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Directed transport is a key concept for many ongoing applications including nanoscale heat management,
current rectification, source protection, and energy harvesting. Within the context of quantum transport, we here
explore the use of nonlinear effects introduced by current-induced forces (CIFs) as a practical way to effectively
break charge and heat transport reciprocities. In particular, we consider a simple model consisting of a mobile
quantum dot (QD) coupled to two leads, where the charge (or heat) current develops an asymmetric behavior
under inversion of voltage (or temperature) bias, thereby turning the system into a quantum diode (or quantum
thermal diode). Furthermore, we find multiple stable positions for the QD and we show how the extraction
of useful work is possible by modulating the nonequilibrium sources along well-established hysteresis loops.
Finally, we explore a particular case where the nonlinearity of the CIFs can be exploited to pump heat or charge,
even for systems that preserve inversion symmetry. This counterintuitive result is attributed to a spontaneous
breaking of the inversion symmetry due to the intrinsic system’s dynamics.
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I. INTRODUCTION

The breaking of transport reciprocity indicates that forward
and backward flows differ when inverting the nonequilibrium
sources (bias voltages or temperature gradients in the con-
text of quantum transport). This phenomenon offers a way
of controlling signal transport, provides isolation of sources,
and is key for energy harvesting. The paradigmatic example
occurs in the heterojunction of p- and n-type semiconduc-
tors (electrical diodes), and the extension of this concept to
molecular diodes has been studied from the mid-70s to the
present [1-3]. Nowadays, there is great interest in studying
the reciprocity breaking of heat currents (a phenomenon also
known as thermal rectification or thermal-diode effect) due to
its importance in nanoscale heat management [4—7], which is
particularly relevant for many quantum technologies [8—11].

Independently of the type of system (classical or quan-
tum), typically two main ingredients are considered to break
reciprocity: magnetism (either real or synthetic) [12-14],
and nonlinearities [15—17]. In the context of quantum trans-
port, nonlinearity arises naturally due to the combined effect
of confinement and electron-electron interactions, while the
use of magnetic fields has been always a common ingre-
dient within the field. In this scenario, charge and heat
rectification has been widely studied in different systems, in-
cluding spin chains [18,19], quantum dots within the Coulomb
blockade regime [20-24], and superconductor-insulator het-
erojunctions [25,26]. Some nanoelectromechanical systems
show the appearance of a rich self-induced nonlinear dy-
namics, which has also been studied for charge and heat
rectification. This is the case with rotary current rectifiers [27]
and parametric-instability-based electron shuttles [28-30].
Besides rectification, nonlinearities may induce other interest-
ing phenomena such as hysteresis, which has been proposed
as the basic principle for the design of novel devices [31-35].
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Current-induced forces (CIFs), sometimes also dubbed
electron wind forces, emerge from the interaction between
the flow of electrons (which constitutes a quantum compo-
nent) and certain mechanical degrees of freedom (typically
described as classical variables) that represent the nuclear
motion. These forces have attracted increasing attention in
many areas of condensed-matter physics, due to its role in
nanowires [36,37], nanojunctions [38], molecular Brownian
motors [39], electromigration [40], cooling and heating of
vibrational modes [41,42], and the development of several
current-driven nanodevices [43-50].

Here we study the role of CIFs as a source of nonlin-
earity for the rectification of heat and charge currents, and
their contribution to the appearance of hysteretic behaviors
in molecular or nanoelectromechanical devices. In particular,
we focus on generic systems like the one depicted in Fig. 1,
where a mobile local system (red) representing a quantum dot,
molecule, or atom, is coupled to two leads. The local system
is subjected to two types of forces: an equilibrium (zero bias)
force, represented by the springs; and a nonequilibrium force
generated by the flow of electrons through it. The nonlinearity
responsible for the phenomena studied here arises from the
dependence of the electronic Hamiltonian with the positions
of the nuclei, which in turn depend on the CIF.

The paper is organized as follows: In Sec. II we provide the
general theoretical framework. In Sec. III we show and discuss
the results of the work, including: the adiabatic dynamics of
the composite system (Sec. III A), the effective reciprocity
breaking of charge and heat currents (Sec. III B), the appear-
ance of hysteresis loops and its application for work extraction
(Sec. I C), the dynamical breaking of inversion symmetry,
a phenomenon that enables a form of pumping in systems
with inversion symmetry (Sec. IIID), and the role of the
force fluctuations in the nonlinear effects obtained (Sec. II1 E).
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FIG. 1. (a) Schematics of the transport setup: A local system
(red) representing a quantum dot, molecule, or atom, is coupled to
two leads. The local system is allowed to move and it is subjected to
a classical potential represented by the springs. The arrows represent
the electron flux, which induces an additional contribution to the
force exerted on the local system. (b) Hamiltonian model used to
represent the system: A single site coupled through y;. and yx hop-
ping amplitudes to two semi-infinite chains with lattice parameter a
playing the role of the leads. The parabola accounts for the harmonic
potential to which the local system is subjected.

Finally, in Sec. IV, we summarize and discuss the main
results.

II. MODEL AND METHOD

Throughout this work, we adopt a transport setup where
the nanostructure of interest, which can be a molecule or a
quantum dot represented by a single resonance, is bonded
to two macroscopic electrodes. To this end, we consider the
one-dimensional system shown in Fig. 1, which consists of
an oscillating quantum dot coupled to left (L) and right (R)
leads. The electrodes are assumed to be in equilibrium, with
electrochemical potentials w, = (o + 814, and temperatures
T, = Ty + 8T,, where the index o = {L, R} labels the leads.
Here, po denotes the Fermi energy at equilibrium, 7p is a
temperature of reference, and for the two-lead configuration
of the figure we take either up = —Sur = €eV/2 or 8Ty, =
—38Tg = 6T /2, where e is the electron charge unit, and V
(6T) is the applied voltage (temperature) bias. The electronic
system is described by the following nearest-neighbor tight-
binding Hamiltonian:

Ho =Y Eelei=Y vijée;, ()
i (i, )

where 6: (¢;) creates (annihilates) an electron at site i, with
onsite energy E;, y; ; represents the hopping amplitude be-
tween sites i and j, and (i, j) means that the sum is carried
out over nearest-neighbor sites. This Hamiltonian describes
the one-dimensional chain shown in Fig. 1(b), where the cen-
tral site represents the oscillating molecule or quantum dot
(QD from now on) and the leads are modeled by two semi-
infinite chains. The QD is allowed to move in the transport
direction, and its displacement from the equilibrium posi-
tion is described through the mechanical coordinate x. We
work under the nonequilibrium Born-Oppenheimer approxi-
mation [51] (or Ehrenfest approximation [36,43]) as we treat
x as a classical variable. Under this assumption, x represents

the expectation value of the position operator, neglecting its
quantum fluctuations &, i.e., x = (&) + &, =~ (X). We define
Xo as the natural equilibrium position of the QD, i.e., the dot’s
equilibrium position in the absence of an applied bias voltage
or temperature gradient. By considering ap the distance be-
tween the QD equilibrium position xo = 0 and the leads, we
assume for the tunnel couplings the following functions:

o=y + e 0y =y — et (2)

where b is a constant which describes the electromechanical
coupling strength. Moreover, y, and yr depend on the asym-
metry factor —1 < A < 1. Within the leads we set the onsite
energies as E; = Ej and the hopping amplitudes as y;, while
for the QD we use Eqq.

