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Qualitative ab initio theory of magnetic and atomic ordering in FeNi
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Magnetic and atomic ordering in equiatomic FeNi alloy is studied by different ab initio techniques and
methods based on density functional theory in order to clarify the main driving forces and their interplay
behind these transitions and possibility of their accurate description within standard density functional theory
calculations. The Curie temperature is obtained in Monte Carlo simulations using magnetic exchange interactions
obtained by applying the magnetic force theorem within multiple scattering theory for different magnetic and
atomic configurational states, including account for the thermal atomic displacements and exchange-correlation
potential. The calculations show a very strong sensitivity of the results upon exchange-correlation potential,
atomic order, and thermal atomic displacements. The calculated Curie temperature of a completely random alloy
with the account of thermal lattice displacement is at least about 200 K below the known experimental data
(780–800 K) depending on the above mentioned factors. The atomic order-disorder transition temperature is
determined from effective chemical interactions, which apart from the chemical contribution (on the ideal fcc
lattice) include contributions from lattice thermal vibrations and local lattice relaxations. The effective chemical
interactions are strongly affected by the magnetic state, so the order-disorder transition temperature changes
between 1000 and 140 K in the fully ordered ferromagnetic and paramagnetic states, respectively. For the reduced
magnetization 0.7 (close to the experimental order-disorder transition temperature at 600 K), the order-disorder
transition temperature varies between 550 and 700 K depending mostly on the exchange-correlation potential.
The latter effect is the uncertainty in the choice of the exchange-correlation approximation in density functional
theory calculations.
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I. INTRODUCTION

Fe-Ni alloys are known for their fascinating properties
related to magnetism. Invar and Elinvar alloys containing
approximately 35 at. % of Ni are probably the most well
known among materials science community. On the other side
of the alloy compositions, with approximately 20 at. % of
Fe, there exists permalloy known for its very high magnetic
permeability, very low magnetostriction, and large anisotropic
magnetoresistance, which makes this alloy indispensable in
diverse applications. Both these alloys were developed about
100 years ago.

Equiatomic random Fe-Ni alloys (sometimes called “taen-
ite”) are magnetically soft, and they have not been of
much interest until recently, when it was discovered that
the FeNi-L10 ordered phase (“tetrataenite”) has large mag-
netic anisotropy, so it could be used in permanent magnets
instead of expensive platinum-group or rare-earth metals
(see, for instance, Ref. [1]). A fascinating story of the
discovery of FeNi-L10 in meteorites and its experimental
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investigation can be found, for instance, in Ref. [2]. There
is considerable interest in making the tetrataenite industrially
available [3].

The FeNi-L10 ordered phase (tetrataenite) was first ob-
tained in neutron irradiation experiments under magnetic
fields [4]. The order-disorder transition temperature was deter-
mined to be 590 K, at which diffusion becomes very sluggish,
making it extremely difficult to obtain the ordered phase with-
out special treatments. The order-disorder transition happens
in the ferromagnetic (FM) state with reduced magnetization
of about 0.7 [5] (at 600 K). The Curie temperature of random
FeNi alloys is close to 780 K (there is no certain value: it
depends on the atomic configuration, 780 K [5] or 775 K [6])
in random alloys, while it ranges from 800 to 848 K for the
L10-ordered FeNi alloys in meteoritic samples [2,7,8].

Magnetic and atomic ordering transitions in this alloy
have been investigated in a number of first-principles studies
[9–12]. In spite of the fact that the ordering temperatures
obtained in some of them are spectacularly close to the exper-
imental data [11,12], there remain some controversial issues
related to the effect of magnetism and thermal lattice vibra-
tions upon order-disorder phase transition in these theoretical
investigations.

In particular, as has been found in first-principles based
mean-field modeling in Ref. [11], the vibrational contribu-
tion obtained using the Debye-Grüneisen model lowers the
transition temperature from about 1000 K to approximately
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600 K. Similar results were obtained in Ref. [12], where the
vibrational contribution obtained was in the ab initio phonon
calculations, which then were included in the cluster expan-
sion. At the same time, according to another first-principles
investigation based on the Debye-Grüneisen model [9], the
vibrational contribution lowers the order-disorder transition
temperature only by 40 K: from 520 to 480 K. Of course,
in all these investigations, the methods used were quite
different and all of them are based on certain approxima-
tions. Nevertheless, such a large vibrational effect obtained
in Refs. [11,12] is quite unusual.

Another controversial point concerns the “interplay” be-
tween magnetism and ordering. As has been determined
in earlier ab initio investigations, ferromagnetism promotes
ordering tendency in both Fe-rich [13] and Ni-rich [14]
Fe-Ni alloys. In the latter case, the magnetic state effect
is especially large: the order-disorder transition temperature
in the paramagnetic (PM) state is about 400 K lower than in
the FM state. This is not what is found in Ref. [12]: although
the order-disorder transition temperature in Ni3Fe is about
170 K higher in the FM state than in the PM one, the effect of
the magnetic state is reversed in FeNi: according to Ref. [12],
ferromagnetism lowers the order-disorder phase transition by
about 50 K (compared to the PM state). This result is difficult
to reconcile with the above mentioned experimental observa-
tions that the Curie temperature in the ordered FeNi alloys is
greater than that in random alloys.

In this paper, a density-functional theory (DFT) based
modeling of both magnetic and atomic ordering transitions
is performed with the aim of getting a clearer picture of the
main driving forces behind these transitions in FeNi. Such
a modeling can be only qualitative, apart from the fact that
phase transition (magnetic or atomic ordering) temperatures
are generally very difficult to obtain accurately for any kind
of systems, due to their sensitivity to many factors, which
are still hard, if possible at all, to model with the required
precision. Moreover, there are no DFT tools that can capture
the energetics of FeNi in the whole range of relevant temper-
atures, properly taking into consideration the corresponding
magnetic, chemical, and vibrational excitations. The range of
uncertainties (error bars) in the DFT based calculations of
phase transitions in FeNi is not known. This paper is an at-
tempt to determine it as well as the source of errors whenever
possible.

Although the finite-temperature magnetism and electronic
structure can be more reliably and accurately obtained using,
for instance, dynamical mean-field theory (DMFT) [15,16],
such methods are impractical for total energy calculations of
large supercells needed in the modeling of random alloys.
Nevertheless, the level of accuracy of the present DFT mod-
eling is good enough to establish a qualitative picture of the
forces behind magnetic and atomic ordering transitions in this
alloy.

