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Asymmetric hierarchical acoustic absorber at exceptional point:
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In the realm of non-Hermitian physics and noise-control engineering, exceptional points (EPs), where two or
more discrete eigenvalues and the corresponding eigenvectors coalesce, have garnered significant attention. Here,
we present an integrated approach that fuses intrinsic loss through loss-factor modulation with extra airflow loss
via the rainbow-trapping effect to reach the EP in a loss-only system. Moreover, by introducing the hierarchical
concept with graded dimension and scaling effect, the asymmetric hierarchical acoustic metamaterials achieve
efficient broadband sound absorption with absorption coefficients exceeding 0.7 over 400 Hz at low frequencies
within the deep-subwavelength scale. This is evidenced through both numerical simulations and experimental
results, showcasing near-total reflection from one side and high absorption from the other. This study presents a
loss-induced hierarchical design approach for manipulating acoustic waves, offering insights for advancements
in acoustic metamaterials and noise-control applications.
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I. INTRODUCTION

Notions drawn from unidirectional zero-reflection propa-
gation where incident waves are reflectionless in only one
direction have attracted considerable attention [1–5]. One
paradigmatic and extensive application of unidirectional re-
sponse is noise-control engineering [6–17]. In recent years,
the emergence of acoustic metamaterials endows a more ef-
ficient capability for acoustic wave manipulation [18–22]:
for example, harnessing nonlinearities, moving media, spa-
tiotemporal modulation, and nonlinear bianisotropy to realize
nonreciprocal wave propagation [23–26]. Breaking the time-
reversal symmetry to create acoustic nonreciprocity remains a
formidable challenge. Herein, a physical concept that achieves
asymmetric wave propagation in non-Hermitian systems, also
known as parity-time (PT) symmetric systems, is termed the
exceptional point (EP). This occurs when two or more discrete
eigenvalues and their corresponding eigenvectors coalesce
[27–38].

The acoustic system offers a feasible and versatile plat-
form for the EP, allowing for the control of non-Hermitian
parameters in various forms [27]. To date, physical realiza-
tions of EP for unique wave manipulation generally originate
from two categories. One approach is to utilize PT-symmetric
synthetic media, which precisely tames the balance of loss and
gain media [34–36]. To achieve effective acoustic-gain media,
experimental approaches with active elements are employed,
such as energy conversion of thermoacoustics [27] or elec-
troacoustics [36]. Yet, the shortage of natural acoustic-gain
materials exists and uneasily controlled gain media poses
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a significant challenge. This challenge can greatly amplify
the complexities and instabilities of the systems. An alter-
native method for achieving the EP involves controlling the
unbalanced loss factors of passive non-Hermitian systems.
At the EP, intriguing properties such as unidirectional zero
reflection can also be observed [39–42]. In these passive
systems, the EP can be synthesized by tuning the structural
parameters of different sections or adding the proper loss
media. However, the asymmetric responses for EP solely by
modulating structural parameters are limited due to precise
modulation and fewer available parameters. Incorporating ad-
ditional lossy media into the system is a viable approach,
but it may lead to a relatively sophisticated design of the
system [27,31].

One observes that acoustic systems are typically noncon-
servative, where losses are ubiquitous. In such a case, we
consider the rainbow-trapping effect, which has the poten-
tial to enhance dissipation losses by confining the acoustic
field to a single resonator at resonance frequency [43–45]:
hence, a paradigm for realizing unidirectional reflectionless
propagation for sound, which combines intrinsic loss through
loss-factor modulation with additional airflow loss via the
rainbow-trapping effect to achieve the EP in a loss-only
system. Consequently, the parameter space utilized for syn-
thesizing EP is expanded without additional loss materials.
Furthermore, the concept of hierarchy with graded dimension
and scaling effect is introduced [46–48], and we observe
its signature, trapping positions exhibit extensible frequency-
cascade behavior. Meanwhile, the development of additive
manufacturing (AM) technology provides a straightforward
method for effectively fabricating acoustic metamaterial sys-
tems with non-Hermitian modulation, even in more complex
and fine geometries [49,50].
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FIG. 1. Asymmetric absorption via exploiting the concept of exceptional point. (a) Schematic view of the compact prototypical absorber.
(b) A cross-sectional view of the periodic unit. (c), (d) Absorption, reflection, and transmission coefficients of asymmetric absorbers when
the sound waves radiate from the left and right sides, respectively. (e) Distribution of sound pressure at 252 Hz from the left and right sides.
(f) Trajectories (i) of eigenvalues (λ±), and (ii) corresponding real and imaginary parts under the operating frequency range. (g) Theoretically
calculated reflection phases from the left and right sides, respectively.

In this study, we introduce an approach that EP can be syn-
thesized by asymmetric hierarchical acoustic metamaterials
(AHAM) with integrating rainbow trapping and intrinsic loss.
Specifically, the experimental demonstrations and numerical
calculations verified the asymmetric performance, achieving
an absorption band exceeding 400 Hz within a minimum
coefficient of 0.7 and near-total reflection from the oppo-
site incidence at low frequency in the deep-subwavelength
scale. The proposed metamaterials have asymmetric ab-
sorption characteristics, which have potential applications
in various scenarios, such as acoustic indoor walls, func-
tional furniture, etc. [51–53]. Overall, the hierarchical design
presents a compact asymmetric absorber for the functionality

of asymmetry feature, deep-subwavelength scale, and broad-
band absorption spectrum. This design provides a promising
approach for acoustic metamaterial research and noise-control
engineering.

