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Trions in two-dimensional monolayers within the hyperspherical harmonics method:
Application to transition metal dichalcogenides
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We develop the theoretical formalism and study the formation of valley trions in two-dimensional monolayers
within the framework of a nonrelativistic potential model using the method of hyperspherical harmonics (HH) in
four-dimensional space. We present the solution of the three-body Schrödinger equation with the Rytova-Keldysh
(RK) potential by expanding the wave function of a trion in terms of the HH. We consider a long-range
approximation when the RK potential is approximated by the Coulomb potential and a short-range limit when
this potential is approximated by the logarithmic potential. In a diagonal approximation, the coupled system of
differential equations for the hyperradial functions is decoupled in both limits. Our approach yields the analytical
solution for binding energy and wave function of trions in the diagonal approximation for these two limiting
cases: the Coulomb and logarithmic potentials. We obtain exact analytical expressions for eigenvalues and
eigenfunctions for negatively and positively charged trions. The corresponding eigenvalues can be considered
as the lower and upper limits for the trions binding energies. We apply the proposed theoretical approach to
describe trions in transition metal dichalcogenides (TMDC) and address the energy difference between the
binding energies of X − and X + in TMDC. Results of numerical calculations for the ground state energies with
the RK potential are in good agreement with similar calculations and in reasonable agreement with experimental
measurements of trion binding energies.
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I. INTRODUCTION

In the last two decades, the condensed matter community
has benefited from substantial progress in the understanding
of excitons in band-gap two-dimensional (2D) semiconduc-
tors. Excitons are the most rudimentary bound quasiparticles
formed by the electrostatic attraction between a positive
valence-band hole and a conduction-band electron. Due to
reduced dimensionality, diminished dielectric screening, and
large charged carrier masses, the binding energies of exci-
tons are quite large, with some reported energies as large as
0.5 eV [1].

The idea of the existence of a trion that is a bound state of
an exciton with another charged carrier, which can either be
an electron (X − trion) or a hole (X + trion) was first suggested
by Lampert over 60 years ago [2]. This idea gave rise to many
theoretical and experimental studies of trions in bulk materials
and quantum-well systems from the 1960s to the 2000s. Only
35 years later, negatively charged trions were first observed in
CdTe quantum-well system [3]. The positively charged trions
were discovered three years later, in 1996 [4]. Theoretical
calculations have shown that the binding energies of trions
are very small in bulk materials [5], but they are substantially
enhanced in structures of reduced dimensionality.

Since 2013, when trions were observed in two-dimensional
MoS2 monolayers [6], experimental and theoretical interests
in trions in 2D materials have increased considerably. Re-
duced dielectric screening in 2D materials leads to greatly

enhanced trion binding energies, whose signatures appear
frequently in the optical spectra of monolayer transition
metal dichalcogenides (TMDCs). TMDCs constitute a unique
subgroup of crystalline, two-dimensional band-gap semicon-
ductors whose compounds have a chemical formula MX 2,
where M and X denote a transition metal (Mo or W) and
a chalcogenide (S, Se, or Te), respectively. Different experi-
mental groups [6–27] observed and reported the signature of
a trion in TMDCs formed from a hole in the first valence
band and electrons originating predominantly from down-
wards curved conduction bands of the K and/or K ′ valleys.

Many studies have been carried out to calculate the binding
energies of excitonic complexes in monolayer TMDCs (see
reviews [28–32]). To study the physical properties of trions in
2D TMDC, one should know the wave function and the corre-
sponding energy levels for a three-particle system. Theoretical
studies of X − and X + trions [33–61] have integrated a wide
variety of techniques and approaches, yielding impressively
accurate results consistent with experimental data.

Within the framework of the variational method, a mi-
croscopic theory of an effective mass model of trions in
TMDC monolayers was developed in Ref. [33]. The calcu-
lated binding energies are in good agreement with many-body
computations based on the Bethe-Salpeter equation. Dark tri-
ons were predicted in Refs. [43,44]. More recently, trions
have been studied using the variational method with trial
wave functions constructed from 2D Slater-type orbitals [58].
Using the variational method, the trion binding energies and
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corresponding wave functions can be calculated efficiently
with fairly good accuracy [27,58].

The diffusion quantum Monte Carlo method was used
for the Mott-Wannier model of trions in 2D semiconductors
[35,41,42] and, most recently, for high-precision statistically
exact quantum Monte Carlo calculations of the binding ener-
gies of 3D excitonic complexes [59]. Researchers have also
made extensive use of the path-integral Monte Carlo method
[36,37] to study the effects of dielectric screening on trion
binding energies, often incorporating stochastic variational
techniques to improve ground-state energy estimates. Both
the diffusion and the path-integral Monte Carlo methods have
proven to be very effective in numerically solving the time-
independent Schrödinger equation.

The stochastic variational method is applied to study
the formation of trions within TMDC monolayers using a
correlated Gaussian basis [38,40] to investigate binding en-
ergies and their dependence on both the effective screening
length and the electron-hole effective mass ratio. Stochastic
variational methods have also been utilized to examine the
effects of external magnetic fields and phonon recombina-
tion processes on excitonic binding energies [47]. Within
the framework of the stochastic variational approach using
the complex scaling and the stabilization method, it has
been shown that there are narrow resonance states in two-
dimensional three-particle systems of electrons and holes
interacting via a screened Coulomb interaction [53].

In Ref. [39], the authors evaluate binding energies of
X ± trions by mapping the three-body problem with three
logarithmically interacting particles in two dimensions onto
one particle in a three-dimensional potential treated with the
boundary-matching-matrix method. The trion states are calcu-
lated by a direct diagonalization of the three-particle Hamil-
tonian within the Tamm–Dancoff approximation [54,55].

Trions in TMDC monolayers have been investigated using
both multiband and single-band models, and the finite element
method has been applied to both models [56]. In the frame-
work of the multiband model, the authors [56] constructed
the excitonic Hamiltonian in the product base of the single-
particle states at the conduction and valence band edges and
solved the energy eigenvalue equation using the finite element
as well as the stochastic variational [40,62] methods.

The structural complexity of TMDCs gives rise to striking
energetic properties. The periodicity of TMDC crystalline
lattices permits the occupation of not only multiple charge
and spin configurations, but also degenerate energy levels
in the valence and conduction bands [63]. These bands are
separated (in momentum space) by K and K ′ electron valleys
[19]; the energy degeneracy at the valley boundary appears
to be a direct result and manifestation of spin-orbit coupling
and spin-splitting [21,64,65]. Researchers have posited that
trion complexes can exist in different spin-valley configura-
tions: the singlet and triplet states. The triplet state is more
energetic due to long-range intervalley Coulomb attraction
between the exciton and an additional conducting-band elec-
tron [64]. Substrate screening and doping are also believed
to be significant contributors to these higher binding ener-
gies [19]. Interestingly, photoluminescence spectra in TMDC
monolayers such as WSe2 suggest trion sensitivity to temper-
ature [52,64,66]: as the temperature rises, the triplet states

are believed to be more densely occupied than their singlet
counterparts [64].

Much of our current understanding of exciton transitions
and binding energies has emerged from optical spectroscopy
[19,21,49,65,67]. Photoluminescence spectra and optical re-
flectivity measurements of WSe2 monolayers suggest a
significant discrepancy between the binding energies of
positive and negative trions [21]. In the effective mass ap-
proximation, it is hypothesized that short-range electron-hole
and electron-electron Coulomb interactions [21,57,67] give
rise to X − fine-structure splitting in WSe2 monolayers, pro-
viding a possible explanation as to why the X − binding
energy is larger than that of the positive trion [21]. Sim-
ilarly, optical red-shifts in the absorption spectra of MoS2
monolayers suggest that reductions in the exciton and trion
binding energies are attributable, in large part, to a significant
substrate-induced electric screening, substrate polarization,
and doping, all of which are believed to diminish the Coulomb
exchange interactions [19]. The theory of high-lying trions
in 2D semiconductors with negative effective mass has been
developed using the variational approach [60]. Authors have
demonstrated the key role of the nonparabolicity of the high-
lying conduction band dispersion in the formation of the
bound exciton and trion states.

Excitonic systems are many-body systems, and the most
systematic approach requires the use of quantum field theory.
However, these excitonic systems can be well approximated
and treated in the framework of few-body physics. There
are different approaches to solving the three-body eigenvalue
and eigenfunction problem in two dimensions for interact-
ing electrons and holes [31]. The Faddeev equations and
hyperspherical harmonic (HH) methods are commonly used
in nuclear and atomic physics to solve the three-body
problem in three-dimensional configuration or momentum
spaces. Both methods are useful in studying three charged
particles in a two-dimensional harmonic well and in calcu-
lating 2D trion energy levels, and both are implemented in
Refs. [5,45,61,68,69].

