
PHYSICAL REVIEW B 109, 115101 (2024)

Simulations of the dynamics of quantum impurity problems with matrix product states
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The Anderson impurity model is a paradigmatic example in the study of strongly correlated quantum
systems and describes an interacting quantum dot coupled to electronic leads. Here we investigate its dynamics
following a quantum quench based on matrix product state simulations. We examine the behavior of its impurity
magnetization. Its relaxation allows us to extract the predicted scaling of the Kondo temperature as a function of
the impurity-lead hybridization and quantum dot repulsion. Additionally, our simulations provide estimates of the
currents in the nonequilibrium quasisteady state appearing after the quench. Through their values, we examine
the dependence of the conductance on the voltage bias Vb and on the impurity chemical potential Vg, which
displays a zero-bias Kondo peak. Our results are relevant for transport measurements in Coulomb blockaded
devices, and, in particular, in quantum dots induced in nanowires.
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I. INTRODUCTION

The Kondo effect is the most emblematic embodiment
of strong correlations in condensed matter systems. The ad-
vances in the fabrication and measurement techniques of
nanostructures allowed us to observe its distinctive zero-
bias conductance peak in a wide class of systems, including
gate-defined quantum dots [1,2], nanotubes [3], and semicon-
ducting nanowires [4].

In these mesoscopic systems, however, the dynamics of the
quantum impurities at the basis of the Kondo effect is typi-
cally too fast to be observed. A complementary experimental
platform has been recently offered by quantum simulators
of ultracold fermionic Yb atoms [5]. In these setups, the
characteristic timescales are much longer than in their solid
state counterpart, thus enabling the analysis of the dynamics
of the spin impurities at the basis of the Kondo effect in
out-of-equilibrium transient states [6].

Inspired by these developments, in this paper we analyze
the dynamics of the Anderson impurity model after a quantum
quench through matrix product state (MPS) simulations. By
studying the transient behavior of its impurity magnetization,
we provide a numerical verification of the Kondo timescale
consistent with previous renormalization group results [7].
We derive the conductance of the corresponding two-terminal
problem by considering both leads with a finite voltage bias
and different charge impurity configurations. Our results are
relevant for the experimental study of Coulomb blockaded
nanowires with induced quantum dots.

The out-of-equilibrium properties of quantum impu-
rity models following quantum quenches are considered a
paradigmatic playground to observe how strong correlations

develop through time evolution in many-body quantum sys-
tems and have been recently studied by means of a vast set
of analytical and numerical techniques. The quench dynam-
ics of the two-terminal Anderson impurity model (AIM), in
particular, has been addressed by quantum Monte Carlo meth-
ods to estimate the related Keldysh Green’s functions [8–13],
time-dependent numerical renormalization group (NRG) [14],
self-consistent diagrammatic techniques [15], and tensor-
network methods to study its real-time evolution [16–22] (see
also the comparison among different methods in Ref. [23]).

Despite being one of the most studied interacting models in
condensed matter physics, the AIM keeps drawing attention as
a standard test bed for both numerical and analytical investi-
gations of out-of-equilibrium strongly correlated systems and
non-perturbative effects.

In the following, we will benchmark the MPS algorithm
we introduced in Ref. [24] through its simulation of the time
evolution of the two-terminal AIM. Our approach is tailored to
examine the Kondo regime and make predictions on its trans-
port properties in the low-temperature limit. Additionally, it
can be readily extended to encompass more intricate forms of
hybridization between the leads and the impurity and charac-
terize transport features through more complex structures than
the AIM, such as multilevel or superconducting quantum dots
and different kinds of interacting scatterers.

The rest of the paper is organized as follows. We introduce
the model in Sec. II and we give an overview of our numer-
ical approach in Sec. III, summarizing the main concepts of
Ref. [24]. We illustrate our results in Sec. IV, where we focus
on the estimate of the Kondo temperature from the relaxation
of the magnetization and on the current-voltage curves. We
summarize our paper and draw our conclusions in Sec. V. In
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the Appendix, we make an explicit comparison between the
spin relaxation computed with our approach and the results
presented in Ref. [25] using the time-dependent numerical
renormalization group algorithm.