II. ASYMMETRIC SOUND-ABSORBING MECHANISM

A. Theoretical analysis

A conceptual schematic representation of a prototype
structure characterized by asymmetry is depicted in Fig. 1(a).
This compact configuration comprises two microperforated
plates (MPPs) with high dissipation-loss properties, con-
nected to a square cavity. When acoustic waves impinge from
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the left to right direction, they are nearly or totally absorbed,
realizing the quasiperfect or perfect absorption. Conversely,
when the waves approach from the opposite direction, total
reflection occurs with no absorption, exhibiting asymmetric
absorption. An asymmetric sound absorber is sketched in
Fig. 1(b). The geometrical parameters l0 and L represent the
length and total thickness of the asymmetric unit cell, respec-
tively. d1,1 and d2,1 refer to the diameters of microperforations
related to the left and right MPPs; t1 and t2 refer to the
thickness of corresponding MPPs. lc denotes the distance of
the cavity.

To illustrate the acoustical performance of this dual-port
asymmetric system in Fig. 1(a), we employ the parallel
transfer-matrix method (TMM) to express the acoustic re-
sponse of asymmetric absorbers [54], calculated as
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[
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where Y x and rx refer to the admittance matrix and area ratio
of each asymmetric unit with the parallel absorbers, respec-
tively. The transfer matrix of a single asymmetric unit for the
sound wave radiating from the left port is expressed as

M = MMPP1McavityMMPP2, (2)

where MMPP1 and MMPP2 describe the matrices of the plates,
respectively; Mcavity represents the matrix of the cavity, calcu-
lated as

MMPP =
[

1 ZMPP

0 1

]
(3)

Mcavity =
[

cos(klc) jZ0sin(klc)

jZ0 sin (klc)/Z0 cos(klc)

]
, (4)

where Z0 = ρ0c0 is the characteristic impedance of the air
medium, where ρ0 and c0 are, respectively, the density and
velocity of sound in air. k = ω/c0 represents the wave number
and ω denotes the angular frequency of the incident sound
wave. ZMPP denotes the impedance of MPP and is expressed
as [55]

ZMPP = jωρ0t1
σ1,x

[
1 − 2B1(η

√− j)

(η
√− j)B0(η

√− j)

]−1

+
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2μη
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+ 0.85 jωρ0d1,x

σ1,x
, (5)

where η = d1,x
√

ωρ0/4μ represents the ratio of the diameter
of the perforation to the thickness of the viscous bound-
ary layer. B0 and B1 are the zeroth- and first-order Bessel
functions, respectively; μ(1.8 × 10−5 Pa · s) is the dynamic
viscosity. The porosity σ1,x is calculated as the ratio of the area
of the perforation to that of the corresponding plate. Hence,
the corresponding scattering coefficients of the asymmetric

TABLE I. Geometric parameters of prototypical structure (unit:
mm).

d1,1 t1 d2,1 t2 lc l0

Asymmetric 1.5 1 0.35 1 38 30
prototype

absorber can be given as [31]

T = 2e jkL

A + B/Z0 + CZ0 + D
, (6)

Rl = A + B/Z0 − CZ0 − D

A + B/Z0 + CZ0 + D
, (7)

Rr = −A + B/Z0 − CZ0 + D

A + B/Z0 + CZ0 + D
, (8)

where T is the transmission coefficient; Rl and Rr denote the
reflection coefficients for sound radiated from the left and
right sides, respectively. The asymmetric absorption perfor-
mance from different ports can be derived as

Al = 1 − |Rl |2 − |T |2, (9)

Ar = 1 − |Rr |2 − |T |2 (10)

Furthermore, the scattering characteristic of this asymmet-
ric two-port system is described by its scattering matrix. The
forward (left) and backward (right) ingoing acoustic waves
are denoted by Pl

f and Pr
b , while the outgoing sound waves are

expressed as Pr
f and Pl

b, respectively. The relation is expressed
by [

Pr
f

Pl
b

]
=

[
T Rl

Rr T

][
Pr

b

Pl
f

]
. (11)

The eigenvalues of the scattering characteristic can be de-
scribed as a 2 × 2 matrix, given by

λ± = T ± √
RlRr . (12)

Moreover, the finite-element method (FEM) is conducted
in COMSOL MULTIPHYSICS, and the pressure-acoustic mod-
ule and the thermoviscous-acoustic module are employed to
simulate the proposed dual-port acoustic system. Detailed
procedures for the simulation are shown in Appendix A. This
proposed dual-port acoustic system reveals advanced wave
manipulation within compact thinness and stabilized geomet-
rical configuration.

B. Extreme absorption asymmetry at the exceptional point

As a proof of concept, this compact sound absorber ex-
hibits extreme asymmetric absorption characteristics from
different directions of incident waves, as shown in Figs. 1(c)
and 1(d). The red, blue, and green lines (scatters) represent
absorptance, reflectance, and transmittance, respectively. The
geometric parameters are listed in Table I. The theoretical
calculations and numerical simulations are in good agreement.
Quasiperfect sound absorption (99.7%) occurred at 252 Hz
in the left incidence, while the sound waves are nearly total
reflection (98.7%) from the right side. This absorber with a
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FIG. 2. Loss-factor modulation of the asymmetric sound absorber. (a) Sound-absorption performance of different loss factors d1,1,
represented by the colored lines. (b) Reflection coefficient observation of absorbers’ peak values. The Argand diagram of the complex reflection
coefficient. The reflection attains a minimum value of 1.5 mm. (c) Absorption spectrum with different ratios of d1,1/d2,1. (d) The plot of
percentage increase in the maximum absorption for constant ratio with different perforation sizes. (e) An overall summary of the absorption of
different perforation pores.

thickness of 40 mm exhibits excellent low-frequency sound-
absorption performance in deep-subwavelength scale (nearly
1/34) of the operating wavelength at 1.35 m. To elucidate
the absorbing mechanisms of the dual-port acoustic system,
the sound-pressure field distributions |P/P0| are displayed by
finite-element (FE) simulations in Fig. 1(e). The P and P0

represent scattered acoustic pressure and incident acoustic
pressure, respectively. In this scenario, significant energy dis-
sipation occurs at 252 Hz when sound waves radiate from the
left side, resulting in a notable difference in acoustic-pressure
amplitude. Conversely, in the opposite direction, the sound
waves experience nearly total reflection, signifying minimal
energy dissipation.

