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Polarization-resolved electronic Raman spectroscopy is an important experimental tool to investigate collec-
tive excitations in superconductors. In this paper, we present a general theory that allows us to study the evolution
of all Raman active collective modes in multiple symmetry channels across a time reversal symmetry (TRS)
breaking superconducting transition. This comprehensive approach reveals that multiple modes belonging to
different symmetry channels show a tendency to soften, even when the interactions in the subleading channel are
held constant. This indicates an increased competition induced by the proximity to the TRS breaking transition.
The entry into the TRS broken phase is marked by the introduction of an additional mode into the gap in multiple
symmetry channels. This additional modes have a phase character complementary to the ones that are already
present. Even though all the modes in the TRS broken phase acquire an amplitude character, we explicitly
demonstrate that the coupling to the Raman probe is exclusively through the phase sector. We demonstrate
that the Raman spectrum collected in lower symmetry channels shows a selective sensitivity to the sign of the
ground-state order parameters and the sign of the interband interactions. Finally, we demonstrate the applicability
of an interaction induced selection rule that clearly explains the spectral weights of various modes in various

irreducible representations, including the possible of dark Leggett and Bardasis-Schrieffer modes.
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I. INTRODUCTION

The use of electronic Raman scattering (eRS) to study the
superconducting phase has a long history dating back to the
study of 2H-NbSe, [1], where superconductivity coexists with
a charge density wave. The interest in those days focused
on understanding the coupling of phonon modes (either from
the lattice of ions or from electrons as in a charge density
wave) to superconductivity [2—4], as it was assumed that
the Cooper pair excitations, which were argued to be small
[5], would have a weak strength in the eRS spectra. After
it was demonstrated (in A15 compounds) that these excita-
tions could have observable spectra weight without the aid of
phonons [6], eRS was used to find the T, the size, temperature
evolution, and even symmetry of the order parameter [7-9].
Many other uses of eRS to explore quantum phenomena in
materials that are associated with superconductivity followed
[10]. While phonons and magnons were the early (extrin-
sic) collective modes of interest to eRS, a purely electronic
collective mode that was observed in MgB, [11] paved the
way for eRS to be used to explore the nature and type of
electronic correlations. Indeed, in the context of superconduc-
tivity, eRS was subsequently used to affirm the role of spin
fluctuations in the pairing mechanism in the Fe-based super-
conductors [12,13] and identifying higher symmetry charge
fluctuations [14].
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These developments, along with the fact that the same eRS
experiment can provide access to excitations of the system
in different irreducible representations (irreps) of the lattice
simply by selecting the polarization of incoming and scattered
light, encouraged both experimentalists and theorists to ex-
plore the role of correlations in the various quantum phases
of matter. For example, all features of the eRS spectrum in
the Ay, irrep for MgB,, which is a two-band system, were
successfully explained by theory [15,16]. However, subse-
quent theoretical studies for other materials suffered from
limitations that prevented one from convincingly interpreting
all features of eRS data. These limitations include the fact that
most data from multiband systems were fitted using models
for one-band systems or systems idealized to have identical
gaps and that the models were limited to one specific irrep
at a time [17-19]. These were limitations because they never
explained the simultaneous presence of significant spectral
weight in both the collective mode and the 2A threshold of
Cooper-pair excitations, which is a common feature in many
experiments. One had to invoke the presence of independent
bands to explain such features, which is unrealistic in coupled
multiband systems. This issue was soon addressed in Ref. [20]
that presented a general microscopic formalism to model a
multiband eRS response with effects of electronic correlations
in any symmetry channel for any pairing symmetry. This
theoretical development allowed one to study the properties
of any microscopic model with any number of bands based
on a Fermi liquid normal state. On this front, one recently
demonstrated the existence of additional interaction induced
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selection rules for the coupling of electronic collective modes
[21] to eRS that is applicable in all irreps.

In this paper, we demonstrate another use of the general
formalism and the interaction-induced selection rule applied
to the eRS response from a time reversal symmetry (TRS)
breaking superconductor and discuss the spectrum in various
irreps across the phase boundary of a TRS to TRS breaking
phase transition. We address questions about the number of
collective modes across this transition, their energies, their
character (what is the physical quantity that is fluctuating),
their spectral weights in eRS, and if there are any character-
istic changes between the two phases or across the transition.
Our model even allows us to investigate the eRS spectra in dif-
ferent irreps. The motivation behind this type of study stems
from the fact that TRS breaking superconductivity has at-
tracted a lot of attention in recent years due to its application in
topological quantum computation and other quantum devices
[22,23]. Typical means of detecting TRS breaking are through
the muon spin relaxation and the polar Kerr effect measure-
ments. Indeed these tools were used to detect TRS breaking
in UPt3 [24,25], Sr,RuO4 [26,27], URu,Si, [28], and in K-
doped BaFe;As; [29-31]. There are more predictions for the
TRS breaking state that are awaiting experimental affirmation
such as for doped graphene [32] and Moiré heterostructures
[33,34]. While detecting TRS breaking was possible, the order
parameter is still debated in many of these materials [25,35].
It is therefore beneficial to look for other probes that could
provide some details about the order parameter structure while
still possibly detecting the TRS breaking transition. In this
paper, we provide the initial steps toward modeling the eRS
from such systems by studying the s + is state that has been
identified in K-doped BaFe;As;.

The collective modes of a TRS breaking superconductor
are partially known and are expected to couple to the eRS
spectrum in general. However, the response itself has never
been modeled microscopically, presumably because of a lack
of theoretical progress. With our model, we can study the
behavior of all the collective modes in the amplitude, phase,
and density sectors, all the way across a phase boundary, and
model their spectral weights in various irreps of the eRS. We
show that this can allow us to infer the phase of the order
parameter, the attractive or repulsive nature of interactions,
and even the phase boundary of the transition. There are many
previously unacknowledged results about the collective mode
spectrum and its coupling to eRS in such a system which we
will spell out in the next section.

The rest of this paper is organized as follows. In Sec. II, we
present some historical discussion of the collective modes of
a superconductor and their expected spectral weights and then
summarize our main results in the context of this historical
background. In Sec. III, we summarize the multiband model
for eRS in singlet superconductors and provide some general
considerations of the nature of collective modes and how they
couple to the Raman probe. In Sec. IV, we present a toy three-
band model that has a TRS-to-TRS-breaking-phase boundary.
In Sec. V A, we apply our general multiband theory across the
entire phase diagram and discuss the eRS spectrum in the A,
irrep. In Sec. VB, we discuss the eRS spectrum in the By,
irrep. In Sec. VI, we present our conclusions and some future
directions.

