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Composite topological phases with intriguing topology like Möbius strips emerge in sublattice symmetric
non-Hermitian systems due to spontaneous breaking of time-reversal symmetry at some parameter regime. While
these phases have been characterized by nonadiabatic complex geometric phases of multiple participating com-
plex bands, the physical properties of these phases remain largely unknown. We explore the dynamical response
of these phases by studying Loschmidt echo from an initial state of the Hermitian Su-Schrieffer-Heeger (SSH)
model, which is evolved by a non-Hermitian SSH Hamiltonian after a sudden quench in parameters. Topology-
changing quenches display nonanalytical temporal behavior of return rates (logarithm of the Loschmidt echo)
for the non-Hermitian SSH Hamiltonian in the trivial, Möbius, and topological phase. Moreover, the dynamical
topological order parameter appears only at one side of the Brillouin zone for the Möbius phase case in contrast
to both sides of the Brillouin zone for quench by the trivial and topological phase of the non-Hermitian SSH
model. The last feature is a dynamical signature of different symmetry constraints on the real and imaginary
parts of the complex bands in the Möbius phase.
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I. INTRODUCTION

Topology and quantum dynamics are shown to be in-
trinsically related in the early research on topology in
condensed-matter physics [1]. Several near-equilibrium dy-
namical quantities such as linear electrical transport [2,3],
change in electrical polarization [4], and Josephson current
[5] are directly connected to the underlying topology of the
band structures. Recent studies have further extended the
realm of their connections to the out-of-equilibrium regime. It
has been found that topology-changing quenches are always
followed by nonanalytic temporal behavior of return rates
(logarithm of the Loschmidt echo), characterizing dynamical
phase transitions (DPTs) [6–8]. Topological edge modes can
further influence features of nonequilibrium transport in open
topological systems [9,10]. The effective Hamiltonian of an
open quantum system is non-Hermitian. In recent years, there
has been massive research interest in exploring topological
features in non-Hermitian models [11–20].

The energies are complex-valued in non-Hermitian sys-
tems in contrast to the Hermitian systems with real eigenval-
ues [21–25]. The degeneracy in the complex energy spectrum
and the coalescence of related eigenvectors lead to the non-
analyticities (singularities) coined exceptional points (EPs)
[18,26,27]. The complex energy spectrum and the EPs pave
the way for the ramification and unification of various crucial
symmetries in non-Hermitian systems [28–30]. Such unifica-
tion and branching out of symmetries have led to intriguing
topological phases, both with and without their Hermitian
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counterparts. For instance, the trivial and topological phases
with a complex-energy gap in a sublattice symmetric non-
Hermitian Su-Schrieffer-Heeger (NSSH) model [31–37] are
similar to those phases with a real-energy gap in the related
Hermitian model. The NSSH model also hosts a gapless
composite topological phase named the Möbius phase in the
parameter region between two EPs. The Möbius phase in-
volves the multiple participating complex bands [11,12,30]
and does not have a Hermitian analog.

Our main aim of this study is to identify physical signa-
tures of these non-Hermitian phases, particularly the gapless
Möbius phase. We are not aware of any study exploring
equilibrium or out-of-equilibrium physical properties of the
Möbius phase yet. We explore here the global dynamical
features arising from the integration or disintegration of dif-
ferent crucial symmetries and the accompanying topological
phases of the NSSH model. We study the Loschmidt echo
from an initial state of the Hermitian SSH model, which is
evolved by an NSSH Hamiltonian after a sudden quench in
parameters [38]. Previous studies on the Loschmidt echo with
non-Hermitian topological models have mostly considered
parity-time (PT ) symmetric models [39–41], apart from a few
exceptions [42,43]. Nevertheless, pertinent questions remain
unanswered, particularly for sublattice symmetric models,
as shown here. We first show that a quench by the NSSH
Hamiltonian in the Möbius phase exhibits DPTs from both the
trivial and topological phase. The last feature is sharply differ-
ent from the quench by a PT symmetric SSH Hamiltonian in
the broken phase [39–41] from both phases when there is no
DPT. Further, we also observe unique dynamical signatures
related to the symmetry constraints in the composite phase
of the sublattice symmetric NSSH model. We demonstrate
these unique features in the return rates and the dynamical
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FIG. 1. Summary of main results for two quench protocols from
a trivial (T) phase of the Hermitian SSH model to a Möbius (M)
and a topological (TP) phase of the non-Hermitian SSH model. The
Pancharatnam phase φG(k, t ) is calculated for a single particle with
momentum k at time t . Parameters of the initial and final Hamiltonian
are denoted by δi, θi and δf , θf , respectively. The number of DTOPs
per Brillouin zone is represented by νBZ, which shows different νBZ

for the final Hamiltonian in the M and TP phases.

topological order parameter (DTOP). We observe here two
DTOPs in the Brillouin zone (BZ) for a topology-changing
quench by the NSSH model in either the trivial or topological
phase, and the initial state in any band. However, there is
only one DTOP in the positive or negative half of the BZ
when the NSSH model is in the Möbius phase. Analyzing the
consequences of symmetries on the complex energy spectrum,
we explain the differences in the number of the DTOPs for
quench by NSSH in the topological or trivial phase versus the
Möbius phase. Figure 1 summarizes our main findings.

The rest of the paper is divided into three sections. In
Sec. II, we introduce the NSSH model, its complex Bloch
vector and spectrum, important symmetries, and their con-
sequences on various topological phases. We also briefly
describe the non-Hermitian analogs of various dynamical
quantities such as the Loschmidt echo, return rate, and
DTOPs, which we apply to analyze DPTs in different quench
settings. We give our main results from the various quench
protocols in Sec. III and explain these results there. We con-
clude the paper with a summary of our main findings and
some outlook for possible issues and future extensions of this
research in Sec. IV. Additionally, we include Appendix to
examine the impact of boundaries on dynamical quantities
such as the return rate and edge occupation.