The dynamics of the QD obeys a Langevin equation:

Mx+0U(x, t)+& =Fy. 3)

Here, M is the mass associated with the mechanical system,
and F represents the electronic force to which the QD is
subjected. This force is calculated as the expectation value
of the electronic Hamiltonian’s variation with respect to x,
i.e., Fo = ( —axﬁe]>, and it arises from the interaction between
the electrons and the mechanical device. The term 9, U (x, t)
accounts for any mechanical force not included in F, and
its time dependence is a liberty in notation, indicating pos-
sible (classical) nonconservative effects, such as mechanical
friction. Additionally, £ describes stochastic fluctuations of
the forces. This quantity presents at least two contributions:
the electronic stochastic force and a mechanical fluctuation
which can be attributed, e.g., to the coupling between the QD
and a phonon bath. In this work, we consider a large me-
chanical fluctuation compared with its electronic counterpart,
and we relate it, through fluctuation-dissipation theorem, to a
mechanical friction force. For clarity in the discussions, we
first explore the average effect of the current-induced forces
(CIFs) by neglecting £. Then, in Sec. III E, we discuss possible
effects introduced by the fluctuation term.

In the nonequilibrium Green’s function (NEGF) formal-
ism, we can compute the electronic force by using

Fy = —ihTr[AG™= (¢, 1)], “)

where the matrix A = —9,H,, is the force operator written
in a given basis and the matrix G=(¢, t) is the lesser Green’s
function accounting for the nonequilibrium single-particle
density matrix p(¢) of the electrons, i.e., p(t) = —iRG=(¢, ).
This force can be linearly decomposed in terms of equilibrium
and nonequilibrium contributions:

Fy = F + F™, 5)

In our model, we suppose that F*1 is already included in the
conservative part of 9,U, in the form of a harmonic force.
The nonequilibrium term, F"°, is the so-called CIF.! The

'The electronic forces are dubbed by some authors as current-
induced forces, where the general expressions can be applied to
both equilibrium and nonequilibrium situations [44,51,52]. Here we
preserve this term only for conditions (out of equilibrium) such that
particle (or heat) current is possible.
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contributions F* and F"¢ are also dubbed “direct force” and
“electron-wind force,” respectively, in other contexts [53].
With these considerations, we rewrite Eq. (3) as follows:

M3x + kx + v = F™(x), (6)

where k is the force constant associated with the harmonic
potential shown in Fig. 1, and v is the mechanical friction co-
efficient arising from the dissipative contribution of d,U. This
coefficient can be related to the (dimensionless) damping ratio
¢ through v = 2¢+/Mk, and we work in the underdamped
regime ¢ < 1. In the following, we calculate F"® through
Eq. (4) and solve Eq. (6) in the adiabatic limit, where the
mechanical coordinate moves much more slowly than the
electrons flowing through the QD. Note that since the CIF
depends parametrically on x, the integration of Eq. (3) is
performed in a self-consistent way.

Regarding the scales for the quantities involved in Eq. (6),
we notice that the one-dimensional chains modeling the leads
yield a natural length given by the lattice parameter a, so
the typical unit for the mechanical coordinate can be chosen
through this quantity.? For the CIF one can observe that, from
its definition as the derivative of the electronic energy with
respect to x, that it scales as yy/a, while the typical time unit
for the electron dynamics is given by t* = 7i/y,. From these
estimations, in Appendix A we derive the typical scales for
the remaining quantities.

In the adiabatic limit, we can expand the exact Green’s
function G=(¢,¢) in terms of the frozen Green’s function
G=(t,1). Here, the term “frozen” refers to the description of
the same quantity but calculated through the time-independent
Hamiltonian that results from setting the parameters at time
t [51,54]. In other words, G=(t, t) is the Born-Oppenheimer
approximation of G=(¢, ) and, as a result, it depends only
parametrically on time. At zeroth order of the adiabatic ex-
pansion and within the NEGF (Keldysh) formalism, the lesser
Green’s function G=(z, t) yields

d
Q<(t,t)%G<(t,t)=/ﬁGr(é))f(é)G“(E), (N

where G”(¢) and G*(¢) = [G"(¢)]" are the Wigner transforms
of the frozen retarded and advanced Green’s function ma-
trices, respectively, and X~(€) is the energy domain lesser
self-energy. The latter can be written in terms of the Fermi dis-
tribution function f,(¢) = [1 + exp(e — iy )/kgT,]~" of the
reservoir « (at temperature 7, and chemical potential p,) as

E5(€) =2i ) fu(€)T(e), ®)

where T, = (X7 — X )/2i represents the escape rate of the
wave function through the o-lead, and X/, (X%) is the a-lead
contribution to the total retarded (advanced) self-energy. Note
that this T', and the one defined in other conventions [55]
differ in a factor of two. Replacing the above expressions in

2For the homogeneous chain and setting the Fermi energy as o =
Ey, the lattice parameter results in a = hivg/2yp. In a more general
model for the contacts, it is possible to relate the coordinate unit with
the Fermi velocity as x* >~ vgt*, where ¢* is the electron’s time unit.

Eq. (4), we obtain
F / de 3 /. THAGT.G"] ©)
el = - o 1T [ 5
1 7 L

where we omitted the energy argument € to keep the notation
simple. In the linear response regime, the Fermi functions
f« are expanded up to first order in terms of Su, and &7y,
according to

9 dfy 8T,
Jo = fo— ﬁwa — (e — Mo)a—io—

, 10
de T() ( )

where fj is the Fermi function with u, = uo and T, = Tp.
Given that the energy derivative of the Fermi function is differ-
ent from zero only in the vicinity of pg (within the order kg Tp),
an expansion of the force kernels F, = Tr[AG'T,G"] in
terms of € naturally holds. When these kernels vary smoothly
within this range, the energy expansion is sufficient up to
first-order, i.e.,

0Fy
Fal€) ~ Fo(io) + —

ac | (€~ Ho)- an

Ho

Using this, the CIF can be decomposed in terms of the voltage
and temperature bias contributions [54]: F™ = E;‘;f + FF,
where

1
i = — 3 8naFalito), (12)
o
b4 8T, d0F
FRe = Z(kgTp)* Yy — —=| . 13
§T 3(B0) TO 9e “ ( )

By working on the site basis, the retarded Green’s function G”
can be obtained in the usual way:

G =[(e +i0") — He] ™', (14)

where the presence of the leads in the electronic Hamilto-
nian is accounted for by semi-infinite homogeneous chains.
Therefore, an effective Hamiltonian H ¢ can be obtained by
considering a three-site system where the central site repre-
sents the QD and the remaining ones include the retarded
self-energy corrections X/ due to the presence of the leads.
Hence, the electronic Hamiltonian can be written as the fol-
lowing matrix:

EO + Ei —YL O
H ;= - Egot -w |- (15)
0 - Ey+Xi

For simplicity, we consider the semi-infinite chains on each
side of the QD to be the same, such that ] = X} = X" and
we calculate it through

El‘ — VOZ

= Y=A — il 1
o (€ —iT@.  (16)

where the real and imaginary components can be obtained
from Refs. [54] and [56].