II. THE MODEL

The AIM represents an electronic environment coupled
with an interacting magnetic impurity; it is one of the most
popular yet simple models that display the Kondo effect, and
it constitutes the central element of dynamical mean field
theory methods for studying correlated materials, making it
a fundamental problem for many numerical algorithms [26].
Its Hamiltonian reads

Ĥ = Ĥleads + Ĥtunn + ĤAIM, (1)

where

ĤAIM = Un̂↑n̂↓ + Vg(n̂↑ + n̂↓), (2)

with n̂σ = d̂†
σ d̂σ describing the occupation of the two spin

states of a single-level quantum dot, which, in turn, plays
the role of the magnetic impurity and is characterized by the
Hubbard repulsion U and the chemical potential Vg. Unless
otherwise stated, we will focus on the particle-hole symmetric
point Vg = −0.5U .

The lead Hamiltonian

Ĥleads = −
∑
α,σ,l

tα,σ,l (ĉ
†
α,σ,l ĉα,σ,l + H.c.) +

∑
α,σ,l

μα,σ n̂α,σ,l

(3)
describes two spinful fermionic chains (α = L, R) with a spin-
dependent chemical potential μα,σ and a hopping amplitude
tl = t0e−(l−1)/ξ that decreases exponentially as a function of
the distance from the site l = 1, with a decay length ξ .
This is known as Wilson construction and is commonly used
in numerical renormalization group approaches to impurity
problems. Moreover, it has been shown effective to increase
both the resolution at small voltage bias, namely, by mimick-
ing an effectively larger system, and the stability of the time
evolution in MPS simulation of transport problems [17,24,27].
Indeed, given the finite size L, the density of states around
the Fermi energy depends on the hopping decay length ξ : the
smaller ξ , the more states are shifted toward the Fermi energy,
leading to a smaller energy level spacing. Therefore, a strong
decay of the tunneling provides higher energy resolution to
accurately determine the dynamics for states close to zero
energy (thus at small bias voltages) [17].

Finally, the quantum dot and the leads are coupled with a
standard tunneling Hamiltonian

Ĥtunn = −
∑
α,σ

Jα,σ (ĉ†
α,σ,1d̂σ + H.c.), (4)

where d̂σ destroys an electron with spin σ on the impurity
level. Throughout this paper, we consider a uniform tunneling
strength between the quantum dot and the leads Jα,σ = J and
we denote by � = 2J2/t0 the effective tunneling rate in the
limit of infinite bandwidth (constant density of states).

To bring the system out of equilibrium, we adopt two dif-
ferent quantum quench protocols [24,28]: (i) In the zero-bias
quench, we initialize the system with J = 0 and μL = μR,

thus preparing a product state between the impurity and the
leads; at time t > 0, the leads are connected to the quantum
dot (J > 0) and the system equilibrates towards a stationary
state. (ii) In the μ quench, the system is initialized in the
ground state at half filling, i.e., with uniform chemical poten-
tial μL = μR, and then it evolves in time after a voltage bias Vb

is turned on. The first protocol is more useful to study the re-
laxation of the impurity magnetization and extract the Kondo
temperature, while the second leads to a fast convergence of
the current to a nonequilibrium quasisteady state (NEQSS)
that describes the dynamics of the quantum quenches of finite-
size systems at intermediate times. The time evolution of the
system after a μ quench is indeed analogous to the dynamics
of quantum quenches describing the melting of domain walls
in spin systems [29,30] and is characterized by the onset of a
light cone departing from the quantum dot at t = 0. The cor-
responding postquench Hamiltonian obeys a Lieb-Robinson
bound [31,32] such that, for t > 0, the central region of the
system (in proximity of the dot) is not affected by finite-size
effects until the quasiparticles produced by the quench do not
reach the boundary l = L of the finite leads. As verified in
different models with fermionic leads, this implies that the
conductance of the system can be extracted by the currents
in the NEQSS [24,33,34]. Furthermore, since in the μ quench
the initial state already captures some of the nonperturbative
Kondo correlations, such a state is closer to the Kondo-like
quasisteady state that arises in transport measurements and
provides the most efficient approach to capture the behavior
of the currents in the transient NEQSSs.