II. MODEL AND QUENCH DYNAMICS

A. Non-Hermitian SSH model

The Hamiltonian of the bipartite sublattice symmetric
NSSH chain [11,12,35–37] reads

H =
L∑

m=1

(v�a†
mbm + vrb†

mam) +
L−1∑
m=1

(w�b†
mam+1 + wra†

m+1bm)

+ η(w�b†
La1 + wra†

1bL ), (1)

where c†
m (cm) represents the spinless fermionic creation (an-

nihilation) operator at the c = a, b sublattice site of the mth
unit cell, and L is the length of the chain. The parameter
η regulates the connection at the boundaries, and the peri-
odic boundary condition (PBC) is obtained with η = 1. Here,
vλ (wλ) represents the intracell (intercell) hopping amplitude
with a subscript λ = �, r indicating the left and right direction
of hopping, respectively. The PBC allows us to write H as a
2 × 2 matrix in the momentum k space as

H(k) =
[

0 (v� + wreik )
(vr + w�e−ik ) 0

]
. (2)

In the rest of the paper, we parametrize as v� = vr = J (1 −
δ), wr = w�e−θ = J (1 + δ), θ > 0, which facilitate sym-
metric quenches and a single control of non-Hermiticity
(θ ). The boundaries of various topological phases can be
controlled by tuning the system parameters, e.g., δ, θ . The
trivial, Möbius, and topological phases appear, respectively,
for 1−eθ

1+eθ > δ, 1−eθ

1+eθ < δ < 0, and δ > 0 [11,12].
We can further present H(k) in terms of the Pauli matrices,

�σ = (σx, σy, σz ), as H(k) = �dk · �σ , where �dk = (dx
k , dy

k , dz
k ) ∈

C3 is a complex-valued three-dimensional Bloch vector with
components as

dx
k = J (1 − δ) + J (1 + δ)e

θ
2 cos

(
k + i

θ

2

)
,

dy
k = −J (1 + δ)e

θ
2 sin

(
k + i

θ

2

)
, dz

k = 0. (3)

In the Hermitian limit (θ = 0), �dk becomes the real-valued
Bloch vector (dx,y,z

k ∈ R) of the SSH model [44,45], whose
end point traces out a closed loop on the dx

k , dy
k plane either

encircling or excluding the origin as k is swept across the
BZ, k = −π → π . The bulk winding number indicating the
topology of the model counts the number of times the loop
winds around the origin. In Figs. 2(g)–2(i), we show the anal-
ogous plots for the real and imaginary parts of �dk of the NSSH
model for three different values of δ (= −0.9,−0.1, 0.9).
The loop by the imaginary part of �dk always includes the
origin of the dx

k , dy
k plane. However, the loop by the real part

of �dk shows interesting features in three different phases of
the NSSH model. In the topological phase, it winds around
both the origin and the loop by the imaginary part without
intersecting the loop in Fig. 2(i). The loop by the real part
of �dk avoids the origin as well as the loop by the imaginary
part of �dk in the trivial phase as shown in Fig. 2(g). For the
Möbius phase, the loops by the real and imaginary parts of
�dk intersect, and the loop by the real part may or may not
include the origin as in Fig. 2(h). Comparing the Bloch vector
between the Hermitian and non-Hermitian case in Eq. (3), we
find a modification of the intercell hopping as J (1 + δ)e

θ
2 , and

an emergence of complex-valued momentum k′ = k + i θ
2 in

the non-Hermitian model, which lead to various kinds of skin
effects [46–49] in such a model.

The complex energy eigenvalues of the two bands of the
NSSH model are

E±(k) = ±εk = ±
√

(v� + wreik )(vr + w�e−ik ). (4)
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FIG. 2. The complex energy spectrum E±(k) with momentum k (top row) and on the parametric space of Re[E±(k)] and Im[E±(k)] (middle
row) in three different phases of the non-Hermitian SSH model. The contour of the end points of the real (full line) and imaginary (dashed line)
parts of �dk is shown on the dx

k , dy
k plane as k is swept across the Brillouin zone, k = −π → π (bottom row). The parameters are J = 1, θ = 0.4,

and δ = −0.9 (trivial), −0.1 (Möbius), and 0.9 (topological). The dot represents a value at k = −π and the arrow indicates k = −π → π for
complex energy E±(k) and Bloch vector �dk in the middle and bottom rows. The exceptional point and the origin of the dx

k , dy
k plane are shown

by a black star and a dot, respectively.

We show the real (full lines) and imaginary (dashed lines)
parts of Ep(k) for p = ± with k in Figs. 2(a)–2(c) for three
different values of δ (= −0.9,−0.1, 0.9) representing the
trivial, Möbius, and topological phases of the non-Hermitian
chain. The biorthogonal eigenvectors to the corresponding
eigenvalues ±εk are

|ψ±
k 〉 = 1√

2

(v� + wreik

εk
ã†

k ± b̃†
k

)
|0〉, (5)

〈χ±
k | = 〈0| 1√

2

(vr + w�e−ik

εk
ãk ± b̃k

)
, (6)

where c̃†
k (c̃k ) is the fermionic creation (annihilation) operator

at the c = a, b sublattice with a momentum k.
The NSSH chain with nonreciprocal hoppings has

antiunitary symmetries, time-reversal symmetry (TRS) T K
and particle-hole symmetry (PHS†) CK , and unitary sublattice

symmetry (SLS) S given by the following relations:
T −1H∗(k)T = H(−k), C−1H∗(k)C = −H(−k), and
S−1H(k)S = −H(k), where T = σ0, C = σz,S = σz,
with σ0 being a 2 × 2 identity matrix and K is the
complex-conjugate operator [50]. The complex energy
bands individually respect the TRS in all three phases:
E±(k) = E∗

±(−k). The SLS indicates that the bands appear as
opposite-sign pairs. The TRS gives Re[E±(k)] = Re[E±(−k)]
and Im[E±(k)] = −Im[E±(−k)], which indicate that the real
and imaginary parts of the complex bands are, respectively,
an even and odd function of k. The SLS indicates that the real
or imaginary part of the two complex bands is of the same
magnitude and an opposite sign at any k. Nevertheless, the
bands do not respect individually PHS† in any phase. Rather,
the complex bands are paired via PHS†: E±(k) = −E∗

∓(−k).
The TRS and PHS† make the complex spectrum symmetric
about the real and imaginary axis, respectively, as we show
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in Figs. 2(d)–2(f). These plots also display a complex-energy
gap in the trivial and topological phases, and no gap in the
Möbius phase.