This two-port acoustic absorber exhibits extreme asymmet-
ric performance in general non-Hermitian systems, which is
realized under the combined action of loss factors. By lever-
aging the interplay of loss factors among the different MPPs
and the distance of the cavity, we can attain the exotic prop-
erty of unidirectional zero reflection. To further understand
the physics, we investigate the eigenvalues of the scattering
matrix. The eigenvalues λ± of Eq. (12) coalesce (252 Hz)
under a system parameter variation, exhibiting a certain point
called EP, as shown in Fig. 1(fi). There is only one point in this
plot where both the real parts are the same and the imaginary
parts coincide [56–59]. Specifically, EP is accessed when the

real parts Re(λ±) and corresponding imaginary parts Im(λ±)
of eigenvalues are equal to zero simultaneously [Fig. 1(fii)].
Meanwhile, the phases of the reflection for the left and right
incidence are shown in Fig. 1(g). The asymmetric system
undergoes the phase transition from the left side, and the
corresponding reflection vanishes due to the existence of EP,
contributing to realizing unidirectional reflection. It should be
emphasized that the complex eigenvalues λ± of this two-port
acoustic system are only hinged on the loss factors instead of
modulating the balance of loss and gain, which is different
from the PT-symmetric system where system Hamiltonian
switches abruptly from real to complex spectrum [30,35,36].
Hence, by leveraging the concept of EP in wave manipulation
for the proposed design, the extreme asymmetric absorption
is realized.

C. Loss-factor modulation

The zero reflection and perfect absorption can be realized
by tailoring the EP of the asymmetric absorber. The geo-
metrical asymmetric and unbalanced loss factors are crucial
for the sufficient synthesis of EP. Tuning the intrinsic loss
of the systems is an effective approach for achieving EPs,
which has been employed in previous studies [31,60,61]. Our
structure offers a simpler alternative by modulating the loss
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factors through the plate parameters, eliminating the rela-
tively sophisticated geometrical configuration. Here, we first
analyze the diameter d1,1 of the left MPP as an example to
approach the EP. Note that other loss factors are described in
Appendix B. The effect of this geometric factor is explored to
further realize the absorption properties based on the condi-
tion of keeping other geometric parameters unchanged.

Figure 2(a) illustrates the absorption spectrum from the left
port with different d1,1 of the left MPP. The colored lines
exhibit the absorption characteristics of enhancement and
subsequent attenuation, while the diameter of the loss factor
maintains a steadily increasing trend. The absorption perfor-
mance is represented by the blue lines attached to the optimum
state. The reflection coefficient observation of absorption peak
values is presented in Fig. 2(b), indicating a loss-induced cou-
pling behavior. Note that the minimum value of reflection is
observed at d1,1 = 1.5 mm. The difference trend is attributed
to the switching of the damping state, shown in the Argand
diagram of the complex reflection coefficient of Fig. 2(b)
[7]. When the diameter of d1,1 exceeds 1.5 mm, the acous-
tic system exhibits an underdamped state, which illustrates
insufficient energy loss. On the opposite, the overdamped
state exhibits excess loss energy when the d1,1 less than
1.5 mm. Hence, the EP occurs exactly at the transition (criti-
cal state) between the under- and overdamped coupling state
[14–16,62]. So, we can get the perfect absorption (PA) origi-
nating from the EP via elaborately decorating the loss factor.

We further analyze the ratio of the asymmetric size of the
perforation. Figure 2(c) shows the absorption spectrum via
tuning the diameter d1,1 while maintaining a constant diameter
d2,1. In line with the principles of Helmholtz resonance, larger
pore size enables increased airflow, reducing the effective

mass and stiffness of the vibrating air. This, in turn, leads to a
decrease in absorption intensity. Further, Fig. 2(d) illustrates
the percentage increase in the maximum absorption to dif-
ferent perforation diameters with constant perforation ratios.
In the studied cases, absorption increases until reaching its
maximum at a 1.4-mm cutoff diameter, then weakens. The
variation in absorption intensity with a constant perforation
ratio is mainly due to inappropriate acoustic parameter selec-
tion, resulting in low porosity and weak energy dissipation.
Figure 2(e) presents a chart that illustrates the various ge-
ometries and studies conducted for the proposed absorbers.
This mechanism also serves as a valuable design guideline for
other homogeneous structures. Therefore, this construction,
simple yet performance effective, provides highly efficient
sound-absorption capabilities while occupying a more com-
pact footprint for asymmetric performance.