III. MATRIX PRODUCT STATE SIMULATIONS

Tensor networks offer a powerful framework to simu-
late the real-time evolution of quantum impurity models
[16–22,35–39]. The MPS construction enhances the char-
acterization of spectral features at high frequencies, which
hold significant importance in out-of-equilibrium and time-
dependent impurity problems [27].

In our simulations, we will describe the time evolution
of the closed and finite system defined by the Hamiltonian
(1) with leads of size L. As mentioned above, we will focus
our analysis on intermediate times after the quantum quench,
such that our results will be derived from NEQSSs which are
insensitive to finite-size effects. This implies, for instance,
that, differently from time-dependent NRG procedures, our
MPS results are unaffected by the incomplete thermalization
caused by the discretized Wilson chain discussed in Ref. [40]
because they are unrelated to the thermal Gibbs state emerging
at infinite time.

Finite-size effects, however, set important limitations that
we must consider. First, to avoid boundary effects, our sim-
ulations must be restricted to a finite time window set by
the upper bound tmax when the quasiparticles produced dur-
ing the quantum quench reach the edges of the boundary
and, for instance, cause a nonphysical reflection of the cur-
rent after a μ quench. This problem is mitigated by the
adopted Wilson chain approach, which increases the typ-
ically accessible timescale before observing edge effects,
tmax = ξ

2t0
(e(L−1)/ξ − 1) [24]. In the uniform chain case in-

stead, the current travels with constant speed v f = 2t0 through
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(a)

(b)

FIG. 1. (a) Sketch of the AIM: A single-level quantum dot with
Hubbard repulsion U is tunnel coupled to two noninteracting leads
with chemical potentials μL and μR. (b) Schematic representation of
the MPS describing the system [24]. The sites of the chain represent
single-particle orbitals and are ordered by their energy. To account
for the interaction, we include an auxiliary bosonic charge site (rep-
resented by a square) which counts the number of particles inside the
dot. This construction introduces long-range couplings (arrows) in
the Hamiltonian MPO, which, however, do not constitute an obstacle
for the TDVP algorithm used for the time evolution.

the leads, leading to an edge reflection after the time interval
(L − 1)/2t0. Additionally, finite-size effects also determine an
incomplete relaxation of the spin of the impurity (see next
section) after a zero-bias quench, which, again, sets a limit
to the physical time window we can consider. Finally, they
also determine the resolution we can achieve in the chemical
potentials of the leads and, therefore, in the introduction of a
voltage bias in the system to estimate its conductance.

To simulate the postquench dynamics, we model the sys-
tem with the MPS depicted in Fig. 1(b): each site represents
a single-particle energy orbital of the noninteracting and de-
coupled system (U, J = 0), and we compute the unitary time
evolution of the closed system with the time-dependent varia-
tional principle (TDVP) [41,42].

In particular, we expand the construction presented in
Ref. [24] with the addition of the spin degrees of freedom; the
MPS sites are ordered based on their energies [43], such that
the entropy growth during the time evolution is restricted in an
energy window, and thus a segment of the MPS, correspond-
ing to the voltage bias. This can be intuitively understood
by considering that in transport processes, only states in an
energy window [εF − eVb, εF + eVb], where εF is the Fermi
energy of the leads, contribute to the current. All the others
remain in their initial state, occupied or empty, and do not con-
tribute to the entanglement growth in the MPS. In particular,
as pointed out in Ref. [43], the entanglement entropy displays
a logarithmic growth with time instead of a linear increase.
Since the basis states (MPS site) are ordered by their energies

regardless of the number of leads, introducing multiple leads
(or the spin degrees of freedom) is straightforward.

The interaction U is introduced by including an auxiliary
MPS site that represents the charge N̂ = n̂↑ + n̂↓ of the dot
[24]. Tunneling events increase or decrease this charge by
one. This construction is not strictly necessary for a single
impurity site as in the AIM in Eq. (1), but it can easily allow
for generalizations to multilevel dots with a uniform all-to-all
Coulomb repulsion described by an effective charging en-
ergy. Moreover, representing separately the charge degree of
freedom from the dot particle number enables us to consider
superconducting quantum dots [24,44].

