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Intense high-order harmonic generation in the giant fullerene molecule C,4
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In this work the extreme nonlinear optical response of the giant fullerene molecule Cyy in strong laser field
is studied. The investigation of high-order harmonic generation in such quantum nanostructure is presented
modeling the C,49 molecule and its interaction with the laser field in the scope of the tight-binding mean-field
approach. The electron-electron interaction is modeled by the parametrized Ohno potential, which takes into
account long-range Coulomb interaction. The essential role of the many-body Coulomb interaction in determin-
ing harmonic intensities is demonstrated. We also consider vacancy-defected molecule C,49. The presence of
a single vacancy breaks the icosahedral symmetry leading to the emergence of intense even-order harmonics.
We examine the dependence of moderate harmonics on laser frequency that shows the multiphoton resonant
nature of high harmonics generation. The dependence of cutoff harmonics on both laser intensity and frequency

is examined too.
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I. INTRODUCTION

Intense light interaction with nanostructures can excite
the electrons of the system through multiphoton channels,
leading to extreme nonequilibrium states [1]. The excited
electrons subsequently emit coherent electromagnetic radi-
ation, encompassing tens to hundreds of harmonics of the
incident light [2,3]. This fundamental process in intense laser-
matter interaction is known as the high harmonic generation
(HHG) phenomenon [4,5]. In atoms, HHG has been widely
used to produce coherent extreme ultraviolet radiation, allow-
ing access to the extreme time resolution of the underlying
quantum processes and enabling attosecond physics [6,7].
Among the diverse range of nanostructured materials suitable
for nonlinear extreme optical applications, carbon allotropes
hold a central position [8,9]. One of the carbon allotropes is
fullerenes [10], which are large molecules formed by closing
a graphite sheet, where the required curvature is achieved
by incorporating twelve pentagons among a given number
of graphene hexagons. The most well-known fullerene is the
buckminsterfullerene Cgp [11], which possesses icosahedral
symmetry. The discovery of fullerene Cg through laser evap-
oration of graphite has triggered the study of many other
fullerene molecules. Larger fullerenes, often referred to as
giant fullerenes, can also be constructed with icosahedral
symmetry [12]. These large fullerenes can be visualized as
cut-out pieces of graphene that are folded into an icosahedron.
Consequently, they exhibit similar properties to graphene [13]
or graphene quantum dots [14], while remaining stable due
to their closed topological structure. Note that in a contin-
uous limit Cgy and related molecules are well described by
the Dirac equation in the curved space and in the field of
a monopole [15,16]. Giant or large fullerenes have been the
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subject of active research since the 1990s. For a more com-
prehensive overview, we refer the reader to Refs. [17-23]
for earlier studies and Refs. [24-30] for more recent
investigations.

In the field of HHG, enhancing conversion efficiency is
of utmost importance. This efficiency strongly relies on the
density of emitters and the density of states of these emit-
ters. To this end, molecular systems, clusters, and crystals
have shown potential in significantly increasing harmonic
intensity compared to atomic systems, as they can exploit
multiple excitation channels [31-33]. As a result, there has
been a growing interest in extending HHG to carbon-based
materials, such as semimetallic graphene [34-50], graphene
quantum dots [51-54], and fullerenes [55-66]. Experimental
studies, namely Refs. [59,60], have reported a robust har-
monic signal from Cg plasma. Additionally, theoretical works
have predicted strong HHG from both Cgy [56,57,65,60]
and C79 molecules [65] and solid Cgy [64]. Notably, the in-
crease in conducting electrons in fullerene molecules leads
to a subsequent rise in density of states, thereby opening
up new channels that can amplify the HHG signal. Con-
sequently, exploring the HHG process in giant fullerenes
becomes a compelling area of interest. With the increasing
fullerene size, the molecules are subject to various types
of defects. Therefore, investigating the impact of defects on
HHG in large fullerenes holds significance. Recent research
involves effects of disorder, impurities, and vacancies on
HHG in solids [67-75]. These studies have revealed that an
imperfect lattice can enhance HHG compared to a perfect
lattice, especially when considering doping-type impurities
or disorders. For Cgy and Cgg, it has been shown that both
diagonal and off-diagonal disorders break inversion symme-
try, lift the degeneracy of states, and create new channels
for interband transitions, resulting in enhanced high harmonic
emission [66]. This raises intriguing questions about how va-
cancies specifically affect the HHG spectra in large fullerenes.

