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Quasilocal entanglement across the Mott-Hubbard transition
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The possibility to directly measure, in a cold-atom quantum simulator, the von Neumann entropy and
mutual information between a site and its environment opens new perspectives on the characterization of the
Mott-Hubbard metal-insulator transition, in the framework of quantum information theory. In this work, we
provide an alternative view of the Mott transition in the two-dimensional Hubbard model in terms of rigorous
quasilocal measures of entanglement and correlation between two spatially separated electronic orbitals, with no
contribution from their environment. A space-resolved analysis of cluster dynamical mean-field theory results
elucidates the prominent role of the nearest-neighbor entanglement in probing Mott localization: both its lower
and upper bounds sharply increase at the metal-insulator transition. The two-site entanglement beyond nearest
neighbors is shown to be quickly damped as the intersite distance is increased. These results ultimately resolve
a conundrum of previous analyses based on the single-site von Neumann entropy, which has been found to
monotonically decrease when the interaction is increased. The quasilocal two-site entanglement recovers instead
the distinctive character of Mott insulators as strongly correlated quantum states, demonstrating its central role
in the 2d Hubbard model.
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I. INTRODUCTION

The Hubbard model is a cornerstone of condensed mat-
ter physics as the paradigmatic description of systems with
strongly correlated electrons and, in its two-dimensional
version, as a central building block to understand high-
temperature superconductivity in copper oxides. Besides
the investigation of the various landmarks of the cuprate
phase diagram, like d-wave superconductivity, charge-
ordering/stripes, and pseudogap, a prominent role is played
by the Mott metal-insulator transition (MIT), which is ar-
guably the most direct signature of strong correlations [1,2].

On the other hand, the flourishing of quantum information
theory has greatly emphasized the possibility to quantify the
entanglement of quantum many-body systems and its cen-
tral role in the study of quantum phase transitions [3–6],
topological order [7–9], chemical bonding [10–12], and the
development of highly optimized numerical methods [13–15].

In the last few years, we have seen the first efforts to re-
visit traditionally successful descriptions of the Mott-Hubbard
transition in terms of this new approach. Initial studies within
single-site dynamical mean-field theory (DMFT) [16] have
attempted to probe the development of entanglement across
the Mott transition [17]. The spatially local nature of the
correlations in this framework makes it natural to use on-site
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markers like single-site entanglement entropy or single-site
mutual information.

A similar approach has been more recently pur-
sued [18–20] within cluster dynamical mean-field theory
(CDMFT), which includes the effects of short-range spatial
correlations within finite clusters [21–23] onto these single-
site entropic measures.

The choice of these markers is driven by their direct ex-
perimental access in cold-atom experiments [24] but it is
also justified a priori by the expectation that, at least in a
paramagnetic Mott insulator without long-range order, the
particles are essentially localized and the relevant correlation
functions are expected to be short ranged. Yet, the evolution
of the single-site entanglement entropy as a function of the
interaction strength does not seem to convey the expected
physical picture for a correlation-driven localization.

In fact, despite being clearly influenced by the Mott transi-
tion, this quantity decreases from the metallic to the insulating
phase [17,18]. This seems in sharp conflict with the intuitive
notion that nearly localized Mott insulators are underpinned
by the development of some kind of entanglement among
electronic orbitals at different sites. We can connect this short-
coming with the fact that, regardless of the approximation,
the single-site entanglement entropy in the half-filled one-
band Hubbard model closely follows the behavior of the local
double occupancy, which naturally decreases across the Mott
transition [17]. At a more fundamental level, we notice that the
single-site entanglement entropy results from contributions of
any kind of nonlocal quantum correlations (bi/multipartite
terms at different spatial ranges), and it does not directly re-
flect the specific behavior of any such term [25]. Remarkably,
recent extensions of the analysis to multisite entanglement
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entropies [26,27] have established the same qualitative pic-
ture, suggesting that nonlocal entanglement needs to be
addressed carefully to uncover its role in Mott localization.

In this work, we overcome these limitations by con-
sidering quasilocal measures of entanglement, namely the
entanglement between two lattice sites at distances ranging
from nearest neighbors, playing a major role, to more dis-
tant pairs. We compute these objects within zero-temperature
CDMFT, using a combination of numerical methods: a
Lanczos/Arnoldi exact diagonalization scheme [28,29] and
the recently introduced configuration-interaction based solver
[30], which gives access to the larger clusters required to
assess the entanglement beyond nearest neighbors. In order
to identify the fundamental information related to the Mott
transition, we consider paramagnetic solutions in which mag-
netic ordering is inhibited, as it has been done also in the
previous works where the connection between the MIT and
entanglement estimators has been addressed [17–20].

We will adopt and discuss different quantities, focusing
on the estimation of the orbital entanglement between lattice
sites. We compute upper and lower bounds for the two-site
entanglement, by using suitable correlation measures [12,31]
and physically motivated superselection rules on the relevant
reduced density matrices [32,33]. This allows us to obtain a
terse physical picture of quantum and classical correlations
across the Mott transition in the 2d Hubbard model, as well
as a distinctive characterization of the metallic and insulating
phases. In particular, we show that the nearest-neighbor en-
tanglement of the Mott insulator is larger with respect to the
Fermi liquid state, recovering the intuitive expectations for a
strongly correlated electronic system.

The rest of this work is organized as follows. In Sec. II, we
will present the measures of quasilocal correlation and entan-
glement. We further discuss the selected superselection rules
and elucidate their role in the construction of lower bounds
to the two-site entanglement. In Sec. III, we briefly introduce
the model and the CDMFT solvers used to approximate its
solution. In addition, we discuss the evaluation of single- and
two-site reduced density matrices within the chosen numerical
schemes. In Sec. IV, we present and discuss our results about
the evolution of correlations and entanglement across the Mott
transition. Section V contains a discussion on the robustness
of the single- and two-site measures of entanglement with
respect to the superselection rules, in the two phases of the
model. In Sec. VI, we draw conclusions and outline some
future perspectives. Finally, in Appendix A, we give further
details on the implementation of the superselected measures
of correlation and entanglement, in Appendix B, we outline
the derivation of a sum rule for the two-site mutual informa-
tion, in Appendix C, we summarize in a table the properties of
the entanglement and correlation markers used in this work,
and in Appendix D, we provide additional details on the
numerical calculations.