In the chosen single-particle energy basis, Ĥleads +
ĤAIM(U = 0) acts trivially on each site of the MPS as they
represent eigenstates of the Hamiltonian with U, J = 0.
Therefore, the dynamics is dictated only by the interplay
between the tunneling Hamiltonian coupling the leads with
the quantum dot and the Hubbard repulsion Un̂↑n̂↓. Ĥtunn is
nonlocal in this basis, but can be described by a matrix product
operator (MPO) with limited bond dimension χ = 8, such that
TDVP is not hampered by the presence of these long-range
tunneling elements and can be efficiently used to simulate the
dynamics for a long evolution time.

The method is implemented by using ITensor library [45].
The source code can be found in Ref. [46].

IV. RESULTS

We first focus on the equilibration of the impurity after
it is coupled to the unbiased leads (zero-bias quench). In
strongly correlated quantum impurity models, the dynamics of
the impurity magnetization is typically characterized by two
rates: �, which determines the short-time and nonuniversal
evolution, and the Kondo temperature TK , whose inverse, the
Kondo time tK = T −1

K , defines the timescale required for the
formation of the Kondo screening cloud (see, for instance,
Ref. [25] for the AIM coupled with a single lead and Ref. [47]
for the corresponding Kondo problem). In the renormalization
group sense, the evolution for time �−1 < t � tK is governed
by the weak-coupling fixed point of the Kondo problem [48]
and tK constitutes the decay time of the magnetization in this
intermediate regime towards the formation of a spin singlet
with the conduction electrons.

Therefore, we aim to get an estimate of the Kondo tempera-
ture as a function of the ratio between the interaction strength
U and the effective tunneling rate � from the dynamics of
the impurity magnetization 〈σ z〉 = 〈n̂↑〉 − 〈n̂↓〉. We prepare
the quantum dot in the polarized state |n̂↑ = 1, n̂↓ = 0〉 and
measure its evolution in time after a zero-bias quench. For
this analysis, we choose L = 64 as the lead length and the
hopping decay length between ξ = 8 and ξ = 32, depending
on the energy resolution needed to accurately measure the
magnetization up to times of the order of tK .

We consider two values for the interaction strength, U = t0
and U = 0.4t0, and we examine the particle-hole symmetric
point Vg = −0.5U . To extract the predicted exponential de-
pendence of the Kondo temperature from U/� [37,48,49],
we vary the hybridization strength � between ∼U/20 (J ∼
0.15U ) and ∼U/2 (J ∼ 0.5U ).
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(a)

(b)

FIG. 2. (a) Expectation value of the magnetization 〈σ z〉 =
〈n̂↑〉 − 〈n̂↓〉 as a function of time (in units of h̄/�) in a zero-bias
quench. The dashed black lines indicates the short-time relaxation
e−t�/h̄ while the gray dot-dashed lines highlight the slow dynamics
due to the Kondo resonance e−t/tK . The data correspond to U = t0

(b) Kondo temperature, extracted from the slow relaxation shown
in (a), versus the effective interaction strength for two values of U .
The solid black line corresponds to the RG prediction for the Kondo

temperature TK ∼ √
U�e− πU

8� . The inset shows the same data in log-
arithmic scale to emphasize the exponential behavior of TK . For large
values of U/�, our accuracy is limited by the small signal-to-noise
ratio of the time evolution of the magnetization.

Figure 2(a) shows the decay in time of the magnetization
for different values of U/� while we fix U = t0. We can
easily identify three regimes: at short time t � �−1, the dif-
ferent curves collapse on each other as the relevant timescale
for the relaxation of the impurity is set only by � (dashed
black line). Indeed, notice that time is measured in units
of �−1. At longer times, the relaxation rate depends on the
ratio U/�, with a slower decay the further the system lies
in the strongly interacting/weak-coupling regime. For these
intermediate values of t, we can extract the relaxation time by
exponential fits of the data (dot-dashed gray lines). Finally, the
impurity approaches a steady state with a finite magnetization;
in Fig. 2(a) this last regime is visible only for U = 2�. Due to

the unitary dynamics, the system keeps the memory of its ini-
tial state and a complete relaxation to a SU (2) invariant state
can not be reached. Indeed, the initial state is prepared with
unpolarized leads and the impurity in the | ↑〉 state, leading to
a total magnetization of 1. as the system relaxes, we expect
a residual impurity magnetization 〈σ z〉 ∼ (2L)−1, assuming it
spreads over the whole system. Comparable results have been
obtained for the AIM with a single lead in Ref. [37] through
the real-time density matrix renormalization group (DMRG)
applied to a superposition of four MPSs, which results in
a logarithmic growth of the entanglement similarly to our
energy-basis construction.