©2024 American Physical Society
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FIG. 1. The top and bottom panels represent C,4 fullerene and C,49 with a monovacancy, respectively. For brevity for refer to the latter as
Ca39. Within each row, the following visualizations are presented from left to right: electron probability density corresponding to the highest
energy level in the valence band on the 3D color mapped molecular structures and the density of states. In DoS (arbitrary units) the Dirac delta
function is approximated by a narrow Gaussian function. The obtained results are then normalized to the maximum value of the DoS for C,yp.

Vacancies can occur naturally or be introduced in fullerenes
through laser or ion/electron irradiation [76,77]. Taking
into account that vacancy defects introduce localized elec-
tronic states [78] and the HHG process is highly sensitive
to electron wave functions, we can expect new effects
in the HHG process at consideration of vacancy-defected
fullerenes.

In this study, we present a microscopic theory that explores
the extreme nonlinear interaction of normal and single-
vacancy-defected fullerene Cy49 with strong electromagnetic
radiation. Particularly, we consider coherent interaction with
a linearly polarized electromagnetic radiation taking into ac-
count collective electron-electron interactions. Employing the
dynamical Hartree-Fock approximation, we reveal the general
and basal structure of the HHG spectrum and its relation to
molecular excitations and icosahedral symmetry breaking of
giant molecules.

The paper is organized as follows. In Sec. II, the model and
the basic equations are formulated. In Sec. III, we present the
main results. Finally, conclusions are given in Sec. I'V.

II. THE MODEL AND THEORETICAL APPROACH

We start by describing the model and theoretical approach.
Fullerene molecule Cy4o and Cy49 with a monovacancy are
assumed to interact with a midinfrared or visible laser pulse
that excites electron coherent dynamics. For brevity we refer
to the vacancy-defected Cp49 molecule as C,39. The schematic
structure of these fullerene molecules is deployed in Fig. 1.
We assume a neutral molecule, which will be described in the
scope of the tight-binding (TB) theory. The electron-electron
interaction (EEI) is described in the extended Hubbard

approximation [65,79,80]. Hence, the total Hamiltonian reads
H = Hy + Hin, (1)
where

H() = Z&)CLC,‘U

— Y tijchcio
i,o (i,))o

+%§nianﬁ+%izjvijninj (2)

is the free fullerene Hamiltonian. Here clTU creates an electron

with spin polarization o = {1, |} atsite i (¢ is the opposite to
o spin polarization), and (i, j) runs over all the first nearest-
neighbor hopping sites with the hopping integral #;; between
the nearest-neighbor atoms at positions r; and r;. The quantity
& is the average energy of the nonhybridized carbon orbitals
[81]. The density operator is n;; = cj;,c,-(,, and the total elec-
tron density for the site i is n; = n;y + n;,. The second and
third terms in Eq. (2) describe the EEI Hamiltonian, with
the parameters U and Vj; representing the on-site and the
long-range Coulomb interactions, respectively. The involved
molecules contain single and double carbon bonds, for which
model Hamiltonian (2) has been parametrized extensively
over the years. The input Cartesian coordinates for Cpyg are
obtained from the Yoshida database [82]. In the present pa-
per, as a first approximation, monovacancy is simulated by
removing one carbon atom. The initial structures are further
optimized with the help of the IQmol program [83]. Hence,
in the vicinity of the vacancy the bond lengths are changed.
There is also a scenario where the structure undergoes a bond
reconstruction in the vicinity of the vacancy [84]. In either
case, a local distortion of the lattice takes place resulting
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in states that are strongly localized around defects [85,86].
For the one-electron hopping matrix elements, which in this
work have been restricted to the nearest neighbors, we use
values close to the graphene hopping matrix elements. The
common choice of hopping matrix element is ty = 2.7 eV,
corresponding to the C-C bond length of dy = 1.42 A, while
for shorter or longer bonds, its value is extrapolated using
the linear relationship #;; = #o + a(dy — |r; — r;|), with a =
3.5eV/A being the electron-phonon coupling constant. The

EEI is modeled by the Ohno potential [87]:
Vij = # 3)