When a state is a simultaneous eigenstate of the
Hamiltonian and TRS or SLS, the energy of the state is either
purely real or zero. The states at time-reversal-invariant mo-
menta k = 0,±π in the topological and trivial phase for PBC,
and the edge states for open or special boundary conditions
[11,12] in the topological phase, follow the above constraints
on energy. However, such consequences of the TRS and
SLS break down in the Möbius phase for δ ∈ ( 1−eθ

1+eθ , 0) at
k = ±π for PBC as well as for the special boundary con-
dition, when two purely imaginary energy modes emerge.
The appearance of purely imaginary energy modes can be
associated with the emergence of the simultaneous eigenstate
of the Hamiltonian and PHS† in the intriguing Möbius phase
in the parameter region between two EPs [11,12]. Recent
works [11,12,51,52] point out the application of different
adiabatic and nonadiabatic topological invariants for charac-
terizing these nontrivial topological phases with and without
Hermitian counterparts. We explore here the dynamical fea-
tures of these non-Hermitian topological phases with the help
of the Loschmidt echo and DTOP.

B. Loschmidt echo

The Loschmidt echo [53,54] measures the extent to which
a quantum evolution can reverse upon an imperfect time rever-
sal. It is achieved by employing slightly different forward and
backward time-evolving Hamiltonians. The Loschmidt echo
in Hermitian setups has been explored quite a lot theoretically
[6,8,55] as well as experimentally [56,57]. The Loschmidt
echo [53,58,59] is defined as L(t ) = 〈�̃|eiHf t e−iHit |�〉, where
Hi and Hf are initial and final Hamiltonians with a slight
difference between them. Here, {|�〉, 〈�̃|} are mutually as-
sociated biorthogonal initial states. We choose |�〉 as an
eigenstate of Hi, and we drop the trivial phase factor from
L(t ) due to time evolution by Hi. Thus, we simplify the above
definition of the Loschmidt echo [60,61] as

L(t ) = 〈�̃|eiHf t |�〉. (7)

In particular, |�〉 is prepared as a half-filled many-body eigen-
state of Hi. To perform the quench study, we change δi, θi

characterizing Hi to δf , θf for Hf at t = 0. We also keep J = 1
everywhere. An analytical description of generic quench dy-
namics for our model is provided below. The numerical results
of the quench dynamics and Fisher zeros (FZs) are presented
in the next section.

For a generic non-Hermitian Hi, |�〉 as a half-filled many-
body eigenstate of Hi occupying the lower band reads

|�〉 =
∏

k

∣∣ψ i,−
k

〉 =
∏

k

1√
2

(v� + wreik

εk
ã†

k − b̃†
k

)
|0〉. (8)

Using |�〉 in Eq. (7), we then derive

L(t ) =
∏

k

Gk (t ) =
∏

k

〈
χ i,−

k (0)
∣∣ψ i,−

k (t )
〉
, (9)

where

Gk (t ) = β+
k eiεf

kt + β−
k e−iεf

kt

N (k, t )
= cos(εf

kt ) − i d̂ i
k .d̂

f
k sin

(
εf

kt
)

N (k, t )
,

(10)

with β
μ

k ≡ 〈χ i,−
k |ψ f,μ

k 〉〈χ f,μ
k |ψ i,−

k 〉 = (1 − μ d̂ i
k · d̂ f

k )/2 for

μ = ±, and d̂ i/f
k = �dk

i/f√
�dk

i/f · �dk
i/f

. Note that the normalization

of L(t ) or |ψ i,−
k (t )〉 is introduced through N (k, t ) =√

〈χ i,−
k (0)|e−iH†

f t eiHf t |ψ i,−
k (0)〉 to compensate the nonunitary

time evolution by a non-Hermitian Hamiltonian. Here
we use i,f either in the subscript or in the superscript of
different variables to associate them with the initial and final
Hamiltonian, respectively.

The return rate [I (t )] characterizes how often the evolved
state after the quench comes close to the initial state. It is
defined as I (t ) = − log |L(t )|/L, which in the thermodynamic
limit (L → ∞) reads

I (t ) = − 1

2π

∮
k

log |Gk (t )|dk. (11)

If we compare L(t ) to the dynamical partition function for
boundary state |�〉 separated by z = it , I (t ) denotes the dy-
namical free energy for the process. The return of the evolving
state |ψ i,−

k (t )〉 after a quench to the initial state |ψ i,−
k (0)〉

is characterized by L(t ) = 1 or I (t ) = 0. The nonanalytic-
ities in I (t ) indicate the DPT in the model, which occurs
for |L(t )| = 0 or Gk (t ) = 0 for any k [55]. The solutions for
|L(t )| = 0 are also known as the FZs. Assuming nonzero and
finite N (k, t ) for all k’s at any time, the FZs for L(t ) in Eq. (9)
can be determined from w(n, k) for different positive integer
n, where

w(n, k) := i
π (2n + 1)

2εf
k

+ 1

εf
k

tanh−1
(
d̂ i

k · d̂ f
k

)
. (12)