The dependence of the force on x is generally highly non-
linear. This becomes evident in the wideband-limit expression
found for the case of Fj;(x), as detailed in Appendix B. There
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FIG. 2. Current-induced force and adiabatic dynamics: (a), (b)
CIF as a function of the QD position for eV = 0.2y, (red) and
eV = —0.2yy (blue). In panel (a) we use an asymmetry factor > = 0,
while in panel (b) A = 0.7. The straight line in black depicts the
(minus) harmonic force, such that crossings with the CIF correspond
to stable (filled circles) and unstable (empty circles) solutions. (c),
(d) Dynamics of the QD position related with A =0 and A = 0.7,
respectively, for an initial condition x(0) = x(0) = 0. Red curves
correspond to positive bias, while blue curves are for negative bias.
The parameters used are Eqy = —0.2yp, ¥ = 0.1y, k = 0.02y/a>,
b = 8, ap = 4a, and for panels (c) and (d) we use M = 1000h2/y0a2,
¢ = 0.1 (solid lines), and { = 0.2 for dashed line in panel (d).

we find, for the particular case of symmetric bias:

Fre(x) ev ( b ) (Esoty0) (V2 + ¥R)
Ey = ———\ )
g 7\ ) (Eguyo)® + (2 +72)’

where y2 + y2 = 2y%[(1 + A*)coshy — 21 sinhy], and y =
2bx/ayp. In addition to the linear dependence on the bias, we
can see that the CIF scales with the factor b/a and it is also
proportional to the QD onsite energy. In fact, it is possible to
change the sign of F™ through this energy (relative to o),
such that for positive bias and E4o; > 0 the CIF points to the
left (hole-like behavior) while for E4, < O the CIF points to
the right (electron-like behavior).

On the other hand, the analytical expression of FjF is
related to that of Fyj, since it involves the energy derivative of
the force kernel F,, thus yielding a more intricate expression.
In any case, one can numerically verify that, in general, Fj}
displays a similar dependence on x as Fy), as we illustrate in
Figs. 2 and 3.

The nonlinearity of the CIFs is the origin of nontrivial
effects, such as reciprocity-breaking and hysteresis, that we
address in the next sections.

a7)

II1. RESULTS

In the following sections we discuss different phenomena
introduced by the CIF and the nonlinear behavior it generates.

Fs [107270/a]
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FIG. 3. Current-induced force as a function of the QD position
for 6T = 0.5Tp, and two coupling asymmetry factors: 1 = 0 (red)
and A = 0.7 (blue). The parameters used are Eqyy = —0.3yp, ¥ =
0.01yy, k = 0.02y/a%, b = 4, ay = 4a, kgTy = 0.002y,, and we set
the Fermi energy at (o & Eqo-

Our focus, while not exclusively, centers on examples and
discussions involving CIFs caused by a bias voltage, Fy,
simply because these forces are in general larger and easier
to tune than those arising from a temperature gradient, Fyy.
However, the nonreciprocal and hysteretic behavior obtained,
together with their potential applications, can also be extended
to the case where the nonequilibrium source is a temperature

gradient.

A. Adiabatic dynamics of the composite system

As an initial illustration of the previous discussions, in this
section we evaluate the CIF and the corresponding dynam-
ics of the oscillating QD. In Figs. 2(a) and 2(b) we show
the CIF as a function of the QD position for two values
of the asymmetry factor, i.e., A = 0 [Fig. 2(a)] and A = 0.7
[Fig. 2(b)]. In each panel, we show F"® for eV = 0.2y, in
red and eV = —0.2y in blue, alongside the (minus) harmonic
force in black. The CIF displays a double peak shape, and the
intersection points indicate the equilibrium positions that the
QD acquires in the presence of the CIF, fulfilling the condition
kx = F™(x). This condition is satisfied in the long-time limit
of Eq. (6), where we assume x(¢) — 0 due to the presence
of a friction term. The filled circles represent stable equilib-
rium positions xg, while empty circles correspond to unstable
ones. When L = 0 we can see that the equilibrium positions
associated with each one of the voltages are symmetrically
located with respect to the natural equilibrium position xo, i.e.,
x¢(—V) = —x4(V). However, this symmetry no longer holds
when A # 0, as can be seen in Fig. 2(b). In addition, given the
shape of the CIF we can observe that it is possible to obtain
multiple stable positions, i.e., xy,1(V) and x4 (V) for a fixed
bias voltage V.

Regarding the dynamics of the oscillator, we set the har-
monic force constant to k = 0.02yy/a’> (see Appendix A).
This is done to illustrate the nonlinearities of the CIFs within
the linear response regime of transport. In this case, we take
a relatively small elastic constant £ & (.23 N/m, which is on
the order of typical van der Waals forces between fullerene
molecules [57]. Although larger values of k could be used,
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the calculation of the CIFs should be generalized to Eq. (9), to
fully account for larger values of voltage or temperature biases
which would be necessary to compensate for the larger values
of the equilibrium force.

We show in Figs. 2(c) and 2(d) the time evolution of
the QD position for the cases shown in Figs. 2(a) and 2(b),
respectively. Again, we display in red the positive-bias case,
while the negative-bias case is shown in blue. We can see here
how the QD, starting from the natural equilibrium position
Xo, reaches a new stable position when the bias voltage is
turned on. Clearly, these equilibrium positions coincide with
those obtained in Figs. 2(a) and 2(b). Furthermore, when the
QD admits more than a single stable solution [as occurs in
Fig. 2(b)], the final position will depend on the initial condi-
tions and details of the model. In this case, we see in Fig. 2(d)
that, by varying the damping factor, it is possible to switch x
between the two stable solutions.

Equivalent results can be obtained for the case where the
nonequilibrium source is given by a temperature gradient
between the contacts. For instance, the CIF as a function of
the QD position is shown in Fig. 3 for two values of the asym-
metry factor, A = 0 (red) and A = 0.7 (blue). We observe that
Fyr is similar to Fy7 shown in Fig. 2(a) for the symmetric case,
in the sense that it presents a double-peaked shape and the
same sign for all values of x. However, for A # 0 we obtain an
important difference as Fy; changes its sign for a given range
Ax (see arrows). This can be understood through Eq. (13),
since the variation of x produces a shift in the resonance peak
of F,..2> Therefore, if this resonance crosses the Fermi energy,
a sign inversion can be expected for Fj7. With respect to
the QD dynamics, there are no significant differences worth
mentioning when compared with the bias voltage case.