In this paper, we develop a theoretical formalism for the
three-body problem using the method of HH. The three-body
problem is solved for one-layered systems within the effective
mass approximation using the Rytova-Keldysh (RK) potential
[70–72]. The HH method allows us to map the three-body
problem in 2D configuration space onto a one-body problem
in four-dimensional (4D) space. Separation of variables is
invoked in the four-dimensional hyperspace to decouple the
radial and angular dependence of the three-body wave func-
tion. Specifically, the wave function is expanded in terms of
the basis of angular eigenfunctions of the four-dimensional
Laplace operator. Our approach yields the analytical solution
for binding energies of trions in the diagonal approximation
in two limiting cases - the Coulomb and logarithmic poten-
tials. For the complete solution of the three-body Schrödinger
equation with the effective two-dimensional screened poten-
tial [70,71], we expand the wave functions of three bound
particles in terms of the antisymmetrized hyperspherical har-
monics. We then numerically solve the resulting coupled
system of the second order differential equations.

This article has two foci and consists of two parts: (i) the
development of the technique to study trions in 2D mono-
layers in the framework of HH and (ii) the verification of
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this approach by its application to trions in TMDC. The
paper is organized as follows. In Sec. II, we present the
theoretical approach and formalism to study Mott-Wannier
trions in monolayer 2D semiconductors within the framework
of the method of hyperspherical harmonics. We consider a
nonrelativistic potential model for three interacting particles
and employ the three-body Schrödinger equation in the effec-
tive mass approximation. For the solution of the Schrödinger
equation with the Rytova-Keldysh potential [70,71], we ex-
pand the wave function of three bound particles in terms of
the antisymmetrized hyperspherical harmonics and obtain the
corresponding system of coupled differential equations for the
hyperradial functions. In Sec. III, the diagonal approximation
is considered for the coupled differential equations for the
hyperradial functions for two limiting cases of the RK poten-
tial: the Coulomb and logarithmic potentials. Our approach
yields the analytical solutions for binding energies and wave
functions of trions in the diagonal approximation for both
the long-range Coulomb and short-range logarithmic poten-
tials. In Sec. IV, we apply our approach to study trions in
TMDC monolayers. We present and discuss results for the
trions binding energies obtained by the numerical solution of
the coupled differential equations for the RK potential and
the results of calculations with the Coulomb and logarithmic
potentials. Conclusions follow in Sec. V.

II. THEORETICAL APPROACH AND FORMALISM

This Section provides an outline of the low-energy
model that describes Mott-Wannier trions in 2D monolayers.
We present a widely used screened electrostatic interac-
tion between charged carriers in few-body complexes in
two-dimensional materials and develop the hyperspherical
harmonics formalism for trions in 2D monolayers.

A. Charge-charge interaction

Within the effective mass approach, the nonrelativistic
Mott-Wannier trion Hamiltonian in a 2D configuration space
reads

H = − h̄2

2

3∑
i=1

1

mi
∇2

i +
3∑

i< j

Vi j (|ri − r j |), (1)

where mi are the effective masses and ri are the ith particle
Cartesian coordinates in 2D space. We assume only two types
of charge carriers: electrons and holes, with the correspond-
ing effective masses treated within the band effective mass
approximation. In Eq. (1), Vi j (|ri − r j |) is the screened elec-
tromagnetic interaction between qi and q j point-like charges
in 2D material, which was first derived in Ref. [70] and
independently obtained by Keldysh [71]. The obtained spher-
ical symmetry potential describes the interaction between two
charged particles in a film of finite thickness under the in-
trinsic assumption that the screening can be quantified by the
dielectric constant of the bulk material. In other words, the
thickness of the film is assumed to be large with respect to
the lattice constant. Thus the dielectric constant is no longer a
good parameter to quantify the macroscopic screening. In this
case, the screening is best quantified by the 2D polarizability.
In Ref. [72], the authors provide a strict 2D derivation of
the macroscopic screening and obtain the screened charge-
charge interaction, which has the same functional form as the
potential [70,71]. The effective charge-charge potential that
describes the Coulomb interaction screened by the polariza-
tion of the electron orbitals in the 2D lattice reads

Vi j (r) = πkqiq j

2ερ0

[
H0

(
r

ρ0

)
− Y0

(
r

ρ0

)]
. (2)

In Eq. (2) r denotes the relative distance between the charge
carriers, whose electric charges are qi and q j , k = 9 ×
109 N m2 C−2, ε is the dielectric constant of the environment
that is defined as ε = (ε1 + ε2)/2, where ε1 and ε2 are the
dielectric constants of two materials surrounding the TMDC
layer, ρ0 is the screening length, and H0( r

ρ0
) and Y0( r

ρ0
)

are the Struve function and Bessel function of the second
kind, respectively. In the case of a freestanding monolayer, in
Ref. [72] it is shown that ρ0 = 2πχ , where χ is the polariz-
ability of the 2D material, which sets the boundary between
two different behaviors of the potential due to a nonlocal
macroscopic screening. Following Refs. [72–74], one can ob-
tain that for the long-range, when r � ρ0, the potential (2)
has the three-dimensional bare Coulomb tail, while for the
short range, when r � ρ0, it becomes a logarithmic potential
like a potential of a point charge in two dimensions:

Vi j (r) =
{ kqiq j

εr , when r � ρ0, Coulomb potential,
kqiq j

ερ0

[
ln

(
r

2ρ0

) + γ
]
, when r � ρ0, Logarithmic potential,

(3)

where γ is the Euler constant. Therefore the potential (2)
becomes the standard bare Coulomb potential for r � ρ0

and diverges logarithmically for r � ρ0 . A crossover be-
tween these two regimes takes place around distance ρ0. From
Eq. (3) one can conclude that increasing the screening length
ρ0 leads to a decrease in the short-range interaction strength,
which means that screening is more efficient in highly polar-
izable 2D materials, while the long-range interaction strength
is unaffected. In Ref. [72], a very good approximation was in-
troduced for the potential (2) in terms of elementary functions
that is simpler to use in calculations, fairly precise in both
limits, and accurate for all distances.

B. Hyperspherical harmonics formalism

The Schrödinger equation for negative and positive trions
with the interaction (2) reads

[
−

3∑
i=3

h̄2

2mi
∇2

i +
3∑

i< j

πkqiq j

2ερ0

(
H0

( |ri − r j |
ρ0

)

−Y0

( |ri − r j |
ρ0

))]
�(r1, r2, r3) = E�(r1, r2, r3), (4)
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FIG. 1. The partition trees of Jacobi coordinates for X − trion.

where ∇2
i is the 2D Laplace operator and E is the ground or

excited states energy of the three-body system. At the first
step one separates the center-of-mass (c.m.) motion from the
relative motion of three particles through the transformation
from the original Cartesian r1, r2, r3 coordinates in 2D space
to the set of mass-scaled 2D Jacobi coordinates shown in
Fig. 1. We have three equivalent sets of Jacobi coordinates
(i �= j = 1, 2, 3). For the partition i, the mass–scaled Jacobi
coordinates are as follows:

xi =
√

mjmk

(mj + mk )μ
(r j − rk ),

yi =
√

mi(mj + mk )

(mi + mj + mk )μ

(
mjr j + mkrk

mj + mk
− ri

)
,

i �= j = 1, 2, 3, (5)

where

μ =
√

mimjmk

mi + mj + mk
(6)

is the three-particle effective mass. In Eqs. (5), the subscripts i,
j, and k are a cyclic permutation of the particle numbers. After
the transformation (5) that allows the separation of c.m. and
relative motions of three particles with Hamiltonian (1), the
Schrödinger equation for the relative motion of the three-body
system reads[

− h̄2

2μ

(∇2
xi

+ ∇2
yi

) + V (x1) + V (x2) + V (x3)

]
�(xi, yi )

= E�(xi, yi ). (7)

In Eq. (7), V (xi ) is the interaction potential between two
particles at the relative distance x1, x2, and x3, respectively,
where xi is the modulus of the Jacobi vector xi (5), and (7) is
written for any of set i = 1, 2, 3 of the Jacobi coordinates (5).
The orthogonal transformation between three equivalent sets
of the Jacobi coordinates (see, for example, [75,76]) simplifies
calculations of matrix elements involving V (xi ) potentials.
The total wave function �(xi, yi ) depends on one of the Ja-
cobi coordinate sets xi, yi. Generally, the trion wave function
�(xi, yi ) includes the electron-hole system spin function and
the valence-band wave function [77].