II. ENTANGLEMENT MEASURES

The key quantity for our analysis is the quasilocal or-
bital entanglement, as measured by the relative entropy of
entanglement (REE) [34]. The relationships between the REE
and different measures of entanglement, e.g., entanglement

of formation, entanglement of distillation, etc. are extensively
discussed in Refs. [12,34].

In the following, we mostly deal with the case of bipar-
tite entanglement between two spatially separated electronic
orbitals. Thus, in order to formally define the corresponding
REE, we consider two sites, not necessarily neighbors, as a
subsystem of a full lattice. This subsystem can be further par-
titioned into the two distinct sites. The REE between these two
sites corresponds to a minimal “distance” (quantum relative
entropy) between the given two-site density matrix and the
convex set of two-site states that are separable with respect
to the bipartition [34]. In the following, we will refer to this
quantity as the two-site entanglement Ei j . Since there is not a
simple parametrization for this convex set, a closed expression
for the Ei j remains elusive [35]. Yet, different bounds can be
constructed via conventional quantities [12,31] and suitable
superselection rules [32,33]. In the following, we describe the
evaluation of these quantities in terms of the ground state re-
duced density matrices for single- and two-site subsystems, as
computed or measured within any theoretical or experimental
method. We defer to Sec. III all the details specific to our
numerical approach.

A. Single- and two-site entanglement entropies

Let us consider the ground state density matrix ρgs for a
lattice L. The reduced density matrix (RDM) for a subsystem
A of the lattice L reads

ρA = Tr j∈L\A(ρgs). (1)

Given a single site i, we call local entanglement entropy the
von Neumann entropy of ρi [17–20,25]

si = −Tr(ρi ln ρi ) (2)

If ρgs describes a pure state then si gives a well-defined
measure of the bipartite entanglement between the single site
and the surrounding lattice [25]. We stress that being one
of the entangled parties a macroscopic subsystem, this quan-
tity includes quantum correlations for all the spatial ranges
encoded in the model, hence the name “local entanglement
entropy” can be misleading.

In a similar way, we define a two-site entanglement entropy
from the RDM of a pair of sites ρi j as

si j = −Tr(ρi j ln ρi j ). (3)

We indicate the particular case of nearest neighbors with the
symbol s〈i j〉. The two-site entanglement entropy si j shares
most properties with si, being it a measure of the entanglement
between a pair of sites and, again, their whole environment.

B. Two-site mutual information (total correlation)

Given the entanglement entropies si and si j , respectively of
a single- and a two-site subsystem, we can define the mutual
information between the two sites as [25]

Ii j = si + s j − si j, (4)

reserving the symbol I〈i j〉 for the case of nearest neighbors.
The mutual information Ii j gives a measure of all quantum

and classical correlations between sites i and j. To eluci-
date this, let us consider the density matrix of a generic
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bipartite quantum system ρAB, with ρA and ρB the reduced
density matrices for an arbitrary pair of subsystems. The mu-
tual information IAB = sA + sB − sAB, satisfies the following
inequality [31]:

IAB � (〈OA ⊗ OB〉ρAB
− 〈OA〉ρA

〈OB〉ρB
)2

2||OA||2||OB||2 , (5)

where OA and OB are generic operators acting on the Hilbert
spaces of subsystems A and B, respectively. If the compos-
ite system is pure (sAB = 0), we have IAB = sA + sB = 2sA.
Because there is no classical correlation in a pure state, the
mutual information between A and B measures only the quan-
tum correlation between the two. If sAB �= 0 then ρAB is a
statistical mixture and IAB also includes classical correlations
between A and B. Hence, IAB provides an upper bound to cor-
relation functions for any pair of subsystem operators, namely
it quantifies the maximum correlation between subsystems A
and B.

C. Entanglement bounds and superselection rules

Since a closed mathematical expression for the two-site
entanglement, as measured by the REE, is inaccessible we aim
at obtaining upper and lower bounds to Ei j . As for the two-site
entanglement entropy and mutual information, we will notate
the case of nearest neighbors with the symbol E〈i j〉.

As discussed above, the total correlation Ii j includes
different sources of correlations. Hence it provides a straight-
forward upper bound to the two-site entanglement Ei j � Ii j

[12,25,34]. A lower bound can be obtained by restricting the
family of subsystem density matrices over which the distance
in the definition of the REE is evaluated [32]. This restriction
can be motivated by assuming suitable local superselection
rules (SSR), which are generalizations of conventional selec-
tion rules, constraining the coherent superposition of states
pertaining to different eigenvalues of selected local operators
[32,33]. The relevance of local SSR in the definition of phys-
ically accessible entanglement [33,36–45] has been recently
challenged by new arguments in quantum thermodynamics
[46]. Notwithstanding their possible interpretation, it has been
shown that the SSR allow the definition of rigorous lower
bounds to the two-site REE [32].

In the following, we consider particle number (N-SSR)
and parity (P-SSR) superselection rules, corresponding to a
restriction on the physical operations allowed on the electronic
system, namely, they must conserve either the local number
of electrons Ni or its parity. Using these SSR, we obtain the
following bounds for the two-site entanglement:

EN-SSR
i j � EP-SSR

i j � Ei j . (6)

Explicit expressions for EN-SSR
i j and EP-SSR

i j in terms of the
components of the two-site reduced density matrices are re-
ported in AppendixA.

It is important to observe that the N-SSR and P-SSR can
also be applied to the local entanglement and the two-site total
correlation, providing lower bounds to their magnitudes [47]

EN-SSR
i � EP-SSR

i � Ei, (7)

IN-SSR
i j � IP-SSR

i j � Ii j . (8)

A self-contained presentation of explicit expressions for these
quantities is given in Appendix A. Here, we denote with
EN(P)-SSR

i the superselected measure of the entanglement be-
tween a single site and the rest of the lattice. Note that this
quantity does not in general correspond to the superselected
local entanglement entropy as the ground state density matrix
of the lattice cannot be guaranteed to be pure under the SSR
[47], hence

EN(P)-SSR
i �= sN(P)-SSR

i .

See Appendix A for an extended discussion.
Finally, we introduce the superselection factors

ξ
N(P)-SSR
Ei

def= Ei

EN(P)-SSR
i

� 1, (9)

ξ
N(P)-SSR
Ii j

def= Ii j

IN(P)-SSR
i j

� 1 (10)

in order to quantify the robustness of these entanglement and
correlation measures, with respect to the two selected local
superselection rules: the closer these factors are to the unity,
the less relevant the superselection rules become in defining
the corresponding measure.