Figure 2(b) illustrates the inverse of the relaxation times
tK (U/�) extracted from the magnetization decay at interme-
diate times [grey lines of Fig. 2(a)] as a function of U/� and
for two values of the Hubbard interaction U . We interpret this
quantity as the Kondo temperature TK ∼ t−1

K . A comparison
with the renormalization group prediction

TK ∼
√

U�e− πU
8� (5)

(solid black line) shows excellent agreement with our data
for both values of the interaction strength. In the inset, the
same data are displayed in logarithmic scale to emphasize
the exponential dependence of the Kondo temperature from
U/�. Moreover, the two data sets perfectly collapse on top of
each other, highlighting the universal character of the expo-
nential decay linked to the Kondo temperature. At very weak
coupling (U/� � 1), the long evolution time needed for an
accurate estimate of the relaxation time cannot be reached and
our data deviate from the analytical prediction. Although the
entanglement growth ultimately limits our ability to simulate
the evolution of large systems at long time, thus preventing the
observation of Kondo correlations for very weak coupling, our
method allows us to observe nonperturbative effects emerging
directly from the nonequilibrium properties of the AIM.

The data in Fig. 2 are obtained with a zero-bias quench, i.e.,
with a vanishing bias voltage. When dealing with transport
properties, we instead evolve the system with a voltage bias
Vb = μL − μR between the two leads to observe a quasista-
tionary current. Here we use the μ-quench protocol: In this
scenario, the initial state is the correlated ground state of the
Hamiltonian Ĥ (obtained through the DMRG), quenched at
t = 0 to a Hamiltonian with a finite voltage bias. To simulate
the quench dynamics at finite bias, we also need to adjust the
decay length of the hopping amplitude in the lead, ξ , such that
the density of states in the leads is approximately constant
in the energy interval between μL and μR. The convergence
in the simulation parameters (ξ, L, and the TDVP time step
discretization) is reached when the current signal displays a
plateau in time long enough to reliably extract its expectation
value in the NEQSS that develops after the quantum quench.
The maximum bond dimension adopted is χ = 2000 with a
truncation error O(10−8).

In Fig. 3, we plot the quasisteady current as a function of
the voltage bias for different values of the effective tunneling
rate �, while keeping fixed the Hubbard interaction U , at
the particle-hole symmetric point Vg = 0.5U . As we approach
the strong-coupling regime � ∼ U , the current tends toward
a linear response with a quantized differential conductance
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FIG. 3. Current versus voltage bias in the symmetric point Vg =
−0.5U for three different values of the hybridization strength � and
U = t0. Our data (markers) well match NRG results (solid lines); the
temperature of the NRG calculation is T = 10−6U . The dashed line
corresponds to the quantized current I = 2 e2

h Vb.

dI
dVb

= 2 e2

h , i.e., there are two perfectly transmitting channels
(dashed black line). The Kondo temperature TK sets the ex-
tension of the bias window in which this quantization occurs
[50]. In particular, as shown in Fig. 2(b), the Kondo energy
scale drops down exponentially at weak coupling, U/� � 1,
and can become smaller than the values of voltage bias we can
resolve with the chosen lead length L = 100 and hopping de-
cay length ξ = 30. This explains the apparent deviation from
the quantized conductance at weak coupling U/� = 12.5 in
Fig 3. Our results well match the estimate of the current using
the Landauer-Büttiker formula and the spectral function of
the AIM obtained from NRG calculation [51,52] (solid lines).
Analogous results have been recently obtained in Ref. [22]
based on an MPS representation, in the temporal domain, of
the leads described as Feynman-Vernon influence functionals.
We remark that, away from the strong coupling regime, we
can simulate transport for voltages larger than the tunneling
rate �. The main limitation comes from the faster entangle-
ment growth when states in a large energy window contribute
significantly to transport, which happens when Vb covers a
significant fraction of the leads’ bandwidth.