For the solution of the Schrödinger equation (7) for the
trion in 2D configuration space, we use the method of hy-
perspherical harmonics [78–81]. In the framework of this
method, the problem of the motion of three particles in 2D

space interacting via centrally symmetric potentials can be
reduced to that of one particle in 4D space with an effective
reduced mass (6). Therefore, instead of solving the three-body
problem in 2D configuration space, we solve a one-body prob-
lem in a four-dimensional hyperspace. Thus, for our case, to
solve Eq. (7) for a three-particle system in 2D space, we turn
to hyperspherical coordinates and hyperspherical harmonics,
which are the 4D generalizations of the familiar 3D spherical
coordinates and spherical harmonics.

The main idea of the HH method is the solution of the
Schrödinger equation (7) by separating the problem into two
independent parts: an angular part and a radial part. This
can be done by the expansion of the wave function of the
trion �(xi, yi ) in terms of hyperspherical harmonics. The
HH are the eigenfunctions of the angular part of the gener-
alized Laplace operator in the 4D configuration space. The
angular part of the problem is then solved analytically using
elegant theorems involving hyperspherical harmonics in 4D
space [79,81]. For the radial part, we obtain the system of
coupled one-dimensional differential equations for the hyper-
radial functions that can be solved numerically. In a diagonal
approximation, for a particular form of interparticle inter-
actions, the system of coupled differential equations can be
solved analytically.

Due to the spherical symmetry of V (xi ) we employ hyper-
spherical coordinates in 4D configuration space to obtain a
solution of Eq. (7) for the trion. This allows us to separate
the radial and angular variables and reduce Eq. (7) for the
system of coupled one-dimensional radial equations. We in-
troduce in 4D space the hyperradius ρ =

√
x2

i + y2
i and a set

of three angles 	i ≡ (αi, ϕxi , ϕyi ), where ϕxi and ϕyi are the
polar angles for 2D Jacobi vectors xi and y j, respectively, and
αi is an angle defined as xi = ρ cos αi, yi = ρ sin αi. After
transforming from the Jacobi coordinates xi and yi to the
hyperspherical coordinates ρ and 	i, and using the familiar
expression for the Laplacian operator in the 4D configuration
space [79,81], Eq. (7) can be rewritten as[

− h̄2

2μ

(
∂2

∂2ρ
+ 3

ρ

∂

∂ρ
− K̂2(	i )

ρ2

)

+
3∑

j=1

V (ρ cos α j ) − E

]
�(ρ,	i ) = 0, (8)

where K̂2(	i ) is the angular part of the generalized Laplace
operator in 4D configuration space known as the grand-
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angular momentum operator [78,79,81]

K̂2(	i ) = d2

dα2
i

+ 2 cot 2αi
d

dαi
− l̂2(ϕxi )

cos αi
− l̂2(ϕyi )

sin αi
,

l̂ (ϕxi ) = −i
d

dϕxi

, l̂ (ϕyi ) = −i
d

dϕyi

, 	i ≡ (αi, x̂i, ŷi ).

(9)

We shall seek the common eigenfunctions of the operator
K̂2(	i ) and (8). One can expand the wave function of the trion
�(ρ,	i ) in terms of the HH that are the eigenfunctions of the
operator K̂2:

K̂2(	)
lxmxlymy

K (	) = K (K + 2)
lxmxlymy

K (	). (10)

The grand-angular momentum K = 2n + lx + ly, where lx and
ly are angular momenta corresponding to the Jacobi coordi-
nates x and y, respectively, and n � 0 is an integer number.
The eigenfunctions 


lxmxlymy

K (	) present a complete set of

the orthonormal basis. The function 

lx lyLM
K (	) ≡ 
L

Kλ(	)
(here and below we use the short-hand notation λ ≡ {lx, ly})
with the total orbital angular momentum of the trion L and
its projection M, is a linear combination of HH 


lxmxlymy

K (	),
given by


L
Kλ(	) =

∑
mxmy

〈lxmxlymy|LM〉
lxmxlymy

K (	), (11)

where 〈lxmxlymy|LM〉 are the Clebsch-Gordan coefficients.
The equation (11) is valid for each partition i for the Jacobi
coordinates. The 
L

Kλ(	) are also the eigenfunctions of the
operator K̂2. The expansion of �(ρ,	i ) in terms of 
L

Kλ(	)
reads

�(ρ,	i ) = ρ−3/2
∑

Kλ

uL
Kλ(ρ)
L

Kλ(	). (12)

In Eq. (12) uL
Kλ(ρ) are the hyperradial functions for the trion

state with the total orbital angular momentum L. By substi-
tuting (12) into (8), then multiplying on the left by 
L∗

Kλ(	i )
and integrating over the hyperangles, we separate the radial
and angular variables and obtain the set of coupled differential
equations for the hyperradial functions uL

Kλ(ρ):[
d2

dρ2
− (K + 1)2 − 1/4

ρ2
+ κ2

]
uL

Kλ(ρ)

= 2μ

h̄2

∑
K ′λ′

WL
KλK ′λ′ (ρ)uL

K ′λ′ (ρ). (13)

In Eq. (13) κ2 = 2μB/h̄2, where B is the trion binding energy,
and the effective potential energy WL

KλK ′λ′ (ρ) is

WL
KλK ′λ′ (ρ) =

∫

L∗

Kλ(	1)
3∑

j=1

V (ρ cos α j )

L
K ′λ′ (	1)d	1.

(14)
The coupled system of equations (13) describes the motion of
one particle in the centrally symmetric coupling effective field
(14). The coupling effective interaction (14) is defined via the
RK potential (2). Substituting (2) into Eq. (14), one obtains

WL
KλKλ′ (ρ) = πke2

2ερ0

{∫

L∗

Kλ(	1)

[
H0

(
x1

b jρ0

)
− Y0

(
x1

b jρ0

)]

L

K ′λ′ (	1)d	1

−
∫


L∗
Kλ(	1)

[
H0

(
x2

b jρ0

)
− Y0

(
x2

b jρ0

)]

L

K ′λ′ (	1)d	1

−
∫


L∗
Kλ(	1)

[
H0

(
x3

b jρ0

)
− Y0

(
x3

b jρ0

)]

L

K ′λ′ (	1)d	1

}
, (15)

where

b1 =
√

m2m3

(m2 + m3)μ
, b2 =

√
m1m3

(m1 + m3)μ
,

b3 =
√

m1m2

(m1 + m2)μ
, (16)

x1 = ρ cos α1, x2 = ρ cos α2, x3 = ρ cos α3;

d	i = cos αi sin αi dαidϕxi dϕyi . (17)

The X − and X + trions have two identical particles, two elec-
trons and two holes, respectively. Below we always assume
that indices 2 and 3 identify the identical particles. The total
wave function of the system is antisymmetric with respect
to the permutation of the identical particles. Calculation of
matrix elements WKλKλ′ (ρ) of the two-body V (ρ cos α j ) in-
teractions in the hyperspherical harmonics expansion method
for a three-body system is greatly simplified by using the

HH basis states appropriate for the partition corresponding
to the interacting pair. There are three terms in the integral
(15). From these three terms, it is relatively easy to calculate
only one term whose index of the xi coincides with the index
of the set of angles on which the hyperspherical functions

L

K ′λ′ (	i ) depend. In this case, the evaluation of the integrals
by the polar angles for the Jacobi vectors xi and yi can be
done analytically in a complete form using the properties of
hyperspherical harmonics. Direct calculations of the other two
terms are a challenging task. To simplify the calculations, it is
convenient to use a unitary transformation that involves the
Reynal-Revai coefficients (RRC) [82], which are the transfor-
mation coefficients between the HH bases corresponding to
the two partitions and give the relationship between the HH
defined on the two different sets of Jacobi coordinates. The
use of RRC becomes particularly essential for the numerical
solution of the three-body Schrődinger equation where the
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two-body potentials do not allow analytical integration by
the angles. The Reynal-Revai unitary transformation between
different bases of HH functions (transformation from the HH
basis for the partition k to the HH basis for the partition i) has
the following form:


L
Kλi

(	i ) =
∑
λk

〈λk|λi〉KL
L
Kλk

(	k ), (18)

where 〈λk|λi〉KL ≡ 〈lxk lyk |lxi lyi〉KL are Reynal-Revai coeffi-
cients. The Reynal-Revai unitary transformation does not
change the global momentum K and the total angular mo-
mentum L of the three-particle system. By using the unitary
transformation (18), Eq. (15) can be written in the following
form:

W L
KK ′ λλ′ (ρ) =

⎛⎝K(1)
KλK ′λ′ −

∑
λkλ

′
k

〈λk|λi〉KL〈λ′
k|λi〉K ′LK(2)

KλK ′λ′

−
∑
λ jλ

′
j

〈λ j |λi〉KL〈λ′
j |λi〉K ′LK(3)

KλK ′λ′

⎞⎟⎠, (19)

where

K(i)
KλK ′λ′ = πke2

2ερ0

∫

L∗

Kλ(	i )

[
H0

(
ρ cos αi

biρ0

)
−Y0

(
ρ cos αi

biρ0

)]
×
L

K ′λ′ (	i ) cos αi sin αi dαidϕxi dϕyi , i = 1, 2, 3.