III. ASYMMETRIC PROPERTY OF HIERARCHICAL
CONFIGURATION

A. Broadband sound absorption

The proposed design guideline and physical mechanism
based on loss-induced effects can achieve perfect low-
frequency sound-absorption characteristics. However, the
asymmetric responses solely by carefully modulating struc-
tural parameters are limited [the appropriate loss occupies a
small proportion in the tunable parameter spectrum shown in
Fig. 2(e)], and incorporating lossy media into the system may
lead to a relatively complex design of the system. Therefore,
we propose an asymmetric wideband sound-absorption design
that incorporates a hierarchical concept with infinite evolution
and self-similar characteristics. This structural design offers

FIG. 3. Design and sound-absorption properties of AHAM. (a) Evolution of the construction of (i) hierarchy design, (ii) construction
law, and (iii) the influence of scaling ratio on sound absorption. (b) Broadband asymmetric absorption of (i) first-order AHAM, and (ii) its
corresponding acoustic impedance. (c) Upgradable absorption performance of (i) second-order AHAM, and (ii) its acoustic impedance.
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TABLE II. Geometric parameters of first- and second-order AHAMs (unit: mm).

d1,1 d1,2 d1,3 t1 d2,1 d2,2 d2,3 t2 lc l0 η1 η2

First order 1.6 1.0 1 0.6 0.45 1 48 25 0.5
Second order 1.6 1.0 0.7 1 0.3 0.3 0.3 1 48 25 0.5 0.25

an integrated approach to introduce additional airflow loss
via the rainbow-trapping effect, facilitating the synthesis of
the EP.

The vertex-based hierarchy (VH) comprises a tradi-
tional multicellular square tube and vertex units, which are
periodically arranged with customized patterns, as shown in
Fig. 3(ai). Note that the square structure depicted in Fig. 1
is the original cell. Higher-order VH is created by replacing
the vertices of the previous order with smaller square cells
and continuously evolving to generate an ith-order VH. In this
paper, we define this proportional relationship as scaling ratios

ηi = li
l0

(i ∈ N∗), (13)

where li refers to the smallest length of ith-order VH. The
schematic view of geometric parameters of microperforations
from one side (d1,1, d1,2, and d1,3) is also plotted in the
corresponding hierarchical configuration. And, the other side
is expressed as d2,1, d2,2, and d3,3. Meanwhile, the hierarchi-
cal evolution process is shown in Fig. 3(aii), from which the
geometric compatibility conditions required for VH evolution
can be obtained. The two cells formed at adjacent vertices
(purple solid and dotted lines) will expand to the red dashed
line if the geometric constraints are not restricted, which will
result in edge overlap between vertex cells. Hence, for the ith
hierarchical order,

0 � li � li−1

0 � ηi � ηi−1. (14)

When this equation is extended to the entire VH, we can
obtain

0 �
n∑

i=1

ηi � ηi−1. (15)

And eventually, the construction law of first- and even
high-order VH is provided by substituting Eq. (13) to Eq. (15):

0 � ηi � ηi−1

0 �
n∑

i=1

ηi � 1. (16)

Based on this, the two-dimensional range of values for the
scaling ratio of second-order VH are obtained and are given
in Fig. 3(aii). Except for the design principle of hierarchy, the
scaling ratio also generates a significant influence on sound
absorption. The numerically calculated results with typical
scale ratios of first-order asymmetric hierarchical acoustic
metamaterial are exhibited in Fig. 3(aiii). Inappropriate hi-
erarchical scaling ratios are manifested as a weak coupling
effect and poor absorption property. The first-order AHAM
obtains two coupled peaks and exhibits increasing coupling
strength when the value of scaling ratio η1 nears 0.5. In

our scheme, the high-efficiency and broadband absorption
of AHAM is enabled by cooperation in two dimensions:
loss-induced extremely asymmetric absorption in the wave
propagation direction; coherent coupling for the broadband
absorption between asymmetric resonators is realized in the
vertical direction of the incidence sound wave.

After considering the process of hierarchical evolution, we
investigate the asymmetric absorption of first-order AHAM
with η1 = 0.5 in Fig. 3(bi). The solid lines and scatters repre-
sent the coefficients of absorption, reflection, and transmission
when the sound waves radiate from the left and right sides,
respectively. The high-efficiency broadband sound absorption
(A � 0.8) is obtained from 335 to 465 Hz, and exhibits deep-
subwavelength (1/20) property of the operating wavelength at
1.024 m. Two strongly coupled absorption peaks appear at 365
and 425 Hz, indicating less fluctuation of acoustic impedance
and smooth impedance-matching behavior from the left side
[shown in Fig. 3(bii)]. On the contrary, when the sound waves
propagate from the right side, the real and imaginary parts
of acoustic impedance exhibit large intervals compared to
the impedance-matching condition (structural impedance is
well matched with air medium), resulting in weak absorp-
tion characteristics. Further, an upgradable performance is
achieved in Fig. 3(ci) via utilizing second-order AHAM. The
bandwidth is increased to 305 Hz, and three absorption peaks
are generated due to the coherent coupling effect. It should be
noted that the absorption performance is enhanced by 134.6%
compared to first-order AHAM, while the size of second-order
AHAM is increased by 32.1%. The enhancement mecha-
nism stems from the scaling effect [46,47]. As the hierarchy
evolves, the vertex units acquire a smaller area, resulting
in a wider absorption band in the higher-frequency range.
As a result, this upgradable design achieves a harmonious
balance between compactness for lightweight equipment and
broadband-absorbing performance. It is crucial to note that
the broadband performance is greatly affected by the cou-
pling strength linked to the first resonance frequency of each
unit, as outlined in Appendix C. The corresponding acoustic
impedance of second-order AHAM is displayed in Fig. 3(cii).
The impedance matching is expanded to a wider frequency
range from the left side, whereas the acoustic impedance
remains distant from the matching condition on the oppo-
site side. Hence, the AHAM exhibits continuously expanding
frequency-cascade behavior due to the existence of scaling
ratio and self-similar configuration of graded dimensions. The
geometric parameters are listed in Table II.