Similar to the Hermitian case, the critical times for the DPT
are calculated from the imaginary intercept of the curve
w(n, k) over the BZ, k ∈ (−π, π ] on the parametric complex
plane [55,62,63]. The momentum for which the imaginary
intercept happens is termed critical momentum (kn

c ), and is
found from the solution of the equation Re[w(n, kn

c )] = 0, i.e.,

π
(
n + 1

2

)
Im

[
εf

kn
c

] + Re
[(

εf
kn

c

)∗
tanh−1

(
d̂ i

kn
c
· d̂ f

kn
c

)] = 0. (13)

For Hermitian models (i.e., Im[εf
k] = 0), the above equation

can be expressed as tanh−1(d̂ i
kn

c
· d̂ f

kn
c
) = 0. Consequently, the

FZs emerge symmetrically in the BZ at ±kn
c . For the quenches

by a non-Hermitian Hf in the trivial and topological phase
in Secs. III A and III C, Im[εf

k] 
 Re[εf
k] as can be seen in

Figs. 2(a) and 2(c). Thus, the FZs emerge in both the positive
and negative BZ like the Hermitian case. However, the contri-
bution from Im[εf

kc
] in Eq. (13) disrupts the above symmetry

of FZs for a non-Hermitian Hf in comparison for a Hermitian
Hf . Therefore, the FZs occur at different values of kn+

c and
kn−

c in the BZ. The corresponding critical time (t n±
c ) when the
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DPT occurs is Im[w(n, kn±
c )], i.e.,

t n±
c =

π
(
n + 1

2

)
Re

[
εf

kn±
c

] + Im
[(

εf
kn±

c

)∗
tanh−1

(
d̂ i

kn±
c

· d̂ f
kn±

c

)]
∣∣εf

kn±
c

∣∣2 .

(14)

In the Hermitian limit (i.e., Im[εf
k] = 0), Eq. (14), t n±

c =
π (n + 1

2 )/|εf
kn±

c
|, which is degenerate for positive and negative

critical momentum and also periodic in time. However, the
contribution from the second term in Eq. (14), particularly
due to the real part of the band energy, breaks the above
degeneracy and periodicity. For Hf in the Möbius phase, the
real and imaginary parts of εf

k are comparable as shown in
Fig. 2(b), and we need to carefully understand the role of
Im[εf

k] in Eq. (13). Since Im[εf
k] and Re[εf

k] are, respectively,
an odd and even function of k, the relation in Eq. (13) can
only be satisfied on one side (either negative or positive) of
the BZ when Im[εf

k] and Re[εf
k] are comparable, as we find in

Secs. III B and III D.
The nonanalyticity in I (t ) indicates the vanishing over-

lap between evolved and initial states for some kn±
c at time

t n±
c , i.e., 〈χ i,−

kn±
c

(0)|ψ i,−
kn±

c
(t n±

c )〉 = 0. Such orthogonality be-
tween states emerges due to the transition of a particle at
momentum kn±

c from the filled lower band to the empty upper
band at time t n±

c .

C. Dynamical topological order parameter

Due to translation symmetry within the PBC, the mo-
mentum k is a good quantum number for our model, and
it remains invariant under quench as we do not change the
total length of the chain. The dynamical evolution of each
particle is thus independent and separable from others. We can
quantify the phase φG(k, t ) of such nonadiabatic evolution of
a single particle at any time t using the overlap of consecutive
instantaneous nonorthogonal states following Pancharatnam’s
description, which leads to φG(k, t ) = φLE(k, t ) − φdyn(k, t )
[8,64]. Here, φLE(k, t ) and φdyn(k, t ) denote, respectively, the
Loschmidt echo phase and the dynamical phase for the evolu-
tion as given by

φLE(k, t ) = −i log
Gk (t )

|Gk (t )| , (15)

φdyn(k, t ) = −i
∫ t

0
dτ

〈
χ i,−

k (τ )
∣∣ d

dτ

∣∣ψ i,−
k (τ )

〉
, (16)

∣∣ψ i,−
k (τ )

〉 = eiHf τ
∣∣ψ i,−

k (0)
〉

√〈
χ i,−

k (0)
∣∣e−iH†

f τ eiHf τ
∣∣ψ i,−

k (0)
〉 , (17)

〈
χ i,−

k (τ )
∣∣ =

〈
χ i,−

k (0)
∣∣e−iH†

f τ√〈
χ i,−

k (0)
∣∣e−iH†

f τ eiHf τ
∣∣ψ i,−

k (0)
〉 . (18)

Here, |ψ i,−
k (τ )〉 is the instantaneous normalized ket vector at

time τ , and the associated bra vector is 〈χ i,−
k (τ )|. To access

the topological change of the aforementioned dynamic pro-
cess, a dynamical topological order parameter is defined as a
time-dependent winding number [ν±(t )] over the positive or

negative momenta of the BZ [6]. It is given by the relation

ν±(t ) = − 1

2π

∫ ±π

0

∂φG(k, t )

∂k
dk. (19)

For a fully Hermitian quench between the initial and final
Hermitian SSH Hamiltonian in different topological phases,
the chiral symmetry of the SSH chain leads to the quantiza-
tion of the winding number ν±(t ) and enforces the condition
φG(0, t �= t n

c ) = φG(π, t �= t n
c ) = 0 [7]. Consequently, for k ∈

[0, π ), the function φG(t ) : [0, 2π ) → S1 represents a con-
tinuous curve on the unit circle. For quenches with a final
Hamiltonian of the NSSH model, the above relation for
the Pancharatnam phase remains true. We show below in
Sec. III that ν±(t ) remains quantized for topology-changing
quenches by the NSSH Hamiltonian in the trivial, topological,
or Möbius phase.