(20)

Using the matrix elements of the effective potential energies
(20), one can solve the coupled differential equations (13) nu-
merically. However, one can obtain analytical solutions for the
trion in the diagonal approximation for a long- and short-range
approximations of the 2D screened charge-charge interactions
given by Eq. (3). The results of the approximate analytical
and numerical solutions of Eq. (13) are presented in the next
sections.

III. APPROXIMATE ANALYTICAL SOLUTIONS

The finding of the binding energy and wave function for
a trion requires the solution of the system of equations (13)
coupled via the potential energy (19). Many calculations in
atomic and nuclear physics that have been made within the
framework of the HH method use approximations for the so-
lution of the coupled differential equations for the hyperradial
functions. In this section, we obtain analytical solutions for
the trion in the diagonal approximation for both long- and
short-range approximations of the 2D screened charge-charge
interaction. In the diagonal approximation, the coupled differ-
ential equations (13) will be decoupled.

Let us consider the solution of Eq. (13) with the effective
potential energy (19) for the long- and short-range interac-
tions (3). The matrix elements (19) for a central potential
when K = K ′ and λ = λ′ (diagonal matrix elements) are much
larger than nondiagonal matrix elements and make the main
contribution to the binding energy. From the other side, if
one neglects the nondiagonal matrix elements, the differential
equations (13) will be decoupled. It is easier to solve de-
coupled equations numerically with much less computational

complexity. Moreover, for some central potentials, the diago-
nal approximation even allows to obtain an analytical solution
for the decoupled equations. Below we obtain analytical so-
lutions of Eq. (13) in the limits r � ρ0 and r � ρ0 for the
potentials (3) in the diagonal approximation.

A. Long-range limit: r � ρ0

Consider the long range r � ρ0 limit when the Keldysh
potential can be approximated by the Coulomb potential (3).
In this case, the effective potential energy (14) can be written
as

WL
KλK ′λ′ (ρ) = k

∫

L∗

Kλ(	1)

(
b1

x1
− b2

x2
− b3

x3

)

L

K ′λ′ (	1)d	1.

(21)
In Eq. (21) b1, b2, b3 and x1, x2, x3 are defined in Eqs. (16)
and (17), respectively. By using the Reynal-Revai unitary
transformation (18) for the fixed global momentum K and the
total angular momentum L, as well as Eq. (17), one can rewrite
(21) in the following form:

WL
KλK ′λ′ (ρ) = GL

KλK ′λ′

ρ
, (22)

where

GL
KλK ′λ′ = ke2

⎛⎝b1C (1)
KλK ′λ′ − b2

∑
λkλ

′
k

〈λk|λi〉KL〈λ′
k|λi〉K ′LC (2)

KλK ′λ′

− b3

∑
λ jλ

′
j

〈λ j |λi〉KL〈λ′
j |λi〉K ′LC (3)

KλK ′λ′

⎞⎟⎠ (23)

and

C (i)
KλK ′λ′ =

∫

L∗

Kλ(	i )

(
1

cos αi

)

L

K ′λ′ (	i )d	i, i = 1, 2, 3.

(24)
All integrals (24) can be evaluated in a closed analytic form
using the properties of HH [78,79,81] and the corresponding
expressions are presented in Appendix A.

Consider the diagonal approximation when K = K ′, λ =
λ′. The latter leads to the reduction of the system of equa-
tions (13) to a simpler form. In this case, the system of
equations (13) will be decoupled and reduced to the following
differential equation:[

d2

dρ2
− (K + 1)2 − 1/4

ρ2
+ κ2

]
uL

Kλ(ρ) = 2μ

h̄2

GL
KλKλ

ρ
uL

Kλ(ρ).

(25)
Equation (25) has the same dependence on the variable ρ

as the 3D radial Schrödinger equation for a hydrogen atom.
Following the standard procedure for the solution of the radial
Schrödinger equation for a hydrogen atom in 3D space [83],
which was generalized for 2D space [84–87], one can solve
Eq. (25) analytically and obtain eigenenergies and eigenfunc-
tions

E = − μ

h̄2

(
GL

KλKλ

)2

2(N + K + 3/2)2
, (26)

uK (ρ) = CKρK+3/2 exp(−κρ)L2K+2
N (2κρ), (27)
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where N = 1, 2, . . . , L2K+2
N is a Laguerre polynomial, CK

is a normalization constant and GL
KλKλ are defined by (23)

when K = K ′, λ = λ′. In this case, (23) becomes much more
compact.

B. Short-range limit: r � ρ0

Now let us consider a short-range limit r � ρ0 in which the
RK potential can be approximated by the logarithmic potential
(3). The logarithmic potential is very widely used as a quark
confinement potential in high energy physics. The solution of
the Schrödinger equation with the logarithmic potential is a
very complex problem. There are only almost complete solu-
tions of the Schrödinger equation for the logarithmic potential
[88–90]. In Ref. [39], a remarkable solution for the trion with
a logarithmic potential was obtained, but only for the case,
where the full Rytova-Keldysh effective potential is replaced
with a completely logarithmic form. Below, we consider the
logarithmic potential, which has a shift due to the asymptotic
approximation of the RK potential at r � ρ0, as it is seen
from Eq. (3). Using the corresponding Jacobi coordinates, the
effective potential energy (14) can be written as

WL
KλK ′λ′ (ρ) = ke2

ερ0

∫

L∗

Kλ(	1)

((
ln

x1

2b1ρ0
+ γ

)
−

(
ln

x2

2b2ρ0
+ γ

)
−

(
ln

x3

2b3ρ0
+ γ

))
×
L

K ′λ′ (	1)d	1, (28)

where b1, b2, b3, and x1, x2, x3 are defined in Eqs. (16) and
(17), respectively. The effective potential energy can be eval-
uated by employing the Reynal-Revai unitary transformation.
As a result, we have

WL
KλK ′λ′ (ρ) = − ke2

ερ0
ln

ρ

ρ0
+ B123 + J L

KλK ′λ′ , (29)

where

B123 = ke2

ερ0

(
ln

2b2b3

b1
− γ

)
, (30)

J L
KλK ′λ′ = ke2

ερ0

⎛⎝L(1)
KλK ′λ′ −

∑
λkλ

′
k

〈λk|λi〉KL〈λ′
k|λi〉KL L(2)

KλK ′λ′

−
∑
λ jλ

′
j

〈λ j |λi〉KL〈λ′
j |λi〉KLL(3)

KλK ′λ′

⎞⎟⎠. (31)

In Eq. (31), L(i)
KλK ′λ′ is defined as

L(i)
KλK ′λ′ =

∫

L∗

Kλ(	i ) ln cos αi

L
K ′λ′ (	i )d	i, i = 1, 2, 3,

(32)
and can be found in a closed analytic form for any KλK ′λ′
set and corresponding expression for (32) is presented in
Appendix B.

Substituting (29) into Eq. (13), one obtains the coupled
differential equations for the hyperradial functions uKλ(ρ) for
the trion in the asymptotic region r � ρ0. The latter system
of equations can be written in a diagonal approximation when

K = K ′ and λ = λ′, leading to the following equation:[
d2

dρ2
− (K + 1)2 − 1/4

ρ2
+ κ2

]
uL

Kλ(ρ)

= 2μ

h̄2

(
− ke2

ερ0
ln

ρ

ρ0
+ B123 + J L

KλKλ

)
uL

Kλ(ρ). (33)

Equation (33) can be rewritten in the following form:[
d2

dρ2
+

(
α − βlnρ − (K + 1)2 − 1/4

ρ2

)]
uL

Kλ(ρ) = 0.