III. MODEL AND METHODS

We consider a single-band Hubbard model on the two-
dimensional square lattice L, with Hamiltonian

H = −t
∑

σ

∑
〈i j〉∈L

(c†
iσ c jσ + H.c.) + U

∑
i∈L

ni↑ni↓, (11)

where ciσ (c†
iσ ) is the annihilation (creation) operator of an

electron with spin σ at the site i of the lattice, niσ = c†
iσ ciσ

is the local spin density, t is the nearest-neighbor hopping
amplitude, and U is the local electronic interaction strength.
In the following, we consider the regime of zero temperature
and an occupation of one electron per site (half-filling). We
set our unit of energy as the noninteracting half-bandwidth
D = 4t = 1.

We solve this model using cluster dynamical mean-field
theory (CDMFT) [16,21–23]. This is a powerful nonpertur-
bative tool to investigate the physics of strongly correlated
electrons on a lattice, capturing local as well as nonlocal
(short-range) correlations. The CDMFT solution maps the
original lattice problem to a quasilocal embedding of a clus-
ter of Nimp correlated sites into a noninteracting bath, which
is self-consistently determined by the requirement that the
Green’s functions connecting sites within the cluster are the
same as in the original lattice. This effective theory can
be seen as a generalization of a quantum impurity model,
hence we will refer to the Nimp cluster sites as impurity sites
in the following.

In this work, we rely on a combined numerical analysis
using two different methods to solve the quantum impurity
cluster problem, namely Lanczos/Arnoldi exact diagonaliza-
tion (ED) and adaptive sampling configuration interaction
(ASCI). Both methods parametrize the noninteracting bath
in terms of a finite number of sites, employing different al-
gorithms to obtain the lower part of the energy spectrum
and dynamical correlation functions. Given the unfavorable
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scaling of the computational effort with the number of im-
purity sites, the size of the clusters is severely limited
allowing for a reliable estimate only of short-ranged spatial
correlations.

Our ED solver leverages on the massively parallel im-
plementation of Ref. [29], straightforwardly generalized to
cluster methods [48]. To reduce the number of variables to be
optimized, we employ a representation of the bath in terms
of noninteracting replicas of the correlated cluster, diago-
nally coupled to the corresponding impurity sites [49,50].
Their internal parameters, corresponding to on-site energies
and nearest-neighbor hoppings are optimized through the
self-consistency procedure, together with the impurity-bath
hybridization amplitudes [29]. Thus a given number Nrepl of
replicas corresponds to Nbath = NimpNrepl bath sites. In the
following, we use ED to study Nimp = 1 × 2 and Nimp = 2 × 2
clusters, keeping a fixed total number of sites Ns = Nimp +
Nbath = Nimp(1 + Nrepl ) = 12.

In addition, we employ the recently introduced ASCI
solver for CDMFT [30,51–53] to benchmark our results and
study larger cluster sizes with respect to those accessible with
the ED algorithm. This method provides a powerful algorithm
[54,55] capable of alleviating the ED limitations related to
the exponential growth of the Hilbert space of the impurity
problem: the ASCI ansatz corresponds to an adaptively op-
timized truncation of the full impurity model Hilbert space
in terms of a subset of selected Slater determinants, which
together reconstruct the majority of the ground state wave
function. It further relies on optimizing an orbital active space
by constructing a suitable natural basis from an approximated
one-body RDM for the bath orbitals [30,51,53]. This results
in a highly compact and accurate representation of the ground
state [56] and of the one-body Green’s functions [30], while
reducing the overall computational cost.

Within the ASCI method the bath sites are split into
groups of Nimp degenerate levels, with an all-to-all amplitude
to the cluster impurity sites. The bath parameters are self-
consistently determined by means of a recently introduced
conic optimizer [57]. In this work we perform ASCI calcu-
lations addressing N × 2 clusters sizes, with N = 1, . . . , 4.
We fix the number of bath sites to six times the number
of cluster impurity levels which, using the bath degeneracy
structure in Ref. [57], means that we have six nondegenerate
bath energies.

The two methods, ED and ASCI, grant us direct access to
an explicit representation of the ground state of the cluster
impurity model. Using this information, we can build the zero
temperature RDM for any cluster subsystem (e.g., two sites)
using an on-the-fly trace over the bath and complementary
impurity degrees of freedom. The local RDM, thoroughly
studied in Refs. [17–20], is obtained by further tracing over
all but one site.

Remarkably, we observe that a recent work by Roósz et al.
[58] provides a recipe to obtain single-orbital and two-orbital
RDM from the knowledge of single-particle and two-particle
Green’s functions alone, giving access to quasilocal en-
tanglement and correlation measures to a broad multitude
of many-body methods. Finally, an experimentally feasible
tomography protocol has been recently proposed for dot-
cavity devices, giving access to the relevant single-site and

two-site RDM [59]. Hence we prospect cross-fertilization
with the emerging field of entanglement certification in real-
istic open quantum impurity systems [60].

IV. RESULTS

In this section, we present numerical results for the evolu-
tion of quasilocal entanglement and correlations, as functions
of the ratio U/D across the interaction driven metal-insulator
transition. The critical interaction for the transition depends
on the size of the cluster Nimp. We tracked the transition point
for all the investigated cases and estimated it to be placed in
the interval U/D = [1.5, 1.6], although a precise determina-
tion of the transition point is beyond the scope of this work.

A. Mott transition in the entanglement entropy

We begin by investigating the local and the nearest-
neighbor entanglement entropies across the Mott transition.
In Fig. 1, we report the behavior of si and s〈i j〉 as a function of
the interaction strength. We compare the results for different
cluster sizes and effective bath realizations, from both ED and
ASCI methods.

The local entanglement entropy, see Fig. 1(a), is essen-
tially insensitive to the cluster size, even in the proximity of
the transition point at intermediate interaction values. This
confirms that the entanglement between a single-site and its
environment is properly captured in CDMFT and that this
quantity, extensively treated in the recent literature [18–20],
indeed represents a suitable marker for the Mott transition.

The nearest-neighbor entanglement entropy s〈i j〉, see
Fig. 1(b), displays a more noticeable scaling with respect to
the system size. In particular, major quantitative discrepancies
arise between clusters of different sizes in the metallic and
insulating regimes. We relate this behavior to the fact that
some choices of the cluster shape (e.g., 3 × 2 and 4 × 2) can
break the symmetries of the full lattice. However, according
to their qualitative behavior across the Mott transition we can
interpret the nearest-neighbor entanglement entropy to be well
converged.