B. Physical mechanism

To characterize the broadband sound-absorbing properties
and the underlying mechanisms of AHAM, we investigated
the sound pressure, acoustic particle velocity distributions,

104113-6



ASYMMETRIC HIERARCHICAL ACOUSTIC ABSORBER … PHYSICAL REVIEW B 109, 104113 (2024)

FIG. 4. Sound-absorbing behavior of second-order AHAM. (a) Simulated model of periodic second-order AHAM. (b) Cut plane of sound-
pressure distributions of second-order AHAM when sound waves radiate from the left and right sides. (c) Acoustic particle velocity of second-
order AHAM from (i) the left side, and (ii) the right side. (d) The quantized analysis of energy dissipation of second-order AHAM and the
coupling units when working alone from (i) left and (ii) right sides.
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FIG. 5. Schematic views of the physical mechanism of constructing asymmetric broadband sound absorption. (a) Modulation of intrinsic
loss via geometric parameters. (b) Integrated design combining intrinsic loss and additional airflow loss. (c) Hierarchical configuration for
wide frequency-cascade behavior.

and quantized analysis of energy dissipation on the perfor-
mance. Here, we utilize the second-order AHAM depicted in
Fig. 3(c) as an example to analyze the absorption behavior
at corresponding resonant frequencies. Figure 4(a) illustrates
a simulated model of one periodic second-order AHAM and
a schematic view of second-order VH. The gray and blue
parts represent the air medium and hierarchical structure,
respectively. For an intuitive view, a cut plane is used to
express the sound-pressure distributions on both sides, as
shown in Fig. 4(b). When the sound waves radiate from the
left side, a large sound-pressure difference for frequencies
corresponding to the peaks of absorption is observed, i.e., f =
[400, 470, and 610] Hz. Meanwhile, the acoustic-field vari-

ations of each frequency are primarily localized in one class
of resonator; that is, the prototypical cell, first-order vertex
cells, and second-order vertex cells in order. The adorned hi-
erarchical design ensures both extendable and effective sound
absorption. When sound waves propagate from the right side,
the acoustic field remains nearly constant, suggesting weak
absorption performance.

Further, the acoustic particle velocity distributions are
analyzed in Fig. 4(ci) and Fig. 4(cii). Similar to the sound-
pressure distributions in Fig. 4(b), the frequency-cascade and
high-efficiency absorption mechanism can be illustrated via
the rainbow-trapping effect [43–45]. The sound particles flow
centrally to one unit due to the existence of sound-pressure
difference, generating violent vibrations and absorbing all
the incident energy. The rainbow-trapping effect also orig-
inates from the acoustic impedance inconsistency between
different units. The unit where the particles converge ex-
hibits well-matched impedance with air, while other units
nearly resemble a sound hard boundary at the same frequency,
thereby contributing to the sound-pressure difference, and a
significant amount of sound energy is dissipated. The suc-
cessive rainbow-trapping effect occurs at hierarchical cells

with different resonant frequencies, resulting in broadband
and efficient sound absorption. The detailed rainbow-trapping
mechanism is further explained by two Helmholtz res-
onators (HRs) in parallel in Appendix C. Meanwhile, the
rainbow-trapping effect cannot be produced due to the small
sound-pressure difference from the right incidence, thus ex-
hibiting weak absorption, as shown in Fig. 4(cii).

To elaborate on the rainbow-trapping effect, showcasing
exceptional pointlike characteristics within a continuous ab-
sorption band, we delve into a quantized analysis of energy
dissipation in Fig. 4(d). The solid lines represent the total dis-
sipation of second-order AHAM, while the dotted lines refer
to the energy dissipation of each coupled unit when they work
alone. Physically speaking, we propose two dissipation be-
haviors for the absorption mechanism of the rainbow-trapping
model: (i) thermal dissipation of air phases; and (ii) viscous
dissipation of pores. The two energy-dissipating mechanisms
lead to the obvious thermoviscous effect at resonance frequen-
cies; detailed descriptions are expressed in Appendix C.

Compared to the second-order AHAM, three single
absorbers—the original unit, the first-order vertex unit, and
the second-order vertex unit—exhibit weak energy dissipa-
tion. The viscous dissipation is mainly determined by the
tangential velocity vt , and the thermal loss is from �p. The
rainbow-trapping effect of second-order AHAM enhances
these two metrics due to larger airflow aggregating at the
corresponding resonance frequency. Combined dissipation
Qtherm and Qvisc are increased ascribed to additional airflow
dissipations, facilitating the synthesis of EP. Hence, the in-
tegrated approach for EP that combines intrinsic loss through
loss-factor modulation with extra airflow loss via the rainbow-
trapping effect enables continuous and high-efficiency sound
absorption.

The physical mechanisms of processing asymmetric broad-
band sound absorption are exhibited in Fig. 5. EPs can be
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FIG. 6. (a) Photographs of second-order AHAMs with different geometric parameters. (b) The effective area of the entire specimen contains
sound-absorbing ability. (c)–(e) Experimental-measured and numerically simulated sound-absorption performance and reflection spectrum of
second-order AHAMs when sound waves radiate from (i) forward, and (ii) backward side.

synthesized in non-Hermitian acoustic systems with unbal-
anced intrinsic losses in different sections, shown in Fig. 5(a).
By judiciously tailoring the loss and geometric parame-
ters of the non-Hermitian system to reach the EP, extreme
asymmetric absorption can be observed. However, achieving
asymmetric responses solely through careful manipulation of
structural parameters is highly limited. One viable approach
is to incorporate additional lossy media into the system, but
this may lead to a more sophisticated design of the system.