II. METHODOLOGY

A. Alloy configurational Hamiltonian

The following configurational Hamiltonian has been
used in statistical thermodynamics simulations of the

order-disorder phase transition:

H all = 1
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Here, the summation is performed over different types of
clusters (p, t , and q), and lattice sites (i, j, k, and l); V (2)

p ,

V (3)
t , and V (4)

q are the pair, three-site, and four-site effective
interactions for corresponding clusters (p, t , and q). In the case
of equiatomic alloy composition, three-site interactions prac-
tically do not contribute to the alloy energetics and therefore
they have not been considered in the statistical simulations,
although they were obtained in ab initio calculations.

B. Magnetic Hamiltonian

The Heisenberg form of the magnetic Hamiltonian was
used in this paper:

Hmag = −
∑

p

∑

α,β=Fe,Ni

Jα,β
p

∑

i j∈p

eie jc
α
i cβ

j , (2)

where magnetic exchange interactions Jα,β
p depend on the type

of alloy components: α, β, and coordination shell p. cα
i = 1 if

the α alloy component occupies site i, otherwise it is zero. In
random alloy, JFeNi

p = JNiFe
p , however these are two different

interactions in a partially ordered alloy. The details of obtain-
ing the magnetic interactions are given below.

C. DFT electronic structure and total energy calculations

Two different techniques have been used in this investi-
gation. The projector augmented wave (PAW) method [17]
as implemented in the Vienna Ab Initio Simulation Pack-
age (VASP) [18–20] was used to get the DFT accurate total
energies of a certain set of alloys as well as in the force
constant calculations for vibrational properties of random and
ordered alloys. All the PAW calculations were done using the
generalized gradient approximation (GGA)–Perdew-Burke-
Ernzerhof (PBE) exchange correlation potential and energy
[21]. The kinetic energy cutoff was 350 eV except the force
constant calculations, where it was 500 eV.

The Green’s function multiple scattering technique (MST)
was also used in the electronic structure, total energy, and
magnetic and effective chemical interaction calculations of
random and partially ordered alloys in different magnetic
states. Such calculations have been done either using the
coherent potential approximation (CPA) [22] or the lo-
cally self-consistent Green’s function (LSGF) technique [23],
which accurately accounts for the local environment effects in
random alloys.

The MST techniques have been used within the exact
muffin-tin orbital (EMTO) method [24,25] referenced here as
EMTO-CPA [26] and ELSGF [27], respectively. The EMTO-
CPA calculations have been done by the Lyngby version of
the Green’s function EMTO code [28], where the screened
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Coulomb interactions in the single-site DFT-CPA approxi-
mation [29], the screened generalized perturbation method
(SGPM) [30–32], and magnetic force theorem method [33,34]
are implemented [35]. The MST self-consistent calculations
were done using local spin-density approximation (LSDA)
[36]. In some cases, the GGA-PBE self-consistent calcula-
tions were done for the magnetic exchange and effective
chemical interactions.

The contributions of the screened Coulomb interactions to
the one-electron potential of alloy components V i

scr and total
energy Escr in the EMTO-CPA calculations were defined as
[29]

vi
scr = −e2α0 q̄i

S
, Escr =

∑

i

ciE
i
scr,

Ei
scr = −e2 1

2
α0

i βscr
q2

i

S
, (3)

where qi and α0 are the net charge of the atomic sphere of the
ith alloy component in the single-site CPA calculations and
the on-site screening constant (one for a binary alloy), S is the
Wigner-Seitz radius, and βscr is the on-site screening constant,
which accounts for the electrostatic multipole moment contri-
bution to the electrostatic energy due to inhomogeneous local
environment of different sites in a random alloy. Similarly, the
contribution from the screened Coulomb interactions to the
SGPM effective pair interactions at the pth coordination shell
was calculated as

V scr
p = e2αp

q̄2

S
, (4)

where αp is the intersite screening constant and q̄ is the differ-
ence of the net charges of the atomic sphere of Fe and Ni.

The onsite and intersite screening constants, α0 and αp as
well as the βscr were determined in the ELSGF 1024-atom
supercell calculations of random FeNi alloy in the FM and
disordered local moment (DLM) states. The resulting screen-
ing constants turned out to be very little dependent on the
magnetic state: α0 = 0.79 and 0.78 in the FM and PM states,
respectively.

The MST-EMTO calculations of alloys in the finite-
temperature PM state were done using DLM configuration
treated within CPA [37,38]. Since DLM fails for Ni (local
magnetic moments collapse), the longitudinal spin fluc-
tuations (LSFs) at the given temperature were included,
approximating the corresponding entropy t as [39]

SLSF
i = 3 ln mi, (5)

where mi is the local magnetic moment of the ith site with Ni
(or just the Ni component in the case of random alloy CPA
calculations).

D. Corresponding state principle for the effective
chemical and magnetic interactions for the phase

transition calculations

The magnetic and atomic order-disorder transition temper-
atures were determined in Monte Carlo simulations with the
magnetic and effective chemical interactions obtained at the
conditions, which correspond to the experimental state of the
alloy at the transition temperatures. In particular, the magnetic

exchange interactions for the Curie temperature calculations
(experimental value is close to 800 K) were obtained at the
experimental 800 K lattice constant, 3.597 Å [40] in the
PM state taking into consideration the corresponding elec-
tronic and magnetic (LSF) excitations at this temperature. The
effective chemical interactions for the order-disorder phase
transition (experimental value is about 600 K) were obtained
at the experimental 600 K lattice constant (3.591 Å, from
Ref. [40]) in the partially disordered magnetic state with a
reduced magnetization of 0.7, which is close to experimental
magnetization at 600 K [5].

As will be clear from the results presented below, this is a
reasonable approach since magnetic and chemical interactions
in this alloy are extremely sensitive to the magnetic state
and the degree of atomic order. This makes an accurate and
reliable fully self-consistent account of these degrees of free-
dom in statistical simulations of both transitions impossible.
Although one could perform a “partial” consistency of the
effective chemical interactions with the magnetization deter-
mined in magnetic simulations with a fixed set of magnetic
interactions, like it was done in Ref. [14] in the modeling of
the order-disorder phase transition in Ni3Fe, it has not been
done here since the reliable DFT calculations of the alloy
magnetization below the Curie temperature (as well as the
Curie temperature) are hardly possible.

E. DFT modeling of the finite-temperature magnetism in FeNi

Although it seems that DFT (or more strictly speaking the
LSDA) yields very close results for the spin magnetic mo-
ments in both ordered and random FeNi [15], the account of
electron correlations within the multiorbital Hubbard model in
DMFT calculations leads to noticeable changes in the density
of states, especially for Fe in the random alloy. To what extent
this affects the energetics as well as magnetic and chemical
interactions is not known. Can one still trust the DFT re-
sults for magnetic and chemical ordering temperatures within
several degrees Kelvin under the condition that all the other
effects are included properly in simulations? Definitely no.
What is interesting, however, is what the error bar of DFT
simulations is.