Having clarified the behavior of the local and nearest-
neighbor entanglement entropies with respect to system size,
in the following we shall focus on the 2 × 2 cluster for an
in-depth analysis of the entanglement properties. A more
thorough study of the scaling of the results beyond the
nearest-neighbor limit in larger clusters will be investigated in
Sec. IV C to further characterize the nonlocality of classical
and quantum correlations.

To start, we study the behavior of the entanglement en-
tropies in the two limiting regimes of interaction. In the
noninteracting limit U 	 D, the local entanglement en-
tropy approaches the value si = 2 ln(2), corresponding to
a maximally entangled single-site state, for a half-filled
noninteracting metal featuring equal populations of empty,
doubly and singly occupied electronic states. On the contrary,
we have not a maximally entangled state for nearest-
neighbor sites, so the corresponding two-site entanglement
entropy attains a value smaller than 4 ln(2). This is a direct
consequence of the spatial correlation between the sites i
and j: if s〈i j〉 = 4 ln(2), then we would have I〈i j〉 = 0, which
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FIG. 1. Local (a) and nearest-neighbor (b) entanglement entropies, respectively si and s〈i j〉, as a function of the interaction strength U
across the metal-insulator transition. Data from ED (lines and symbols) and ASCI (open symbols) and for different combinations of cluster
sizes and bath levels. Clusters have the shape N × 2.

according to Eq. (5) would imply that no finite correlator exist
between the two neighboring sites. Nevertheless, a spectral
analysis of the nearest-neighbor RDM reveals that, in this
regime, all the 16 pure states contribute, although differently,
to the configuration of the system, as expected for the nonin-
teracting character of the solution.

In the strong coupling regime, U 
 D, both the local and
nearest-neighbor von Neumann entropies appear to approach
ln(2). Yet, a deeper analysis of the underlying pure states re-
veals remarkable differences in the two corresponding density
matrices. The local entanglement entropy is largely dominated
by the equally weighted two pure states |↑〉 and |↓〉, namely
the well-known local description of a paramagnetic Mott insu-
lator. On the other hand, s〈i j〉 is dominated by four pure states,
the spin-singlet (|↑↓〉 − |↓↑〉)/

√
2, accounting for about 75%

of the statistical mixture, and the spin-triplet states |↑↑〉, |↓↓〉
and (|↑↓〉 + |↓↑〉)/

√
2, adding up for almost all the rest, in

equal parts. Such relative composition of singlet and triplet
states in the nearest-neighbor dimer has been checked to be
consistent across all the addressed cluster and bath sizes: the
numerical differences in the von Neumann entropies for the
larger clusters are due to a different cumulative weight of all
the remnant 12 pure states. This once again confirms that the
two-site reduced density matrices are qualitatively consistent
across all the cluster realizations.

B. Entanglement between nearest neighbors

Here, we investigate in more detail the quantum correla-
tion between adjacent lattice sites using the 2 × 2 plaquette
CDMFT/ED solution of the model, which captures the es-
sential features of the local and nearest-neighbor density
matrices. In Fig. 2, we show the nearest-neighbor total cor-
relation I〈i j〉 and the particle number (parity) superselected
nearest-neighbor entanglement EN(P)-SSR

〈i j〉 , compared to the
well-known behavior of the local entanglement entropy si.
Considering the bounds EN(P)-SSR

〈i j〉 � E〈i j〉 � I〈i j〉, we can iden-
tify a region (shaded area in Fig. 2) in which the unconstrained
nearest-neighbor entanglement lies. Remarkably, both the

upper and lower bounds to E〈i j〉 show a sudden rise at the
Mott transition, in sharp contrast with the local entanglement

FIG. 2. Local entanglement entropy si, nearest-neighbor total
correlation I〈i j〉, and the number (parity) superselected nearest-
neighbor entanglement EN(P)-SSR

〈i j〉 as a function of the interaction
strength. The latter curves are also reported in logarithmic scale in
the inset, highlighting the different behavior in the Fermi liquid. The
shaded area defines the range in which the unconstrained nearest-
neighbor entanglement E〈i j〉 lies. Data from 2 × 2 cluster calculations
using ED method with Nbath = 8.
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entropy which is monotonically suppressed as the interaction
is increased. This is a key result of this work that we can ra-
tionalize as follows. The local entanglement entropy includes
contributions for all spatial ranges [25]. Conversely, E〈i j〉 takes
into account only the entanglement across a single lattice
bond. Thus, when looking at the spatial entanglement of the
system through si, the Mott insulator might appear less corre-
lated than a Fermi liquid state. Instead, the nearest-neighbor
entanglement undergoes an abrupt boost at the transition,
recovering the usual picture of Mott insulators as locally
strongly correlated phases of matter. We interpret this result
as a signature of the intimate relationship between strong
correlations and (Mott) localization.

We can push the resulting physical picture further by fo-
cusing on the comparison between the local entanglement
entropy and the nearest-neighbor total correlation. Elaborating
on the strong subadditivity property of the von Neumann
entropies [61], we can write the following inequality (see
Appendix B)

Īi j
def= 1

� − 1

∑
j �=i

Ii j � 2si, (12)

where � is the number of sites in the cluster and we recall that
Ii j represents the total correlation between two impurity sites
i and j. Hence the local entanglement entropy bounds from
above the cluster-averaged two-site total correlation Īi j . The
expression for Īi j contains ζ identical terms, namely I〈i j〉, with
ζ the number of nearest neighbors of site i in the cluster. We
can assume that the remaining terms in the expression for Īi j

decay with the intersite distance [31,62]. Their contribution is
then at most a negative additive shift to the value of the local
entanglement entropy. This explains the similar tail behavior
of si and I〈i j〉 in the Mott regime and implies that the total
correlation in the Mott phase is more local, namely has shorter
range, than the quantum entanglement of a Fermi liquid state.
More evidence about the quasilocal nature of entanglement
and correlations in Mott insulators will be given in Sec. IV C.