II. A BRIEF HISTORY AND MAIN RESULTS

A. Collective modes and their spectral weights

The collective modes in a superconductor correspond to
coherent fluctuations of the order parameter (also referred
to as the excitations of the Cooper pair). In a single-band
superconductor (we only focus on clean systems at 7 =
0), there are two collective modes. One corresponds to the
coherent fluctuations of the order parameter strength (am-
plitude): the massive Anderson-Higgs (AH) mode [36,37].
This mode does not directly couple to spectroscopic probes
in the linear regime (unless mediated by phonons [2—4,38] or
external supercurrent [39]). The other mode corresponds to
the coherent fluctuations of the phase of the order parameter:
the massless Bogoliubov-Anderson-Goldstone (BAG) mode
[36,40,41]. Modes in the phase sector couple to density fluc-
tuations which in turn directly couple to photons. The BAG
mode, although expected due to the spontaneous breaking of
U(1) symmetry, is renormalized by the Coulomb interaction to
the plasma frequency and hence not accessible at low energies
[42]. Even if they were probed at higher energies, the spectral
weight associated with this mode would be o< q2 — 0[37,43],
where ¢ is the momentum transferred by photons, rendering it
undetectable. If there were competing Cooper channel interac-
tions in irreps other than the ground state one, then one could
expect additional massive collective modes both in phase
and amplitude sectors. These phase sector collective modes,
which couple to density fluctuations and hence to photons,
are called the Bardasis-Schrieffer (BaSh) modes [17,37,44].
While the AH and BAG modes are present but never visible
in superconductors, the BaSh mode, when present, is expected
to be visible. The presence of the BaSh mode signals a strong
competition from a subleading irrep in the Cooper channel.

In a two-band superconductor, the collective excitations in-
clude additional massive collective modes. In the phase sector,
these are called the Leggett modes [45]. They correspond to
the out-of-phase (relative) fluctuations of the order parameters
in two bands, as opposed to the in-phase BAG mode which re-
mains massless. Similarly, more modes are expected in higher
irreps if there is competition. None of the modes except the
BAG are normalized by the Coulomb interaction due to either
a symmetry decoupling (from belonging to different angular
momentum channels) or due to the fact that the long-range
Coulomb interaction is blind to the intra-unit-cell part of the
fluctuations that exist in the multiband case [46]. All these
additional modes in the phase sector are expected to have
finite spectral weight, while the amplitude sector remains
inaccessible.

In TRS broken superconductors, however, the amplitude
and the phase sector fluctuations are coupled. For a TRS
breaking s + is state, the expected collective mode spectrum
across this phase transition is such that a Leggett mode softens
and bounces back [47-49]. For an s + id transition, there
is a mixed-symmetry BaSh mode that is expected to soften
and bounce back [50]. There are also other predictions for
the existence of collective modes in the TRS broken phases
[51-53]. However, their existence does not guarantee their
coupling to a probe. Addressing this was one of the main mo-
tivations for this paper. Specifically, there are open questions
as to if the modes in the phase sector are always expected
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to couple to eRS, if the modes in the TRS broken state that
include amplitude fluctuations enable an equilibrium coupling
of photons to the amplitude sector, and what are the spectral
weights of various modes in both states as well as across the
transition.

B. Summary of main findings

We worked with the s-to-(s + is) transition that requires at
least three bands microscopically. This allows us to use con-
stant gaps which keeps the calculations analytically tractable.
The general results for the collective modes are as follows.:
(i) In the Ay, irrep, there is the expected Leggett mode that
softens when approaching the phase boundary from the TRS
phase, and it bounces back in the TRS broken phase. Surpris-
ingly, there is a similar tendency in the By, irrep with the BaSh
mode, which happens without altering the Bj, interactions.
This suggests that the approach to the TRS breaking boundary
is marked by competition between s + is and s + id states.
(ii) In the TRS broken phase, there is an additional collective
mode that is induced near the pair-breaking threshold in both
irreps. Both the bounced-back mode and the additional mode
have mixed amplitude and phase character of the fluctuations.
However, near the TRS breaking transition one of the modes
has predominantly an amplitude character, while the other has
a phase character. The phase part of the fluctuations of these
two modes have complementary characters: if one is in-phase,
the other is out-of-phase. (iii) In the B, sector, we show that,
depending on the sign of the interband interactions, either the
in-phase or out-of-phase mode could be the low-energy mode.
This is helpful, as it indicates the phase characteristic of the
competing d-wave state in terms of it being of the d** or
d* type.

The general results for the manifestation of collective
modes in eRS are far more interesting, which can be explicitly
inferred from the formulas we derive but, in many cases, can
also be deduced from the interaction-induced selectivity of
modes outlined in Ref. [21] (cf. Secs. V A and V B below).
These findings are as follows: (i) Despite the mixing of the
phase and amplitude fluctuations, the coupling to eRS comes
exclusively from the phase fluctuations of the collective mode.
This is true in all irreps. (ii) In both the TRS and TRS broken
phases, the A, response is not sensitive to the sign of the
gaps in the ground state, but the B, response is, and this
could serve as means to detect sign changes of the order
parameter. (iii) There is a possibility of a dark Leggett mode
and a BaSh mode that prevents these modes from coupling
to eRS. Thus, a phase transition could be triggered without a
visible softening of a mode. (iv) The spectral weight near the
pair-breaking continuum does not display any characteristic
change across the transition (except for the introduction of an
additional mode into the gap). However, they are characteris-
tically different deep inside and deep outside the TRS broken
phase.

The knowledge of the evolution of the character and spec-
tral weight of the modes in different irreps provides a clear
picture of the low-energy sector near a TRS breaking tran-
sition and could be used to even detect such transitions. In
the remainder of this paper, we will substantiate the above
statements with detailed explanations and discussions.

III. THE RAMAN RESPONSE IN A MULTIBAND
SUPERCONDUCTOR

Consider a multiband system H = Hmp + Hresidual- Here,
Hwmr is the mean-field part of the Hamiltonian in the singlet
channel given by

Hyr = Y W) (k) W, (K),

ak

where &, (k) = €,763 — AR 61+ A! .65, and W, (k) =
, o,k ok

AT

(6%“ Cut.flz,i)' The index o € {a,b,...} represents the
bands, 6y is a 2 x 2 identity matrix, and 6;,i € {1, 2, 3}
are the Pauli matrices in the particle-hole space. Further,
Euk is the dispersion of «oth band, and ¢ ; denotes the
annihilation operator for the quantum state in band «,
momentum K, and spin s. Finally, Ayi= ASIZ +iA(11 i is
the mean-field order parameter. Here, Hresidual' denotes the
residual interactions in the Cooper channel that correspond to
momentum transfers g # 0, where § = 0 is the momentum
transfer channel in which the condensation took place [20,54].
These interactions include density-density interaction within
the same band as well as density-density, exchange, and
pair-hopping interactions between fermions from different
bands. Of these interactions, however, what is relevant for
the superconductivity problem is just the Cooper channel
projection of the interactions (see Ref. [20]), which we model
as Vfg between two bands « and B. In what follows, to
ensure analytical tractability, we shall work at temperature
T =0 with %-independent interactions, which results in
k-independent order parameters A, = AR 4+ iAl, which
satisfy the self-consistency equations:

Ay ==Y VI AGLIL, (1)

B

where vﬁ is the density of states at the Fermi level of band
B, and Ig = In(2A /| Agl|), where A is some cutoff associated
with the pairing mechanism.