B. Effective reciprocity breaking

Charge current rectification. It was shown in Fig. 2 that,
when turning on the bias voltage V, the oscillator reaches
a steady position xg different from xo. When influenced by
the CIF, the oscillator moves from its natural equilibrium
position xy to some other xy (V). Consequently, the charge
current / will also experience a corresponding change from
its original value to I(V). If we now invert the sign of the
bias, the oscillator once more modifies its equilibrium po-
sition and the current varies to I(—V). Under breaking of
the coupling symmetry through A, it is possible to see that
Xst(=V) # —x«(V). Since the electronic current depends on
the QD’s final position, we can suspect some manifestation
of this asymmetry in this quantity. In other words, under the
bias inversion operation, the two currents are not necessarily
antisymmetric, i.e., [(—V) # —I(V), reflecting an effective
reciprocity breaking in the transport due to a cooperative
effect between the coupling asymmetry and the QD’s motion
into different steady-state positions as a function of the bias
voltage. Encouraged by this result, we evaluate the rectifica-

3 Although not shown, this function typically depends on € in a
similar way to the transmission coefficient 7", which in the present
model exhibits a peak around Eqy.

tion factor R; of the system, here defined as”

I(V)+1(=V)

RV =10y Z1cvy

(18)
In the linear-response regime, the current is given by the
transmission coefficient 7Trp = 7 g = 7 through Landauer’s
formula I = (I, — Iz)/2 = (¢?/h)TV. Certainly, while these
coefficients are reciprocal for a fixed position of the QD, the
reciprocity breaking of the current arises from the fact that 7
ultimately depends on x. In this limit, the rectification factor
reads

TV)—=T(=V)

TV)+T(=V)
For a given value of the applied bias, the equilibrium position
of the oscillator is obtained when the sum of the forces acting
on the QD becomes zero. This condition implies F"(xy) =

kxy, see Eq. (6). Once we obtain xg, the transmission coeffi-
cient can be calculated from the Fisher-Lee formula [59]:

Top = Tr[2T,G"2T 5G], (20)

R(V) = (19)

where the x dependence comes from the retarded and ad-
vanced Green’s functions (and not from the I's) because they
depend on the effective Hamiltonian given in Eq. (14).

The rectification factor can range from R; = —1to Ry =1,
sensing the asymmetric behavior of the transport current un-
der bias inversion. In particular, R; = 0 signals the case where
the current only switches its sign with the V — —V oper-
ation, but its magnitude remains unchanged. This result is
expected in a symmetrically coupled system where A = 0,
such that the displacement of the mechanical oscillator obeys
xt(V) = —x4(—V). To achieve a nonzero value of R; in this
regime with a single stable solution, it is necessary to break
this coupling symmetry. This can be done, for example, by
either setting A to a nonzero value or by shifting the natural
QD equilibrium position xy towards one of the two contacts.

In Fig. 4(a) the QD position xg, transmission coefficient
T, and rectification factor R; are shown as functions of the
applied bias voltage V with a fixed A = 0.5. For the QD posi-
tion, the comparison between xi (V') (solid red) and —x(—V)
(solid blue) reflects that xg is not an odd function of V. Since
at zero bias the CIF is zero, this result reveals the nonlinear
dependence of the CIF on the QD position. Additionally, due
to the used A > 0 asymmetry, the displacement of the QD
from xj is more sensitive for positive bias than negative ones.
A similar behavior is observed for the charge current (through
the transmission coefficient), evincing the strong impact that
the displacement of the QD has on this quantity. Finally, we
plot the rectification factor R; obtained from Eq. (19). It is
observed that, in the parameter regime used, this factor varies
almost linearly for small applied biases and then it reaches a
maximum value R; ~ 0.7 for eV ~ 0.05yy. In Fig. 4(b) we
extend this plot for different values of V and A, where some
regions with |R;| & 1 can be seen, such that the device could
operate as an almost perfect quantum diode [60].

“4For clarity in the figures, here we define R; and R; without the
usual absolute value, see Ref. [58].
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FIG. 4. Effective reciprocity breaking in the transport current. (a) QD’s equilibrium position xy, transmission coefficient 7, and rectifica-
tion factor R; as functions of the bias voltage V for a fixed coupling asymmetry A = 0.5. Going from top to bottom panels, we show x4 (V),
T (V),and R;(V) in solid red lines, while —xy(—V) and 7 (—V') are marked in solid blue lines. (b) Map of the rectification factor R; as a function
of A and V, the arrow denotes the A value used in panel (a). (c) Transported charge through the QD as a function of time for A = 0.5 (solid
red) and A = 0 (dashed black). The inset shows the bias voltage profile along one driving period. The parameters used are Eqoq = —0.2y,
y = 0.5y, k =0.02yy/a>, b= 6, ay = 4a, and o = Ey = 0. For the dynamics in panel (c) we use T = 10%7/yy, M = IOOth/yoaz, and

¢ =0.5.

To illustrate the breaking of the current reciprocity, we
consider a slow modulation of the bias voltage, such that
in a period t > t* of the modulation V sweeps the range
[—0.1, 0.1]yp, spending the same amount of time for positive
and negative values. By taking the adiabatic limit in which
the time variation of V is much slower than the typical re-
sponse time of the QD, one can calculate the transported
charge from the time-integral of the stationary charge current,
ie.,

o) = f A Tlxa (1), @1)
0

This can be safely done by initially placing the QD in a
stationary position for a given V and taking a large t, such
that the QD velocity can be neglected in a first approximation.
In Fig. 4(c) we calculate this time-integral for the bias profile
shown in the inset, such that for t = t one obtains the net
transported charge in a cycle. Here, the rectification effect on
the current is clearly visible. The case where A = 0 (dashed
black) shows that, for inversion-symmetric systems, there is
no net transported charge. Conversely, for A #£ 0 (solid red)
this quantity is different from zero and proportional to t.

Heat current rectification. Since the above-described reci-
procity breaking is simply related to nonequilibrium forces
acting upon the mechanical degree of freedom, here we ex-
plore the possibility of using FjF to make a quantum thermal
diode [8,9]. To this end, we can extend the above expressions
for the rectification factor to the case where a symmetric
temperature gradient §7;, = —8Tr = 67 /2 is applied between
the contacts. In this case, we analyze the heat current J flowing
through the QD system, such that the heat current rectification
factor R, reads

J(+8T) + J(=8T)
J(H+8T) — J(=8T)"

R,(8T) = (22)

In the linear-response regime the heat current can be com-
puted through the transmission coefficient as

(ks Tp)? 8T
J(6T) = 3 T@T) T (23)
where 7 depends on 87 through the QD’s position, i.e.,
T(8T) = T[x«(8T)]. Therefore, if we now calculate the rec-
tification factor for the heat currents, we obtain Eq. (19) with
the obvious change V. — §T.