III. RESULTS

A. Magnetic exchange interactions and Curie temperature

FeNi alloys exhibit very complicated magnetism [41,42],
which requires the use of a quite elaborate magnetic Hamilto-
nian in the whole range of temperatures. However, since the
only purpose of the statistical simulations in this paper is to
find the Curie temperature, a simple form of the Heisenberg
magnetic Hamiltonian (2) can be used. The complex depen-
dence of the magnetic interactions on the local and global
magnetic state then can be reduced to just a single set of
magnetic interactions in the PM state at the experimental
Curie temperature and the corresponding lattice constant.

That is, it is tacitly assumed that the system can still be
described by the usual Heisenberg Hamiltonian just close to
the magnetic phase transition. At this point, the magnetic
state can be considered as paramagnetic (with some magnetic
short-range order (SRO), which is neglected in this paper in
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TABLE I. Local magnetic moments (μB) of Fe and Ni in random
and ordered FeNi alloy in the EMTO calculations obtained in the
LSDA and GGA-PBE for the lattice constant of 3.597 Å. DLM-LSF
calculations were done at 800 K.

FM DLM-LSF

LSDA GGA LSDA GGA

Random alloy

Fe 2.49 2.56 2.12 2.30
Ni 0.71 0.71 0.64 0.66

L10 ordered

Fe 2.67 2.74 2.30 2.41
Ni 0.59 0.59 0.61 0.62

the calculations of the magnetic interactions). The magnetic
exchange interactions were obtained using the magnetic force
theorem [33–35]. In these calculations, Ni was described in
the DLM-LSF model at T = 800 K.

To provide a better overview of all possible factors (on
the DFT level) which can affect the results for the Curie
temperature, the Monte Carlo simulations were also done
with magnetic exchange interactions obtained in the FM state
with different reduced magnetizations using two “popular”
exchange-correlation potentials (LSDA and GGA-PBE) as
well as varying the state of atomic order and using model
supercells to account for the local environment effects (atomic
short-range order).

1. Local environment effects in FeNi random alloy

As was noticed a long time ago [41], the Fe-Fe magnetic
exchange interactions are extremely sensitive to the local en-
vironment of the atoms, which fluctuates from site to site in a
random alloy. It is known (also observed in the present paper)
that Fe atoms in Fe-Ni alloy totally surrounded by Fe atoms
at the first coordination shell interact antiferromagnetically
with their Fe nearest neighbors even in the FM state, and the
direction of their magnetic moments is opposite to the global
magnetization.

The magnetic moment of Fe (not so much of Ni) is also
sensitive to the magnetic state, the atomic order, and the
exchange-correlation potential used in the self-consistent cal-
culations. These dependences are shown in Table I for the
lattice constant of 3.597 Å. As one can see, the magnetic
moment of Fe is indeed more sensitive to the variation of these
parameters than that of Ni. The strongest effect is due to the
magnetic state: The magnetic moment of Fe in the FM state is
substantially larger than those in the PM DLM-LSF state. The
state of the atomic order also affects the magnetic moment of
Fe: It is larger in the L10 ordered alloy, where Fe atoms have
fewer Fe nearest neighbors, than in the random one. Finally,
the GGA-PBE magnetic moments are larger than the LSDA
ones (as usual).

To study the effect of local chemical environment on the
magnetic moments and magnetic exchange interactions, the
EMTO LSDA self-consistent calculations were performed for
a 64-atom supercell representing a random Fe0.5Ni0.5 alloy in

FIG. 1. Local magnetic Fe in random Fe0.5Ni0.5 alloy as a func-
tion of the number of Fe nearest neighbors.

the FM and DLM states. In the DLM calculations, all the sites
were treated within the CPA as usual making random spin-
up–spin-down configuration. In the case of Ni sites, additional
LSF contribution at 800 K was added as described above.
The effect of local chemical environment on the magnetic
moment and magnetic exchange interactions of Ni atoms is
rather weak. In contrast, it is very strong for Fe.

In Fig. 1, the local magnetic moments of Fe atoms in the
FM and DLM state are shown as a function of their Fe nearest
neighbors. In both cases the local magnetic moment of Fe
decreases almost linearly with the number of the Fe nearest
neighbors, and such a decrease is more pronounced in the
paramagnetic (DLM) state. The average results for magnetic
moment (shown by bold lines) are close to those obtained in
the CPA calculations representing an “isomorphous” model of
a random alloy where all Fe and Ni atoms are the same.

Since the size of the supercell is relatively small (64 sites),
there are no Fe atoms completely surrounded by Fe atoms.
However, the calculations for larger supercells show that in
such cases, the magnetic moment of Fe becomes antifer-
romagnetically aligned with the magnetic moments of the
surrounding Fe atoms, as has been already mentioned above.
It is also clear that in the DLM state the local magnetic mo-
ment of such Fe atoms should be quite small, exhibiting weak
itinerant magnetism. This reveals an enormous complexity of
the magnetism in this system: Fe atoms surrounded by Fe and
Ni exhibit very different magnetic behaviors in the same alloy.

In contrast to the local magnetic moments, the local en-
vironment has a complex and unpredictable effect on the
Fe-Fe magnetic exchange interactions, which vary widely
in magnitude and sign. Figure 2 shows the Fe-Fe magnetic
exchange interactions at the first coordination shell for the
64-atom Fe0.5Ni0.5 supercell in the FM (top) and paramagnetic
DLM-LSF (bottom) states obtained using the formalism of
the magnetic force theorem [33,34] within the EMTO-CPA
method [35]. The results appear to be random. Interestingly,
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FIG. 2. The nearest neighbor Fe-Fe magnetic exchange interac-
tions in Fe0.5Ni0.5 alloy in FM (top) and DLM (bottom) states.

the average interactions shown by solid lines are very similar
to those obtained in the CPA calculations for Fe0.5Ni0.5 alloy.
This suggests that the CPA can provide a reasonable mean-
field approximation of the magnetism and interactions in the
Fe0.5Ni0.5 random alloy.

One can also calculate “local and partial” Ji
0 at site i either

directly [34] as is done in this paper in the CPA calculations
or using the equivalent definition:

Ji
0 =

∑

j

Ji j . (6)

Here, the summation is done over all sites. In the case of
elementary solids, it can be used for a mean-field estimate
of the Curie temperature: Tc = 2/3J0. In Fig. 3, such local Ji

0

FIG. 3. Local Ji
0 for Fe sites obtained for the 64-atom supercell

as a function of the number of Fe nearest neighbors.

are shown for Fe atoms in the 64-atom supercell. Again, the
results are quite scattered although it is clear that Ji

0 is larger
for Fe atoms mostly surrounded by Ni. The CPA JFe

0 is also
quite close to the average value of 〈Ji=Fe

0 〉 in the supercell.