It was shown in Ref. [20] that, for § — 0 (the momentum
transferred by light to the superconductor), the long-range
Coulomb interaction did not affect the response. This allows
us to unify the treatment of the Raman response in all irreps r
of the lattice, which is computed as Im[x,(£2)], where x,(€2)
is obtained from the analytic continuation of [20]:

x(Q) = —[e, " [T, 2

where
[e] = (0,0,7%,0,0, 77, ...)",
[[T1]] = Diag([T1“], [I1"],...),
[T*] = l'[;"j(Q), for i, j € {1, 2,3},
1(0) = [ T60,(K06,6,(K + Q)L
K
[[,] = [R] ' [e],
1
[R] = ]I3n><3n + 5[[Vrpp]][[npp]]’

[[Vrpp]] = Vfgﬁ ® I[3><3v
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[[TTPP]] = Diag([TT*], [TIPP"], ...),
N (LU
[(PPe] = —| 115, 105, T3 |,
0 0 0

where y,* is the projection of the effective mass vertex of band
o onto the rth irrep, n is the number of bands, K = (iw,, l?),
0=(iQm.q), [, =T, [d'k/2r)? (where d is the spa-
tial dimension), and G, (iw,, l;) is the Green’s function:

o iy, k) = [iwno — E, ()17 A3)

Further, Vfg 5 18 the projection of the Cooper channel interac-
tion onto the rth irrep. In the above expression for the Raman
response, we have ignored the contributions from interactions
in the particle-hole channel. See Ref. [20] for its inclusion.
Continuing on to real frequencies with i€2,, — Q + i3, the
various correlation functions ITf; are evaluated as

M@ () - () e
208 ¢ 2|A| 1A | o

e, (Q Q \? Al \?
me® _ (=) |Z.().
2v% 2|Aql [Aql
F
5@ _ 7o
2‘)% o )
nhE) ARAL 7. = I15,()
208 A2 ) 0%

M@ _ (24, @ = _5,()
208 2| A2 )7 2v¢

%, (2 QAR
£ — —i( o )IQ(Q) —
20§ 2| Ay |?

%@
2v%

) “

where
sin~! (92/2] Ag )
(Q/21Au V1 = (/2|41

T, (2) =

In all of the above expressions €2 is to be seen as Q2 + i6. In
IT%, i = 1is associated with the amplitude-sector fluctuations,
i =2 is associated with the phase-sector fluctuations, and
i = 3 is the density-sector fluctuations. Technically, [TTPP] is
not given in terms of I17; but a quantity whose integrand is the

same as [17; but dressed with normalized angular form factors

of the rth irrep. Since our A, ’s are all k independent, the angu-
lar integration always yields unity, leading to the above form
of the equations. We include Al in this formalism compared
with the previous works [20]. For the sake of completeness,
we remind the reader that, in Eq. (2), the vector structure of
[c,] is partitioned into groups of three for each band, with
the first two components corresponding to the amplitude and
phase degrees of freedom and the third to the density degree of
freedom (and hence the only nonzero component). Similarly,
in the particle-particle channel, [TIP»"*] couples only to the
Cooper-channel interactions and hence has only two rows.
The third row would correspond to the particle-hole channel
(see [TTP™] in Eq. (6)).

A. General considerations

The resonances in the Raman response are captured as
poles of [I",] which stem from the zeros of Det[R], where R
is a 3n x 3n matrix for the case of n bands. The 3 arises from
the amplitude, phase, and density degrees of freedom in the
superconductor. We can estimate the number of zeros in the
following manner. Focus first on the region Q < 2|A|, where
the frequency dependence is such that I1{, and I15, ~ Q?
each, I1%;, I1{, are independent of €2, and I1¢5, I1§; are linear
in © [see Eq. (4)] but appear as a product of themselves. Thus,
Det[R] = 0 is at best second-order polynomial in 22 per band
or 2nth-degree polynomial overall. It is not of degree 3n, as
I1%, has no Q? term. Next, due to the global U(1) symmetry,
the order parameter at the mean-field level is usually chosen
to be real if TRS is preserved, implying A!, = 0, which leads
to I1§, = 0 = I1{; decoupling the amplitude sector from the
phase and density sector. This decouples the determinant into
products of two nth-order polynomials in Q2. This factor-
ization separates the amplitude (i = 1) and the phase (i = 2)
sector modes such that there are n of each. Only the phase sec-
tor modes are Raman active (i.e., have finite spectral weight),
as this is the sector that couples, via nonzero I15;, to the
effective mass vertex that involves the density vertex with
i = 3, which in turn couples to photons. Observe also that, if
we had chosen the gap to be purely imaginary, then AX =0,
leading to [13; = 0 = I13,. Then A’ becomes the amplitude
sector and is still decoupled from the phase (i = 1) and density
(i = 3) sectors.

If we did not assume anything about the ground-state
phase, all the components above would be formally cou-
pled. However, note that the coupling of the two sectors via
1¢,, I1{; terms do not add any additional powers of Q2
leading to the same total mode count of 2n. Further, the
self-consistency equations [which include the U(1) symme-
try] will cause any observable result to be only dependent
on |A,|, as can be explicitly checked by using Eq. (4) in
Eq. (2). This means that the modes would still decouple into n
phase-sector modes and n amplitude-sector modes, with only
the phase-sector modes being potentially Raman active. This
check ensures the U(1) gauge invariance of our formalism. If
the ground state breaks TRS, then the result would depend
on the complex phase of the order parameter, but this does
not affect the mode count, as we already saw above that the
inclusion of all the terms of IT; do not add any additional
powers of Q2. What is different in this case is that the modes
would have mixed amplitude and phase character, as was
noted in previous works [47-49].

B. The character of the modes

To understand the nature of the modes that are Raman
active, let us note a very special property of x5, = I15, +
ZI)Fla, Hgf&’ ng, and ng;: ngngg — H32H23 = 0. This can
be seen as Det[l'[?‘j] = 0, with IT§, — x5,, where i, j € {2, 3}.
This property of the zero determinant is responsible for the
fact that one of the phase sector collective modes in the chan-
nel r = Ay, is always the massless BAG mode. This mode is
removed from the low-energy sector by the Coulomb inter-
action but would not have shown up anyway due to its zero
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mass. Thus, only n — 1 modes in the phase sector are Raman
active for r = Ay,, which are the Leggett-type modes. In other
irreps, we still have n phase modes that are Raman active,
and these are the BaSh-type modes. Note that only modes
with Q < 2|Ayin| (the minimum gap in the system) will be
long lived. The modes in the continuum of the pair-breaking
excitations will be damped.