(34)
Here we have defined

α = κ2(2μB/h̄2) + 2μ

h̄2

(
ke2

ερ0
ln ρ0 − B123 − JKλKλ

)
,

β = 2μ

h̄2

ke2

ερ0
. (35)

Note that J L
KλKλ is defined when K = K ′, λ = λ′. In this case,

Eq. (29) becomes much more compact.
One can find the approximate analytical solution of

Eq. (34) by rescaling the variable ρ and introducing a new
function that allows us to reduce Eq. (34) to the known We-
ber’s equation [91]. The reduction of Eq. (34) to the Weber’s
equation is given in Appendix C. The solution of this equa-
tion in a first approximation is simply the parabolic cylinder
functions Dn. The eigenvalues that correspond to these eigen-
functions are

E = − ke2

ερ0
ln ρ0 + B123 + JKλKλ + ke2

ερ0

{
1

+ ln

[
[n + 1/2 +

√
(n + 1/2)2 + (K + 2)2/16]2

β

]}
,

n = 0, 1, 2 . . . (36)

IV. APPLICATION TO TMDCS: RESULTS
AND DISCUSSION

We apply the present theoretical approach for calcula-
tions of the trion binding energies in the following TMDC
monolayers: MoS2, MoSe2, WS2, and WSe2. A schematic
representation of a trion in freestanding, supported, and en-
capsulated TMDC monolayers is given in Fig. 2. The form
of the trion wave function (12) is most general, not restricted
to any particular mass ratio of electrons and holes, and de-

FIG. 2. Schematic representation of the trion in (a) freestanding,
(b) supported, and (c) encapsulated TMDC monolayer. xi and yi are
Jacobi coordinates for the partition i.
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scribes the three-particle relative motion. However, two from
three particles constituting a positive or a negatively trion in
the monolayer plane must be identical, as shown in Fig. 2.
Two identical particles must have different spin and/or valley
indices and a trion is formed by the singlet or triplet excitons.
Therefore it can be in either a single or triplet state.

A. Intravalley and intervalley trions

Trions play an important role in the fundamental valley
dynamics in emerging two-dimensional semiconductor ma-
terials. Trions properties in 2D TMDC are associated with
their spin and valley degrees of freedom. The lack of inver-
sion symmetry, together with a strong spin-orbit coupling,
leads to a large valence band splitting in monolayer TMDCs
[77]. This splitting lifts the spin degeneracy of both elec-
tron and hole states in the K and K ′ valleys, enabling the
excitation of carriers with various combinations of spin and
valley indices. The valley degree of freedom has been vastly
explored in monolayers of molybdenum- and tungsten-based
dichalcogenides using helicity-resolved photoluminescence,
time-resolved photoluminescence, reflectance spectra and the
time-resolved Kerr rotation technique [8,9,13,93–102]. The
absolute minima of the conduction and absolute maxima of
the valence bands in TMDC monolayers are at two nonequiva-
lent hexagonal Brillouin zone corners of the K and K ′ valleys.
The inversion symmetry breaking with the spin-orbit inter-
action leads to the carrier spin and valley coupling so that
the circular polarization of the absorbed or emitted photon
can be directly associated with a specific valley, K or K ′
[77,96]. This valley contrasting optical selection rules allow
one to address and manipulate the valley index. Experimental
studies [93,94] show that each of the valleys can be excited
by radiation of given helicity. Having a valley index τ in
addition to spin, one can distinguish between two types of
trions: the intravalley and intervalley trions. Our theoretical
approach allows consideration of this degree of freedom. For
intravalley trions τ1 = τ2, while for intervalley trions τ1 �= τ2.
A symmetry analysis of the different X − and X + trion states,
classified by the valley configurations as well as the spin con-
figuration, is performed [21,28,39,52]. Depending on the spin
configuration of the electron-hole pairs, intravalley excitons of
TMDC monolayers can be either optically bright or dark. The
analysis [21,28,52,102] shows that the negative and positive
trions can be optically bright or dark. Experimental studies
[23,103] have revealed evidence of dark trions in monolayer
WSe2 under a strong in-plane magnetic field.

The atomic spin-orbit interaction in TMDC introduces
large spin-orbit splitting of the valence band, so that the low-
energy trions involve only the lowest hole states [104,105],
because in the K and K ′ valleys, the spin-orbit splitting of
the valence band is much larger than that of the conduction
band [77]. The developed theoretical formalism allows us
to consider a three-band model, consisting of a higher spin
branch of the valence band and both spin branches of the
conduction band. We consider only one possible hole spin
state at the topmost valence band in a given valley [104,105]:
spin up in the K valley and spin down in the K ′ valley.
However, because the spin-orbit interaction for electrons is
much smaller than the trion binding energy, one should take
for each electron four states coming from the spin and valley

degeneracy. The negative trions can be bright or dark. When
the electron and hole come from bands with the same elec-
tron spin, their recombination emits light. This is a bright
exciton. When the electron is in the bottom spin-orbit split
state, the spin of the electron and hole mismatch. The spin
mismatch strongly suppresses the radiative recombination of
the electron and hole. This is a dark exciton. In finite charge
density, bright and dark excitons can interact with the Fermi
sea to form bright and dark trions. Dark trions were predicted
in Refs. [43,44]. The intravalley X − trion in the spin-singlet
state, with both electrons and a hole in the same valley, is a
bright spin singlet trion [Fig. 3(a)]. The intervalley trions with
electrons in two different valleys can be bright [Figs. 3(b) and
3(c)] or dark [Figs. 3(d)–3(f)], depending on the spin of the
electrons state in the different valleys. Thus the intravalley
X − trion is in a spin singlet state, while the intervalley X −
trion can be in a spin singlet or spin triplet state. Consequently,
X − can be of both spin-forbidden and momentum-forbidden
types. The most intriguing feature is that in cross-circularly
polarized experiments, trions created in the K valley in the
singlet state [Fig. 3(a)] are converted to intervalley singlet
trions with an electron in the K ′ valley [Fig. 3(c)] via the spin
flip and electron-hole exchange interaction [18].

The positive trion is formed of two holes occupying the
topmost valence band subbands and the electron in conduction
band subbands is always the intervalley trion. X + is a bright
trion when the spin orientation of the electron and hole is the
same [Fig. 3(g)]. Otherwise, X + is dark trion [Fig. 3(h)].

The X − trion consists of two electrons of opposite spin in
the two conduction bands as well as one hole in the topmost
valence band. Consequently, the intravalley X − trion (τ1 = τ2)
must exist in the spin-singlet state, whereas the intervalley
X − trion (τ1 �= τ2) can exist in either the singlet or triplet
states. Intravalley X − trions have been shown to be optically
bright (radiative), provided that the spins of a paired electron
and hole differ. In contrast, intervalley X − trions in TMDC
monolayers such as the molybdenum- and tungsten-based
dichalcogenides have given rise to both optically bright and
dark spin-valley configurations; the resulting optical configu-
ration is contingent on the lone electron’s spin as well as its
occupation of either the outermost or innermost conduction
bands in the K ′ valley [23,28]. It is important to note that
for intravalley X − trions with identical electron masses, the
wave function antisymmetrization is performed with respect
to the spin states of the two electrons. However, if the two
intravalley electrons have unequal masses, calculations must
be performed in the context of a three-body problem.

In contrast, the X + trion, consists of two holes in the
outermost valence band of the K− and K ′−valleys as well
as an unpaired electron in either the innermost or outer-
most K−valley conduction subbands. By the Pauli exclusion
principle, the X + trion can only exist in the intervalley con-
figuration. It is important to note that for intervalley X +
trions, the wave function’s antisymmetrization is performed
with respect to the spin states of the two holes that have
identical masses. Interestingly, spectroscopic measurements
in MoS2 and MoSe2 monolayers confirm the presence of
X + spin splitting in the innermost and outermost K-valley
conduction subbands, giving rise to both optically bright and
dark configurations. This is in stark contrast to the X + trions in
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FIG. 3. Schematic illustration of WSe2 low-energy band structure and the spin-valley configurations of the constituent charge carriers. The
topmost spin-subband for the valence band and the lower and upper spin-orbit splitting conduction band are shown. Arrows denote bands with
up (down) spin. The hole has the opposite spin of the valence electron [92]. Light and dark rectangles indicate the bright and dark trions,
respectively. (a)–(f) correspond to X − trions. (g) and (h) correspond to X + trions. The bright trions emit circularly polarized light in the
out-of-monolayer plane direction, while the dark trions emit vertically polarized light in the in-monolayer plane direction [23]. Lines indicate
interaction between three charged particles. The remaining configurations are the time reversal of those shown in the figure.

monolayers such as WS2 and WSe2, neither of which permits
such overlapping of the K-valley conduction subbands. Such
overlapping, which is uniquely characteristic of positive and
negative trions in MoS2 and MoSe2, is attributed to differ-
ences in the effective masses of the conduction subbands
caused by the spin-orbit coupling [23,28].