2. Curie temperature

Despite the strong local environment effect on the Fe-Fe
magnetic exchange interactions, the Curie temperature is rel-
atively insensitive to these fluctuations and can be reasonably
estimated by the simplest CPA mean-field approach as shown
below. This implies that the CPA magnetic exchange inter-
actions capture the average behavior of such interactions in
the alloy under the influence of various internal and external
parameters.

Figure 4 shows the “CPA average” magnetic exchange
interactions in random Fe0.5Ni0.5 alloy obtained in the LSDA
EMTO-CPA calculations [35] in the FM and DLM-LSF states
at the lattice constant of 3.597 Å. The interactions beyond the
fourth coordination shell are relatively small in both cases.
The magnetic state has a moderate effect on the Ni-Ni ex-
change interactions. However, the Fe-Fe and Fe-Ni exchange
interactions differ significantly in the FM and DLM-LSF
states: the Fe-Fe interactions dominate in the FM state, while
the Fe-Ni interactions dominate in the DLM-LSF state.

The Curie temperature was determined in Heisenberg
Monte Carlo simulations using these interactions. The sim-
ulation box had a size of 14×14×14(4)—10 976 sites. Fe
and Ni atoms were randomly distributed on the fcc underlying
lattice, and the magnetic exchange interactions at the first ten
coordination shells were used in the calculations. The heat
capacity peak was used to identify the Curie temperature. The
temperature step was 10 K, which is sufficient for the present
semiqualitative analysis.

Table II shows the Curie temperatures calculated using
different magnetic exchange interactions. The results indicate
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FIG. 4. Ji j in Fe0.5Ni0.5 random alloy obtained in the CPA calcu-
lations in the FM state (top) and in the paramagnetic DLM-LSF state
at 800 K (bottom).

that the magnetic state (FM vs DLM-LSF) has a relatively
small effect on the Curie temperature, while the choice of the
exchange-correlation potential in the self-consistent calcula-
tions (the same lattice constant) has a stronger effect. It is
known that GGA-PBE overestimates the magnetic moments

TABLE II. Curie temperature (in K) for different sets of mag-
netic interactions obtained in EMTO-CPA calculations for Fe0.5Ni0.5

alloy.

FM DLM-LSF

LSDA GGA LSDA GGA

650 730 610 700

TABLE III. Curie temperature (in K) obtained in 32- and 64-
atom supercell Monte Carlo simulations with random distribution
of Fe and Ni atoms and magnetic interactions (up to the fourth
coordination shell) from the corresponding EMTO-CPA calculations.
The results for the 64-atom supercell are in parentheses.

FM DLM-LSF DLM-LSF-MD

LSDA LSDA GGA LSDA GGA

620 (610) 630 (630) 710 540 630

of some 3d metals, especially of Fe. This is also true for FeNi
as shown in Table I, where the magnetic moments of Fe and
Ni are given for random and L10 ordered alloys obtained in
the LSDA or GGA-PBE EMTO self-consistent calculations.

The magnetic exchange interactions in the Heisenberg
Hamiltonian are roughly proportional to the square of
the magnetic moment, which explains why the choice of
the exchange-correlation potential has a significant effect
on the Curie temperature. However, 80–90-K difference is
about 10% of the experimental Curie temperature, which is
quite large. Since there is no clear consensus on which func-
tional is best for describing the magnetism in this system,
90 K is probably the lower bound of the error bar for the DFT
calculations of the Curie temperature in this system.

Another important point is that all these results are lower
than the experimental Curie temperature, which ranges from
775 to 840 K. Especially the DLM-LSF results, which should
account better for the magnetism near the transition point,
are too low. This raises the question: is this due to the use
of the CPA average magnetic interactions in the Monte Carlo
modeling?

To address this question, the magnetic exchange in-
teractions in different magnetic states and using different
exchange-correlation potentials were calculated for 32- and
64-atom supercells (the results for the nearest neighbor Fe-Fe
interactions in the 64-atom supercell are shown in Fig. 2)
modeling random Fe0.5Ni0.5 alloy. To include the effect of
thermal atomic displacements, VASP ab initio MD simulations
were performed for a 32-atom supercell (in the FM state) at
800 K and one of the MD snapshots was also used in the mag-
netic exchange interaction (EMTO) and Curie temperature
(Monte Carlo) calculations. In the Monte Carlo simulation,
only interactions at the first four coordination shells were con-
sidered (as shown by the Monte Carlo simulations with CPA
magnetic exchange interactions, the interactions beyond the
fourth coordination shell have a relatively small contribution).

Table III summarizes the results for different supercell
sizes and configurations. The supercell size does not have
a significant effect on the Curie temperature. The supercell
results for the ideal underlying fcc lattice are very close to
the CPA results shown in Table II. However, the thermal
atomic displacements can considerably lower the Curie tem-
perature, as seen from the last two columns in the table where
the results are based on the magnetic exchange interactions
obtained from a MD snapshot. This large reduction of the
Curie temperature due to the coupling of magnetic exchange
interactions and thermal lattice vibrations was also observed
in bcc Fe [43]. Therefore, the present ab initio based modeling
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FIG. 5. The Fe-Fe magnetic exchange interactions in the ordered
L10-FeNi and random Fe0.5Ni0.5 alloys in FM (top) and DLM-LSF
(bottom) states (LSDA results).

predicts a Curie temperature of random Fe0.5Ni0.5 alloy that is
about 200 K below its experimental value, which is a 25%
error.

Another factor that may be important is the alloy configu-
ration. The alloys in the experiment are likely not completely
random, but have some degree of atomic SRO. The simplest
way to analyze its effect is to calculate the magnetic ex-
change interactions in the L10-FeNi with different degrees
of long-range order using the L10 primitive unit cell in the
EMTO-CPA calculations. In the fully ordered alloy, there are
no local environment effects. They become more pronounced
as the long-range order parameter decreases, but as shown
before, the mean-field average interactions give almost the
same results as the interactions that account for the local
environment dependence.

TABLE IV. Curie temperature as a function of the long-range
parameter, η, in FeNi-L10 alloy. The atomic SRO at the first coor-
dination shell, α1, is also shown.