1 U2|r,-7r,-|2
+ ez

where V means the strength of the long-range Coulomb in-
teraction, and d,, is the average bond length. Depending on
the screening effects a popular choice of parameters for the
Coulomb interactions is 0 < U < 4t and V = 0.5U [80,88].
The light-matter interaction is described in the length

gauge
Hy =€ r;-E(t)c),cio. )

where E(r) = f(¢)Eo€ cos wt is the electric field strength, with
the amplitude Ey, frequency w, polarization € unit vector, and
pulse envelope f(¢) = sin?(7r¢/7). The pulse duration 7 is
taken to be 10 wave cycles: 7 = 207 /w. From the Heisen-
berg equation under the Hartree-Fock approximation one can
obtain evolutionary equations for the single-particle density
matrix pl.(;’) = (c;acw) [65]:
2@
lha_ltj = Z (fkjap[(/:) - tikaplg{;')) + (Vio - de ):0,(7)
k

+ eE()(x; —x)p) —ihy (o — o). (5)

where V;; and 7;j, are defined via density matrix pl.(;’) and its
initial value:

Ve = > V(0% = o) +U (0 = 05)). (©
ja

Tijo = Lij + Vij (PJ(-?) - ,0(()[;;)). N

In addition, we assumed that the system relaxes at a rate y
to the equilibrium pé‘l.’].) distribution. As we see, due to the
mean field modification hopping integrals (7) become nonzero
between the remote nodes, irrespective of the distance.

III. RESULTS

Now we discuss full numerical solution of the evolutionary
equations for the single-particle density matrix (5) and to
get more physical insight, we study the question of which
effects can be already observed in a linear regime of inter-
action. The time propagation of Eq. (5) is performed by the
8-order Runge-Kutta algorithm. As an initial density matrix
we take a fully occupied valence band and a completely
empty conduction band. To study the HHG process in the
giant fullerene molecule we evaluate the high-harmonic spec-
trum by Fourier transformation of the dipole acceleration,

a(t) = d?d(t)/dt?, where the dipole momentum is defined as
dit) = ey, ripy (1),

-
a(Q) = / a()e MW (t)dt,
0

and W(¢) is the window function to suppress small fluctua-
tions [89] at the beginning and at the end of interaction to
decrease the overall background (noise level) of the harmonic
signal. We employ a hyper-Gaussian window function

W (t) = exp{—[aw(t — 0.5T)]'}

with constant a = 0.036 to ensure a flat window through-
out the entire interaction time. To capture a characteristic
interaction dynamics that is independent of the molecule’s
orientation concerning laser polarization, we adopt the wave
polarization unit vector as & = (1/+/3, 1/4/3, 1/4/3), except
for Fig. 11. For convenience, we normalize the dipole ac-
celeration by the factor ap = ew?d, where @ = 1 eV/h and
d=1A.The power radiated at the given frequency is pro-
portional to |a($2)|.

We begin by examining electronic structures of considered
systems and the effect of vacancy on the states near the Fermi
level. In Fig. 1, we illustrate electron probability density cor-
responding to the highest energy level in the valence band
on the 3D color mapped molecular structures and density
of states DoS = )", 8(&, — &) for considered molecules. For
DoS & is taken as the energetic reference. As is seen from this
figure, for a vacancy-defected case we see the emergence of
state near the Fermi level which is strongly localized around
the vacancy. The DoS for Cyig is somewhat suppressed,
which is the result of breaking the icosahedral symmetry
and lifting the degeneracy of states. To calculate the energies
of the highest occupied molecular orbital (HOMO) and the
lowest unoccupied molecular orbital (LUMO) we need &.
To establish a reference point, we define & using Cgp as
a benchmark molecule, benefiting from its well-documented
theoretical and experimental data. The first ionization energy
I, of neutral Cgy has been estimated through electronic struc-
ture calculations, yielding a range of 7.35 to 9.1 eV [90-92].
Alternatively, an experimental value of [, = 7.6 eV is well
established [93], which will be adopted in this paper. Using
Koopman’s theorem [94] and considering that the highest
valence band TB level for Cgq is & — 1.6 eV, we can read-
ily obtain & = —6 eV. Thus, our calculations show that for
the Cyy0 Eomo = —7.2 €V, and the LUMO is at & ymo =
—5.83 eV. The HOMO-LUMO gap is 1.37 eV, which is in
good agreement with data predicted in Refs. [95,96]. The
next orbital where the dipole-allowed transition from HOMO
is possible is at & ymo+1 = —5.65 eV. For the Cy39 these
parameters are Egomo = —6.2 eV, ELuymo = —5.83 eV, and
ELumo+1 = —5.65 eV. That is, the first dipole-allowed transi-
tion gap for Cp39 is reduced. According to Koopman’s theorem
the ionization potential for both molecules can be estimated
as —&nomo. It is worth noting that at the TB level of theory,
the results are independent of &. However, for the validity of
the obtained results, the pump field intensity should be kept
sufficiently small to neglect ionization channels. Specifically,
the ponderomotive energy U, [97] for the considered laser
fields must be much smaller than the ionization potential. In
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FIG. 2. The top and bottom panels represent Cpgo and Cssg,
respectively. We show intrinsic molecular excitations (linear ab-
sorption spectra) via the normalized dipole acceleration Fourier
transformation (in arbitrary units), for Coulomb interaction turned on
and off. The vertical dashed lines demarcate transitions responsible
for n-photon resonant HHG, which will be considered regarding
Figs. 5 and 6.