It is worth noting (see Appendix A) that, even if we in-
cluded A} # 0, we would have Det[TT{;] =0, with i, j €
{1,2,3} and I1§; — x{y, 15, — x5, (the correlation func-
tions without the [, part), ensuring that we still have the
BAG in the r = Ay, channel. This aspect does not depend
on whether TRS is preserved or broken, and hence, the BAG
mode is always present and is massless (and is always re-
moved by the Coulomb interaction). What changes in the
TRS broken phase is that now all the 2n — 1 modes become
Raman active due to the mixing of the amplitude and phase
contributions. What can also happen is that some modes from
the continuum could be pushed into the gap, leading to better
visibility of a mode, but this does not change the mode count.

To quantify the admixing of the amplitude and phase
fluctuations for the various modes, we can follow the treat-
ment in Refs. [48,50], where the dynamical form of the
self-consistency equation is expanded to linear order in the
fluctuating components: §A, = 8% +i8!. The presence of
nontrivial solutions to this equation for a given value of fre-
quency would indicate that the system supports spontaneous
fluctuations at that frequency. This maps the problem of find-
ing collective modes to that of finding the eigenvalues and
eigenvectors of the dynamical self-consistency equation of the
fluctuating components. The eigenvalues give the collective
mode frequencies while the eigenvectors give the character,
i.e., the extent of admixture of phase and amplitude fluctua-
tions, of the collective modes.

At a finite wave vector g of the fluctuations, we would
also need to account for variation in the density (§p,), and
the general eigenvalue problem would be given by

288 = ZVPP [117 85 — I17,8% + T1}3805].

28! = Zng[ng‘la/’; — 15,85 + T153805],

B
8pa = ZVq[HSS]fSﬁ - Hé}z‘sfs + H}333510/3]7 ®)
B

where V, is the singular Coulomb interaction [~1/g in two di-
mensions (2D) and ~1/ q2 in three dimensions (3D)] and is the
same for all bands. This can be recast into the form [K][§] =
0, where [8] = (85, —(S,ﬁ, 804, 8,1;, —8,1), 8pp, ...)", and

[’C] = ]I3n><3n +

where

Ve um ) + Vet . 6

[([Vell =2V, ® I3x3,

1 1 1 e

[[TTP"]] = Diag([TIP™*], [TTP"P],...),

0 0 0
(e =1 o 0 0
5, 15, T35

Here, V& denotes the pairing interaction in the ground state
irrep, as in Eq. (2). The K is the same matrix R that appears
in the Raman response with r = gs. In the specific form in
Eqg. (2), we dropped the [VPh] part (see Ref. [20] for the full
form) on grounds of studying the effect of only the Cooper
channel interactions. In the above eigenvalue problem, the
Coulomb interaction only becomes relevant at finite g. Since
our focus is on the ¢ = 0 part, we will continue to ignore
the coupling to the density sector to maintain consistency in
our treatment (formally, we are ignoring 1/V compared with
[IVEPT Tup)-

Having shown that the linear response matrix (K) and the
kernel of the Raman response (R) are the same, the character
of the collective modes, which are the zeros of the determinant
of R or K, can now be inferred by studying the corresponding
eigenvector whose components represent the weights of the
fluctuating terms of A,. To categorize these fluctuations in
terms of amplitude and phase, note that

SAy = 8(|Agle®) ~ e8| Ay| + iASPy + . . .,

where the ... stand for higher-order terms in | A,| and 8¢,.
Taking the real and imaginary parts of this, we get the expres-
sions for 8% and 8/, which we also get from the eigenvectors
of [K]. Inverting this relation, we arrive at the amplitude and
phase parts:

8| Ay = 8% cos ¢y + 87, sin ¢,
|Ag |8y = 8% cos ¢y — 8% sin ¢, (7)

We then define the amplitude and phase characters of a mode
m as

S| Ag il
A a,m

which simply sums up the weights in the amplitude or phase
sector from all the bands.

We will now apply this general formalism of finding col-
lective modes and their character to the minimal model that
demonstrates TRS breaking with k-independent interactions.

2
c o ChED Banl’ ®

IV. PHASE DIAGRAM OF THREE-BAND
MODEL WITH BROKEN TRS

Consider a system with bands a, b, c. To keep the solution
analytically tractable, we make bands b and c identical. This
allows us to model the interband interactions in the Cooper
channel as

0 VW W
th g — V() 0 V] . (9)
Ww vi 0

Here, we have ignored intraband interactions, as we are
mostly interested in the new aspects due to the multiband
nature of the pairing problem. Certainly, the formalism can be
applied to any general interaction matrix at the cost of study-
ing the effects of more parameters. The most general TRS
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broken state in the above model could then be parameterized
as Ay =Ag>0, Ay =A1?, and A, = Aje™™ (A > 0)
with the order parameters in bands b and ¢ differing only in
phase [55]. Further, the overall scale of the order parameters
will be controlled by the cutoff, and hence, a relevant param-
eter would be r = Ay/A;. In the self-consistency equations,
we have the Cooper logarithm /,, which takes the form [/, =
In2QA/Ag) =lpand [, = 1. = In(2A /A1) = [;. Observe that
lp = [; — Inr. Using these in Eq. (1), we get

r= —2Vov}ll cos @,
(L4 Vivpl)cos¢ = —rVoup(ly — Inr), (10)
Aysing = Alvlv}pll sin ¢,

where vY, v}. are the densities of states in band a and bands
b, ¢, respectively. These three equations determine the pa-
rameters r € [0, 00), [} > 0, and ¢ € [0, ] subject to the
condition that | cos ¢| < 1. The parameter /; is only sensitive
to the overall scale of the gap and is not so interesting to the
present discussion.

A. TRS phase

In this phase, ¢ =0 or m, and hence, the last line in
Eq. (10) is not enforced. The parameter r is obtained by
solving the transcendental equation:

AW 0 Vi
<—1)r +<2vFV01nr+—>rc—2=O, (11
Vi V()

where ¢ = cos ¢ = 1. Then v}l; = —rc/2Vp. Since [; > 0,
we have ¢ = —sgn(V}). That is, the relative sign between A
and A; (st vs st) can be switched with the attractive or
repulsive nature of the interband interaction V.

To explore the parameter space, consider the limit Vy — O,
where we get r = 0, implying Ag =0, vt} = —1/V;, and
¢ = 0 or &r. This requires V| < 0 and is the result of an effec-
tive one-band model, where b, ¢ are seen as one with intraband
interaction V;. On the other hand, in the limit V| — 0, we still
have ¢ = 0 or r, and have to solve Eq. (11) to find r. In these
two limits, we never get a solution where ¢ # {0, 7}, suggest-
ing that, to break TRS, we need both V;, and V; components,
thereby enforcing the necessity of three bands for having a
TRS broken state. As we change the parameters V; and Vi,
this TRS phase continues all the way until v}/; = 1/V;. This
is when the last line in Eq. (10) begins to be valid even for
¢ # 0. This marks the onset of the TRS broken state.