In Fig. 5 we show the analogous of Fig. 4 when the CIF
is induced by a temperature gradient 67'. It is clear that the
main features discussed in the previous case at finite V are
also present here. Thus, the proposed model presents an ef-
fective breaking of the heat current reciprocity. Notably, even
in this linear transport regime, the system can exhibit strong
thermal reciprocity breaking with relatively large values of R,
such that the device can also operate as a quantum thermal
diode. It is important to highlight the system’s tunability of its
parameters, which allows both R; and T to reach relatively
large values, as can be seen in Fig. 5(a). In this way, other
measures of the performance of the heat rectifier will also
result in favorable outcomes [61].

Regarding the CIF for an applied thermal bias, cf. Eq. (13),
it is worth mentioning that, for low temperatures, this quantity
can be significantly smaller compared with the one obtained
for a bias voltage, due to its quadratic dependence on the
thermal energy kg7y. However, since this quantity involves
the energy derivative of the force kernel F,, it presents a
well-defined two-peaked shape if the QD is weakly coupled
to the leads, i.e., y < Yo, see Fig. 2. Therefore, a fine-tuning
of the Fermi energy at one of the peaks of d.F,/d€ can in-
crease the final value of the CIF, such that it would become
comparable to that of Eq. (12).

C. Hysteresis and work extraction

As we already stated, under certain parameter conditions,
it is possible to obtain more than a single stable solution for

085418-6



HYSTERESIS AND EFFECTIVE RECIPROCITY BREAKING ...

PHYSICAL REVIEW B 109, 085418 (2024)

0.5 T T T

Zst [a]

-1 -0.5 0 0.5 1

FIG. 5. Effective reciprocity breaking in the heat current.
(a) QD’s equilibrium position xy, transmission coefficient 7, and
heat rectification factor R; as functions of the temperature gradient
8T for a fixed coupling asymmetry A = 0.5. Going from top to
bottom panels, we show x4(8T), T(8T), and R;(8T) in solid red
lines, while —x(—48T) and 7 (—8T') are marked in solid blue lines.
(b) Map of the rectification factor R, as a function of A and 87, the
arrow denotes the A value used in panel (a). The other parameters
remain the same as those used in Fig. 3.

the QD position. This was shown, for example, in Fig. 3(b),
where the equilibrium condition F™(xy) = kx is fulfilled for
three different values of xg. Indeed, the final position that
the QD adopts not only depends on the electronic parame-
ters (hopping amplitudes, bias voltage, etc.) but also on the
initial condition and the mechanical parameters (e.g., oscilla-
tor mass, damping ratio). Under this scenario, we can imagine
a situation in which the QD is initially placed in its natural
equilibrium position xp. As we slowly increase V, the QD
will move according to its stable solution xy up to a region
where more than a single position is allowed. This is shown
in Fig. 6(a), where the region of multiple solutions (RMS) is
marked by the shaded gray area. In this region, the QD will
follow the solution that is closest to the one at the previous
value of V, such that the trajectory x4 (V') will resemble the
one shown in solid red in the figure.

If we further increase the bias such that it leaves this region,
the QD will perform a jump §x; and continue on its way

through the solution above the RMS. Now, by decreasing the
bias from its maximum value V = 0.15y/e, the QD enters
again into the RMS, but in this case, it will follow the upper
stable solution. Finally, if we further decrease V, the QD
leaves the RMS and performs a jump dx;. This defines a
hysteresis loop for the position of the QD and the CIF. Given
that the CIFs in the forward and backward directions are
different, a finite work Wp can be extracted from the cycle,
i.e., energy is flowing from the electronic degrees of freedom
towards the mechanical degree of freedom [49]. This can be
calculated through

Wi (t) = /0 AP [x()}0), (24)

where t is the period of the cycle of V (¢). Note that work can
also be defined for intermediate times as Wk (¢).

Since in the example analyzed in Fig. 6 no external
force (load) is included, i.e., Fexy = 0 = Wexe = 0, the energy
gained by the mechanical degree of freedom is completely
lost as dissipation, such that Wg (1) — Egis(t) = Wex(t) = 0,
where

Eais(1) = /t drvx®(1). (25)
0

In Fig. 6(b) we show the above integrals for intermediate
times Wr(t) (red) and Egs(¢) (blue) within a cycle of the bias
voltage. As discussed, a slow variation of the bias voltage (or
8T) around a region of multiple stable solutions allows the QD
system to operate as a motor. The key ingredient here is the
jump dx that the QD takes whenever it leaves the RMS. Since
the QD can no longer adiabatically follow the time variation of
the bias (there are no xy solutions infinitesimally close to the
previous one), the system acquires a non-negligible velocity,
independently of the value of dV/df. There x and F"® are
no longer functions of V solely, and the integrals g and
We take a finite value even for an infinitesimal time interval
(within the timescale of the voltage variation). This can also
be seen in Fig. 6(b), where the two steps in £y correspond to
the jumps éx; and éx;.

Since we use A # 0 in this example, there is an imbalance
in the charge current between the first and second half of the
cycle, so a net transported charge is expected, according to
Eq. (21). This is shown in Fig. 6(c), where Q(t) ~ 140e for
7 = 10%71/yy. In this case, the amount of transported charge
is much smaller than the one shown in Fig. 4(c), where there
is no RMS. This difference mainly comes from the used cou-
pling strength to the leads, which typically needs to be small
(y < 0.2y9) to obtain a RMS for the specified range of bias
voltage.

D. Dynamical breaking of inversion symmetry

In this section, we discuss an interesting situation where an
inversion-symmetric system, subjected to a symmetric modu-
lation of V (or §T'), can exhibit rectification, in the sense that
it can carry a net charge (or heat) per cycle. This situation
requires further exploitation of the nonlinear effect discussed
above, to the point that multiple solutions appear even for
A = 0. Since the system preserves inversion symmetry, this
effect is indeed related to a spontaneous breaking of symmetry
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FIG. 6. Multiple stable solutions and hysteresis cycle. (a) QD’s equilibrium position as a function of the bias voltage. The solution to
Eq. (6) is shown in red, and the stationary solution is depicted in black. The shaded gray area denotes the bias region of multiple solutions,
and the dashed line corresponds to the unstable positions. Black arrows indicate the jumps that the QD performs along its trajectory, which
is denoted by the blue arrows. The inset shows the bias profile in a cycle from ¢t = 0 to . (b) Work done by the CIF and dissipation energy
calculated through Egs. (24) and (25) in red and blue, respectively, for intermediate times within the cycle of the bias voltage. (c) Transported
charge as a function of time for A = 0.6 (red) and A = 0 (dashed black). The used parameters are Eqo = —0.3%5, ¥ = 0.2y, A = 0.6 [except
dashed black line in panel ()], k = 0.02yp/a?, b =7, ag = 4a, and py = Ey = 0. For the dynamics we use t = 1057/, M = 10007/ yya?,
and ¢ = 0.3.