The existence of dynamical topological order parame-
ter (DTOPs) is generally argued due to the presence of a
nontrivial topological change between the initial and final
Hamiltonian [7,8,65]. It has been observed that quenches
between topologically distinct Hamiltonians with a change
in winding number �ω give at least 2�ω topologically
protected DTOPs over the BZ [7]. Therefore, a nonzero
DTOP indicates a dynamical topological phase transition
induced by quenching between topologically nonequivalent
Hamiltonians. In contrast, for quenches between topologically
equivalent Hamiltonians, the DTOP is zero, which indicates
the sum over the change in the Pancharatnam geometric
phases of all momenta, i.e., ν±(t ) is zero. For the NSSH
model, while the geometric phase or topological invariant in
the trivial or topological phase is defined for individual bands,
it is only defined for both bands together in the Möbius phase.
This poses a challenge to relate the change in winding num-
ber to the number of DTOPs. Here, we implement different
quenches by a non-Hermitian Hamiltonian to address these
issues regarding the appearance of DTOPs and their counts. A
subsequent interpretation of these findings is the main result
of our present work.

III. RESULTS

We now present our numerical results of the quench dy-
namics due to a non-Hermitian SSH final Hamiltonian to an
initial state |�〉 of the Hermitian SSH model, which leads
to L(t ) = 〈�|eiHf t |�〉. Thus, the initial state of Hi can be in
the trivial or topological phase, and the parameters of Hf can
be chosen to be in the trivial, Möbius, or topological phase.
Out of these six different possibilities of quench, we focus on
the following four nonequivalent topology-changing quenches
from initial to final Hamiltonian: (i) topological to trivial,
(ii) topological to Möbius, (iii) trivial to topological, and (iv)
trivial to Möbius.

A. Topological → trivial

We start by investigating how the features of the Loschmidt
echo alter from a fully Hermitian quench for a non-Hermitian
Hf . So we explore a quench from an initial Hermitian topolog-
ical phase with parameters δi = 0.9, θi = 0 to a non-Hermitian
trivial phase of parameters δf = −0.9, θf = 0.4. Figure 3
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FIG. 3. Return rate I (t ) in (a), DTOP over negative momentum
ν−(t ) in (b), and DTOP over positive momentum ν+(t ) in (c) as a
function of time. Fisher zero lines in the complex plane of w(n, k)
over the BZ, k ∈ (−π, π ] (for n = 0, 1, . . . , 4) in (d). Points of
intersection of the Fisher zero lines and the dashed black line indicate
critical momentum kn±

c . Dashed brown (dashed-dotted gray) vertical
lines through these points correspond to critical times t n−

c (t n+
c ).

Initial and final Hamiltonian parameters are δi = 0.9, θi = 0, δf =
−0.9, θf = 0.4.

displays the return rate, DTOP, and FZs for such quench
dynamics in a chain of L = 1000. Despite the non-Hermitian
complex energies involved in quench dynamics, the nonana-
lyticities (sharp cusps) in I (t ) in Fig. 3(a) survive, which can
be sharp as in the fully Hermitian case [66]. Nevertheless,
the periodicity of these peaks is broken for non-Hermitian
quenches due to the lifting of degeneracies of the FZs, which
are present in the fully Hermitian case. In Fig. 3(d), the FZs
for various curves of different n are shown using the cuts by
the horizontal dashed line with these curves over the entire
BZ, which confirms the presence of these nonanalyticities at
critical kn±

c ’s.
The imaginary values of these curves w(n, k) at k(n±)

c ’s in
Fig. 3(d) are indicated by the vertical lines, and they represent
the critical times t n±

c for the DPT. In Figs. 3(b) and 3(c), we
show the associated DTOPs, ν±(t ), as a function of time for
a quantitative characterization of the DPT. Both the DTOPs
depict a discontinuity precisely at the critical times and re-
main constant between two consecutive nonanalyticities in
Figs. 3(b) and 3(c). The quantized sharp jumps in the DTOP
have been associated with a dynamical change in the topo-
logical character of the evolving state from the initial ground
state with particular topological features, and the plateaus
between the sharp jumps in the DTOP indicate no change
in the topological nature of the evolving state. For quenches
in fully Hermitian models, kn+

c = −kn−
c and t n+

c = t n−
c . Such

degeneracy in kn±
c and t n±

c is lifted due to a small but nonzero
imaginary part of band energies. The maximum imaginary
band energy for our particular choice of Hf is ±0.025i, which
is relatively smaller than the real energy of order of ±2. Thus,
the split in |kn±

c | and the related periodicity in time is less. The
FZs in Fig. 3(d) show these splits over the entire BZ for each

FIG. 4. Return rate I (t ) in (a), DTOP over negative momen-
tum ν−(t ) in (b), and DTOP over positive momentum ν+(t ) in
(c) as a function of time. Fisher zero lines in the complex plane
of w(n, k) over the BZ, k ∈ (−π, π ] (for n = 0, 1, . . . , 4) in (d).
Parameters for topological to Möbius quench are δi = 0.9, θi = 0 ⇒
δf = −0.1, θf = 0.4. Vertical dashed-dotted gray lines show critical
times (t n+

c ) corresponding to positive critical momenta (kn+
c ). I (t ) and

DTOPs in the Hermitian limit (θf = 0) are depicted by pink dotted
lines.

n, which explains the jumps in the DTOP calculated for the
negative and positive momentum in Figs. 3(b) and 3(c).