B. TRS broken phase

In this phase, v}ll = 1/V; > 0O is fixed, and then we have

b= —o
cos¢p = ——r,
2Vo
1 Vi
—exp — — 1), 12
r eXp<v}‘V1 U2V02> ( )

subject to the condition that |cos¢| < 1. A cross-section of
the phase diagram across the TRS breaking transition is
shown in Fig. 1, which is obtained by keeping V; fixed and
varying Vy. The distinction between v} and v only intro-
duces quantitative differences, and thus, for simplicity, we

2.5 T
_________ T
2.0 T i 26/
1.5 208 — E
I
I
1.0_ 2.05 I i
0.51 e
2.02 1
K I
0.0_...; ................. s o ; .
-0.115 -0.110 -0.105 -0.100 -0.095 -0.090
VeVo

FIG. 1. The parameter r = Ay/A; with respect to vgV, across
an sTt — s+ is transition, which happens at vV, ~ —0.104 (in-
dicated by the solid vertical line). Here, the phase ¢ (dotted curve)
becomes nontrivial. The vertical dashed line shows the point where
r =1 beyond which we label the state as being deep in the TRS
broken phase. The phase diagram for st~ — s + is transition re-
mains the same but with V; — —V. Here, vrV; =0.1 and A =
1.5 x 10*A,. The inset is provided to highlight the variation in r
with Vf V().

set vt =% = v for all computations in this paper. We will

be interested in learning what the Raman response looks like
across this phase transition.

V. RESULTS FOR RAMAN RESPONSE

Now that we have a model which provides a phase space
of ground states, we can study the eRS response from this
model. As outlined earlier, with n = 3, we expect a total of
2n — 1 = 5 collective modes in our system. In the TRS side of
the phase diagram, n — 1 = 2 of them would be in the phase
sector and hence visible in Raman spectroscopy. To figure out
the spectral weights and characters of these modes, we can
deploy the general result from Sec. III. In Fig. 2, we plot the
Ay, and By, responses across the TRS breaking phase transi-
tion. The A, spectrum of collective modes is fixed as soon
the ground state is picked because it involves the same inter-
actions and cannot change unless the ground state is changed.
The spectral weights, however, will depend on the Raman
vertices. Figure 2 is shown for the choice y? = —y¢ = 0.5y
for r € {A1,, B1,}. The result is not surprising: A collective
mode (labeled 1) softens at the TRS breaking transition. This
mode bounces back and crosses another mode (labeled 2) that
is induced in the TRS broken phase from the 2A threshold.
We plot the character of these modes in Fig. 3, which shows
that mode 1 is a pure phase one on the TRS side. It acquires
an amplitude character as soon as it enters the TRS broken
side, and this character dominates deep inside the TRS broken
state. Meanwhile, mode 2 emerges with largely an amplitude
character and becomes phase dominant deep inside the TRS
broken phase. This mode will go on to soften with increasing
Vo, leading to another transition boundary between the s + is
state and a different st~ state which has opposite phase of
gaps between bands b, c. We do not show that transition here.
There is more depth to these results, which will be the subject
of the discussion in following subsections.

The By, collective modes, on the other hand, depend on
the choice of interactions in the Bj, channel, which are
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FIG. 2. The eRS response in the A, and B, irreps. The A, mode 1 softens at the st — s+ is transition (vyVy &~ —0.104), while the By,
mode 1 turns back. In both cases, an additional mode 2 is induced from the 2A threshold inside the TRS broken phase. The choice of Raman
vertices in both cases is yr” = —yS,r € {Ay, Big}. For A, all parameters are the same as in Fig. 1. For B,,, the interband interaction elements
are vpUy = 0.07, vpU; = 0. A fermion lifetime of 0.005A, was added to induce broadening. The color scale corresponds to In(1 4+ Imy,/ xo0),
where xo o< vp(y®)? is an arbitrary scale to remove the dimensions. This form was chosen to enhance the visibility of the 2A region.

independent of the ground state. Figure 2 also shows the
B, response for an interband driven scenario where all three
bands are coupled (more details in Sec. V B). It shows a BaSh
mode on the TRS side that also has a tendency to soften
and bounce back in the TRS broken side. Just like the Ay,
response, there is another mode that is induced in the TRS
broken phase near the 2A threshold. What is striking here
is that the BaSh mode displays a tendency to soften even
though the B, interactions are held constant. This suggests
that the approach toward the TRS breaking state boosts both
the competing suborders in the Ay, and Bi, channels. In fact,
if the B, interaction in the TRS phase is strong enough, the
approach toward the TRS breaking state can cause the BaSh
mode to soften before the Leggett mode, leading to an s + id
state. The type of s+ id ground state that would develop
(i.e., the relative phase between various bands) depends on
the phase character of the mode that softens. As we will
discuss shortly, this phase character could be deduced from

1.0

0.8
0.6 1
0.4
0.2

0.0
-0.110 -0.108 -0.106 -0.104 -0.102 -0.100 -0.098
UFVO

FIG. 3. The amplitude and phase character strengths CA, CF, re-
spectively, for mode m in A, irreps. In the TRS side, the mode is pure
phase one. In the TRS broken side, the characters mix and the phase-
dominant mode 1 evolves into an amplitude-dominant one, whereas
the amplitude-dominant mode 2 evolves into a phase-dominated one.
All parameters are the same as in Fig. 2.

the spectral weights of the modes. In Fig. 2, we restricted
ourselves to those By, interactions that are weak enough such
that a transition to the s + id state is preceded by that to the
s 4 is one.

In the remainder of this paper, we will analyze the above
spectrum and its variations to potentially deduce the sign of
gaps in the bands, their interplay with the Raman vertices, and
the sign of interband interaction, wherever possible. We will
also illustrate the use of the recently discovered interaction-
induced selectivity of collective modes [21] to make sense of
the calculated spectral weights in the various scenarios. This
rule, as a reminder, broadly associates the character of the
collective modes to the Raman vertices and infers the relative
spectral weights of the modes in the gap and near the 2A
threshold. For a pair of bands a, b, the rule suggests that a
fluctuation in irrep r with the form factor §¢¢ + s8¢” couples
to the Raman vertex with the form y“ & sy?, respectively,
where s = —sgn[A,A,V%]. Further, the mode §¢¢ + s8¢°
will be the lower-energy mode and hence in the gap, and
S¢¢ — s8¢f’ will be the higher-energy mode, which could be
over the 2A threshold and hence be damped.

A. eRS in the A, channel

In the Ay, irrep, due to the self-consistency condition, we
get s = —sgn[AaAbV/fi] = 1. This means that the in-phase
mode (8¢¢ + 8¢?) should be the low-energy mode and couple
to eRS as y§ + )//f]g. This is indeed what is expected of
the BAG mode. Perhaps because this mode is renormalized
up to the plasmon and hence not relevant in the low-energy
sector, it was missed in the literature that this mode would
couple to the eRS spectrum via the yjlg + yflg combination
of Raman vertices. The rule also implies that the out-of-phase
mode (3¢Z,g — quﬁlg) should be the higher-energy mode and

couple to eRS as y; — y/flg. This is indeed the well-known

result for the two-band Leggett mode [16]. In fact, in our
model, where bands b, ¢ are identical, we can expect the
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FIG. 4. Ay, response across the s™* — s+ is transition for different choices of Raman vertices. The five panels are for vpV, €
{—0.114, —0.104, —0.103, —0.1, —0.097} from left to right. The background color corresponds to that shown in Fig. 1 with the white being
the TRS phase, the yellow being the TRS broken phase, and the blue being deep in the TRS broken phase. The labels 1 and 2 track the
long-lived collective modes shown in Fig. 2, and the two inverted triangles at the top track the evolution of the gaps A, (for bands b, ¢) and Ay
(for band a). All parameters are the same as in Fig. 2. Observe that mode 1 does not show up in eRS for yflg = yjlg.