due to the possibility of choosing between different steady-
state positions through the QD dynamics. This is shown in
Fig. 7, where in Fig. 7(a) the stationary solution xg is dis-
played as a function of the bias voltage. In this case, there are
two symmetric RMS for both positive (V > 0) and negative
(V < 0) biases, each of them presenting two stable solutions.
It is clear that when A = 0 a slow cyclic modulation of V
could not produce a net amount of charge current per cycle.
However, this is not the case for a faster modulation of the
voltage (fast with respect to the mechanical dynamics, al-
though slow concerning the electronic degree of freedom). In

this scenario, depending on the initial condition, dV/dt and the
damping ratio ¢, the system can stabilize in either of the two
stationary solutions xg within the same RMS. We therefore
choose a modulation of V' such that it alternates its sign for
a given value of xy within the RMS, i.e., eV = +0.1yy, see
inset of Fig. 7(a). In addition, we initialize the position of
the QD using a smooth ramp in the bias that goes from 0 to
0.1y for —t/2 <t < 0. This is shown in Fig. 7(b), where
the QD is taken from its natural equilibrium position O to
position @ at time r = 0. After this time, we start the pulse
sequence eV/yy=0.1 - —0.1 - 0.1 — ---, where the

2 T T T T T T 30 T T
(b) (c)
~
1+ 4 )
o0 50 b 1
<
= = t 1
= = @ @ @ <
& o 1 %
® [©) ® vgf 10 F A
I 1 =
H
Rl 4
®@ ® ®
1 1 1 1 1 1 0
0.1 0 0.1 05 0 1 2 3 0 1 2 3
eV [ t/T t/T

FIG. 7. Dynamical breaking of inversion symmetry. (a) QD’s stationary position as a function of the bias voltage. The solid (dashed) line

corresponds to stable (unstable) solutions. The numbered circles label the positions obtained in panel (b) for the time-dependent bias voltage
shown in the inset. (b) Position of the QD as a function of time. For —7 /2 < ¢ < 0 the QD is slowly moved from its natural equilibrium position
@ to the lower solution @. Depending on the damping ratio ¢, we obtain two dynamics: { = 0.2 (red) and ¢ = 0.16 (blue). (c) Transported
charge as a function of time for the two dynamics shown in panel (b). For this, we integrate the charge current according to Eq. (21) and take
t = 0 as the initial time. The used parameters are Ego; = —0.3yp, ¥ = 0.1y, A = 0, k = 0.02y/a?, b = 6.5, ay = 4a, and g = Ey = 0. For
the dynamics we use T = 10%/i/y, and M = 10372 /ypa.
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duration of the pulse is 7 /2. There we can see that for ¢ = 0.2
the QD adopts the symmetrical positions @ and ® (red line),
while for a lower value ¢ = 0.16 (blue line) the negative
position changes to @ and, therefore, the movement is no
longer symmetric. This is a consequence of the lower damping
ratio, since the QD has enough kinetic energy to overcome
the barrier separating the potential minima associated with ®
and @.

Regarding the mean charge current per cycle, since A = 0
we could naively expect that /(—V) = —I(V'). This would im-
ply that the transported charge during the pulse with positive
bias is compensated by that in the negative bias pulse when
the two involved solutions are opposite in sign. Clearly, in
this symmetric situation, the transported charge at the end
of the cycle would be zero. This is exactly what occurs for
¢ = 0.2 where the high friction compels the system to follow
an “adiabatic” trajectory resulting in x4 (V) = —xx(—V'). For
¢ = 0.16, however, the situation is different, and the solution
chosen by the system within the same RMS depends on the
QD velocity when entering that region. Interestingly, the so-
Iutions for the positive and negative voltage regions of the
cycle are different, i.e., x4(V) # —xy(—V). This dynamical
breaking of inversion symmetry results in a finite charge being
transported, as can be seen in Fig. 7(c). Thus, the multiplic-
ity of solutions offers the possibility of transporting a net
charge between the contacts, even when the system preserves
inversion symmetry and the bias modulation is symmetric
and averages to zero over a period. The direction of the net
current is set by the initialization of the voltage modulation
[see Fig. 7(b) for —7/2 <t < 0].5 In the next section we
discuss the case of a noisy environment that could stochas-
tically change the equilibrium positions from time to time. As
we will see, one can always reset the system by a periodic
initialization of the voltage modulation, to ensure the average
direction of the mean current.

Comparison with similar systems. We should mention that
there are other proposals involving electromechanical con-
figurations similar to the one studied here. In particular,
parametric instabilities have been studied in nanomechani-
cal shuttles as a way of generating a dc current from ac
voltages [28,29]. From the point of view of the models, the
main difference with the cited works (besides the quantum
treatment of the CIFs) is that we are applying square voltage
pulses while they apply a sinusoidal time-periodic voltage
in resonance with the frequency of the oscillator. However,
this seemingly trivial difference leads to completely different
mechanisms behind the charge rectification. In the mentioned
works, as a result of the periodic perturbation, a parametric in-
stability occurs, making the equilibrium position of the system
unstable, thus generating a pair of bistable solutions [28]. In
our case, instead, the equilibrium positions of the QD are un-
altered by the voltage, since we use a pulsed sequence where
the modulus of V remains fixed, and only its sign changes. The
difference also becomes evident by noticing that, for example,
a parametric instability induces mechanical vibrations only

3In the inset of Fig. 7(a) the voltage sequence starts at t = 0 with a
positive value. Indeed, the net current gets inverted if we change this
initialization to a negative pulse.

when the frequency of the ac signal is close to the eigenfre-
quency of the mechanical subsystem [29]. Alternatively, in
cases such as the two shuttles used in Ref. [28], parametric
instabilities can occur when the oscillation frequencies are
mode-locked to integer multiples of the applied voltage fre-
quency. On the contrary, in our work we require a sudden
change of the voltage which is instantaneous compared with
the characteristic dynamics of the mechanical degree of free-
dom. Moreover, in Ref. [29] the direction of the current is
determined by the phase shift between the ac gate voltage
and the parametrically excited mechanical oscillations, while
in our case the sign of the dc current depends on the initial
conditions of the QD [set by the initialization phase of V (¢)].
Another method to generate dc currents from a symmetric
nanoelectromechanical shuttle is the one proposed in Ref. [30]
for a classical circuit. There, in addition to a sinusoidal ac bias
voltage, periodic kicks are introduced and as a consequence, a
rectified current arises due to the incommensurability between
the shuttle motion and the driven bias, which also leads to
chaotic motion. In contrast, in our case, the rectification is
a result of a combination between the nonadiabatic response
and the multiplicity of stable solutions.