this paper, the maximal value of U, is less than fiw, and /i
is significantly smaller than the ionization potential for the
considered laser fields.

The intrinsic molecular excitations can be discerned
through the frequency-dependent response function, which
can be derived by solving the Casida equation, the Tamm-
Dancoft equation, or the modified Sternheimer equation [98].
Alternatively, equivalent information can be extracted through
the real-time propagation [98] using Eq. (5), provided the
appropriate external electric field is employed. To achieve this,
we consider an electric field with a sufficiently broad spectral
shape to uniformly excite all electronic eigenmodes of the
system. Hence we take

E(t) = 8Eyexp{—A>(t — 0.57)%/4} (8)

with A =20 eV/Ah. The amplitude is chosen to be Ey =
10~4 V/A to avoid nonlinear effects. Besides, the relaxation
rate is taken to be very small iy = 0.5 meV to resolve tran-
sitions as much as possible. In Fig. 2 we show molecular
excitations (linear absorption spectra) via the dipole accel-
eration Fourier transformation a(€2) at the excitation with
the field (8), for Coulomb interaction, turned on and off.
The peaks are intrinsic molecular excitation lines and the
area of a particular peak defines the weight of the oscillator
strengths. The effects of the EEI are similar to those of the
fullerene molecule Cgy [80]. The Coulomb interaction shift
peaks to higher energies, and oscillator strengths at higher
energies have relatively larger weight than in the free electron

C240
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5 10 15 20 25 30
Harmonic order

FIG. 3. The HHG spectra in the strong-field regime in log-
arithmic scale via the normalized dipole acceleration Fourier
transformation a(£2)/ay (in arbitrary units) for Cyyy and for Cpsg.
The laser frequency is w = 1.2 eV //i. The spectra are shown for EEI
energy U = 6 ¢eV.

case. These effects are due to the fact that the long-range
Coulomb interactions (3) give rise to large hopping integrals
between the remote nodes (7) in the Hartree-Fock approx-
imation. For the vacancy-defected case the transitions are
overall suppressed compared to the intrinsic case, although
the low-energy transitions are strongly modified. From this
figure we also see that the optical gap in fullerene molecule
Cayp is shifted to approximately 1.7 eV, which is narrower
than that in Cg( (2.8 eV). Notably, in both cases the absorption
spectra exhibit many peaks up to the high energies, suggest-
ing the presence of efficient multiphoton excitation channels
and subsequent high-energy single-photon transitions. These
factors play a significant role in shaping the HHG spectrum,
as we will explore in the following.

Next, we will study more comprehensively the extreme
nonlinear response of the giant fullerene molecule Cy49 and
its vacancy-defected counterpart Cy39. For all further calcu-
lations, except of Fig. 8, the relaxation rate is taken to be
hy = 0.1 eV. In Fig. 3, we show the typical HHG spectra in
the strong-field regime (Ep = 0.5 V/A) for both molecules.
For the Cy40 molecule, the presence of inversion symmetry
restricts the appearance of only odd harmonics in the HHG
spectrum. In contrast, the introduction of a single vacancy in
the Cy39 molecule disrupts its icosahedral symmetry, resulting
in the prominent emergence of even-order harmonics with
enhanced intensity. Besides, we see a strongly nonlinear pic-
ture, where the strength of the 9th harmonic surpasses that of
the 5th and 7th harmonics. Additionally, a distinctive plateau
spanning from the 11th to the 21st harmonics exhibits compa-
rable strengths. Notably, for the C,39 molecule, the harmonics
near the cutoff display a slight suppression relative to the Cp4g
one. This disparity is attributed to the differing effectiveness
of excitation channels, which favors enhanced harmonics in
the case of the Cy49 molecule (see Fig. 2).