An integrated approach has been developed in Fig. 5(b).
The rainbow-trapping effect produces additional loss via ag-
gregating airflow, facilitating the synthesis of EP without
the necessity of incorporating lossy media. Meanwhile, the
parameter space utilized in Fig. 2(e) for synthesizing EP
is expanded. Broadband absorption features are produced
by the hierarchical configuration with graded dimensions
and scaling effect, which drastically decreases the number
of coupling sections and exhibits continuously expanding
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TABLE III. Geometric parameters of experimental specimens (unit: mm).

d1,1 d1,2 d1,3 t1 d2,1 d2,2 d2,3 t2 lc l0 η1 η2

Specimen 1 1.6 1.0 0.8 1 0.5 0.45 0.35 1 38 25 0.5 0.25
Specimen 2 1.6 1.2 0.9 1 0.8 0.5 0.35 1 48 25 0.5 0.25
Specimen 3 1.6 1.2 0.8 1 0.8 0.5 0.35 1 48 25 0.5 0.25

frequency-cascade behavior, expressed in Fig. 5(c). In gen-
eral, the proposed approach provides a versatile platform for
other loss-induced metamaterials design.

IV. EXPERIMENTAL VERIFICATION

For our experimental implementation, compact specimens
of second-order AHAMs are analyzed to illustrate the wide-
band asymmetric absorption capacity. The shape of the
specimens, with a diameter of 99.6 mm and a thickness of 40
mm, was designed as a cylinder to meet the dimensional re-
quirements of the impedance tube, as shown in Fig. 6(a). The
experimental setup is presented in Appendix A. The second-
order AHAMs were fabricated via fused deposition modeling.
Geometric parameters are listed in Table III. It should be
stressed that the effective area of hierarchical configuration
is shown in Fig. 6(b), which displays the completed periodic
units. The negative effect on sound absorption is minimized by
not perforating the flawed cells at the edge. The numerically
simulated and experimentally measured sound-absorption and
reflection spectra of second-order AHAMs are exhibited in
Figs. 6(c)–6(e) when sound waves radiate from forward- and
backward sides, respectively. The high absorption coefficients
(absorption � 0.7) in Fig. 6(ci) are realized over a frequency
range of 400 Hz with a relative bandwidth approaching 95%
compared to the total measured frequency range. Meanwhile,
absorption peaks are observed for the forward side from 475
to 755 Hz, achieving a deep-subwavelength scale (operating
wavelength ranging from 18 to 11 times the wavelength).
For the backward incidence, low absorption and high re-
flection were exhibited in Fig. 6(cii), achieving broadband
sound-absorption asymmetry within the low-frequency realm.
Furthermore, Figs. 6(d) and 6(e) shows further investiga-
tion of another specimen of second-order AHAM, achieving
high-efficiency broadband sound absorption. Certainly, slight
deviations observed between experiments and simulations can
be attributed to geometric defects in the manufacturing and
bonding processes. The effects of disorder and uncertainty
introduced by these defects in the experiments primarily con-
tribute to additional viscous-flow dissipation via resonance
at pores. Detailed deviation analysis of the experiments is
discussed in Appendix D. Although slight microgeometric
defects in the manufacturing of the structure are inevitable, the
experimental results are reliable and repeatable. Among the
three outcomes, the maximum discrepancy between the exper-
iment and simulation has a slight difference, demonstrating a
high degree of conformity. Meanwhile, for the second-order
AHAM, there is a significant asymmetry in sound absorption
when sound waves radiate from both sides, validating the
effectiveness of the proposed structure.

V. CONCLUSION

In summary, our study delved into the realm of non-
Hermitian (lossy) systems and acoustic metamaterials, prob-
ing their potential for asymmetric sound absorption within the
deep-subwavelength thickness of the low-frequency domain.
The key to this achievement lies in our strategic manipulation
of accessing the exceptional point—an integrated approach
that combines intrinsic loss through loss-factor modulation
with extra airflow loss via the rainbow-trapping effect to
reach the EP in a loss-only system. Additionally, we intro-
duce a vertex-based hierarchy with graded dimensions and
scaling effects, showcasing an efficiency-enhanced absorption
spectrum. Specifically, the proposed asymmetric hierarchi-
cal acoustic metamaterial achieves a bandwidth exceeding
400 Hz within the low-frequency spectrum at the deep-
subwavelength scale when sound waves radiate from one
side, accompanied by near-total reflection from the opposite
side. In essence, our loss-induced design strategy empowers
hierarchical metamaterials with various functionalities: asym-
metry, deep-subwavelength capabilities, and high-efficiency
broad absorption. The present method not only advances the
manipulation of acoustic waves but also opens avenues for
diverse noise-control applications.
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APPENDIX A: NUMERICAL
AND EXPERIMENTAL METHOD

The numerical model is displayed in Fig. 7(a). The gray
area represents the solid phase of periodic square asymmet-
ric absorbers, while the blue and red areas represent the air
phase (the dynamic viscosity of air, µ = 1.8 × 10−5 Pa · s;
the static air density, ρ = 1.2 kg/m3; and the sound speed,
c = 343 m/s). The propagation of sound waves is governed
by pressure-acoustic module. The simulated output sound
is determined by impedance, which is set as [1.2 kg/m3 ×
343 m/s]. Due to the impedance mismatch of the air phase
and the solid phase, the interfaces between the air and ab-
sorber body are treated as acoustic hard boundaries. Note
that the side boundary of the pressure-acoustic module is
also defined as an acoustic hard boundary. Additionally, the
perforated pores are very small and experience thermal loss
and viscous loss, so the thermoviscous-acoustic module is
considered. The thermoviscous-acoustic layer thickness is
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FIG. 7. (a) Finite-element model in COMSOL MULTIPHYSICS and
(b) experimental setup in an impedance tube.

dvisc = 0.22 mm × √
100/ fe, where fe refers to the end fre-

quency of the frequency domain in COMSOL. To determine the
reflection, transmission, and absorption coefficients, the TMM
is employed. Mic S1 and Mic S2 are utilized to measure the
incident- and reflected sound pressure, respectively. The trans-
mission coefficient is calculated by the ratio of transmitted
sound power to incident sound power.