B. Topological → Möbius

In this paper, we are mainly interested in studying the
quench dynamics by the non-Hermitian Hf in the Möbius
phase, which does not have a Hermitian counterpart. We pre-
pare the initial state |ψ i,−

k (0)〉 in the topological regime of
the Hermitian SSH chain (e.g., δi = 0.9, θi = 0), and quench
it by non-Hermitian Hf with parameters δf = −0.1, θf = 0.4
hosting the Möbius phase. Figure 4(a) shows I (t ) with t ,
which displays peaks indicating nonanalyticities at critical
time t n+

c ’s. However, the height of these peaks is relatively low
compared to the previous case in Fig. 3(a), and I (t ) increases
overall with time rather than returning closer to zero. The last
trend sheds light on the evolving state |ψ i,−

k (t )〉, which never
returns closer to |ψ i,−

k (0)〉 after such a quench and moves far
away from |ψ i,−

k (0)〉 with progressing time. The breakdown
of TRS and the emergence of PHS† give rise to a large and
purely imaginary band gap (0.5i for our parameters) at the
EPs in the Möbius phase, which leads to a stronger decay
of the initial state in the quench process. Interestingly, the
FZ degeneracy is completely lifted in this case. Figure 4(d)
shows FZs only in the positive momentum range of the BZ,
and there is no FZ for negative momentum. As discussed
earlier in Sec. II B, this behavior stems from the even and
odd k-dependence of the real and imaginary part of Ep(k), the
values of which are mostly comparable in the Möbius phase
between the EPs [12,29]. We present the DTOPs of Eq. (19)
in Figs. 4(b) and 4(c), which show the presence (absence)
of a sharp jump in ν+(t ) [ν−(t )] with time in the presence
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(absence) of FZs in the positive (negative) momentum BZ.
While the topological invariant and winding number are only
defined for both the complex bands together in the Möbius
phase, we can draw an analogy here for the non-Hermitian
quenches to the observation for Hermitian quenches [7] by
relating the 2�ω number (which is 1) of DTOP in the entire
BZ for a change in winding number from the topological to
the Möbius phase as �ω = 0.5. Thus, we assume the wind-
ing number for each band in the Möbius phase is half [see
Fig. 2(e)]. Similar features of I (t ) are also observed when the
initial state |ψ i,−

k (0)〉 is switched to |ψ i,+
k (0)〉 as a filled upper

band. However, the FZs instead appear only in the negative
momentum of the BZ.

In Figs. 4(a)–4(c), we also include the plots of I (t ) and
DTOPs by pink dotted lines for the fully Hermitian quench
for such a parameter regime by setting θf = 0. These plots
show a topological to trivial quench dynamics for a fully
Hermitian system because the non-Hermitian Möbius phase
lies at the boundary of the Hermitian trivial phase for our
parameters. The critical times for the Hermitian quench is
longer than the related non-Hermitian quench due to a lower
energy gap. Figures 4(b) and 4(c) also display the presence of
DTOPs in both the positive and negative momentum of the BZ
for a Hermitian quench. Thus, the non-Hermiticity induces a
directional DTOP, which depends on the choice of the initial
ground state. Our results for DTOP in Fig. 4 also confirm the
nontrivial topological character of the Möbius phase.

C. Trivial → topological

Next, we consider a quench from |ψ i,−
k (0)〉 of Hermitian Hi

in the trivial phase (e.g., δi = −0.9, θi = 0) by non-Hermitian
Hf in the topological phase for δf = 0.9, θf = 0.4. Similar
to those in Sec. III A, I (t ) again features an excellent return
close to the initial state at shorter times in Fig. 5(a). Never-
theless, the sharp cusps in I (t ) split into two more noticeably
than those in Fig. 3(a). The splittings indicate the breaking of
degeneracies in the magnitude of critical positive and negative
momentum as shown in Fig. 5(d), and discussed after Eq. (13).
The higher splittings in Fig. 5(a) in comparison to Fig. 3(a)
are due to higher values of contributing real energies (max.
2.5) of the complex bands [Eq. (14)]. We observe that θ → 0
and |δ| → 1 are favorable conditions to avoid such splittings.
Since the change in winding number between Hi and Hf is
1, the FZs in Eq. (12) sweep through the imaginary axis
two times as k goes through the BZ in Fig. 5(d). Further,
the Pancharatnam geometric phase [φG(k, t )] shows a clear
jump of 2π over the negative and positive momentum range
of the BZ in Fig. 1(b), which indicates the appearance of
quantized DTOPs in the negative and positive momentum
range in Figs. 5(b) and 5(c) showing a good alignment with
the corresponding critical times t n±

c and FZs in Fig. 5(d).
The width of the split in the nonanalyticities of I (t ) can be
controlled by the system parameters θ, δ.

D. Trivial → Möbius

Since the entire Möbius phase for our choice of parame-
ters appears in the trivial phase region of the corresponding
Hermitian model, a nontrivial quench dynamics from

FIG. 5. Return rate I (t ) in (a), DTOP over negative momen-
tum ν−(t ) in (b), and DTOP over positive momentum ν+(t ) in
(c) as a function of time. Fisher zero lines in the complex plane
of w(n, k) over the BZ, k ∈ (−π, π ] (for n = 0, 1, . . . , 4) in (d).
Parameters for trivial to topological quench are δi = −0.9, θi = 0 ⇒
δf = 0.9, θf = 0.4. DTOPs in the positive and negative momentum
of the BZ (±) are aligned with the critical times t n±

c (vertical lines)
and the corresponding critical momenta kn±

c .

|ψ i,−
k (0)〉 of Hermitian Hi in the trivial phase (e.g., δi =

−0.9, θi = 0) by non-Hermitian Hf in the Möbius phase
boundary for δf = −0.1, θf = 0.4 is very significant for es-
tablishing special topological features of the Möbius phase.
We remind the reader that there is neither any nonanalyticity
in I (t ) nor a finite DTOP in the corresponding fully Hermitian
quench as displayed in Fig. 6 by the pink dotted lines. The

FIG. 6. Return rate I (t ) in (a), DTOP over negative momentum
ν−(t ) in (b), and DTOP over positive momentum ν+(t ) in (c) as a
function of time. Fisher zero lines in the complex plane of w(n, k)
over the BZ, k ∈ (−π, π ] (for n = 0, 1, . . . , 4) in (d). Parameters
for topological to Möbius quench are δi = −0.9, θi = 0 ⇒ δf =
−0.1, θf = 0.4. Vertical lines indicate critical times t n+

c for crit-
ical momenta kn+

c in the BZ (k ∈ [0, π ]). I (t ) and DTOPs in the
Hermitian limit (θf = 0) are depicted by pink dotted lines.
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above non-Hermitian quench follows similar trends of the
quench in Sec. III B from the topological to the Möbius phase.
For example, I (t ) in Fig. 6(a) shows cusps with small heights,
and it moves away from the initial state with longer timescales
similar to Fig. 4(a). The position of these nonanalyticities
around the cusps can be determined by the imaginary intercept
of the FZs [in Eq. (12)] for different n imprinted in Fig. 6(d).
Resembling the topological-Möbius quench, the Fisher zero
lines cut imaginary axis only in the momentum k ∈ [0, π ]
in Fig. 6(d). The corresponding DTOPs in this range are
presented in Fig. 6(c), and there is no DTOP in Fig. 6(b) for
the negative momentum of the BZ due to the absence of FZs.