Figure 4(a) illustrates the differential conductance in the
weak-coupling regime (U/� = 12.5) as a function of the bias
Vb and the induced charge parameter ng, which is linked to
the chemical potential as Vg = U

2 (1 − 2ng) and determines the
expectation value of the total occupation of the quantum dot.
We derive the differential conductance in Fig. 4(a) from the
simulation of a μ-quench protocol in which the system is
initialized in the ground state of Ĥ at half filling, thus for the
particle-hole symmetric point (ng = 1,Vg = −0.5U ). At time
t = 0, both the induced charge ng and the bias voltage Vb are
quenched to their final value [horizontal and vertical axis of
Fig. 4(a)].

At ng = 0.5 and ng = 1.5, we observe two bright zero-bias
sequential tunneling resonances, corresponding to the degen-
eracies between the empty and singly occupied dot (ng = 0.5)

(b)

FIG. 4. (a) Differential conductance as a function of the induced
charge ng and of the voltage bias Vb between the left and right leads,
in the strongly interacting/weak-coupling regime U/� = 12.5. The
zero bias peak extending between the two sequential tunneling res-
onances at ng = 0.5 and ng = 1.5 signals the onset of the Kondo
effect. (b) Differential conductance at zero bias as a function of ng,
extrapolated with finite bias current obtained at Vb = 0.04U . The
color legend is the same as of Fig. 3.

or between the singly and doubly occupied dot (ng = 1.5). At
finite voltage, the conductance peaks are prolonged along the
lines Vb = ±U (1 − 2ng) and Vb = ±U (3 − 2ng), following
the resonances between each biased lead and the quantum dot.
Between the two charge-degeneracy points, an extended zero
bias peak indicates the onset of the Kondo effect, although,
for strong interaction and weak coupling, we cannot see the
quantization of the conductance. This limitation originates
mainly from the high voltage resolution needed to sample the
current at energies below the Kondo temperature, which for
U/� = 12.5 is of the order TK ∼ 10−3U , where we expect
the quantized linear response. To reach such a resolution in
Vb, we need either a larger system size or a shorter decay
length ξ . The former makes the simulations computationally
more expensive, while the latter induces nonphysical effects in
simulations at higher energy, preventing the calculation of the
differential conductance in a wide bias range. As is common
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in nanostructure experiments (see, for instance, Ref. [4]), this
zero-bias peak does not extend to ng < 0.5 or ng > 1.5 where
the ground state of the quantum dot becomes, respectively,
empty or fully occupied, thus losing the doublet degeneracy
necessary for the Kondo effect.

This last feature is particularly evident by looking at the
zero-bias conductance as a function of ng, shown in Fig. 4(b).
For all coupling strengths, the conductance is suppressed in
the absence of the doublet degeneracy (ng < 0.5 or ng > 1.5)
in the ground state. For U/� = 3.13 (green triangles), the
quantized peak dI

dVb
= 2 e2

h is reached, as indicated by the
dot-dashed grey line. As � is decreased, the finite bias used
to compute the conductance becomes too large to correctly
capture the quantization in the linear response regime but the
enhancement of the conductance due to the Kondo resonance
remains clearly visible for 0.5 � ng � 1.5. Figure 4(b) also
exemplifies the expected crossover from a weak-coupling to
a strong-coupling regime of the linear conductance extracted
from the current at finite dc voltage, as the tuning of � brings
the system deeper into the Kondo regime.

V. CONCLUSIONS

In this paper, we applied the tensor network method intro-
duced in Ref. [24] to study the Kondo effect in the AIM. In
particular, we used an MPS + TDVP approach to study the
dynamics of a single-level interacting quantum dot coupled
to two fermionic leads after quantum quenches of the Hamil-
tonian parameters. We examined both the out-of-equilibrium
evolution of the quantum dot magnetization and the electric
transport features emerging in a NEQSS after the quench.

The magnetization dynamic allows us to obtain a good esti-
mate of the Kondo temperature as the inverse of its relaxation
time when the quantum dot is coupled to unbiased leads. Such
estimate is in agreement with renormalization group results
[7]. In particular, the magnetization decay displays two typical
timescales: the effective coupling rate with the leads and the
Kondo timescale. The appearance of these two decay regimes
for short and intermediate times is reminiscent of the experi-
mental results concerning the evolution of the spin population
of impurities in 1D ultracold Yb gases [5].