Let us now consider the influence of the pump wave
frequency on the HHG process within the energy range of
hw = 1-2 eV. This analysis is presented in Fig. 4 which
illustrates the frequency-dependent HHG spectra. Notably,
we discern that the position of the cutoff harmonic Ny
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FIG. 4. The dependence of the HHG spectra on the wave field
frequency is illustrated for Cp49 (top) and Ca39 (bottom) using the nor-
malized dipole acceleration Fourier transformation, a(£2)/ao, plotted
on a logarithmic scale. The wave amplitude is taken to be Ey =
0.5 V/A. The relaxation rate is set to iy = 0.1 eV. The EEI energy
isU=6¢eV.

demonstrates a relatively gradual response to changes in the
wave field frequency w. Additionally, this cutoff exhibits
distinctive peaks within the midfrequency range. It is worth
noting that in atomic HHG processes involving free continua,
the cutoff harmonic position Ny ~ ®~3 [5]. Furthermore,
a noteworthy feature emerges when considering the Cjsg
molecule: even-order harmonics are suppressed for higher
frequency pump waves. This phenomenon can be attributed
to the fact that with higher frequency pump waves, excitation
and recombination channels predominantly involve highly
excited states that still retain the inversion symmetry. Of
particular interest is the plateau region within the spectra.
Here, a pattern of alternating variation in relation to fre-
quency becomes evident, a hallmark of multiphoton resonant
transitions between the valence and conduction bands. This
resonant behavior is further illuminated by Figs. 5 and 6,
where we visualize the dependency of emission strength for
the pre-plateau harmonics on the pump wave frequency. It
is apparent that these harmonics exhibit resonant behavior.
Upon a closer examination of Fig. 2, we discern that the
molecular excitations exhibit peaks coinciding with these
resonant frequencies, providing supplementary evidence for
the multiphoton resonant transitions. For the considered fre-
quencies, n-photon resonant transitions fall within the range
hA, ~ (neV,2n eV). In Fig. 2, we delineate transitions re-
sponsible for n-photon resonant HHG, taking into account
the widths of peaks in Figs. 5 and 6. It is important to
note that the peak width §, in Figs. 5 and 6 corresponds

14
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FIG. 5. The dependence of emission strength in the case of Ca49
for the 3rd, Sth, 7th, and 9th harmonics on the pump wave frequency
for the setup of Fig. 4. Additionally, the linear absorption spectra
a(2/n) are depicted by dashed lines, where n denotes the harmonic
order. The linear absorption spectra are appropriately scaled for
visual clarity.

to nd, in Fig. 2. Additionally, these peaks are expected to
have widths on the order of the electron-wave interaction
energy eEod,, where d, represents the typical transition
dipole moment. Multiple transition channels can also con-
tribute to spectral line broadening. To delineate the transitions
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14} ]
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FIG. 6. Similar to Fig. 5, this figure illustrates the scenario for
Caa9, specifically focusing on the 2nd, 4th, 6th, and 8th harmonics.
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responsible for n-photon resonant HHG in Fig. 2, the linear
absorption spectra a(€2/n) are overlaid within Figs. 5 and
6, represented by dashed lines. For instance, in the case of
Cayp, the peaks corresponding to the 3rd harmonic emerge at
approximately 1.6 eV and 1.9 eV with widths around 0.2 eV.
The peaks in the linear spectrum align closely with these
peaks in the HHG spectra and encompass multiple excita-
tion channels. In Fig. 5, the peak for the 5th harmonic at
approximately 1.3 eV corresponds well with a local peak
in the linear spectrum, accompanied by multiple excitation
channels. Similarly, for Cy39, the peaks of the 2nd harmonic
appear around 1.25 eV and 2.0 eV, with corresponding tran-
sitions in the linear spectrum. The peaks of the 4th harmonic
also align with local peaks in the linear spectrum. This ten-
dency extends to transitions for the 6th, 7th, 8th, and 9th
harmonics.