Finally, it is important to emphasize that the effect de-
scribed in this section exploits the nonadiabatic modulation
of V with respect to the mechanical degree of freedom. From
the electron dynamics perspective, the voltage modulation is
adiabatic in the sense that Eq. (7) holds along the whole
cycle of V(¢). Therefore, the phenomenon is completely dif-
ferent from quantum pumping [51,62], which necessarily
involves beyond-Born-Oppenheimer corrections to the current
operator.

E. Multistability and force fluctuations

Here we discuss the role of the fluctuation term of the
forces in the proposed electromechanical system. In particu-
lar, by analyzing the dynamics of the QD system under the
influence of nonzero force fluctuations, we investigate the
dynamical breaking of the inversion symmetry discussed in
Sec. IIID.

To begin with, we consider that the force fluctuation &
is dominated by its equilibrium contribution, given that the
nonequilibrium component is related to a higher-order term in
the force expansion in both the QD velocity and the voltage
or temperature bias [49,51,54]. If we assume that the autocor-
relation function of the stochastic mechanical force is local in
time, (£(t)(¢')) = D5(t —t’), we can relate, in equilibrium,
the zero-frequency noise D with the mechanical friction coef-
ficient v through the fluctuation-dissipation theorem,

D = 2kgTyv. (26)

In such a case, fluctuations should be small compared with the
remaining forces in the low-temperature limit. However, as we
see below, how small the temperature should be depends on
the parameter regime we are considering. To inspect this, we
include the fluctuation force & in Eq. (3) through

= b 27
£ =g/ 57+ @)
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FIG. 8. Dynamics of the QD including the force fluctuation & for (a) kgTy = 2x 107y, (b) 11073y, and (c) 2x1073y,. We use the
damping ratios ¢ = 0.1 (blue) and 0.5 (orange), and the black curves depict the case without fluctuations (kg 7y = 0). The black arrow in panel
(a) marks the moment ¢, /4 in which the bias voltage is turned on. The effective and harmonic energy potentials are shown in solid and dashed
red, respectively. In all panels, the left axis shows the energy scale for the potentials, and the right axis corresponds to the evolution time, with
tp = 10°7i/yy. The other parameters coincide with those used in Fig. 2(b).

where g; is a random value extracted from a Gaussian distri-
bution and Af represents the time step used in the integration
algorithm [63].

In Fig. 8 we recalculate the dynamics of the QD related to
the situation shown in Fig. 3(b) for positive bias, where the
system presents bistability. For comparison, we also show the
effective potential energy surface, defined as

kx2 x nel A s
Uur() = Uog )+ Uye() = 5~ / Fe(d)dx, (28)

—ag

which in this case develops a double-well shape. To initial-
ize the system, we set V =0 for 0 <t < t7/4, where t; =
10°7i/yy is the final evolution time. During this interval, the
QD position is confined in a region Ax around xy = 0, given
by kg Ty and the force constant k. For ¢ > /4 the bias voltage
is turned on, and the QD will move into one of the two
wells of Uegr. In the examples shown in Figs. 8(a) and 8(b)
we can see that, depending on the damping ratio ¢, the QD
falls into one of the two wells and remains there during the
entire time evolution. In particular, for ¢ = 0.5 the QD falls
into the local minimum associated with xg ; of Fig. 3(b).
However, when the thermal energy becomes comparable to
the potential barrier of this well, i.e., the energy difference Ae
between the local maximum and the local minimum at x| (in
this example Ae A~ 1.3x1073yy), the dynamics is no longer
stable. Now, there is a non-negligible probability for the QD to
overpass the barrier and fall into the global minimum at x »,
as happens in Fig. 8(c), where kg Ty =~ 1.5A€. Therefore, if we
use yp = 3.88 eV as in Appendix A, the temperature T below
which the QD remains in x ; should be considerably less than
58 K. The condition kg Ty << A€ therefore ensures bistability
under force fluctuations, at least for a finite evolution time #;.

We now address the inclusion of force fluctuations in
the dynamical breaking of inversion symmetry discussed in
Sec. IIID. As the required bistability can stochastically be
broken through the thermal energy, we would like to establish

some temperature threshold to ensure that this nonlinear effect
survives at least on average. This is explored in Fig. 9, where
we employ a similar sequence for the voltage pulses as that
shown in Fig. 7. Here, in addition to the square pulses with
finite bias, we also include a third pulse with V = 0 to ensure
the QD initiates, before the next cycle, in a well-defined aver-
age position (i.e., X = xo). Importantly, with this modification,
the bias voltage still presents a zero-mean value over a cycle.
Another difference is that, in the present case, we do not use
an initial ramp for the bias, as this should not be taken into
account when taking averages over trajectories. In Fig. 9(c)
we can see the typical dynamics for low temperatures, where
the QD moves according to the trajectory dictated by 7o = 0
(solid black), displaying small deviations that do not affect
the sequence of stable positions [associated with the minima
shown in Fig. 9(b)]. In particular, the amount of transported
charge remains unaffected in this case, as can be noticed in
Fig. 9(e). For a larger temperature, as shown in Fig. 9(d),
the QD no longer performs a well-defined sequence, in the
sense that between pulses it may not fall into the correct
potential well. By “correct” we mean the potential well the
QD falls in the zero-temperature limit. Importantly, this effect
is not the same as the one observed in Fig. 8(c), since the
QD remains around the same potential well while the voltage
is kept constant. Here, the fluctuation in the force leads to
deviations in the QD velocity, preventing it from staying in
the required range Ax to ensure that the correct potential
well is reached. When this occurs, the transported charge in
this particular cycle is canceled out, thus reducing the total
transferred charge during the entire sequence, see blue curve
in Fig. 8(e). The other effect related to the one what was
observed in Fig. 8(c) is that, even within the pulse, the QD
may perform a jump to the other potential well, and in this
cycle, the transferred charge can be inverted. In other words,
these two effects reduce the total transferred charge since (1)
bistability is no longer ensured and (2) the QD is not able to
dissipate the correct amount of kinetic energy. This is shown
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FIG. 9. Dynamical breaking of inversion symmetry including force fluctuations. (a) Bias voltage as a function of time, including the
initialization from t = —7/3 to t = 0. The figure displays three cycles with T = 2/3x 107/ y,. (b) Effective potential energy U (x) for V =
0.3y (red) and V = —0.3y, (blue). The energy barrier is Ae &~ 1073y,. (c), (d) QD position as a function of time for kgTy = 2x 10™*y, and
1073y, respectively, in solid red. (e) Transported charge as a function of time for the examples shown in panel (c) (red) and (d) (blue). In panels
(c)—(e) the solid black curves show the zero-temperature limit. (f) Transported charge per cycle as a function of the thermal energy, averaged
over 1500 cycles. Parameters: Egoy = —0.3y5, ¥ = 0.11y9, A =0, k = 0.02yy/a*, b= 6.5, ay = 7.5a, 1o = Ey =0, M = 1031‘12/)/0612, and

¢ = 0.16.

in Fig. 9(f) where we calculate the average transferred charge
per cycle over 1500 cycles as a function of the thermal energy,
where a sustained decay is observed.