DLM-LSF FM

η α1 LSDA GGA LSDA GGA

1.0 −0.333 920 990 810 890
0.8 −0.267 810 890
0.6 −0.2 740 820
0.4 −0.133 640 730

Figure 5 shows the effect of atomic ordering on the Fe-Fe
interactions in both FM and DLM-LSF states (the Ni-Ni and
Fe-Ni magnetic exchange interactions are much less affected
by the ordering and are not shown). The Fe-Fe magnetic
exchange interactions at the first and third coordination shells
are much stronger in the ordered alloy than in the random
one, while the interaction at the second coordination shell
is weaker. However, the third coordination shell has a larger
impact, since its coordination number is 24, compared to the
second coordination shell with a coordination number of 6.

Table IV shows the Curie temperatures obtained by Monte
Carlo simulations using the magnetic exchange interactions
for different values of the long-range order parameter. The
results indicate that atomic order leads to a significant increase
of the Curie temperature. This strong dependence of the Curie
temperature on the state of atomic order implies that a quanti-
tative comparison between experiment and theory can only be
done if the state of order or atomic SRO in the experiment is
known.

Another important conclusion is that atomic ordering in
FeNi strongly enhances ferromagnetism. This is a very gen-
eral feature in fcc Fe-Ni alloys that is independent of the
uncertainties of the exchange-correlation potential and the
approximations in the magnetic exchange interaction calcu-
lations: when Fe atoms have Fe nearest neighbors, the local
Fe-Fe interactions become antiferromagnetic, weakening fer-
romagnetism. Atomic ordering reduces the number of Fe
nearest neighbors, thereby increasing the local magnetic mo-
ment and strengthening the ferromagnetic Fe-Fe interactions.
This implies that there is a reverse effect: ferromagnetism
should promote ordering. Both ordering and ferromagnetism
increase the stability of the system. This will be clearly
demonstrated below.

B. Effective interactions and ordering in FeNi

1. Effective chemical interaction and ordering energy

Since magnetic and chemical degrees of freedom are
tightly coupled as they stem from the same electronic
structure, one can expect that effective chemical inter-
actions depend strongly on the magnetic state as well
as on the local environment of sites involved in the
interaction (examples of such strong dependence on the local
environment in FeCr and FeCu are discussed in Refs. [44,45]).
The chemical Hamiltonian (1), which will be used for the
order-disorder simulations, does not account for these effects

094108-7



A. V. RUBAN PHYSICAL REVIEW B 109, 094108 (2024)

FIG. 6. SGPM effective interactions in random Fe0.5Ni0.5 alloy
in the FM state with two different magnetizations (1.0 and 0.7), in
the DLM-LSF (600 K) state and nonmagnetic state (without spin
polarization).

and therefore the interactions in the Hamiltonian will be
treated as the mean-field average.

The effective chemical interactions are calculated here by
two methods: SGPM and direct supercell total energy calcula-
tions based on the Hamiltonian (1). The SGPM is a powerful
tool, closely related to the magnetic force theorem, that al-
lows one to determine interactions for any specific cluster in
random alloys. The SGPM effective interactions depend on
concentration, volume, and magnetic state. This makes the
SGPM very efficient and convenient for studying configura-
tional thermodynamics in magnetic systems, especially in the
not fully ordered magnetic state, which is the case of FeNi at
the order-disorder phase transition point.

Figure 6 shows the first ten SGPM effective pair inter-
actions in random Fe0.5Ni0.5 alloy for different magnetic
states (the interactions beyond the tenth coordination shell are
small). The interactions at the first four coordination shells
are the strongest (as in the case of the magnetic exchange
interactions). As one can see, the magnetic state has a strong
effect on the effective interactions, especially at the first and
fourth coordination shells: the ordering (related to the positive
interaction at the first coordination shell and negative at the
second in the case of L10 structure) becomes weaker when
magnetization is reduced and the system will form clusters in
the nonmagnetic (NM) state.

To verify the accuracy of the SGPM and to include the
strain-induced contribution to the effective interactions, a di-
rect total energy method was applied, which is similar to
the SGPM [46]. The idea is to use a supercell of a random
alloy where all the atomic distribution correlation functions
(corresponding to the strongest effective interactions in the
system, which can be identified, for example, by the SGPM
calculations) are the same as in a completely random alloy,
except for one specific cluster of interest. The total energy

TABLE V. Effective pair interactions (in nm Ry) in the NM state.

Coordination shell

1 2 3 4

256-atom supercell

1 −3.146 0.265 −0.431 1.386
2 −3.050 −0.265
3 −0.391
Avg. −3.098 −0.130 −0.431 1.386

576-atom supercell

−3.078 0.010 −0.392 1.424
SGPM −3.002 −0.025 −0.593 1.318

of such a supercell can be obtained with the precision of the
current DFT functionals and thus it can provide reliable results
for this particular effective interaction.

The effective pair interactions in the direct total energy
method are determined as

V (2)
p = 2

c(1 − c)�αpzp
�E0, (7)

where �E0 is the difference of the two total energies (per
atom) of supercells where all the atomic distribution functions
except the atomic SRO at the p coordination shell, αp, are the
same as in a totally random alloy. The effective interactions
obtained from the ideal primitive (fcc) lattice are the same
as the “chemical” contribution given by the SGPM, and the
effective interactions obtained from the relaxed lattice include
the strain-induced contribution as well. Here, such a method
has been used to calculate the effective pair interactions at the
first four coordination shells.

The supercell calculations were performed for 256-
[4×4×4(×4)] and 574-atom [6×6×4(×4)] supercells in the
FM and NM states for the first four strongest pair interactions.
Each interaction was obtained from the total energies of two
supercells with positive and negative values of the atomic
SRO, αi, for the same coordination shell. In some cases, two
different pairs of αi were used to obtain a more reliable aver-
age value. Table V shows the supercell results and the SGPM
effective interactions for the NM state.

The strong fluctuations of the results in the 256-atom
supercell calculations for the second coordination shell are
unlikely to be caused by a contribution from long-range pair or
higher order cluster interactions. In all these cases, the atomic
SRO parameters were very small (less than 0.005 in absolute
value) for coordination shells beyond the fifth and up to the
ninth. The correlation functions for the strongest three-site
and four-site effective interactions were close to the random
values. The exact source of these fluctuations is thus unclear.

The SGPM effective interactions and the supercell interac-
tions agree well, considering the methodological differences
and the fact that a simple expansion of the configurational
energy (1) does not account for the local environment effects.
The important quantity that these interactions are supposed
to reproduce is the ordering energy. The L10 ordering energy
from the SGPM effective interactions (pair and four-site) is
3.53 m Ry, which is in very good agreement with the VASP
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TABLE VI. Effective pair interactions (in m Ry) in the FM
state. The SGPM interactions here are obtained in the GGA-PBE
self-consistent calculations. The SGPM∗ results are obtained with
fixed local magnetic moments of Fe and Ni from the GGA-PBE
calculations of the L10 FeNi.