Leggett mode involving bands b, ¢ not to couple (go dark)
when yf{’w = ¥4,,- This is exactly what we see in Fig. 4 on the
TRS side, where we plot the eRS spectrum for select values of
Vo. This serves as an example for a case where there could be
a phase transition to the s + is without any visible softening
of a Leggett mode.

To better understand why the rules work the way they do,
let us evaluate these general expressions explicitly on the TRS
side by substituting for the A,’s and the IT7,’s in Eq. (2). Using
the expressions for /, from the self-consistency relations, we
get the response to be

4AQA1/CV0
Q2 — Q2
(4A1/1)(25 - @)

XAlg(Q) = [(Vlglg - yAblg)z + (yi:lg - yAClg)2]

2
4 b _ . , 13
(VAIg VAlg) (Q% _ 92) (Q% — 92) ( )
where
1 2 \2A0A
Q% = (]— + 0—> s )
VF11 VFI() CV()
o0 2(VidoAy +2cVpAT)
2 CV()V[ UII;II ’
522 _ 2(V1A(2) + 2VQCA1AQ)
3 VOZ\)IQ-IO '
Since the bands b, ¢ are identical, we will have Iy/flg| = |yjlg|.

If all three effective mass vertices were identical, we would
get a null response, which is expected, as we would recover
the total charge vertex which does not fluctuate due to charge
conservation. Here, we can note all the following relevant
points: (i) All modes couple with (y, — )/,3)2 form factors,
which explains why some modes can go dark if appropriate
conditions on the vertices are met. (ii) We observe that the
expression potentially hosts n — 1 =2 poles (with n = 3).
These are indicated by the frequencies Q7 and ©3 [56]. With
only interband interactions, on the TRS side, we get one
long-lived Leggett mode in the gap and the other mode beyond
the 2A threshold. (iii) The self-consistency equations enforce

sgn(cVp) = —1. This causes the result not to be sensitive to
the phase of the ground state (s** vs s%), as ¢ and V; always
come as a product so that, when each switches sign, the result
remains invariant.

Upon studying the character of the long-lived mode, we
find that the fluctuating terms are indeed phaselike and such
that phase terms from bands b, ¢ are opposite in sign to each
other without involving band a(see Appendix B). According
to the rule such a mode should couple to effective Raman
vertex folg — Vi,,- This is why in Fig. 4 the Leggett mode only
shows up for yAblg = —V4,, and is dark for yf]g =Y,

In the TRS broken phase the general expressions become
too unwieldy to show, but the A;, response across the TRS
breaking phase transition is plotted in Fig. 4 for two allowed
cases of y/f]g = +yy,, for this model. The bounced-back mode
(1) acquires an amplitude character with two characteristics
(see Appendix B): it mixes amplitude and phase characters;
and it mixes contributions from band a. What is interesting
is that the contribution from band a only comes via the am-
plitude sector. The phase sector of the bounced-back mode
is still exactly the same as it was on the TRS side. This is
why the selectivity of the mode remains exact with respect to
the choices of yf(lg + yACIg as is evident from the TRS broken
panels of Fig. 4. While the fact that there is no phase com-
ponent of band a is certainly an artifact of the model, this
result, nevertheless, shows that the coupling of the collective
modes to the eRS is entirely from the phase sector even in the
TRS broken side. This is because if the phase sector of band a
were to be involved, then the vertex combinations yjm + 7/: 1/:
would contribute. Since band «a is different from band b, c, the
selection would not be exact. But we see in Fig. 4 an exact
selectivity for the mode 1.

The second mode (2) that emerges from 2A region also
has mixed character from all the bands, but importantly in-
volves the phase fluctuations from band a (see Appendix B).
According to the rule, we will now have contributions from
Vi, T yff]/g “ vertices, and thus the spectral weight from this
mode should be finite, but different, in the two choices of
Raman vertices in Fig. 4. This is indeed what the plot shows.
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We will see below that this feature that the phase part of the
fluctuations of a mode is what couples to eRS, remains true in
every case we analyze. Note also that the phase character of
mode 2 with respect to bands b, c is the opposite of mode 1.

It is also evident from Fig. 4 that the entry into the TRS
broken phase is not marked with any characteristic change at
frequencies beyond the 2| A| region, although deep inside the
TRS broken state, the spectrum above 2|A| acquires sharper
features. We think that this is probably a feature of this model
and nothing generic. Finally, even in the TRS broken phase,
just like the TRS phase, we verified explicitly that changing
the phase of the ground state on the TRS side from s™* to 51~
(by changing V) — —V})) did not alter the response.

B. Raman response in the B;; channel

The advantage of eRS is that the same experiment provides
access to not just excitations in the r = Ay, irrep but also in
other irreps. We can take a look at the r = By, irrep to analyze
how the spectrum could evolve across a TRS breaking tran-
sition. Studying this response requires no new calculations.
The ground state remains the same as that in all the cases
considered for r = Ay,. What is different here is that Vggﬂ p
is now a parameter that is independent of the ground state
and thus can be anything. This largely increases the phase
space of possibilities. However, to lay within the scope of this
paper, we can focus on the interband driven B, interactions
modeled as

0 Uy Uy
Vit > Uy 0 Ui (14)
Up Ui 0

We can now explore the contribution of each of the interband
interactions. Note that, in the limiting cases we will consider
below by setting Uy or U, to zero, the ground state always
remains coupled with the phase diagram of Fig. 1.

The discussion of spectral weights of the resulting modes
in the Bj, channel will involve many cases because s =
—sgn[AaAbVé’f; ] can switch sign based on the phase of the
ground state or the attractive or repulsive nature of the By,
interaction (compared with the A;, case, where s = 1). We
shall discuss them on a case-by-case basis. For definiteness,
our ground state will be of the s™t nature such that bands a
and b, ¢ are in phase on the TRS side. We will discuss the
results for an s~ state (opposite phase between bands a and
b, ¢) whenever appropriate.

1. No B, interactions

In the limit Uy, U; — 0, the response in the TRS and
TRS broken phases is simply that of three independent bands,
which is the addition of 1//Q —2Ap and 1//Q — 2A, fea-
tures. We do not discuss this further. Further, if there are
purely repulsive interactions such that there are no long-lived
collective modes, we simply get some broad features near 2A
and 2Ay.