Finally, we note that both EP-SSR
〈i j〉 and EN-SSR

〈i j〉 essentially
vanish throughout the whole metallic phase and quickly
saturate to their maximum value in the Mott insulator. The
presence of two sharply distinct entanglement scales clearly
identifies the two phases, suggesting that these superselected
measures are able to capture the adiabatic connection to
either the noninteracting and the strong coupling limit, at
all intermediate strongly correlated regimes. It is worth
remarking that a deeper inspection (inset in Fig. 2) reveals
a qualitatively different behavior of EP-SSR

〈i j〉 and EN-SSR
〈i j〉 ,

throughout the Fermi liquid. After the Mott transition the
superselection rules instead become quickly indistinguishable
on the nearest-neighbor entanglement. This can be readily
understood by looking at their expressions, see Eqs. (A5) and
(A6): the two quantities differ by a term depending on the
populations of doublons and holons, which asymptotically
vanish in the Mott phase.

C. Entanglement beyond nearest neighbors

Having clarified the behavior of the two-site entanglement
for the minimal lattice distance, we now devote our atten-
tion to its scaling beyond nearest neighbors. To this end we
consider a 4 × 2 cluster which we address using the ASCI

FIG. 3. Two-site total correlation Ii j as a function of intersite dis-
tance d/a (with a the lattice spacing) and interaction strength U/D.
For d/a = 1, it reduces to the nearest-neighbor total correlation I〈i j〉
(see main text). Data from ASCI calculations using 4 × 2 cluster
size (star symbols and solid lines) and ED calculations for d/a = 1
using 2 × 2 cluster (filled symbols and dotted line). The shaded area
represents Ei j � Ii j , namely the range in which lies the nonlocal
entanglement between the two selected sites.

method for CDMFT. In Fig. 3, we show the total correlations
Ii j between two lattice sites i and j, at increasing distances. In
particular we choose the lower left corner site of the cluster
as i, and vary j as to select all the intracluster distances
d = a,

√
2a, 2a,

√
5a, 3a,

√
10a, where a is the lattice con-

stant. Given that Ii j represents an upper bound for the two-site
entanglement, we can readily infer that the two-site quantum
correlations are quickly damped with distance. Remarkably,
the increase of two-site correlations at the Mott transition ob-
served for nearest-neighbor pairs is progressively smoothed at
larger distances. These findings further underline the quasilo-
cal nature of the two-site entanglement across the whole phase
diagram of the model, with the Mott insulator likely to have
even a shorter range with respect to its parent Fermi liquid
state.

V. ROBUSTNESS WITH RESPECT TO SSR

We sharpen our analysis by applying the N-SSR and the
P-SSR to the local entanglement entropy and the nearest-
neighbor total correlation. This will enable us to understand
how these quantities are affected by the superselection rules,
which are expected to give the hallmark of experimentally
accessible correlations in a realistic setup based on operations
performed onto individual local electronic degrees of freedom
[32,33,36–44].

In Fig. 4, we report the local entanglement entropy si and
the nearest-neighbor total correlation I〈i j〉 together with the re-
spective superselection factors, as defined in Eqs. (9) and (10).
The explicit expressions of these two quantities can be re-
trieved from Appendix A, see Eqs. (A1), (A2) and Eqs. (A3),
(A4) respectively. These factors quantify the weight that the
superselection rules filter out from the corresponding correla-
tion measures.

In the Fermi liquid both factors are strongly enhanced by
the SSR, signalling that correlations and entanglement in a
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FIG. 4. Local entanglement entropy (a), nearest-neighbor total
correlation (b), and their respective [(c) and (d)] particle number
and parity superselection factors ξ

N(P)-SSR
Ei

and ξ
N(P)-SSR
I〈i j〉 , as a function

of the interaction strength. Data from ED calculations with a 2 × 2
cluster and Nbath = 8 bath levels.

metal are not really accessible via standard local operations.
This matches with the results previously discussed in Fig. 2:
the most localized bipartite entanglement measure we can
define on a lattice vanishes in an interacting metal, provided
that we preclude any local fluctuation of charge. The local
entanglement and two-site correlations, measured by si and
I〈i j〉, are then ascribed to the itinerant nature of the electronic
state.

Remarkably, in the correlation-driven insulator, we ob-
serve a dramatic differentiation between the two markers.
The single-site entanglement entropy superselection factors
ξ

N(P)-SSR
Ei

linearly increase with the on-site repulsion. On the

contrary, ξ
N(P)-SSR
I〈i j〉 steadily approach the unity right after the

transition point, signaling that the results are increasingly
robust with respect to the SSR, i.e., the filtering is nearly
irrelevant in this regime.

The fact that si is damped by superselection rules while
the nearest-neighbor total correlation becomes essentially in-
sensitive to them, as we enter the Mott phase, suggests that
nearest-neighbor quantities are better suited for the character-
ization of correlated insulators. Indeed, the signature of Mott
physics is the freezing of local charge fluctuations thus the
N-SSR would constitute a natural physical stage to reveal the
underpinning role of strong correlations.

The robustness of the nearest-neighbor total correlation to
N-SSR and P-SSR and the fact that EN-SSR

〈i j〉 � EP-SSR
〈i j〉 deep in

the Mott insulating phase, suggests that the nearest-neighbor
entanglement E〈i j〉 � I〈i j〉 could share the same property with

respect to the SSR. In this case, we expect the full unrestricted
quantity to be significantly close to its lower bound shown in
Fig. 2.

VI. CONCLUSIONS AND OUTLOOK

The local entanglement entropy has been extensively stud-
ied through the last decade to revisit the physics of the
Mott transition under the lens of quantum information theory
[17–20]. Although this quantity allows for a full character-
ization of the quantum phase transition and both its sub-
and supercritical thermal signatures, its physical interpretation
has been hindered by the lack of a clear distinction between
genuinely local and nonlocal contributions [25].

Based on a CDMFT analysis of the two dimensional Hub-
bard model, we clarified the role of local and quasilocal
entanglement across the Mott transition. In particular, we
leveraged a notion of entanglement between a pair of sites,
with no reference to their environment. This quantity gives a
genuine measure of the quasilocal entanglement in the ground
state. Despite being well defined as the minimal quantum
relative entropy, such two-site entanglement has no accessible
general expression and its determination represents an open
problem in quantum information theory [35]. Remarkably,
we carefully analyze upper and lower bounds to the two-site
entanglement. The former is obtained by a rigorous interpre-
tation of the mutual information as a measure of maximal total
correlations, while the latter are based on recently introduced
expression for the two-site entanglement under charge and
parity superselection rules [32], amounting to constrain the
possible coherent superposition of quantum states to those
conserving the local electron number or its parity.