Coordination shell

1 2 3 4

256-atom supercell

1 3.659 −1.900 0.641 −0.063
2 3.653 −0.915 0.507 −0.138
3 −1.029
4 −1.877
Avg. 3.656 −1.430 0.574 −0.100

576-atom supercell

1 3.207 −1.988 0.108 −0.307
2 3.567 −2.297 −0.023 −0.496
Avg. 3.387 −2.143 0.043 −0.401
SGPM 4.702 −1.399 0.545 −0.424
SGPM∗ 5.526 −1.519 0.605 −0.334

direct supercell total energy calculations: 3.59 m Ry (supercell
random alloy on the ideal fcc lattice, i.e., without local lattice
relaxations).

The results for the FM state are given in Table VI. In the
FM case, the agreement between SGPM and supercell results
is noticeably worse than in the NM case, and the agreement
between 256- and 576-atom calculations is poor for all the co-
ordination shells except the first one. This may be because the
576-atom supercell represents a wider range of local atomic
configurations than the 256-atom one. For example, in the
latter case, almost all the local magnetic moments of Fe atoms
are ferromagnetically aligned, while some Fe atoms (up to
six in the present investigation) have had antiferromagnetic
alignment of the magnetic moment with respect to the global
magnetization in the 576-atom supercells. In other words, it
seems that local magnetic state fluctuations leading to “anti-
ferromagnetic” Fe atoms in the 576-atom supercells can have
a noticeable effect on the effective interactions. In the case of
256-atom supercells, the fluctuations of the local composition
are not that strong, which could be the reason why the SGPM
effective interactions agree better with those from the 256-
atom supercell calculations.

Table VII shows the L10 ordering energy in the FM state
obtained in the direct calculations as well as from the SGPM
and the supercell effective interactions (without local relax-
ations in random alloy). The contribution from the more
distant coordination shells obtained from the SGPM interac-
tions is only 0.1 m Ry/atom and the contribution from 500
effective four-site interactions is about −0.3 m Ry/atom. Both
of them are relatively small. However, it is very difficult to
identify the few four-site interactions that have the most im-
pact on the ordering energy: there are many small interactions
that produce a strong collective effect.

The directly calculated ordering energy in the FM state
is noticeably lower than the one from the effective interac-
tions, unlike the nonmagnetic case. This can be expected,

TABLE VII. L10 ordering energy (in m Ry/atom) in the FM,
paramagnetic (PM), and NM states. �E0 are the results from direct
calculations of the total energies of the L10 ordered and random
alloys (on the underlying ideal fcc lattice, with the same lattice
parameter, 3.591 Å). The FM and NM results for �E0 are from
VASP supercell calculations, while PM results are from EMTO-CPA
calculations for the DLM-LSF state at 600 K. The results from the
SGPM effective interactions obtained using the first 25 pair inter-
actions and 36 strongest four-site interactions. The SGPM results
in parentheses are from the first four effective pair interactions, as
is the case of the results from effective interactions obtained in the
VASP 256-atom (V-256) and 576-atom (V-576) supercell calculations.
These interactions are presented in Tables V and VI. The SGPM∗

ordering energy is obtained from interactions calculated fixing the
magnetic moments of Fe and Ni to those in the ordered L10-FeNi
(see Table I).

�E0 SGPM SGPM∗ V-256 V-576

FM −5.63$ −4.78$ (−4.58) −4.93$ (−5.06) −3.61$ −3.94$
PM −0.38$ −0.60$ (−0.54)
NM 3.59 3.56 (3.88) 3.96 4.07

since the magnetic state is much stronger in the L10 ordered
alloy than in the random alloy. However, the effective inter-
actions are obtained for a random alloy configuration where
the ferromagnetic state is weaker than in the ordered alloy
(as discussed above). Therefore, the effective interactions
do not account for the stronger ferromagnetism in the or-
dered state, which leads to an underestimation of the ordering
energy.

To see the effect of the magnetic state, one can compare
the ordering energy from SGPM and SGPM∗ interactions. The
latter are obtained by fixing the magnetic moments of Fe and
Ni to those in the L10 ordered structures. Table VII shows
that ferromagnetism strongly promotes atomic ordering, in
contrast to what was found in Ref. [12].

2. Strain-induced interactions in the FM state

The size difference of Fe and Ni atoms is relatively small,
so the energy of local lattice relaxations in random Fe0.5Ni0.5

alloy is also small: −0.41 and −0.53 m Ry/atom, obtained
from 256- and 576-atom supercell calculations, respectively,
in the FM state and for the fixed lattice constant. This en-
ergy can be included in the configurational thermodynamics
through the strain-induced interactions. These interactions are
long range and may also have contributions from multisite
clusters.

Here, only the first four pairs of strain-induced interactions
are calculated from the energies of the local relaxations of the
supercells using Eq. (7) of the 256-atom supercells used in the
calculations of the chemical interactions. The results are listed
in Table VIII. They are relatively small, with the strongest one
at the second coordination shell. However, the results fluctuate
considerably for different sets of calculations. Unfortunately,
the corresponding total energy calculations with structural
optimization are very time consuming, and thus it is difficult
to obtain accurate results.

094108-9



A. V. RUBAN PHYSICAL REVIEW B 109, 094108 (2024)

TABLE VIII. Strain-induced interactions (in m Ry) in the FM
state from 256-atom supercell calculations.

Coordination shell

1 2 3 4

256-atom supercell

1 −0.422 −0.977 0.074 0.154
2 −0.514 −1.270 0.072 0.192
3 −0.119
4 −0.239
Avg. −0.468 −0.651 0.073 0.173

The strain-induced interactions can be used to calculate the
energy of local lattice relaxations in a random alloy as

E rel
0 = 1

2
c(1 − c)

∑

i

ziV
SI

i , (8)

where V SI
i are the strain-induced interactions from the the

ith coordination shell. The result of −0.71 m Ry/atom is a
bit lower than the energy obtained in the direct calculations,
but still reasonable for a qualitative estimate of their effect.
Most probably, the effect of the strain-induced interactions on
the order-transition temperature is going to be overestimated
by additional lowering of the order-disorder transition tem-
perature. Although the strain-induced interactions have been
obtained in the fully ordered ordered FM state, the effect of
reduced magnetization is expected to be small since these
interactions are mostly related to the size difference of alloy
components.