B. Binding energies in short- and long-range limits

To calculate trion binding energies, one should solve the
system of coupled differential equations (13) with the RK
potential. The latter system includes the electron and hole
effective masses, a screening distance, and dielectric constants
of a supported or encapsulated material. In our theoretical
approach, all these characteristics are the input parameters.
In this sense, our approach has no fitting parameters. In our
calculations, we use the necessary parameters for the trions
that were calculated from first principles. The resulting bind-
ing energies of positive or negative trions in the monolayer
have a parametric dependence on the screening distance ρ0

and the electron, me, and hole, mh, effective masses. In our
calculations we use the effective masses from Ref. [1] that
are extracted from the low energy band structure obtained
in ab initio density functional theory calculations to describe
the dispersion of the valence and conduction bands at their
extrema. The screening length was calculated using the polar-
izability χ for TMDCs given in Ref. [33,104].

Before presenting the results for the trion binding energies
obtained by the numerical solution of the system of equa-
tions (13) with the potential (2), we calculate the binding
energies in both the long- and short-range limits within the
diagonal approximation for freestanding TMDC monolayers.
Calculations are performed using analytical expressions (26)
and (36), respectively, for the singlet state intravalley X −
trions formed in the K valley, and are shown in Table I.
For simplicity, in the binding energy calculation, we consider
the contribution of the term K = 0. The latter leads to the

reduction of the equations in the diagonal approximation to
only a single equation.

The examination of the results in Table I reveals that in the
short-range limit, r � ρ0, the binding energies are less than
experimental values for MoSe2, WS2 and WSe2. The binding
energy of X − in MoSe2 monolayer is also less than exper-
imental data reported in Ref. [12]. The same behaviors are
observed for the long-range limit, r � ρ0. However, results
with the logarithmic potential are always larger than those
with the Coulomb potential. It is worth noting that the binding
energies obtained for the short-range limit are in reasonable
agreement with calculations [39], in which trions were treated
as three logarithmically interacting particles. Thus analytical
expressions (26) and (36) provide reasonable estimates for
trion binding energies in TMDC monolayers.

C. Binding energies of X− and X+ trions

While we can obtain the analytical expressions for the
trion binding energy and wave functions in both the long- and
short-range limits within the diagonal approximation, it is im-
possible to solve the trion problem analytically when charged
carriers interact via the centrally symmetric RK potential. This
conclusion follows based on the Nikiforov-Uvarov approach
[106]: if there exists a class of transformations which allows
us to transform the three-body radial Schrödinger equa-
tion with potential (2) into an equation of the simpler form
F (r) d2u(r)

dr2 + f (r) du(r)
dr + ξu(r) = 0, where F (r) and f (r) are

polynomials of at most the second and the first degree, respec-
tively, and ξ is a constant, the corresponding equation can be
solved analytically within the theory of special functions. To
the best of our knowledge no one has found, at least by today,
such a transformation for the three-body radial Schrödinger
equation with RK potential (2). Noticing that the modified
Kratzer potential considered in Ref. [107] for excitons de-
scription can be used to calculate the binding energy of trions.
For the modified Kratzer potential, follow [87] and using the
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TABLE I. X − trion binding energies in meV in the short r � ρ0 and long r � ρ0 range limits. Calculations are performed in the diagonal
approximation, when K = 0 for the state (S, L) = (1/2,0) and with the electron and hole effective masses from Ref. [1]. m0 is the free electron
mass. The calculations are performed for freestanding monolayers. The data [39] are estimated using Fig. 1 from this work for the ratio me/mh

given in the Table.

Input parameters Theory, r � ρ Theory, r � ρ

me/m0 mh/m0 ρ0,
o
A This work [39] This work Experiment

MoS2 0.350 0.428 38.62 [104] 27.2 29–31 21.1 18 ± 1.5 [6], 30,32 [12]
MoSe2 0.38 0.44 51.71 [33] 25.3 29–31 21.3 30 [7,10]
WS2 0.27 0.32 37.89 [33] 29.1 28–30 22.5 30 [16], 45 [13]
WSe2 0.29 0.34 45.11 [33] 27.5 28–30 21.8 30 [8,9]

approach presented for the long-range limit, one can obtain in
the diagonal approximation the analytical expression for the
binding energy and wave function for trions in terms of the
Laguerre polynomials.

The system of coupled differential equations (13) for
the hyperradial functions uL

Kλ(ρ) are solved numerically. By
solving the system of equations (13) one finds the binding
energy as well as the corresponding hyperradial functions.
The latter allows one to construct the wave function (12).
The convergence of the binding energies for trions with re-
spect to the grand angular momentum K is given in Table II.
The relative convergence is checked as �B/B = [B(K + 2) −
B(K )]/B(K ), where B(K ) is the binding energy for the given
K . The analysis of the results in Table II shows that the rea-
sonable convergence is reached for Kmax = 12, so we limit our
considerations to this value. The dependence of hyperradial
wave functions on hyperradius ρ for a trion obtained in the
short-range limit (logarithmic potential) long-range limit (the
Coulomb potential), and for the Rytova-Keldysh potential are
shown in Fig. 4.

The results of our calculations for the binding energies
of the trions in freestanding, supported by dielectric SiO2,
and encapsulated by hBN MoS2, MoSe2, WS2, and WSe2

monolayers, are presented in Table III. The dielectric envi-
ronment of an atomically thin monolayer of TMDC affects
both the electronic band gap and the excitonic binding en-
ergy in the monolayer. In our calculations, the role of the
substrate and the encapsulation by hBN is considered through
the potential (2) with ε = (ε1 + ε2)/2, where ε1 and ε2 are
the dielectric constants of two materials that the TMDC layer
is surrounded by. More quantitative treatments of substrate
and heterostructure screening effects can be achieved with
the quantum electrostatic heterostructure approach developed
in Refs. [108,109]. In addition to the intrinsic dielectric re-

sponse of a monolayer TMDC and its electronic environment,
a number of other potential sources of screening should be
considered for a fully quantitative theory [49,108]. However,
even in our simple approach one finds a strong dependence
of the binding energy on whether the TMDC monolayer is
freestanding in air, supported on SiO2, or encapsulated in the
hexagonal boron-nitride.

The masses of electrons and holes in TMDC materials are
of similar but not the same magnitude. Following ab initio
calculations [1], the effective masses of electrons and holes
are different in the K and K ′ valleys. The effect of the different
electron masses in the K and K ′ valleys on the binding energy
of the trion was studied in Ref. [110]. At this point, intervalley
X − in tungsten-based compounds is unique because its elec-
trons have different masses: one electron comes from the top
spin split of the conduction band of one valley, while the sec-
ond electron comes from the other valley [21,111,112]. The
difference of electron masses breaks the symmetry of the wave
function and leads to the change in the binding energy due
to the following: the X − wave function is not antisymmetric
with respect to the permutation of two electrons; the binding
energy increases or decreases depending on the added excess
electron mass. These differences are consequential since the
binding energy of the trion is enhanced/suppressed when the
added charge is heavier/lighter than the one with the same
charge in the neutral exciton (recall that the trion binding
energy is measured with respect to that of the exciton) [110].
As an example, we consider WSe2 monolayer with the ef-
fective electron mass me = 0.29/m0 in one and me = 0.4/m0

in the other valley, while the hole mass in the top valence
band mh = 0.34/m0 is less than the mass of the added excess
electron mass. The effect of different electron masses from K
and K ′ valleys on the probability density distribution for the
intervalley and intravalley electron-hole pair is demonstrated

TABLE II. Convergence of binding energies for the freestanding bright X − trion in meV. The electron and hole effective masses are taken
from Ref. [1].