These DTOPs are reminiscent of φG(k, t ) in Fig. 1(a)
showing 2π jump only at one side of the BZ. The other DTOP
appears for negative momentum for a quench from an initial
state in the upper energy band due to the symmetry con-
straints on the complex energy bands’ real and imaginary parts
as discussed in Sec. III B. Comparing the plots of I (t ) and
DTOP between the Hermitian and non-Hermitian quenches
in Fig. 6, we argue that non-Hermiticity gives rise to the
Möbius phase with exciting dynamical topological features
in the nonequilibrium setups due to spontaneous breaking of
TRS and the emergence of PHS† [12,29]. It should be further
noted that there is no significant difference obtained in I (t )
and DTOPs between the topological-Möbius quench and the
trivial-Möbius quench. The last is due to the PBC employed
in these studies, which reminds us of the fully Hermitian case
where a symmetric trivial-topological and a topological-trivial
quench are not differentiable for PBC [67].

IV. SUMMARY AND OUTLOOK

In this work, we have shown new dynamical proper-
ties of the recently discovered composite Möbius phase of
sublattice symmetric non-Hermitian models to confirm the
unique topological character of the phase. One of the main
findings is the appearance of the DTOP in quench dynam-
ics by the non-Hermitian SSH Hamiltonian in the Möbius
phase indicating topological differences of the Möbius phase
from the other two phases (namely, trivial and topologi-
cal phases) of the non-Hermitian SSH model. Moreover,
the DTOP appears only at one side of the BZ for any
particular choice of the initial state, which is a dynami-
cal signature of different symmetry constraints on the real
and imaginary parts of the complex bands in the Möbius
phase. The above features of DTOPs are significantly dif-
ferent for the other two non-Hermitian topological phases
(trivial and nontrivial) with Hermitian counterparts, where
the presence of a large complex band gap ensures that
two DTOPs in the BZ for quenches between these distinct
topological phases differed by one winding number. Since
the appearance of DTOPs on one side of the BZ depends
critically on the comparability of the real and imaginary
parts of the band energy, the boundaries for the emergence
of one-sided versus both-sided DTOPs are not sharp but
rather depend on the parameters of quench for the final
Hamiltonians. The experiments on the dynamical studies of
these new non-Hermitian topological phases could lead to a
deeper connection between these topological states’ robust-
ness [68].

We have employed the time evolution of biorthogonal
states given in Eqs. (17) and (18) following the Schrödinger
equation and by normalizing it at each instant. This is an
approximate scheme for non-Hermitian systems [69,70]. Nev-
ertheless, other schemes, such as the metric method [71,72],
can be tested for such dynamical studies. We believe that
the position of nonanalyticities of I (t ) at the FZs would not
change for a different scheme. Further, while the conventional
quantum phase transitions are accompanied by an emergence
of a local order parameter due to spontaneous symmetry
breaking in one phase, no such local order parameter or
spontaneous symmetry breaking is associated with a topo-
logical phase transition in equilibrium [45]. The topological
phase transitions in Hermitian systems are instead classified
by topological invariants. However, the topological changes in
non-Hermitian systems are also in some cases accompanied
by spontaneous symmetry breaking, although without emer-
gence of a local order parameter. The signatures of dynamical
quantum phase transitions, e.g., the nonanalyticities of I (t ),
seem similar to those for dynamical topological phase transi-
tions. Thus, both these dynamical phase transitions have been
unified in out-of-equilibrium systems.

In our earlier work [12], we have extended the research
on sublattice symmetric non-Hermitian SSH models by going
beyond bipartite models to tripartite and quadripartite models
with three and four sublattice sites per unit cell, respectively.
Such an extension generates various non-Hermitian topologi-
cal insulating and metallic composite phases with nontrivial
topology like the Penrose triangle. It would be exciting to
explore quench dynamics by a final Hamiltonian in such
composite phases to understand the dynamical properties of
such topological phases. While there are many experimen-
tal realizations of PT symmetric non-Hermitian models in
engineered photonic, cold atomic, phononic, and electrical
systems, the nonreciprocal hopping for sublattice symmetric
non-Hermitian models has only recently been realized [13,
73–76]. Thus, these non-Hermitian models can be explored
to experimentally probe I (t ) and DTOPs following the imple-
mentation in the Hermitian settings [55–57,60,61,65,77].
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APPENDIX: CONTRIBUTION OF BOUNDARY MODES
TO RETURN RATE

In this Appendix, we present the boundary modes’ contri-
bution to the return rate of a many-body initial state after a
quench. It is now well established that the conventional bulk-
boundary correspondence of Hermitian topological systems
fails in non-Hermitian models [16,36,37,78–80]. In simpler
terms, the bulk energy spectrum of such models for PBC does
not match with that for an open boundary. Nevertheless, it
is possible to reinstate the bulk-boundary correspondence by
replacing the open boundary with some particular boundary
asymptotically matching the open boundary [11,81–83]. Here,
we are interested in the boundary contribution to the return
rate of an initial state after a quench by a non-Hermitian
Hamiltonian in Eq. (1) with a boundary parameter, i.e., η =
1/L [11] (loose connection).
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FIG. 7. The real (a,c) and imaginary (b,d) energy spectrum of
the NSSH model as a function of intercell hopping parameter w

for periodic η = 1 (a,b) and special η = 1/L (c,d) boundary. The
parameters are vl = vr = 1, wl = weθ , wr = w, θ = 0.4, L = 100.