2. One decoupled band

Consider the limit Uy — O but with finite U;. The fluctu-
ations of the system are such that those from band a (order

parameter Ag) are decoupled from the rest. In this case, we
expect to get a noninteracting single-band response from band
aleading to a 1//2 — 2A feature. This feature is evident all
across the transition in both panels (for repulsive and attractive
Uy) in Fig. 5. Since this feature belongs to band a, this part of
the response is not sensitive to yl’;’lg =+,

Added to this response will be that of a two (identical)-
band scenario, where the fluctuations are coupled via inter-
band interactions (U;). For the bands b, ¢, which are always
in phase in the TRS side, we get s = —sgn[A,A U] =
—sgn[U;]. This means that the low-energy mode (within
the gap) should have the form factor 84)1{;]g + s(Sc/)glg =
8¢1’;]g — sgn[U118¢, . This should couple to eRS as yé’lg -
sgn[Ul]yglg. Thus, for a repulsive interband interaction (U; >
0), we expect the lower-energy BaSh mode to have an out-of-
phase character, suggesting that, if it led to an s + id ground
state, it would be one with opposite phases in bands » and c.
For an attractive U, interaction, the in-phase mode becomes
the lower-energy mode. Further, the Raman vertex that picks
up the spectral weight would also differ in each of these cases
in accordance with the selection rule. All these points are
exactly what we see in the two panels of Fig. 5. The characters
of the modes in each case are also presented in Appendix B
for verification.

Upon entering the TRS broken phase, many interesting
observations can be made. Staying with mode 1 for yf;’lg =
—yg]g, we see that the selectivity is still maintained despite
the mixing from the amplitude sector (see Appendix B). This
further supports that, even in the TRS broken phase, only the
phase fluctuations couple to the eRS spectrum. Mode 1 also
loses spectral weight to the 2A; peak deep inside the TRS
broken state. This is understood also from the selection rule.
For identical bands with pure interband interactions, there
are two modes, one attractive and one repulsive, with the
in-phase mode coupling to yé’lc + yglg and the out-of-phase
to Vl?lg — yﬁlg [21]. Deep inside the TRS broken phase, where
Ap &~ —A,, there is a switch in s = —sgn[A, A U;]. This
would switch the association of the spectral weights of the
modes from one vertex to the other, manifesting in the transfer
of spectral weight from the collective mode to the 2A | peak
for the vertex yl’;’lg = —Vp,,- This is exactly what is seen in

Fig. 5 in both panels. For the vertex Vz[;lg = yglg, the spectral
weight moves to the collective mode.

Moving to mode 2, we observe that it is induced with a
phase character opposite to that of mode 1 (see Appendix B).
This aspect is true for both panels and means that mode 2
should be visible in the Raman vertex combination opposite
to that of mode 1. This complimentary nature of modes 1 and
2 is clearly evident from both panels in Fig. 5.

It was pointed out in Ref. [21] that the response in the B,
irrep is sensitive to the sign of the gaps in the ground state.
While this is true in general, in this case, the sT~ phase in
the TRS side would involve a sign change between bands
a and b, ¢ and not between b and c¢. Thus, with Uy = 0 and
the band a being decoupled from the rest, there would be no
sensitivity to st /st~ states. We explicitly verified that this
is the case. Nevertheless, note that, deep in the TRS broken
state, where A, =~ —A., we did find the response to change
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FIG. 5. By, response, for Uy = 0 and vzU; = 0.09 (top panel), vrU,

—0.09 (bottom panel), across the st™ — s+ is transition for

different choices of Raman vertices. All panels follow the same convention as in Fig. 4 and are plotted for the same parameters. Observe that,
in all cases, the spectral weights switch from the collective mode to the 2A, region or vice versa after the TRS breaking transition. Since
fluctuations from band a are decoupled in this choice of interactions, the 2A threshold peak always remains intact for different choices of

Raman vertices and across the TRS breaking transition.

in a characteristic manner, in support of the above sensitivity
claim.

3. All coupled bands

Consider the other limit of interband interactions was
U, — 0 but with finite Uy, where the fluctuations of all bands
are coupled. In this case, since U; = 0, the two bands b, ¢
effectively act as a unit. However, they do so in the following
manner. Because they are simultaneously driven by band a,
the effective interaction that would emerge between bands b
and c is such that the intraband and interband interactions
between these bands are the same (and repulsive). In such
a system, the collective modes could be thought of as being
derived from the interaction of band a with the subsystem
b, c. In the subsystem b, ¢, one can form in-phase and out-
of-phase modes, with coupling tendency to Vl?lg + Vlg]g and
yé’]g — ylglg, respectively. The out-of-phase mode remains de-
coupled while the in-phase mode couples to the fluctuations
of band a to give modes of the form §¢“ & 8§¢”/¢ which
couple to eRS as yg =+ ygl/gc, respectively, where 8¢”/¢ o

8¢ + 8¢¢ and ygl/; o Vt?lg + yg‘]g. As per the selection rule,
s = —sgn[AaAbUd] = —sgn[Up]. Then for the repulsive in-
teraction, we can claim that the ¢ — 8¢*/¢ mode would be
the lower-energy mode and the 8¢ + 8¢”¢ mode would be
the higher-energy one. These two modes would be visible in
both choices of the Raman vertices due to incomplete cancel-
lations due to the presence of yglg. The relative phase mode

from b, ¢, however, would couple as ylé’]g - yg'le and hence
be selective. This is indeed the observation in Fig. 6. It so
happens that, in the chosen model, the Sqﬁb — 8¢° mode is
~2A;. The characters of the modes that are presented in
Appendix B confirm the above expectations.

Upon entering the TRS broken side, the BaSh mode 1
in the gap turns back. Despite mixing in of the amplitude
character, its phase character remains the same. Just like in
the previous subsection, there is also an additional collective
mode 2 that emerges from the 2A; region. The character of
this mode is such that amplitude fluctuations from all bands
contribute, but the phase ones do so only from bands b, c, also
in an out-of-phase manner (Appendix B). If only the phase
sector of the mode is coupled to the eRS, then we should
expect this part of the spectrum to only be visible for the
vertex choice of y{;]g — ¥g,,- This is indeed what is seen in
Fig. 6. ‘

Finally, we note that the above evolution was for the s™*
state. If we change the ground state on the TRS side to s*~,
then from the selectivity rule, we expect that this should swap
the evolution of Uy > 0 with that of Uy < 0. This swap is
evident when Fig. 7 is compared with Fig. 6.