TMDC K = 0 K = 0, 2 K = 0, 2, 4 K = 0, 2, 4, 6 K = 0, 2, 4, 6, 8 K = 0, 2, 4, 6, 8, 10

Binding energy, meV
MoS2 28.8 29.9 31.9 32.6 32.78 32.80
MoSe2 24.5 26.6 26.9 27.4 27.6 27.6
WS2 30.1 32.3 32.6 32.8 33.0 33.1
WSe2 24.5 25.5 27.2 27.8 28.2 28.3
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FIG. 4. Dependence of the hyperradial wave function on hy-
perradius ρ for the logarithmic, Coulomb, and Rytova-Keldysh
potentials.

in Fig. 5. We calculate a probability distribution for three
particles that form a trion. In Fig. 6(a), interparticle radial
probability distributions for intravalley and intervalley X − tri-
ons are shown. The difference in the probability distribution is
related to the difference of the effective masses of electrons in
K and K ′ and the symmetry of trion wave function in different
valleys: the singlet state X − trion [Fig. 6(a), solid curve] wave
function is antisymmetric with respect to the permutation of
two electrons in the K valley, while for the singlet state X −
intervalley trion [Fig. 6(a), dotted curve] with different effec-
tive electron masses in the K and K ′ valleys, the symmetry
of the wave function is broken. In Figs. 6(b) and 6(c), the
dependence of the probability distribution of three particles
on the hyperradius ρ and the electron and hole masses ratio
is shown. With the increase of the ratio me/mh, the particles
become more compact localized and, hence, more strongly
bound.

We calculate the binding energies of trions when elec-
trons in K and K ′ valleys have different effective masses.
Let us consider dark X − and X + trions in the spin-valley
configuration shown in Figs. 3(e) and 3(h), respectively.
In Ref. [23], observed both the positive and negative dark
trions in WSe2 under continuous electrostatic gating. The dark
trions can be tuned continuously between X − and X + trions
with electrostatic gating [23]. The bright trions have a higher
energy in the range of 21–35 meV. Compared to bright trions,
dark trions in WSe2 have smaller, but still sizable, binding

(nm)

n
m

FIG. 5. Probability density distribution for the intervalley and
intravalley electron-hole pair.

energies 14–16 meV [23]. The authors reveal the spin-triplet
configuration and distinct valley optical emission of dark
trions by their characteristic Zeeman splitting under a mag-
netic field. Our calculations for the boron nitride-encapsulated
X − spin-triplet configuration [Fig. 3(e)] reveals the binding
energy 15.6 meV. For the dark spin-singlet X + [Fig. 3(h)],
we obtained 14.2 meV. These results match the theoretical
prediction (15 meV) [43] and the reported experimental value.

The analysis of binding energies will help us to under-
stand the energy difference between the binding energies
of positive and negative trions in molybdenum-based and
tungsten-based TMDCs. As we mentioned above, in the case
when electrons are from different valleys, the wave func-
tion of the intravalley X − trion has no symmetry and should
not be antisymmetric with respect to the permutation of two
electrons. Results of calculations for the binding energy of
freestanding, SiO2-supported, and hBN-encapsulated mono-
layer WSe2 intervalley X − and X + are presented in Table IV.
For a comparison, the same Table presents binding energies
for the intravalley X − and intervalley X + trions formed with
electrons from the K and K ′ valleys, respectively. The anal-
ysis of the results leads to the following conclusions: (i) the
binding energies of X − and X + trions with electrons from
the K valley are always smaller, (ii) the binding energy of the
X − trion in the state L = 1 and S = 3/2 with electrons from

TABLE III. X − and X + bright trions binding energies in meV in the freestanding, SiO2 - supported, and hBN - encapsulated TMDC
monolayers. The electron and hole effective masses are taken from Ref. [1]. Effective masses of electrons from K and K ′ valleys are the same.
m0 is the free electron mass.

Input parameters Suspended Supported Encapsulated

me/m0 mh/m0 ρ0,
o
A X − X + X − X −

MoS2 0.350 0.428 38.62 [104] 32.80 33.2 25.1 23.3
MoSe2 0.38 0.44 51.71 [33] 27.6 28.8 20.2 18.4
WS2 0.27 0.32 37.89 [33] 33.1 33.2 25.6 22.4
WSe2 0.29 0.34 45.11 [33] 28.6 28.9 21.4 18.2
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FIG. 6. (a) Radial probability distribution for fixed me/mh ratio. [(b)and (c)] Dependence of the probability distribution of three particles
on hyperradius ρ and me/mh ratio.

the K and K ′ valleys is the smallest, and (iii) the screening
substantially decreases the binding energies of both the X −
and X + trions. To understand these patterns, for simplicity,
consider the analytical expression for the ground state energy

(26) in the diagonal approximation, which allows us to obtain
a physically transparent picture of the dependence of the trion
binding energy on the effective masses of constituent quasi-
particles. One can see the explicit dependence of the energy

TABLE IV. The binding energy of intervalley X − and X + freestanding, supported by SiO2 dielectric and encapsulated by hBN in the
monolayer WSe2.

Binding energy of X − and X + trions in WSe2, meV

Freestanding Supported Encapsulated

Intravalley, singlet state, L = 0, S = 1/2
X −, K valley electrons 28.6 21.4 18.2
X −, K ′ valley electrons 38.7 34.6 29.4

Intervalley, singlet state, L = 0, S = 1/2
X +, K valley electron 28.9 22.9 19.8
X +, K ′ valley electron 29.4 24.5 21.6

Intervalley, triplet state, L = 1, S = 3/2
X −, K, K ′ valley electrons 26.3 20.1 18.7
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on the three-particle effective mass μ given by Eq. (26). The
increase of μ leads to the increase of the binding energy of the
trion. The larger binding energies of X − and X + trions formed
with electrons from the K ′ valley is due to the larger their
three-particle effective mass. The decrease of the X − binding
energy in the state L = 1 and S = 3/2 is due to the centrifugal
repulsion and different three-particle effective mass obtained
with the masses of K and K ′ valley electrons.

Results of our calculations show the strong correlation
between binding energies of X − and X + trions and the con-
stituent masses: more massive holes correspond to larger
binding energies of X + trions. The binding energy of inter-
valley X − is larger than that of X + trions if the mass of one of
the valley electrons me > mh.

V. CONCLUSIONS

We develop the theoretical formalism and study the for-
mation of valley trions in two-dimensional materials within
the framework of a nonrelativistic potential model using
the method of hyperspherical harmonics in four-dimensional
space. We solve the three-body Schrödinger equation with the
Rytova-Keldysh potential by expanding the wave functions
of a trion in terms of the HH. The antisymmetrization of the
wave functions of X − and X + trions is based on the electron
and hole spins and valley indices, in case of two identical
electrons or two identical holes. In the case of X −, when the
two intravalley electrons could have unequal masses, calcula-
tions are performed by solving the Schrödinger equation for
three indistinguishable particles. We applied our theoretical
approach to trions in TMDC and demonstrated that the pro-
posed theory is capable of describing trions in TMDCs

We considered the long-range approximation when the
RK potential can be approximated by the Coulomb potential
and the short-range limit when this potential is approximated
by the logarithmic potential. In the diagonal approximation
in both limits, the system of differential equations for the
hyperradial functions is decoupled. Our approach yields the
analytical solution for binding energies of trions in the diago-
nal approximation for these two limiting cases - the Coulomb
and logarithmic potentials. We obtained the exact analyti-

cal expressions for eigenvalues and eigenfunctions for X −
and X + trions. The corresponding energies can be consid-
ered as the lower and upper limits for the trion binding
energies.

The system of coupled differential equations for the hyper-
radial functions uL

Kλ(ρ) can be solved efficiently with fairly
accurate results. In our approach, results for the binding en-
ergies depend on input parameters and spin-valley symmetry
description of X − and X + trions. On one hand, the differ-
ence in binding energy between X + and X − is related to the
effective masses of the electrons and hole. On the other hand,
spin-valley quantum numbers combination. The latter leads to
the existence of bright and dark trions. The binding energies of
dark trions are less than binding energies of the bright trions.

Let us note that different methods of calculations of the
electron and hole masses give slightly different effective
masses. Thus, in our approach, where the effective electron
and hole masses are input parameters, we show that trion
binding energies are sensitive to these parameters and depend
on the wave function symmetry. Results of our calculations
show the strong correlation between binding energies of X −
and X + trions and the electron and hole masses. The more
massive holes correspond to larger binding energies of X +
trions. When the mass of one of electrons form one valley
me > mh, the binding energy of intervalley X − is larger than
that of X +. Results of numerical calculations for the ground
state energies are in good agreement with similar calculations
for the Rytova-Keldysh potential and in fair agreement with
the reported experimental measurements for trion binding en-
ergies.