It is important to highlight that, although the obtained tem-
perature range for the nonlinear effects to become evident is
relatively small, this corresponds to a particular example with
a given set of parameters in a minimal model. Nevertheless,
this is not necessarily a restriction since, e.g., larger potential
barriers and/or more confining wells can be obtained, such
that the nonlinear effects would become more robust to larger
temperatures.

IV. CONCLUSIONS

By using a generic minimal model, we have explored
the potential of CIFs to introduce nonlinearities in the
transport properties of a wide range of composite systems,
enabling for the rectification of heat and charge currents,
and the emergence of hysteretic behavior in molecular and
nanoelectromechanical devices. We have proved that even
simple systems, like the one studied here, can show important
rectification characteristics with rectification factors close to
the unity. Under the appropriate parametrization, we have also

found that the system can adopt multiple stable positions al-
lowing for work extraction under an adiabatic (time-periodic)
modulation of the bias voltage (or temperature gradient).

Additionally, we have shown how the multiplicity of
steady-state solutions can be used to pump charge (or heat) in
symmetric systems modulated by symmetric time-dependent
voltage biases (or temperature gradients). We have rational-
ized this, which contradicts the common intuition on pumping
within condensed-matter physics, as the result of a symmetry
breaking allowed by the system’s dynamics when it cannot
adiabatically follow a sudden bias variation.

Finally, we have investigated the role of the force fluctu-
ations in the dynamics of the electromechanical system. We
observe that nonlinear effects associated with multiple stable
solutions endure, on average, as long as the thermal energy re-
mains below the energy barriers separating the minima of the
effective potential. Although the temperature range required
for this phenomenon is relatively narrow, a comprehensive
exploration of the parameters is yet to be implemented.

Our results can lead to the development of new nanoscale
(or molecular) rectifiers, as well as novel forms of pumps and
motors, which constitute building blocks for nanoscale heat
management, energy harvesting, and nanometric actuators. In

085418-11



MEHRING, BUSTOS-MARUN, AND CALVO

PHYSICAL REVIEW B 109, 085418 (2024)

this regard, we believe that the present work paves the way for
exploring the discussed nonlinear phenomena in more realistic
scenarios, for example, by using concrete molecular models
for the local system, or including finite-temperature effects
on the system’s dynamics, beyond the linear response regime.
Other interesting research directions to extend our work in-
clude the use of superconducting leads to study supercurrent
rectification in similar models [64], as well as assessing the
role of quantum effects on the mechanical coordinate [65] and
its impact on reciprocity breaking and multistability.
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APPENDIX A: UNITS OF THE PHYSICAL QUANTITIES

To deduce the typical scales involved in our quantities R,
we write R = R*R, where R* corresponds to the unit of R and
R represents its dimensionless value. For the energy, we use
the hopping yy as the unit of reference, i.e., €* = yp, such
that we can take the time unit from 7/t* = y, and define t* =
I/ y. For the position of the QD, we use the lattice constant
a as the unit of length. Although this would seem restricted
to leads composed by one-dimensional homogeneous chains,
we can generalize it from the definition of the Fermi velocity,
such that @ >~ vpt* = hvg/yy. These are the main scales of
the system and through them we can derive the remaining
ones. For example, for the CIF we use its definition as F™ =
— (8,Hy) such that F* = y,/a. By using these scales, we can
rewrite Eq. (6) in terms of the dimensionless quantities as
follows:

_dE . dv
M— +ki+V— =F",

Al
dr? dr? Al

where we obtain M* = h%/(ya?), k* = yy/a®, and v* =
h/az. Notice, for example, that the oscillator energy is also
referred to yy, i.e., iw* = h(k* /M*)'/? = y,, and the damping
ratio ¢ remains dimensionless. For example, by taking yy =
388 eVand a=25A [43], we obtain an elastic constant
unit £* &~ 10 N/m such that for typical van der Waals forces
between fullerene molecules [57] where k£ = 0.23 N/m, its di-
mensionless value would be k = k/k* ~ 0.02. Regarding the
mass unit, for these parameters we obtain M* ~ 0.3m,, with
m, being the electron mass. From the above considerations,
it becomes evident that w = (k/M)"/?y,/h, leading to an
effective frequency of the mechanical motion at least 22 times
smaller than y /% for k = 0.02, M = 1000, and y = 0.1y,.
Moreover, in some cases, the frequency can be up to 110
times smaller when y = 0.5yy. Since w < y /i, this enables a
timescale separation between the fast electronic relaxation and

the slow vibrational motion, allowing to assume an adiabatic
condition. In any case, as time progresses, the velocity of the
QD approaches zero and hence the adiabatic condition will
inevitably be satisfied. In this sense, the QD stable positions
can be found regardless of the details in the initial dynamics.

APPENDIX B: ANALYTIC EXPRESSION
FOR THE CURRENT-INDUCED FORCE

In the linear-response regime, characterized by a low bias
voltage and low temperature, we have the following equa-
tion for the force induced by a bias voltage, see Eq. (12)

ne 8,&“ r a
R = Z - Tr[AG'T,G"],,, (B1)

o

where the o index accounts for left and right leads and we
assume a symmetric shift of the electrochemical potentials,
such that i, = —8ur = eV/2. The matrix representation of
the force operator in the site basis is

A=—1-n 0 w|, (B2)
@\ 0 YR 0

in addition, T, = (X{ — X/ )/2i can be obtained from the
self-energy of reservoir «, and it has the matrix representation:
I'L = I'diag(1, 0, 0), and I'r = I'diag(0, 0, 1), where T" rep-
resents the escape rate from the system to the lead. Evaluated
at the Fermi energy py = Ey = 0, this function takes the value
I' = y5. We therefore obtain

b * k
(a—0>[yLRe(G13G23 - GnGy)

+ ¥rRe(G21G5; — G33Gy)],  (B3)

yoeV
Fy, =

T

where we omit the r supra-index in the Gs because all matrix
elements are referred to the retarded Green’s function since
we use G = [G"]". For the considered model of Eq. (15),
the matrix elements of the retarded Green’s function G" are
calculated in Ref. [54] (see Appendix D), where we can use
the following relations:

YLEdot
Eaorr0)® + (2 +12)°
YREdot
Eanvo) + (2 +12)°

and Re(G3G5;) = Re(GyG3;) = 0. Replacing them in the
above equation yields the following analytic expression for
the CIF:

v (b
Fe(x) = —e—<—)

T\ A

(B4)

Re(G11G5,) =

Re(G33G5y) = BS5)

(Eao¥0) (W + v2)
(Eaorvo)® + (v2 + 1)

By considering the explicit form of the hopping amplitudes to
the leads given in Eq. (2), we obtain that the x dependence on
F"¢ is of the form:

(B6)

¥e + v = 2y°[(1 + A*) coshy — 2 sinh y], (B7)

where y = 2bx/ay is the (dimensionless) length scale that is
relevant for the CIF.
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