VI. CONCLUSIONS

We have extended the theory of eRS for a general multi-
band singlet superconductor to include the case of TRS
breaking and traced the response in the different irreps. We
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FIG. 6. By, response, for Uy = 0 and vpUy = 0.07 (top panel), vpUy = —0.07 (bottom panel), across the s™" — s+ is transition for
different choices of Raman vertices. All other parameters are the same as in Fig. 5. Mode 1 includes phase character from band a and thus
couples to the Raman vertex which contains yglg # :I:yé’]/;. That is why it has finite spectral weight for both choices of Raman vertices. Mode
2 inside the TRS broken phase involves phase fluctuations only from bands b and ¢, and hence, the selectivity is exact, and this part of the
spectrum is visible in only one choice of Raman vertex. The change in sign of U, does not affect the relative physics between band b, ¢, and

hence, the selectivity remains.
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FIG. 7. By, response, for U; =0 and vpUy = 0.07 (top panel), veUy = —0.07 (bottom panel), across the st~ — s+ is transition for
different choices of Raman vertices. All other parameters are the same as in Fig. 6. The only change from Fig. 6 is that the Uy > O and Uy < 0
panels are switched, which is to be expected, as the selection rule is sensitive to sgn[A, A, Up].
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also prescribed a way to characterize the fluctuation form
factors, showing the equivalence between the Raman vertex
and linear response kernel. We show that, even when the TRS
is broken, where the collective modes are expected to have a
mixed amplitude and phase character, the coupling to eRS is
only through the phase sector of the mode.

We demonstrated the gauge invariance of the formalism in
the TRS phase, reproduced the usual softening of the Leggett
mode in Ajg, and showed that the TRS broken state is char-
acterized by the introduction of another mode into the gap.
While this mode has admixture from the amplitude sector,
its phase character is opposite to the already existing Leggett
mode. We also showed that there is a simultaneous tendency
for a BaSh mode to soften in the By, response, driven by
Ay, interactions and the proximity to the TRS broken state,
a feature that has already been reported in the context of
Ba;_.K Fe,As, [13,57].

While our formalism naturally calculates the spectral
weights of all the modes, we also demonstrated the consis-
tency of these weights with the interaction-induced selection
rule [21], pointing out certain cases where there could be dark

Leggett and BaSh modes, thereby triggering a TRS breaking
phase transition without a visible softening of the collective
mode. We even identified features in the spectrum that arise
due to the sign change of the order parameter in the TRS
broken phase.

These results provide a comprehensive view of the low-
energy collective modes in multiple symmetry channels
within the linear response. Although the specific results dis-
cussed are for a three-band model, the formalism is applicable
to any number of bands. Knowing this formalism and the
response, one is now in a better position to model systems
with the chiral d + id, p + ip states, or even the nonlinear
responses such as in the terahertz third-harmonic generation
experiments. These would be some future goals for extending
this formalism.
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APPENDIX A: STRUCTURE OF [IT;]

Consider explicitly Det[I1#], with T1{, — x{| = 1Y, + 2vpl,, and I15, — x5, = IS, + 2vrly, where i, j € {1, 2, 3}. This

ij
is given by

Det[n?j] = X1 (X§2H§‘3 - 1'13‘21'[%3) - Hlfz(ngﬁngg — I3, Hgl) + H‘{’3(H3‘1H§’2 - X§2Hg1)

2 2 2
= x5 + xi (T155) " + (11%5) " x5y — (I15,) " T1S; — 2115, TS TS5

Plugging in the form of correlation functions IT; listed in Eq. (4), we get

Det[T¢/] _[9_2 AR)2i| |:522

7. 10T L 4 ~ (4

=" 1
-

(AD)

PJlcasy + 0= [ 5 - a0y Sy

2T - (a7 - AP AT + (a0 + e (el
(A2)

This zero is essential to ensure the presence of the BAG mode in the charge neutral theory, thereby ensuring gauge invariance of
the formalism.

APPENDIX B: BAND-RESOLVED CHARACTER OF THE MODES

We solve the eigenvalue problem of Sec. III B at the mode frequencies to find the eigenvector and from it deduce the weights
of the amplitude and phase sectors. We show here the band-resolved amplitude and phase breakdown of the modes in each irrep
to the left and right of the TRS breaking transition. The results have the structure x,,, where for mode m in the rth irrep, the first
three entries correspond to the amplitude, phase, and density components of band a, then the same for band b, and then the same
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for band c. For the A, case, we have

[

Al‘
X1 ¢

]vFv0=7o.104 =

0.00
0.00
0.00
0.00
0.707
0.00
0.00
-0.707

]

0.00

[

X1

]v,.-Vo=7O.103 =

—0.269
0.00
0.00

0.252
0.632
0.00
0.252

—0.632
0.00

)

[

X2

]upv0=7o.103 =

0.00
0.54
0.00
—0.594
0.019
0.00
0.594
0.019
0.00

B

We now show the band-resolved character for various choices of the By, interactions. For Fig. 5 and for vpU; = 0.09, we get

]vFVO:—O.IOA =

0.00
0.00
0.00
0.00
0.707
0.00
0.00
—0.707

0.00

For Fig. 5 and for vpU; = —0.09, we get

[Xl

B

8

]qu0=70.104 =

0.00
0.00
0.00
0.00
0.707 |,
0.00
0.00
0.707

0.00

For Fig. 6 and vpUy = 0.07, we get

[X1

By,

]upvo=—0A104 =

0.00
0.732
0.00
0.00
—0.481
0.00
0.00
—0.481
0.00

k]

[

X1

[Xl

By

]

By,

]qu0=—0.103 =

]UFV0:—0.103 =

VpVo=—0.103 —

094515-13

0.00
0.00
0.00
—0.387
—-0.591 |,
0.00
—0.387
0.591
0.00

0.00
0.00
0.00

—0.387
-0.591 |,
0.00

0.387
—0.591
0.00

0.00
0.723
0.00

0.247
0.420 |,
0.00

—0.247
0.420
0.00

[Xz

[Xz

Big

By,

]UFV():—O.103 =

]qu0=70,103 =

]upv0=—0.103 =

0.00
0.00
0.00
0.643
—0.291
0.00
—0.643
—0.291
0.00

0.00
0.00
0.00

0.643
-0.291
0.00

0.643
0.291

0.00

0.758
0.00
0.00

—0.397
0.233
0.00

—0.397

—0.233
0.00

, (B2)

, (B3)

; (B4)
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FIG. 8. By, response: BaSh mode softens as we increase the interaction U, in the d-wave channel. Here, we choose Uy = 0.00/vg, Vy =
—0.114/vp, vpU; € {0.05,0.075,0.1,0.11,0.112}, and Ay/A; = 2.02.

For Fig. 6 and vpUy = —0.07, we get

[x)

]VFVU:—O.]04 =

0.00
0.732
0.00
0.00
0.481
0.00
0.00
0.481
0.00

’ [Xflg]quU:—o.l(B =

0.00 0.758
0.723 0.00
0.00 0.00
—0.247 . 0.397
—0.420 ], [x 'g]VFVO:_O_l 0= |—0233 (B5)
0.00 0.00
0.247 0.397
—0.420 0.233
0.00 0.00

APPENDIX C: OTHER DEMONSTRATIVE EXAMPLES OF B, RESPONSE

Here, we just demonstrate a usual BaSh mode behavior for a multiband system with increasing strength of interband

interaction. The BaSh mode softens as expected (see Fig. 8).
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