We proved that the nearest-neighbor total correlation is al-
most unaffected by the local charge and parity superselection
rules, in the Mott insulator. On the other hand, the charge
and parity superselected two-site entanglement formulas have
been proved indistinguishable in the Mott phase. Hence we
propose the two-site measures of entanglement and correla-
tion as reliable tools for the study of (Mott) localized phases
of matter.

Following the evolution of the entanglement bounds as
a function of the interaction strength, we predict a sharp
increase of the nearest-neighbor entanglement at the Mott
transition point, in contrast with the well-known phenomenol-
ogy of the local entanglement entropy. Consequently, while
the Mott insulator might globally result less spatially entan-
gled than the weak coupling Fermi liquid state, we argue
that the genuine quasilocal quantum correlation is actually
increased by Mott localization, thus reconciling with the
paradigmatic view of a Mott insulator as a strongly correlated
localized system. Further evidence about the quasilocal nature
of the two-site entanglement, in both the Fermi liquid and
Mott regimes, has been secured by extending our analysis
beyond nearest neighbors.

Our results shed new light on the mechanism underlying
the transformation of a Fermi liquid metal into a strongly
correlated insulator, namely, the Mott transition, bridging
the fertile field of quantum information theory with the
notoriously tough problem of describing strongly correlated
electrons. The analysis is based on CDMFT calculations
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with clusters sizes up to eight sites, providing a reasonably
complete description of the Mott transition, as extensively
studied and compared with other methods, including larger
clusters [63,64]. The addressed cluster sizes allow us for a
systematic and computationally affordable study in a well-
documented setting. There are several directions to verify
the robustness of our results, including the analysis of larger
clusters within CDMFT or dynamical cluster approximations
[22], or even the adoption of different algorithms ranging from
quantum Monte Carlo to tensor networks [65–67]. However,
we emphasize that our results provide a clear characterization
of the entanglement properties of the metallic and insulating
solutions, which is expected to be valid regardless of the
approximation we used to identify it.

Different fruitful research directions can be envisaged
in this respect. Our information theory perspective can in-
deed provide precious information on the intriguing analogy
between nonlocal correlations of the single-band Hubbard
model and correlations between different local orbitals in mul-
tiorbital systems [68–70] and, in more general terms, identify
a conceptual framework to address the role of nonlocal cor-
relations arising from local interactions in multicomponent
quantum systems including unconventional superconductors
[71], correlated topological insulators [72,73], and SU(N)
cold-atom systems [74,75].
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APPENDIX A: EXPLICIT FORMULAS
FOR SUPERSELECTED LOCAL ENTANGLEMENT,

TWO-SITE TOTAL CORRELATION,
AND TWO-SITE ENTANGLEMENT

In the following, we will report the explicit expressions for
the charge and parity superselected measures of correlation
and entanglement, as discussed in the main body of the paper.
Particularly we will address

(i) the superselected entanglement between a single site
and its environment [Eqs. (A1) and (A2)],

(ii) the superselected total correlation between two neigh-
boring sites [Eqs. (A3) and (A4)],

(iii) the superselected entanglement between two neigh-
boring sites [Eqs. (A5) and (A6)].

While fixing notations and language, we will also briefly
comment on the physical meaning of these superselection
rules and warn the reader about easy pitfalls on the interpreta-
tion of the results, so to make our results as precise as we can.

Proofs will not be addressed but we will give explicit pointers
to the relevant literature.

Given the spin SU(2) and charge U(1) symmetries of the
Hubbard model, the reduced density matrix for a single site ρi

is diagonal in the basis |•〉, |↑〉, |↓〉, |↑↓〉, where the black dot
represents an empty site.

ρi =

⎛
⎜⎜⎝

p1 0 0 0
0 p2 0 0
0 0 p3 0
0 0 0 p4

⎞
⎟⎟⎠.

If no superselection rule is taken into account and the
ground state of the full lattice is pure, we can write it as
Schmidt decomposition

|�gs〉 = √
p1 |•〉 ⊗ |N, M〉

+ √
p2 |↑〉 ⊗ |N − 1, M − 1/2〉

+ √
p3 |↓〉 ⊗ |N − 1, M + 1/2〉

+ √
p4 |↑↓〉 ⊗ |N − 2, M〉 ,

where |N ,M〉 represent a Fock state of N electrons and M
magnetization, living on all lattice sites j �= i.

In this case, the entanglement between the single site i and
the rest of the lattice { j �= i}, which we shall refer to as Ei, is
just given by the von Neumann entropy of ρi, namely,

Ei ≡ si = −
∑

n

pn ln pn.

However, as soon as we consider a superselection rule,
namely, a local restriction on the allowed physical operators,
such that all of them must commute with a given conserved
quantity Qi, the ground state �gs must be projected into the
eigensubspaces of Qi, defining the block diagonal superse-
lected density matrix

ρQ−SSR
gs =

∑
i

∣∣�Qi
gs

〉〈
�Qi

gs

∣∣.
In general, the purity of ρQ-SSR

gs cannot be guaranteed,
so that all its von Neumann reduced entropies (includ-
ing the single-site entropy) are not legitimate measures of
entanglement

EQ-SSR
i �= −

∑
n

pQ-SSR
n ln pQ-SSR

n .

A careful treatment, based on a general definition of entan-
glement as the maximal distance (quantum relative entropy)
of the given superselected local density matrix from the set of
separable single-site states [34], leads instead to the following
expressions:

EN-SSR
i = (p2 + p3) ln(p2 + p3)

− p2 ln p2 − p3 ln p3, (A1)

EP-SSR
i = (p1 + p4) ln(p1 + p4)

+ (p2 + p3) ln(p2 + p3)

− p1 ln p1 − p2 ln p2

− p3 ln p3 − p4 ln p4, (A2)
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TABLE I. Basis for the two-site Fock space Fi j . The indices n
of the quantum states |ψn〉 = |ψ↑

n 〉 ⊗ |ψ↓
n 〉 define the conventional

labeling for the matrix elements pnm of the reduced density matrix
for the two-site subsystem. Black dots (•) represent empty lattice
sites.