The impact of multiphoton effects becomes significant
when the characteristic electron-wave interaction energy
eEyd,; becomes comparable to or exceeds the photon energy
hiw of the pump wave. In this context the typical transition
dipole moment can be estimated to be approximately dy; ~ d.
For our specific scenario, we specially choose pump wave
frequency and electron-wave interaction energy to be con-
siderably smaller than the ionization potential to avoid the
involvement of other excitation channels that fall outside the
scope of our approximate model. Nevertheless, with the given
parameters, where eEyd,./hw ~ 0.5, the multiphoton excita-
tion of unoccupied molecular orbitals becomes significant.
In such cases, these multiphoton transitions can exhibit both
resonant and nonresonant characteristics. It is crucial to note
that unlike nonresonant transitions, the resonant transitions
necessitate a substantial residual population of levels after the
interaction is turned off. The multiphoton resonance-driven
characteristics are further supported by the evident alteration
in the population of energy levels within the valence and con-
duction bands, as highlighted in Fig. 7. Note that, for a chosen
frequency, the transitions from HOMO to higher unoccu-
pied molecular orbitals are possible through the multiphoton
channels. This figure presents the post-interaction population
distribution of energy levels, demonstrating a marked de-
parture from the equilibrium distribution. This discrepancy
underscores the substantial impact of multiphoton resonant
transitions within the HHG process of giant fullerene Ca4g
under the influence of intense near-infrared laser fields.

Continuing our exploration, let us examine the influence
of the relaxation rate on the HHG phenomenon across a span
of iy = 0.1-0.2 eV. The corresponding dependencies of the
HHG spectra on the relaxation rate are presented in Fig. 8. It
is discernible that HHG exhibits resistance to relaxation pro-
cesses, with pre-plateau harmonics, in particular, displaying
notable robustness.

As have been seen from Fig. 2, the position of molecular
excitonic lines and relative intensities depend on EEI It is
also expected that HHG yield changes due to EEI The latter
is shown in Fig. 9, where the HHG spectra in the strong-
field regime for different EEI energies are shown for the
fullerene C,49 molecule. We have a similar picture for the
C,39 molecule. As is seen, HHG yield strongly depends on the
EEI energy. The inclusion of the Coulomb interaction leads to
two noteworthy characteristics in the HHG spectra: (a) The

2 | — 2
T wu’ﬁ!'i%m .
16 | i !; 1H4 18
14 J g
12 | : 1 1.6

S .

08 | 1 1.4
06 | ' 1
0.4 J ! . 1.2
0.2 | Y

0 ‘ ‘ ‘ ‘ 1

Energy (eV)

2 e TY T 2
s W ﬂgfgcm ]
16| 1k4 18
14 | “; ;
12} 18 16

& 1f : i

08 | 108 14
06 |
04 | 1.2
02

0 — 1

-8 6 -4

FIG. 7. The residual population of levels for the setup of Fig. 3.

most prominent feature is a substantial increase in the HHG
signal by several orders of magnitude near the cutoff regime
compared to the case of free quasiparticles. (b) The cutoff
frequency is significantly enhanced. The substantial increase
in the HHG signal can be elucidated by the mean-field mod-
ification of hopping integrals (7). The long-range nature of
Coulomb interaction (3), coupled with the pronounced devia-
tion of the single-particle density matrix from equilibrium in
the intense laser field, causes the hopping integrals (7) to be-
come significant even between the distant nodes, independent
of the internode distance. Consequently, this enhancement in
electron mobility leads to strong nonlinear oscillations of the
dipole acceleration. This observation gains further support
from the noticeable prominence of these features in the case
of the giant fullerene Cyq49, in stark contrast to the behavior
observed in the Cgy molecule [65]. Another notable aspect
of the HHG signals in giant fullerene molecules is their de-
pendence on the size of the molecule. The HHG signals per
particle for Cy40 and Cgp are compared in Fig. 10. As demon-
strated, there is a significant increase in the HHG signal for
the C,49 molecule, a result also observed for the C7y molecule
according to previous studies [65]. This enhancement may be
attributed to the density of states, which is indirectly reflected
in Fig. 2 via the absorption spectra. The inset in Fig. 10 shows
the linear absorption spectrum for the Cgy molecule obtained
in the same way, as in Fig. 2. This figure reveals that the Cy49
molecule has substantially more transition channels than the
Cep One.
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FIG. 8. The dependencies of the HHG spectra on the relaxation
rate illustrated for Cyyo (top) and C,z9 (bottom). The spectra are
shown for EEI energy: U = 6 eV. The pump wave frequency is
w = 1.5 eV/h. The wave amplitude is taken to be Ey = 0.5 V//ok
The color bar shows the relaxation rate in eV /.