3. Vibrational free energy contribution to the ordering energy
of FeNi at 600 K

The vibrational contribution to the free energy of random
and ordered FeNi alloys in the FM state was obtained by
PHONOPY code [47] using the small displacement method. The
lattice constant was fixed to 3.591 Å, which corresponds to
the order-disorder transition temperature at 600 K. The initial
16-atom supercell modeling random alloy (2×2×4 of the
primitive fcc unit cell) was enlarged by a factor of 8 (2×2×2)
in the dynamical matrix calculations. The local positions of
atoms were relaxed. The initial cubic four-atom unit cell of
the L10 structure was also enlarged by a factor of 8 (2×2×2)
for the force constant calculations. The c/a ratio of the L10

structure was relaxed to the equilibrium value.
Similar calculations were done for the ordered L12 Ni3Fe

and random Ni0.75Fe0.25 alloys. In the latter case, the 32-atom
supercell representing a random alloy [2×2×2 of the fcc
cubic unit cell (×4)] was enlarged by a factor of 8 (2×2×2)
in the dynamical matrix calculations. The lattice constant in
both calculations was 3.556 Å, which is the experimental
room temperature value. The calculations were done in the
FM state.

Table IX shows the calculated vibrational free energies of
FeNi and Ni3Fe. The 300-K results for entropies in Ni3Fe
are in reasonable agreement with experimental data [48]. As
reported by Li et al. [12] there is a substantial increase of the
difference between the vibrational entropies of random and

TABLE IX. Vibrational entropies and free energies (in
m Ry/atom) of Ni3Fe and FeNi alloys.

T (K) Ordered Random Difference

Ni3Fe

300 S 3.437 3.483 0.046
−TS −6.530 −6.617 −0.087

F −0.405 −0.496 −0.091
600 S 5.434 5.481 0.047

F −9.034 −9.213 −0.179

FeNi

600 S 5.429 5.588 0.159
F −9.010 −9.628 −0.618

ordered alloys when going from Ni3Fe to FeNi alloys, which
is likely associated with increased concentration of Fe and
related local environment effects in random alloys since this
increase is mainly due to the change of the vibrational entropy
of the random Fe0.5Ni0.5 alloy.

The entropy differences shown in Table IX are about half
of those obtained by Li et al. [12] (see Supplementary Mate-
rials). This may be due to the different choices of the lattice
constants in the phonon calculations. Here, the same lattice
constants for the ordered and random alloys are chosen to find
the contribution to the ordering energy at the experimental lat-
tice constant where the order-disorder phase transition occurs.
Although this transition is of the first order, the ordered phase
should have a very similar lattice constant to the random phase
during the initial stages of precipitation at the corresponding
transition temperature.

At 600 K, the free energy difference between random
and ordered alloys is −0.62 m Ry/atom. It is comparable
to the contribution from the strain-induced interactions (or
local lattice relaxations). However, it is much smaller than the
ordering energy. This means that the vibrational contribution
cannot change the order-disorder transition temperature by a
factor of 2 as found in [11,12]. Although these results are
obtained in the FM state with magnetization 1, one cannot
expect a large effect when the magnetization is reduced to 0.7,
which is the value at the order-disorder phase transition point.

The vibrational contribution is added to the nearest neigh-
bor effective interactions since the main renormalization of
the force constants most probably occurs at the first coordina-
tion shell [similar to Eq. (7)]:

V vib
1 = 2

c(1 − c)z1α
L10
1

�F vib = 2�F vib. (9)

Here α
L10
1 = −1/3 is atomic SRO at the first coordination

shell in the L10 ordered alloy and �F vib is the difference
of the vibrational free energies of random and ordered FeNi
at 600 K. This results in a contribution of −1.236 m Ry.
Note that a similar contribution to the effective interaction for
the Ni3Fe alloy at 800 K (close to the order-disorder phase
transition in this case) would be about only −0.24 m Ry,
which is quite small (in the range of the error for the effective
interactions), and thus it cannot affect much the theoretical
results for the order-disorder transition temperature.
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TABLE X. First four effective pair interactions included in MC
simulations (in m Ry) for magnetization m = 0.7.

Coordination shell

(110) (200) (211) (220)

LDA

SGPM 3.18 −1.05 0.21 −0.15
+ vibr 1.94 −1.05 0.21 −0.15
+ vibr + si 1.48 −1.70 0.28 0.02

GGA-PBE

SGPM 3.79 −1.13 0.25 −0.18
+ vibr 2.55 −1.13 0.25 −0.18
+ vibr + si 2.08 −1.78 0.32 −0.01

4. The order-disorder phase transition

The order-disorder transition in FeNi is a complex phe-
nomenon that involves the interplay of magnetic, chemical,
and structural factors. To model it accurately, one needs to
account for the local lattice relaxations and thermal lattice
vibrations. This is impossible in the direct ab initio total (free)
energy calculations since such a modeling also requires the
proper statistical sampling of the atomic configurational de-
grees of freedom or, in other words, taking into consideration
the atomic SRO. Neglecting the atomic SRO, as done in the
CPA total energy calculations, can only provide a qualitative
description of the transition.

Despite the long-standing knowledge that the single-site
mean-field approximation, which is inherent to the CPA
method, greatly overestimates the transition temperatures, a
recent ab initio study of the order-disorder phase transition
in FeNi using the CPA approach showed an excellent agree-
ment with the experimental data [11]. This success needs to
be explained, since the ordering energy, which is the only
quantity that can be obtained from such calculations, has a
rather approximate relation to the order-disorder transition
temperature. A simple example below illustrates this point in
the Appendix.

In this paper, the Ising-type Monte Carlo simulations are
done to determine the order-disorder transition temperature
using a cubic 12×12×12(×4). Test Monte Carlo calculations
with a 24×24×24(×4) box produced essentially the same
results. The temperature step in Monte Carlo simulations was
5 K. All Monte Carlo simulations were done with the effective
pair interactions up to the 25th coordination shell (although
all the effective interactions beyond the tenth coordination
shell are less than 0.01 m Ry). In Table X, the first four
strongest effective pair interactions are shown for reduced
magnetization 0.7 with different contributions and obtained
different exchange-correlation potentials.

The three-site interactions do not contribute to the order-
ing energy and practically do not affect the order-disorder
transition temperature in equiatomic alloys. Thus, only the
strongest four-site interactions have been included in Monte
Carlo simulations in some cases. They are listed in Table XI
[49]. Although the included four-site interactions change the
order-disorder transition temperature, the exact effect of all

TABLE XI. The strongest four-site effective interactions (in
m Ry) for magnetization m = 0.7. See Ref. [49] for the tetrahedra
identification.

Tetrahedron type

t1 t2 t3 t4 t5 t6

LDA 0.41 0.38 −0.07 −0.14 0.16 −0.15
GGA-PBE 0.29 0.29 −0.14 −0.16 0.16 −0.12

the four-site interactions may be different. As has been men-
tioned above, a large number of relatively weak interactions
produce a collectively significant effect as, for instance, is
discussed in Refs. [32,50]). Including them in Monte Carlo
simulations makes the calculations very time consuming and
impractical. However, they cannot change the results qualita-
tively.