Experimental measurements were carried out using the
four microphone transfer-matrix method following the stan-
dard procedure detailed in ASTM E2611-09 [63], using a
large impedance tube (SKC Acoustics Technology Co Ltd
type ZT13) for verification purposes. The experimental setup
is depicted in Fig. 7(b). The impedance tube, with an inner
diameter of 100 mm, is capable of testing frequencies ranging
from 63 to 1600 Hz. During the measurements, both anechoic
and rigid boundaries are achieved by opening the end cover at
the waveguide’s terminal, as described in Refs. [39,64]. The
test piece is subjected to an incident plane wave generated by
the loudspeaker, which is oriented perpendicular to its surface.

APPENDIX B: SOUND-ABSORPTION PERFORMANCE
VIA MODULATING LOSS FACTORS

Except for the diameter d1,1 of the left MPP, other ge-
ometric factors on the sound-absorption performance are
explored. First, we analyze the sound-absorption performance
of the thickness t1 of the left MPP. The maximum absorp-
tion peak is achieved when t1 equals 1 mm and reaches an
EP state, as shown in Fig. 8(a). Meanwhile, the absorption
performance exhibits increasing and subsequent decreasing
tendency when increasing the plates’ thickness. The under-
lying physical mechanism is revealed in Fig. 8(b) via the
observation of the reflection coefficient at absorption peak
values. The increasing thickness of the left MPP goes through
the overdamped state to the underdamped state, and the zero
reflection occurs at the transition (critical state) where the EP
emerges.

For other loss factors (d2,1 and t2 of secondary MPP),
we conduct the analysis of the eigenvalues by obtaining EP.
Here, we calculate the real part and imaginary part of eigen-
values (λ±) of secondary MPP with different parameters, as
illustrated in Fig. 9. And, the eigenvalues of the two-port
acoustic system are given as λ± = T ± √

RlRr . The EP is
accessed when the real parts Re(λ±) and corresponding imag-
inary parts Im(λ±) of eigenvalues are simultaneously equal
to zero, as indicated by the purple frames. Meanwhile, this
tailored design also undergoes the transition from overdamped
to underdamped and obtains the critical state. Hence, we can
get the PA at the EP (critical) by elaborately decorating the
loss factors.

APPENDIX C: PHYSICAL MECHANISM OF THE
RAINBOW-TRAPPING EFFECT

To further reveal the physical mechanism of the rainbow-
trapping effect, two square HRs in parallel are utilized to
generate the rainbow-trapping effect, shown in Fig. 10(a). The
surface acoustic impedance of HR A and HR B is ZA and ZB,

FIG. 8. Influence of the thickness t1 of left MPP on (a) sound-absorption spectrum. (b) Reflection coefficient observation of absorption
peak values.
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FIG. 9. Eigenvalue analysis of the acoustic asymmetric system of secondary MPP.

respectively, expressed as

ZA = RA + jXA,

ZB = RB + jXB, (C1)

where RA and RB refer to the acoustic resistance; XA and XB

are the acoustic reactance; and j = √−1. When the sound
waves vertically radiate on the surface of the structure along
the direction of the x axis, the incident sound field pi and the
reflected sound field pr are calculated as

pi = piaej(ωt−kx), (C2)

pr = γ piaej(ωt+kx)+σπ , (C3)

where pia indicates the amplitude of incident sound pres-
sure and γ is the magnification of the acoustic pressure
amplitude. σπ is the phase difference between reflected and
incident sound waves. The total sound-pressure field and

corresponding sound-particle velocity can be given as

p = piae j(ωt−kx) + γ piaej(ωt+kx)+σπ , (C4)

v(x, t ) = (piae j(ωt−kx) + γ piaej(ωt+kx)+σπ )/Z0. (C5)

Combining Eqs. (C1)–(C3), we can get

γA,B =
√

(RA,B − 1)2 + XA,B

(RA,B − 1)2 + XA,B
(C6)

(σπ )A,B = arctan

(
2XA,B

R2
A,B + X 2

A,B + 1

)
, (C7)

Hence, the surface sound pressure of HR A and HR B can
be expressed as

pA(x = 0, t ) = piaejωt (1 + γAej(σπ )A )

pB(x = 0, t ) = piaejωt (1 + γBej(σπ )B ). (C8)
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FIG. 10. (a) Schematic view of two coupling HRs and (b) corresponding sound -absorption spectrum. (c,i) and (c,ii) Energy dissipation
maps of resonant frequencies. (d) Sound-pressure field and acoustic particle velocity distributions of coupling HRs at the frequencies of
absorption peaks. (e,i)-(e,iii) Sound-absorption performance of different resonance frequencies and corresponding reflection coefficient in the
complex frequency plane. (f) A metrical comparison of bandwidth and resonance frequency difference.

Finally, the sound-pressure difference between HR A and
HR B is

�p = piaejωt (γAej(σπ )A − γBej(σπ )B ). (C9)

According to Eq. (C9), the sound-pressure difference leads
to the converging flow of sound particles, resulting in the
rainbow-trapping effect. Here, the sound-absorption spectrum
of the parallel coupling between HR A and HR B is exhibited
in Fig. 10(b). Two quasiperfect absorption peaks are produced
at 450 and 685 Hz.

The energy dissipation of two HRs is elucidated by
the pressure-acoustic and thermoviscous-acoustic modules
of COMSOL MULTIPHYSICS. In general, we propose two dis-
sipation behaviors for the absorption mechanism for the

rainbow-trapping model: (i) thermal dissipation of air phases;
and (ii) viscous dissipation of pores. The two energy-
dissipating mechanisms lead to the obvious thermoviscous
effect at the resonance frequency.

