ,
μ, and M. Given that electrons in the FAs experience reduced
backward scattering, a significant nonreciprocal current dif-
ference J (V ) − J (−V ) can be achieved by reversing a minor
voltage of approximately 10 mV as shown in Fig. 4(c). The
nonreciprocal signal increases with the relaxation time, which
is set to a high value (10−11s) due to the reduced backward
scattering in the small M limit. Combining Eq. (17) with
Eq. (2), the dimensionless nonreciprocal tensor is expressed
as

γ = σ2

Mσ 2
1

. (19)

As shown in Fig. 4(d), γ was enhanced at high temperature
and chemical potential.

It is important to note that Weyl semimetals support a
topological semimetal phase (SM) for weak disorder [54–59].
An ideal 3D semimetal with Fermi energy at the Weyl points
has a vanishing density of states (DOS), which is maintained
at finite disorder strength. Therefore, the bulk electrons give

FIG. 4. Nonlinear electric transport of FAs with τ = 10−11s.
(a) depicts �R as a function of the electric current, revealing a
linear relationship with current J . (b) shows the ratio of nonreciprocal
resistance to total resistance, varying with current and chemical po-
tential. (c) shows the ratio of nonreciprocal current to total current,
dependent on the applied potential V at varying relaxation time τ .
(d) depicts γ as a function of the temperature T and the chemical
potential μ with M set at 0.1 eV.

negligible contribution to the transport conductivity when the
system is in the SM phase. Consequently, transport properties
are predominantly contributed by the FAs, which are noted for
their ultrahigh conductivity due to the low dissipation prop-
erties of Fermi arcs [23,60]. By precisely tuning the Fermi
level to align with the Weyl nodes or reducing the thickness of
the material, the bulk contribution is effectively reduced and
surface state-dominated nonlinear nonreciprocal transport can
be observed.

IV. CONCLUSION

In summary, our study presents an approach to achieve
nonreciprocal transports in Weyl semimetals. This method
involves the manipulation of the FAs, which introduces asym-
metry in the surface energy bands without breaking spatial
inversion symmetry. Employing the Boltzmann equation, we
computed a range of nonreciprocal second-order responses.
Compared to conventional bulk states, our approach results in
a noticeable nonreciprocal current due to decreased backward
scattering in the topological FAs. These findings open up
possibilities for realizing nonreciprocal effects in topological
materials and provide an observable signal for surface state
engineering. The potential for further research into transverse
effects, such as the nonlinear Hall effect and the Nernst ef-
fect, rooted in surface states, is promising and merits ongoing
exploration.
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APPENDIX: DERIVATION OF THE FERMI
ARC SURFACE STATE

In this section, we derive the chiral FAs from the model
Hamiltonian

H (k) = C1
(
k2

x + k2
z

) + C2(kxσx + kyσy) + C3
(
k2
w − k2

)
σz.

(A1)

To solve the surface states, we replace ky with −i ∂
∂y and obtain

H = C1
(
k2

x + k2
z

) +
(

C3
(
λ2 + ∂2

∂y2

)
C2

(
kx − ∂

∂y

)
C2

(
kx + ∂

∂y

) −C3
(
λ2 + ∂2

∂y2

)
)

,

(A2)

where we have defined λ = k2
w − (k2

x + k2
z ). Considering the

following general solution

φ = eikxx+ikzz+κy

(
a1

a2

)
(A3)

to the eigenequation

H (k)φ = Eφ, (A4)

we have

κ2
α = 1

2C2
3

(
C2

2 − 2C2
3 λ2 + (−1)α

×
√

C4
2 − 4C2

2

(
C2

3

(
k2
w − k2

z

) + 4C2
3

(
E − C1k2

x − C1k2
z

)2))
,

(A5)

with α = 1, 2 and the four degenerate states corresponding to
the four solutions

φα,± = eikxx+ikzz+καy

(
C2(kx ± κα )

E − C3
(
λ2 + κ2

α

) − (
C1k2

x − C1k2
z

)).

(A6)

The general wave function can be written as a superposition
of the four degenerate state

ψkx,kz = α,±cα,±eikxx+ikzz±καyφα,±. (A7)

For the top surface states at y = 0, we need

ψ (0) = 0 and ψ (−∞) = 0, (A8)

leading to Re(κα ) > 0 and the secular equation det |
φ1,+, φ2,+ |= 0. At kx = kz = 0, the wave function

ψ0,0 = (eκ1y − eκ2y)

√
2

2

(
1
1

)
. (A9)

The effective Hamiltonian for the Fermi arc becomes

Harc = < ψ0,0|H |ψ0,0 >

= C2kx + C1
(
k2

x + k2
z

)
. (A10)

Note that since κ1κ2 > 0 (the open boundary conditions), the
in plane momentum kx, kz of the surface states are restricted

FIG. 5. The band structure at kz = 0 and M = 0.2. Solid and
dashed lines represent the band structures before and after surface
doping, respectively, while red and blue lines indicate the surface
states of the top and bottom surfaces, respectively. Doping causes
a significant shift in the band structure of the top surface, approxi-
mately equal to the impurity strength M, while the modifications to
other bands are minimal in comparison.

by the condition

k2
x + k2

z < k2
w, (A11)

which results in the fermi arc surface states. On the other
hand, for the bottom surface the boundary conditions become
ψ (0) = 0 and ψ (∞) = 0. After similar analysis we found that
the effective Hamiltonian for the Fermi arc and its constraint
for the bottom surface can be obtained just by replacing kx to
−kx in the top surface

Harc = −C2kx + C1
(
k2

x + k2
z

)
, (A12)

k2
x + k2

z < k2
w. (A13)

To investigate the modifications of the band structure due
to surface doping, we consider the following Hamiltonian of
Weyl semimetal on a cubic lattice as

H =
∑
r,μ

t[c†
rσzcr+μ+iδex,μc†

rσxcr+μ+iδey,μc†
rσycr+μ + H.c.]

−
∑
r,μ

t[δex,μc†
rσ0cr+μ + δez,μc†

rσ0cr+μ + H.c.]

−
∑

r

c†
r (mσz + Mδy,0σ0)cr, (A14)

where cr is a two-component spinor composed of an electron
at site r, μ = ex, ey, ez which are the unit vectors along the
x, y, z directions, σx, σy, σz are the Pauli matrices representing
the spin degrees of freedom. t = 0.5 is the hopping strength,
and m = 1.8 controls the position of the Weyl points. M
denotes uniform doping at each lattice site on the top surface
(y = 0). This Hamiltonian hosts similar band symmetries and
FAs as Eq. (A1). Assuming there are ten lattice sites in the
y direction, by Fourier transform of the bulk lattice-space
Hamiltonian to momentum space along the x, z directions,
we can obtain the band structure before and after doping as
illustrated in Fig. 5 The modifications to the band structure
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due to surface doping can be evaluated by the overlap integral

δε =
∫

Mδ(y − 0)ψ2
k (y)dy. (A15)

Since the wave function of the bound states on the top surface
has its maximum amplitude at y = 0, doping primarily affects
the band structure of the top surface.
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