Table XII shows the order-disorder transition temperature
for different sets of interactions. The choice of the exchange-
correlation functional can affect the transition temperature by
about 100 K, with the GGA-PBE potential increasing the
transition temperature compared to the LDA potential. This
effect is due to the different magnetic properties (moments
and interactions) that result from the LSDA and GGA-PBE
calculations (for the same lattice constant).

Table XII also reveals the strong influence of the magnetic
state on the transition temperature (without the vibrational
and strain-induced contributions): the transition temperature
is about 1000 K in the fully ordered FM state, 600–700 K
for m = 0.7, 500–600 K for m = 0.6, and below 200 K in the
paramagnetic DLM-LSF state (at 600 K). This dramatic de-
crease of the transition temperature from the ferromagnetic to
the paramagnetic state is consistent with the ordering energy
in Table VII, so the opposite effect reported by Li et al. [12]
is hard to understand.

IV. CONCLUSIONS

Accurate ab initio modeling of phase transitions at finite
temperature in such complex itinerant magnets like FeNi is
extremely challenging and can hardly be done quantitatively,
at least for the phase transition temperatures: even the choice
of the exchange-correlation potential significantly affects the
results, and it is not clear which one is more accurate and
reliable.

The problem is related to the magnetism. At 0 K and the
same lattice constant, the magnetic moment of Fe is different
in the LSDA and GGA-PBE (in fact, a different choice of
the GGA usually leads to different results for the magnetic
moment). In turn, it leads to different “magnetic” energies,
which are obviously coupled with chemical ones. So, in the
end, all types of interactions, magnetic and chemical, are
dependent on the choice of the exchange-correlation potential.
An additional problem arises at finite temperature, where an
ad hoc modeling of magnetism is required in DFT calcula-
tions, and its accuracy is unknown.

The magnetic phase transition was found to depend on
(1) the choice of the exchange-correlation functional, (2) the
thermal atomic displacements, and (3) the atomic ordering.
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TABLE XII. Order-disorder transition temperature obtained from SGPM interactions with different magnetization m and using different
exchange-correlation potentials. All the results are obtained with the first 25 effective pair interactions. The results in parentheses are obtained
including also the six strongest effective four-site SGPM interactions. For m = 0.7 the results with the additional vibrational contribution
(+vibr) and with both vibrational and strain-induced interactions (+vibr,si) are shown.

V

m = 1.0 m = 0.7 m = 0.6 m = 0.0 (DLM-LSF)

SGPM-2 SGPM +vibr +vibr,si SGPM-2 SGPM-2

LDA 970 635 (695) 530 550 (610) 530 145
GGA 1025 730 (795) 630 650 (710) 640 190

The GGA-PBE functional gave larger magnetic moments
and stronger magnetic exchange interactions than the LSDA
functional, resulting in a higher Curie temperature (by about
80 K). The thermal atomic displacements (at 800 K) re-
duced the magnetic exchange interactions and lowered the
Curie temperature by about 200 K. The long-range order
increased the magnetic moments, magnetic exchange in-
teractions, and Curie temperature. However, the calculated
Curie temperature in the random alloy was much lower
than the experimental value, and the reason for this dis-
crepancy was not clear. Hopefully, an ab initio modeling
with a better description of the finite-temperature mag-
netic state, such as DMFT, will resolve this issue in the
future.

Although the results for order-disorder phase transition
seem to be in reasonable agreement with the experiment,
its modeling can be considered only qualitative. Even the
choice of the exchange-correlation potential changes the re-
sult by 100 K. However, one result can hardly be different
in a more thorough and accurate modeling: the atomic or-
dering is much stronger in the ferromagnetic state than in
the paramagnetic one, which is also the result of the direct
ab initio calculations of the ordering energy presented in
Table VII. This is a common feature of Fe-Ni alloys, which
can be explained by the strong influence of the nearest neigh-
bor Ni atoms on the magnetic state of the Fe atoms: the
more Ni atoms surround an Fe atom, the more it prefers
the ferromagnetic state, which also enhances the ordering
tendency.
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APPENDIX: SRO EFFECT IN THE L10 ORDER-DISORDER
PHASE TRANSITION

Consider two systems with the same L10 ordering energy
of −1000 K. The first system has only one effective interac-
tion at the first coordination shell, while the second system has
two effective interactions at the first and second coordination
shells. The ordering energy can be expressed as

Eord = 1

2
c(1 − c)

∑

i

α
L10
i ziVi, (A1)

where α
L10
i = − 1

3 and 1 are the atomic SRO at the first
and second coordination shells. This equation was previously
used in Eqs. (7) and (9). From this equation, one finds that
V1 = 2000 K for the first system. For the second system, one
can assume that |V1/V2| = 4 and V2 < 0, which is similar

FIG. 7. Atomic SRO at the first coordination shell (top) and the
corresponding ordering energy (bottom) obtained in Monte Carlo
simulations with one and two effective interactions which provide
the same L10 ordering energy (−1000 K).
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to the SGPM interactions in FeNi alloys. Then the effective
interactions are V1 = 1454.5 and V2 = −363.6 K.

The single-site mean-field approximation yields the same
order-disorder transition temperature of about 1320 K for
both systems with the same ordering energy of −1000 K.
However, the Monte Carlo simulations reveal a significant dif-
ference: the first system has a transition temperature of 850 K,
while the second system has a transition temperature of
1155 K. This means that the ordering energy alone does
not determine the order-disorder transition temperature. There
may exist other sets of interactions that have a lower ordering
energy than a given set, but a higher transition temperature.
At the same time, the effective interactions used in the Ising
model have a clear physical meaning and values for specific
alloys and they can be directly obtained from ab initio simu-
lations, for instance, using the SGPM.

Figure 7 shows the atomic SRO parameter at the first co-
ordination shell (top panel) and the ordering energy (bottom

panel) for the two cases discussed above. It illustrates the
importance of the atomic SRO in calculating the transition
temperature. The atomic SRO parameter is large in both cases
even at temperatures much higher than the transition point,
which is marked by a sharp change in the atomic SRO and the
ordering energy.

The energy associated with the atomic SRO (above the
transition point) is also significant: it accounts for almost
half of the total L10 ordering energy at temperatures twice
as high as the transition point. This energy is ignored in
the single-site mean-field simulations and the CPA ab initio
calculations. Therefore, if the transition temperature obtained
from these methods agrees well with the experiment, there
must be another large error that compensates for the error from
neglecting the atomic SRO effects. Figure 7 also explains why
the transition temperature is higher in the second model: the
atomic SRO energy in the random state is noticeably higher in
the second case than in the first one.
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