Finally, note that within the scope of the described method-
ology we have explored the correlation between the cutoff
frequency and the intensity of a pump wave by analyzing the
HHG spectra for various intensities. The relationship between
the HHG spectra and the amplitude of the wave field for both
giant molecules is visually represented in Fig. 11. This figure
prominently illustrates the nonlinear connection between the
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FIG. 9. The comparison of HHG signals for Cy49 at different EEI
energies. The pump wave frequency is w = 1.2 eV /% and wave am-
plitude is Ey = 0.5 V/A. The relaxation rate is set to iy = 0.1 eV.
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FIG. 10. The comparison of HHG signals per particle for Ca49
and Cgo. The pump wave frequency is w = 1.1 eV /A and wave am-
plitude is Ey = 0.5 V/A. The relaxation rate is set to iy = 0.1 eV.
The inset shows the linear absorption spectrum for Cgy obtained in
the same way as in Fig. 1.

pre-plateau harmonics and the amplitude of the pump wave.
The analysis of the obtained results reveals that for high inten-
sities, the positions of the cutoff harmonics can be adequately
described by scaling with the square root of the field strength
amplitude. The solid lines superimposed on the density plot
in Fig. 11 represent envelopes (~+/Eg) that determine the
positions of the cutoff harmonics. Notably, it is evident that
these envelopes provide a reasonably accurate approximation
for the cutoff harmonics for large field strengths. Note that
the mechanism driving the HHG process in the considered
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FIG. 11. The dependencies of the HHG spectra on the wave
field amplitude are illustrated for Cy49 (top) and Cs3g (bottom) using
the normalized dipole acceleration Fourier transformation, a(2)/ag
(color bar), plotted on a logarithmic scale. The spectra are shown for
EEI energy: U = 6 eV. The pump wave frequency is w = 1.5 eV/h.
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system noticeably differs from that in atomic systems, where
the typical three-step model [5] is applicable, and the contin-
uum serves as the energy accumulation site, yielding a cutoff
energy proportional to the pump wave intensity. This depar-
ture from the established law is intrinsic to two-level systems
[99,100] or nanostructures with pseudo-relativistic energy-
momentum dispersion [101], wherein the cutoff energy scales
linearly with the amplitude of the field strength. For giant
fullerene molecules, we encounter a more complex scenario
where an extensive array of energy levels significantly affects
the HHG process through multiphoton resonances and level
dressing. This complexity results in a more gradual increase in
the cutoff energy with the rising intensity of the pump wave.

IV. CONCLUSION

We have done an extensive exploration of the highly non-
linear optical response of giant fullerene molecules, with a
particular emphasis on Cy49, Which possesses the character-
istic icosahedral point group symmetry often encountered in
such molecular systems. To disclose the complete physical
picture of the HHG process on giant fullerene molecules
with the mentioned icosahedral symmetry, we have also

investigated a vacancy-defected molecule, Cy39. Our investi-
gation employed consistent quantum/analytic and numerical
calculation of the HHG spectra using a mean-field method-
ology that rigorously accounts for long-range many-body
Coulomb interactions too. Through the solution of the evolu-
tionary equations governing the single-particle density matrix
we have disclosed resonant effects within the HHG spectra
and have demonstrated the fundamental role of Coulomb
interaction in shaping the intensities of the harmonics. A
significant enhancement in HHG yield, as compared with the
fullerene molecule Cgp, has been established. Moreover, our
research has elucidated that the presence of a single vacancy,
causing the breakdown of icosahedral symmetry, stimulates
the appearance of pronounced even-order harmonics. In terms
of the dependence of the cutoff harmonics on the intensity
of the wave field, we have established that this relationship
can be approximated with greater accuracy by scaling with
the square root of the amplitude of a pump wave strength.
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