Concerning the study of the conductance of the system,
relevant for transport measurements in nanostructures, our
simulations allow us to study its evolution when a voltage bias
is applied between the two leads. By looking at the emergent
quasisteady state, we can reconstruct its Coulomb blockade
properties as well as the emergence of a Kondo peak at zero
bias. The latter appears when the impurity chemical potential
fixes its ground state in the degenerate singly occupied sector
and the related differential conductance approaches the quan-
tized value G = 2 e2

h in the strong-coupling regime.
We can simulate the system dynamics in a broad parame-

ter range, from a strongly interacting/weak-coupling regime
to a strong-coupling one, well beyond the applicability of
standard perturbative master-equation approaches. Moreover,
our method is not limited by single-site or small impurities
but can be easily extended to multilevel quantum dots or
nanowires with long-range Coulomb repulsion. Despite using
Wilson chains to model the leads, our approach does not
suffer from problems due to their finite heat capacity [40].
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FIG. 5. Comparison between the spin relaxation dynamics ob-
tained with the method presented in this paper (solid lines) and
the data extracted from Fig. 4(b) of Ref. [25] (empty circles). Data
corresponding to the same ratio U/� have the same color.

Indeed, our MPS simulations extract transport properties from
intermediate-time dynamics where the energy introduced
after the quench does not yet translate into a sizable effective
temperature, differently from the eventual asymptotic steady
state.

Additionally, our approach can address superconduct-
ing systems, opening the path for the study of the out-
of-equilibrium dynamics of the topological Kondo effect
[53–55], which arises in multiterminal impurities with p-wave
superconducting coupling (see Ref. [56]). This kind of system
can be easily described by identifying the spin degrees of
freedom of the AIM as a label for different spinless leads.

In general, our method can thus be used to examine trans-
port phenomena in hybrid superconducting-semiconducting
multiterminal devices with strong Coulomb interactions (see,
for instance, Refs. [57,58]), without being limited to a weak-
coupling regime. This offers the possibility of investigating
the variety of subgap states [59] that can appear in these plat-
forms, thus providing important details towards the realization
of Majorana-Cooper pair boxes and other building blocks for
quantum devices [60,61].
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APPENDIX: SPIN RELAXATION: COMPARISON
WITH NRG

As a further benchmark for our code, in this Appendix we
explicitly compare the results obtained with our MPS method
with the seminal time-dependent NRG (TD-NRG) approach
introduced by Anders and Schiller in Ref. [25]. Despite the
difference between the two-lead and the one-lead AIMs, it is
indeed well-known that the dynamics of their spin impurity
match. Here we fix the impurity-lead coupling � = 0.08t0
and change the interaction strength U , while the chemical
potential is set at the particle-hole symmetric point. The leads
have a length L = 100 and a decay length ξ = 16. As usual,
we use a SVD truncation error of 5 × 10−8 and a maximum
bond dimension of 2000.

In Fig. 5, we show the spin relaxation of the impurity, ini-
tially prepared in the |↑〉 state, in a zero-bias quench. Curves
corresponding to different values of U/� nicely collapse on

top of each other if the time is measured in units of the
Kondo timescale tK and we get good agreement with the data
extracted from Fig. 4(b) of Ref. [25] using the software WEB-
PLOTDIGITIZER [62]. Notice that we have rescaled their y axis
by a factor of 4 to match our definition of the magnetization.
The main differences between the two approaches occur at
small and large times; since we use the same time step 	t =
0.5h̄/t0 in the TDVP algorithm for all values of U/�, we
don’t have a good resolution at t 	 tK , in particular, when the
Kondo time is small. Hence, our simulations do not precisely
capture the initial plateau of the magnetization dynamics, as
it requires a smaller time step. At longer times, instead, we
observe a relaxation of the magnetization to smaller values,
even though the entanglement growth prevents us from reach-
ing a timescale greater than ∼10tK . This discrepancy might
be due to the different ways finite-size effects affect TD-NRG
and TDVP algorithms.
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