As mentioned in the introduction, there have been many
other methods to calculate the trion binding energy. All these
methods are quite powerful to study trions and give close re-
sults for binding energies, which are in reasonable agreement
with experimental measurements. The HH formalism yields
the analytical solution for binding energy and wave func-
tion of trions in the diagonal approximation for the Coulomb
and logarithmic potentials, allows direct access to the wave
functions, and explicit analysis of the dependence of X − and
X + binding energies on the effective masses of constituent
particles.

APPENDIX A: EVALUATION OF THE GL
KλK′λ′ FOR THE COULOMB POTENTIAL

For the Coulomb potential the GL
KλK ′λ′ can be evaluated analytically. Let us write (23) using the corresponding set of 	i ≡

(αi, x̂i, ŷi ) angles

GL
KλK ′λ′ = ke2

{
b1

∫

L∗

Kλ(	i )

(
1

cos α1

)

L′

K ′λ′ (	1)d	1 − b2

∑
λkλ

′
k

〈λk|λi〉KL〈λ′
k|λi〉KL

∫

L∗

Kλ(	2)

(
1

cos α2

)

L′

K ′λ′ (	2)d	2

− b3

∑
λ jλ

′
j

〈λ j |λi〉KL〈λ′
j |λi〉KL

∫

L∗

Kλ(	3)

(
1

cos α3

)

L′

K ′λ′ (	3)d	3

}
. (A1)

The values of all integrals in (A1) are the same and for the integral (24) we finally obtain

C (i)
KλK ′λ′ =

∫

L∗

Kλ(	)

(
1

cos α

)

L′

K ′λ′ (	)d	 =
∫


L∗
Kλ(	)

(
1

cos α

)

L′

K ′λ′ (	) cos α sin αdαdϕxdϕy

= 1

2
N {l}

K N {l ′}
K ′ δl1l2δl ′1l ′2δLL′δMM ′�(n + l1 + 1/2)�(n + l2 + 1/2)�(n′ + l1 + 1/2)�(n′ + l2 + 1/2)
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×
n∑

σ=0

n′∑
σ ′=0

{
(−1)n−δ

�(σ + 1/2)�(σ + l1 + 1/2)�(n − σ + l2 + 1/2)�(n − σ + 1)

× (−1)n′−δ′

�(σ ′ + 1/2)�(σ ′ + l1 + 1/2)�(n′ − σ ′ + l2 + 1/2)�(n′ − σ ′ + 1)

×B[l1 + σ + σ ′ + 1, l2 + (n + n′) − (σ + σ ′) + 1/2]

}
, (A2)

with � and B indicating the standard Gamma and Beta functions [73,74], respectively, n = (K − l1 − l2)/2, and n′ = (K ′ − l ′
1 −

l ′
2)/2.

APPENDIX B: EVALUATION OF THE L(i)
KλK′λ′ FOR THE LOGARITHMIC POTENTIAL

Let us consider the evaluation of L(i)
KλK ′λ′ defined in Eq. (32)

L(i)
KλK ′λ′ =

∫

L∗

Kλ(	i ) ln cos α
L′
K ′λ′ (	)d	 =

∫

L∗

Kλ(	) ln cos α
L′
K ′λ′ (	) cos α sin αdαdϕxdϕy

= 1

4
N {l}

K N {l ′}
K ′ δl1l2δl ′1l ′2δLL′δMM ′

n∑
σ=0

n′∑
σ ′=0

{(
σ + l1

σ

)(
σ + l2
n − σ

)(
σ ′ + l ′

1

σ ′

)(
σ + l ′

2

n′ − σ ′

)
×H[1/2σ l1 + l ′

1 + σ ′] − H[1/2(3 − 2σ + 2n + σ l1 + l2 + l ′
1 − 2(−1 + l ′

2σ
′ + 2l ′

2n′]

×�(σ + σ l1 + 1/2l ′
1 + σ ′)�(3/2 − σ + n + 1/2l2 + l ′

2(n′ − σ ′)
�(2σ ′ + n + 1/2l2 + σ l1 + 1/2l ′

1 + l ′
2(σ − n′) + 3/2))

}
, (B1)

where H[z] is a Harmonic number.

APPENDIX C: REDUCTION OF Eq. (34)
TO THE WEBER’S EQUATION

The logarithmic potential is widely used as a quark con-
finement potential in high energy physics with applications to
elementary particle spectroscopy. There is no known complete
analytical solution of the Schrödinger equation for a logarith-
mic potential. However, there is known an almost complete
solution of the Schrödinger equation for a logarithmic poten-
tial [88–90]. Following the methodology [89] by the rescaling
of variable ρ and introducing a new function, one can reduce
(34) to the equation for the parabolic cylinder function known
Weber’s equation [91]. Let us rescale variable ρ by introduc-
ing the new variable z as

ρ = ez−α/β, (−∞ < z < ∞) (C1)

and set the solution of Eq. (34) in the form

uKλ = ez−α/β
(z). (C2)

Using (C1) and (C2) one can rewrite (34) in the following
form:

d2
(z)

dZ2
+ [−�2 + V (z)]
(z) = 0, (C3)

where �2 = (K + 1)2 and

V (z) = −zβe2α/β+2z. (C4)

The function V (z) is twice differentiable at a stationary point
z0. Finding the existence of eigenvalues for differential equa-
tions is a boundary value problem: −�2 + V (z) must be
positive and in the vicinity of the maximum value of V (z),
where −�2 + V (z) > 0 Eq. ( (C3)) leads to an oscillatory
type solution. Let us find the value of z = z0 for which V (z)

has a maximum. In the vicinity of this maximum, −�2 + V (z)
can become positive. The condition for the derivative dV (z)

dz =
0 and d2V (z)

dz2 |z=z0 < 0 yields the value z0 = − 1
2 . Expanding

V (z) in a Taylor series in the neighborhood of the maximum
at z0, we obtain in the first order with respect to (z − z0)2

V (z) = V (z0) + z − z0

2!
V ′′(z0) + . . . , (C5)

where

V ′′(z0) = −4βe
2α/β+2z0 (1 + z0). (C6)

Let’s set the new variable

w = S(z − z0), where S = 4

√
4βe(2α−β )/β

. (C7)

Applying (C7) to (C3), we have[
d2
(z)

dw2
+ −�2 + 1/8S4

S2
− 1

4
w2

]

(w)

=
∞∑

i=3

(i − 1)2i−3

i!

wi

si−2

(w). (C8)

Neglecting the right side in the latter equation, we obtain[
d2
(z)

dw2
+ −�2 + 1/8S4

S2
− 1

4
w2

]

(w) = 0. (C9)

The eigenvalues and eigenfunctions for the a boundary value
problem for Eq. ( (C9)) with the vanishing wave function at
infinity can be obtained by comparing this equation with the
equation for the parabolic cylinder functions. This comparison
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requires that the solution of (C9) be square-integrable only if

−�2 + 1/8S4

S2
= (2n + 1)

2
, n = 0, 1, 2 . . . (C10)

Equation (C10) can be reduced to the following biquadratic
equation

S4 − 4(2n + 1)S2 − 8�2 = 0, n = 0, 1, 2 . . . (C11)

with solution

S2 = 2(2n + 1) + 2[(2n + 1)2 + 2�2]1/2. (C12)

After substituting (C7) into Eq. (C12), we get

2βe
(2α−β )/2β = 4((2n + 1) + [(2n + 1)2 + 2�2]1/2)2. (C13)

Therefore

βe
(2α−β )/2β = 2((2n + 1) + [(2n + 1)2 + 2�2]1/2)2, (C14)

lnβ + lne
(2α−β )/2β = 2ln2((2n + 1) + [(2n + 1)2 + 2�2]1/2),

(C15)

or finally

α = ln2((2n + 1) + [(2n + 1)2 + 2�2]1/2) − lnβ + β

2
.

(C16)
Thus

κ2 = ln2((2n + 1) + [(2n + 1)2 + 2�2]1/2)

− lnβ + β

2
+ 2μ

h̄2

(
− ke2

ερ0
ln ρ0 + B123 + JKλKλ

)
.

(C17)

The eigenfunctions that correspond to these eigenvalues are


 = Dn(w) = 2(n−1)/2e−w2/4F

(
1 − n

2
,

3

2
,
w2

2

)
, (C18)

where w is defined by Eq. (C7) and F ( 1−n
2 , 3

2 , w2

2 ) is a conflu-
ent hypergeometric function.
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