Label: n State: |ψ↑
n 〉 ⊗ |ψ↓

n 〉
1 | • • 〉 ⊗ | • • 〉
2 | ↑ • 〉 ⊗ | • • 〉
3 | • ↑ 〉 ⊗ | • • 〉
4 | ↑ ↑ 〉 ⊗ | • • 〉
5 | • • 〉 ⊗ | ↓ • 〉
6 | ↑ • 〉 ⊗ | ↓ • 〉
7 | • ↑ 〉 ⊗ | ↓ • 〉
8 | ↑ ↑ 〉 ⊗ | ↓ • 〉
9 | • • 〉 ⊗ | • ↓ 〉
10 | ↑ • 〉 ⊗ | • ↓ 〉
11 | • ↑ 〉 ⊗ | • ↓ 〉
12 | ↑ ↑ 〉 ⊗ | • ↓ 〉
13 | • • 〉 ⊗ | ↓ ↓ 〉
14 | ↑ • 〉 ⊗ | ↓ ↓ 〉
15 | • ↑ 〉 ⊗ | ↓ ↓ 〉
16 | ↑ ↑ 〉 ⊗ | ↓ ↓ 〉

for the cases of Qi = Ni and Qi = Pi, being Ni the local
electron number and Pi its parity. Notice that the pn entering
the two expressions are the original elements of the ρi local
density matrix, since it is already diagonal on the Ni and Pi

sectors. The full derivation can be found in Ref. [47].
Let us move on a two-site subsystem, described by the ρi j

reduced density matrix. Fixing a basis for the two-site Fock
space as in Table I, we can define its matrix elements as pnm =
〈ψn| ρi j |ψm〉. Again, the spin SU(2) and charge U(1) sym-
metries of the Hubbard model impose several restrictions on
which pnm elements vanish, basically disallowing all fluctua-
tions in the two-site charge and magnetization. Applying the
number superselection rule (N-SSR) amounts to forbidding all
changes in the local (single-site) charge, while the parity su-
perselection rule (P-SSR) allows only the charge fluctuations
that preserve the parity of the local particle number. Local
spin-flips survive both superselection rules, as they commute
with the local particle number. A schematic depiction of the
structure of ρi j , and how it changes under N-SSR and P-SSR
is reported in Fig. 5. Once either the N-SSR or the P-SSR
filtering is applied on ρi j , the superselected nearest-neighbor
total correlation is just given by the mutual information be-
tween its reduced single-site subsystems. In functional terms,
if we refer to the von Neumann entropy of a generic density
matrix ρ as s{ρ}, we have

IN-SSR
i j = s{ρi} + s{ρ j} − s

{
ρN-SSR

i j

}
, (A3)

IP-SSR
i j = s{ρi} + s{ρ j} − s

{
ρP-SSR

i j

}
. (A4)

We stress that the single-site reduced density matrices ρi, as
computed from ρi j via the usual partial trace, are insensitive to
the N-SSR and P-SSR filtering, hence not superscripted in the
formulas. Once again, note that while the superselected total
correlation is still mathematically given by a subtraction of

FIG. 5. Pictorial representation of the two-site reduced density
matrix ρi j . For a generic interaction value U/D, most entries vanish
(white) due to the spin and charge symmetries of the Hubbard model.
Superselecting for local electron parity (P-SSR) sets all light-shaded
entries to zero, while the N-SSR removes the remaining local charge
fluctuations (the two dark-shaded entries). Black elements are always
preserved.

von Neumann entropies, the latter are not anymore legitimate
measures of the entanglement between single/pairs of sites
and their surroundings. Hence the superselected total corre-
lation cannot be physically interpreted as an algebraic sum
of superselected entanglement measures. An extended discus-
sion on all these subtle aspects can be found in Ref. [12].

As discussed in the main body of the paper, we target
the entanglement between a pair of local orbitals, defined as
a suitable minimal “distance” (namely the quantum relative
entropy) between the given reduced density matrix ρi j and
the set of separable two-site states Di j [34]. The relevant
minimization process constitutes a formidable open problem
in quantum information theory, given that no efficient descrip-
tion for the boundary of the Di j set is known [35]. Recently a
set of closed formulas has been proposed, under the assump-
tion of either N-SSR or P-SSR, plus some typical symmetries
of condensed matter systems [32]. In particular, we adopt here
the versions valid under conservation of global N and Sz,
particle-hole symmetry and the assumption of a singlet ground
state for the whole lattice, as they are indeed all satisfied by
both the Hubbard model on the half-filled 2d square lattice
and its CDMFT solution.

Here we report these two closed expressions, commenting
on their physical properties with respect to the numerical
results presented in Fig. 2. The reader interested in deriva-
tions and a general discussion on the relevance for arbitrary
condensed matter systems and realistic quantum information
processing therein, is strongly encouraged to approach the
original references [32,33].
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With reference to Table I, we define the following
probabilities:

pn = 〈ψn| ρi j |ψn〉 , ∀ n ∈ [1, 16] \ {6, 7, 10, 11},(
p6

p11

)
= R†

( 〈ψ6| ρi j |ψ6〉 〈ψ6| ρi j |ψ11〉
〈ψ11| ρi j |ψ6〉 〈ψ11| ρi j |ψ11〉

)
R,

(
p7

p10

)
= R†

( 〈ψ7| ρi j |ψ7〉 〈ψ7| ρi j |ψ10〉
〈ψ10| ρi j |ψ7〉 〈ψ10| ρi j |ψ10〉

)
R,

with R =
(

1 −1
1 +1

)
× 1√

2
.

Note that, according to symmetries, 〈ψ7| ρi j |ψ7〉 =
〈ψ10| ρi j |ψ10〉 and 〈ψ6| ρi j |ψ6〉 = 〈ψ11| ρi j |ψ11〉, so
that the rotation matrix R has been defined here as to
diagonalize the subspaces defined by Span{|ψ7〉 , |ψ10〉}
and Span{|ψ6〉 , |ψ11〉}, namely the only nondiagonal blocks
surviving the superselection filtering on ρi j (see Fig. 5). It
can be further proven that the only relevant probabilities for
determining the N-SSR and P-SSR two-site entanglement
measures are p1 = p16 (equality ensured by particle-hole
symmetry), p4 = p13 (equality ensured by a singlet ground
state), p6, p11, p7 and p10.

Finally we can express the charge and parity superselected
two-site entanglement measures as

EN-SSR
i j =

[
r ln

(
2r

r + t

)
+ t ln

(
2t

r + t

)]
× θ (t − r), (A5)

EP-SSR
i j = EN-SSR

i j

+
[

s ln

(
2s

s + τ

)
+ τ ln

(
2τ

s + τ

)]
× θ (τ − s),

(A6)

where θ (t − r) and θ (τ − s) are Heaviside steps, vanishing if
r � t , and s � τ , respectively, where

t = max{p7, p10}, r = min{p7, p10} + p4 + p13,

τ = max{p6, p11}, s = min{p6, p11} + p1 + p16.