To study such a boundary contribution to the return rate,
it is essential to understand first the energy spectrum and
eigenstates of the non-Hermitian system under these bound-
ary conditions. The complex energy spectrum of the NSSH
model with the choice of parameters vl = vr = v = 1,wr =
w,wl = weθ is shown in Fig. 7 for periodic (η = 1) and
special (η = 1/L) boundaries. For PBC, the blue lines in
Fig. 7 represent the energies at the band edges within the
band-gap region. They can also denote the edge modes near
zero energies for special boundaries. The energies of these
blue lines are real and nonzero in the trivial phase (w < ve−θ ).
In comparison, these energies are purely imaginary in the
Möbius phase (ve−θ < w < v), and they are real and close
to zero in the topological phase (w > v).

In Fig. 8, we present the corresponding eigenstates related
to the energies denoted by blue lines in three different phases
for the special boundary. The eigenstate in Fig. 8(a) in the

(a) (b)

(c)

FIG. 8. The spatial profile of right eigenvectors (||ψ〉|2) corre-
sponding to the energies (a) 0.69, (b) 0.124i, and (c) 0.0087 for
vl = vr = 1, wr = w, wl = weθ , θ = 0.4, L = 100, η = 1/L and
(a) w = 0.25, (b) w = 0.75, (c) w = 1.25.

FIG. 9. The boundary contribution to return rate (IB) in (a,c) and
the dynamics of edge occupancy (na1,bL ) in (b,d) as a function of time
for a quench from a topological to a trivial phase (δi = −δf = 0.9,
θi = 0, θf = 0.4) in (a,b), and a trivial to a topological phase (δi =
−δf = −0.9, θi = 0, θf = 0.4) in (c,d) for a chain of L = 500.

trivial phase is localized towards the left, which indicates
the non-Hermitian skin effect [47,49,83]. The eigenstate in
Fig. 8(c) is predominantly localized near the edges similar to a
Hermitian SSH edge state, and exponentially falls away from
the left and right edges with respective localization length,
ξL = 1/ log(weθ /v) and ξR = 1/ log(w/v). In Fig. 8(b), the
eigenstate in the Möbius phase with purely imaginary energy
[11] also displays the non-Hermitian skin effect, characterized
by a slower exponential fall indicating a longer localization
length.

The return rates for Hermitian models for different bound-
ary conditions [67] can be related to each other for a large
system size L as

Io(t ) ∼ I (t ) + IB(t )

L
, (A1)

where I (t ) and Io(t ) denote the return rate, respectively, for
periodic (η = 1) and open (η = 0) boundaries of the system.
Here, IB represents the boundary contribution to the return
rate, which infers about the topologically protected edge
modes. Next, we study IB for different quenches in the main
paper. Since the final Hamiltonian is non-Hermitian in our
study, we impose special (ηf = 1/L, θf = 0.4) and periodic
(ηf = 1, θf = 0.4) boundaries for the final Hamiltonian when
the corresponding initial Hamiltonian is under an open and a
periodic boundary, respectively. It helps to find IB(t ) in Figs. 9
and 10. We further try to relate IB(t ) with the dynamics of
both edge occupancy, denoted by ncm (t ) = 〈ψ (t )|c†

mcm|ψ (t )〉,
where cm = a1, bL . We can also explore IB(t ) with a special
boundary for the initial and final Hamiltonian, and the results
remain qualitatively the same for IB(t ) as in Figs. 9 and 10.

The main features of I (t ), such as the appearance of
nonanalyticities across a topology-changing quench, are also
captured by Io(t ). In Figs. 9(a) and 9(c), we show that IB for
quenches by the NSSH Hamiltonian from a topological to a
trivial phase and vice versa resembles those in fully Hermitian
counterparts [67], respectively. This is due to the topological
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FIG. 10. The boundary contribution to the return rate (IB) in (a,c)
and the dynamics of edge occupancy (na1,bL ) in (b,d) as a function of
time for a quench from a topological (δi = 0.9) to a Möbius phase in
(a,b) and a trivial (δi = −0.9) to a Möbius phase in (c,d) for a chain
of L = 500. The other parameters are δf = −0.1, θi = 0, θf = 0.4.

edge modes in these systems, as shown in Fig. 8(c). The
magnitude of IB depends on the topology of the final NSSH
Hamiltonian, and the jumps in IB indicate the nonanalyticity of
the return rate [67]. Notably, in the quench from a topological
to a trivial phase in the non-Hermitian systems, the boundary
contribution in the return rate reveals a more distinct signature
of analyticities compared to the Hermitian case.

In Figs. 10(a) and 10(c), we show IB for quenches from
a topological or a trivial to a Möbius phase, respectively.
Interestingly, IB in Figs. 10(a) and 10(c) for these quenches
show contrasting features like the DTOPs in comparison to
other quenches in Fig. 9. IB depicts nonanalyticities only at
t0+
c ’s corresponding to k0+

c ’s as in Figs. 4 and 6. Further, the
dynamics of edge occupancies in Figs. 10(b) and 10(d) show
characteristic differences from those in Figs. 9(b) and 9(d),
which are probably due to the purely imaginary energies and
the non-Hermitian skin-effect-like features of the edge modes
in the Möbius phase. The non-Hermitian skin effect is also
evident in the occupancy dynamics after a quench, where
regardless of the initial state, the occupancy of the left edge
(na1 ) reaches 1, and that of the right edge (nbL ) goes to 0 after
some time, as shown in Figs. 10(b) and 10(d).
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[77] K. Wrześniewski, I. Weymann, N. Sedlmayr, and T. Domański,
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