First is thermal dissipation, which refers to the breakdown
of the adiabatic nature of sound propagation: where thermal
flux, and hence energy converted and lost, arises from the
thermal boundary layers associated with the airflow. The con-
stituent thermal flux then leads to pressure changes and hence
power dissipation with pressure in the form of [65]

Qtherm = 1

2
(γ − 1)

p2

ρ0c2
0

√
ωk

2ρ0Cp
, (C10)
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where γ refers to the specific-heat ratio, p is the pressure
outside of the boundary layer, k represents the thermal diffu-
sivity, and Cp is the specific heat capacity of air. As shown
in Fig. 10(ci), this thermal dissipation occurs mainly on
the surface of cavities, and plates at corresponding resonant
frequency.

The other dissipation originates from the vibration and
friction of the viscous flow of air in the pores at resonance
frequency. To be specific, the equation of viscous dissipation
can be expressed as [65]

Qvisc = 1

2
μ

v2
t

δvisc
, (C11)

where δvisc = √
2μ/ρ0ω denotes the viscous boundary layer,

μ is the dynamic viscosity, and vt is the tangential velocity.
The energy dissipated by vibration-induced friction loss at
resonances is schematically depicted in Fig. 10(cii). The air
vibrates in the vicinity of the microperforations; hence, the
sound energy is converted into heat and the incident sound
intensity is diminished. The consequence is that from the
logscale color bar, it can be observed that loss due to thermal
flux is significantly lower than that by the viscous flow, consis-
tent with the design principles. From the total thermal-viscous
dissipation, the primary contributor is the viscous loss in the
pores, while the contributed thermal dissipation in the cavities
is negligible.

Further, the sound-pressure distributions and particle ve-
locity of corresponding frequencies are exhibited in Fig. 10(d)
to illustrate the absorption behavior. The acoustic impedance
of HR B at 685 Hz approximately satisfies the matching con-
ditions, so the value of acoustic resistance is 1 and the acoustic
reactance is 0. HR A has almost no sound-absorption perfor-
mance, which can be equivalent to the sound hard boundary,
so the maximum sound-pressure difference can be obtained
from HR B. The particles flow to the HR B due to the large
sound pressure that occurs at the HR B, and this phenomenon
is called the rainbow-trapping effect. Note that the absorbing
behavior of HR A also exhibits the same property.

Through the above-mentioned analysis, it can be seen
that only when the energy concentration phenomenon in the
acoustic rainbow-trapping effect occurs, the sound-absorbing
structure can fully absorb the incident sound energy with-
out producing reflected sound waves, and finally achieve
excellent sound-absorption performance. Hence, the acous-
tic rainbow-trapping effect can be regarded as the basic
physics mechanism for all parallel sound-absorbing structures
to achieve high-efficiency broadband sound absorption.

Furthermore, the absorption spectra and coupling strength
of the HR system are theoretically calculated by varying the
pore diameter of HR B, as shown in Fig. 10(e). When the
difference in resonance frequencies between HR A and HR
B is significant, two discrete absorption peaks are observed.
Plotting the reflection coefficient (R) in the complex frequency
plane by decomposing the complex frequency fc = Re( fc) +
Im( fc)i, provides more physical insight into the absorption
performance of absorber [14–16]. Two discrete pairs of zero
and pole shift downwards due to the losses of the system.

FIG. 11. Representative images of the fabrication defects.

The critical coupling condition is nearly fulfilled (the intrinsic
loss perfectly balances the leaked energy), i.e., both zeros are
located near the real frequency axis. However, the two pairs
of zero and pole are located far apart from each other, and
the contour lines (describing A � 0.8 wholly illustrates the
high-efficiency absorption domain) are isolated, indicating a
weak interaction coupling effect between them. By adjusting
the resonance frequencies of alternative resonators to be closer
to each other, shown in Figs. 10(eii)–10(eiii), the absorption
valley becomes smoother, and the high-efficiency absorption
domain is widened. Further, the sound-absorber system with
continuous broadband bandwidth is achieved due to the over-
lapping of two absorption peaks. The enhancements in the
absorption bandwidth can be ascribed to the strong coupling
of two inhomogeneous HRs with adjacent resonance frequen-
cies, producing a flat high-efficiency absorption.

A metrical comparison is provided in Fig. 10(f). As shown,
the relationship between the first resonance frequency dif-
ference of HRs (� f = fB − fA) and bandwidth (A � 0.85)
is consistent with the enhanced absorption performance ob-
served in the HRs with different coupling strengths.

APPENDIX D: EXPERIMENTAL DEVIATION ANALYSIS

The deviations observed between the experiments and
simulations are primarily attributed to geometric defects in
the manufacturing process. These manufacturing defects may
lead to disorder effects and introduce uncertainty into the
experimental results. Figure 11 exhibits two typical pores of
specimens, where there are filamentous and elliptical sections
(outlined in red) along the vertical portion of the structure in
the form of branches, which effectively reduce the effective
pore sizes [8,66,67]. The main contribution to overall sound
absorption lies with viscous-flow dissipation via resonance
at the pores. Energy dissipation at the matching pores is
observed to be higher than that in the cavity. Therefore, the
structural cavity is not expected to significantly contribute
to viscous losses. All these, along with the absorption per-
formance when decreasing the pore size, result in lower
resonance behavior. The roughness of the pores where viscous
loss occurs leads to intensified friction between the airflow
and the structural surface, resulting in increased dissipation
and high absorption coefficients.
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