The vanishing imposed by the θ steps reflects the Peres–
Horodecki separability criterion [76–78].

We highlight that Eqs. (A5) and (A6) differ for a term
depending on τ and s alone, which involve only diagonal
occupations of pairs of doublon and holon states. Since both of
them are gradually suppressed by Mott localization we expect
the two superselected measures of two-site entanglement to
be asymptotically indistinguishable in the Mott insulator.

APPENDIX B: DERIVING A SUM RULE FOR THE
TWO-SITE MUTUAL INFORMATION FROM THE STRONG

SUPERADDITIVITY PROPERTY OF QUANTUM
VON NEUMANN ENTROPIES

For any state of a generic quantum tripartite system
HABC = HA ⊗ HB ⊗ HC, a strong subadditivity property has
been proven to relate the von Neumann entropies of all its
subsystems and the whole density matrix ρABC. In standard
notation it reads [61]

s(ρABC) + s(ρB) � s(ρAB) + s(ρBC). (B1)

Adding the von Neumann entropy of subsystem A on both
sides, we can recast the inequality in terms of suitable mutual
informations, as

s(ρABC) + s(ρA) + s(ρB) � s(ρAB) + s(ρA) + s(ρBC),

s(ρA) + s(ρB) − s(ρAB) � s(ρA) + s(ρBC) − s(ρABC),

I (ρA : ρB) � I (ρA : ρBC). (B2)

Let us consider the CDMFT solution for the Hubbard
model and take A and B as single-site orbitals i, j in the cluster
and C as the rest of the impurity model. Equation (B2) then
becomes Ii j � Ii{k �=i}. Since the ground state of the impurity
model is pure, we have Ii{k �=i} = si + s{k �=i} = 2si and we can
further recast the inequality as

Ii j � 2si, ∀ i �= j. (B3)

Finally we fix a reference site i and sum over all other
possible cluster sites j �= i, to get

Nimp∑
j=1

Ii j (1 − δi j ) �
Nimp∑
j=1

2si(1 − δi j ),

∑Nimp

j=1 Ii j (1 − δi j )

2
∑Nimp

j=1 (1 − δi j )
� si, (B4)

which is equivalent to Eq. (12) in the main text.

APPENDIX C: COMPARATIVE TABLE
OF ENTANGLEMENT MARKERS

FOR STRONGLY CORRELATED ELECTRONS

For ease of reference, we provide in Table II a concise
summary of all the correlation and entanglement markers we
discuss throughout this work. We assume zero temperature
and a general mixed state for the single- and two-site subsys-
tems, due to the embedding in the lattice.

APPENDIX D: DETAILS OF ASCI SIMULATIONS

Here we provide some computational details of the ASCI
calculations performed in this work for the different impurity
models. As a reminder, a cluster with N × M correlated sites
always has 6 × N × M bath sites.

As discussed in Refs. [30,54,55], the important parameters
for the ASCI solver include: (i) the size of the Hilbert space
truncation, (ii) the size of the core space, namely the subset of
determinants from which the Hilbert space exploration at each
iteration is started, (iii) the active space threshold value, and
(iv) the excitation threshold for the Green’s function calcula-
tion, namely from which ground state determinants to build
excited states in order to complete the determinant truncation
to improve the Green’s function accuracy.

The 1 × 2 cluster impurity model calculations were done
without any Hilbert space truncation, while the 2 × 2 cal-
culations were done with a Hilbert space truncation of
105 determinants. For the larger impurity models, namely
3 × 2 and 4 × 2, the simulations with U/D > 0.25 were
also performed with 105 determinants, while the U/D =
0.25 simulation was performed with 5 × 105 determinants to
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TABLE II. Summary of single- and two-site entanglement and correlation measures, as used in this work.

MARKER WHAT IT MEASURES WHAT IT BOUNDS

Single-site si Entanglement between –
entanglement a single site i and
entropy (2) the rest of the lattice,

pure ground states
Single-site EN-SSR

i Accessible entanglement between Entanglement between a
entanglement under a single site i and the rest of single site i and the rest of the lattice,
charge SSR (A1) the lattice, within operations that conserve for all ground states (from below)

the local charge Ni

Single-site EP-SSR
i Accessible entanglement between a single site Entanglement between a single site

entanglement under i and the rest of the lattice, within operations that i and the rest of the lattice,
parity SSR (A2) conserve the parity of the local electron number Ni for all ground states (from below)
Two-site entanglemen si j Entanglement between the two –
entropy (3) sites (i, j) and the rest

of the lattice, for pure ground states
Two-site mutual Ii j Total correlation between the two sites The entanglement between i and j, as well
information (4) i and j as any two-site correlator (from above)
Two-site mutual IN-SSR

i j Accessible correlation between the two sites i The two-site mutual information
information under charge and j, within operations that Ii j (from below)
SSR (A3) conserve the local charge Ni

Two-site mutual IP-SSR
i j Accessible correlation between the two sites i The two-site mutual

information under parity and j, within operations that conserve information Ii j [from below]
SSR (A4) the parity of the local electron number Ni

Two-site EN-SSR
i j Accessible entanglement between i The entanglement between i

entanglement under charge and j, within operations that conserve and j. [from below]
SSR (A5) the local charge Ni

Two-site EP-SSR
i j Accessible entanglement between i and The entanglement between i

entanglement parity j, within operations that conserve the and j. [from below]
SSR (A6) parity of the local electron number Ni

ensure convergence of Green’s function and von Neumann
entropies with respect to the truncation size. In all cases,
the core space from which to start the determinant search
at each ASCI iteration (cf. Ref. [30]) was set equal to the
full truncation. The threshold to define the active space in
the approximate natural bath orbital basis was chosen to be
δ = 10−4. Once the ASCI ground state energy is converged,
we evaluate the Green’s function after complementing the

determinant truncation as described in Ref. [30,57], namely
adding determinants corresponding to single electron excita-
tions (within and beyond the active space) on top of those
determinants in the ASCI truncation with absolute wave func-
tion coefficients larger than 10−4. The DMFT self-consistency
was iterated until the bath parameters were converged to an
absolute error within 10−3, involving typically between 10
and 40 iterations.
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