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High-fidelity two-qubit gates of hybrid superconducting-semiconducting singlet-triplet qubits
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Hybrid systems comprising superconducting and semiconducting materials are promising architectures for
quantum computing. Superconductors induce long-range interactions between the spin degrees of freedom
of semiconducting quantum dots. These interactions are widely anisotropic when the semiconductor material
has strong spin-orbit interactions. We show that this anisotropy is tunable and enables fast and high-fidelity
two-qubit gates between singlet-triplet (ST) spin qubits. Our design is immune to leakage of the quantum
information into noncomputational states and removes always-on interactions between the qubits, thus resolving
key open challenges for these architectures. Our ST qubits do not require additional technologically demanding
components nor fine-tuning of parameters. They operate at low magnetic fields of a few millitesla and are fully
compatible with superconductors. By suppressing systematic errors in realistic devices, we estimate infidelities
below 1073, which could pave the way toward large-scale hybrid superconducting-semiconducting quantum

processors.
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I. INTRODUCTION

Hybrid systems comprising superconductors and semicon-
ductors are the workhorse of modern quantum technology,
with applications in low-power electronics [1] and in neu-
romorphic [2] and quantum computing [3,4]. Front-runner
quantum bits (qubits) are encoded in the spin of particles con-
fined in semiconducting quantum dots [5-9] or in collective
modes of superconducting devices [10,11]. Spin qubits are
compact but challenging to address, while superconducting
qubits are bulky but easy to couple. By combining the best
properties of each architecture, hybrid qubits [12—-16] could
outperform the state of the art and pave the way toward large-
scale quantum processors.

A key ingredient for effective hybrid systems is spin-
orbit interaction (SOI). In Josephson junctions, SOI induces a
spin-dependent supercurrent that is critical to manipulate and
read out Andreev spin qubits [12—15]. Topological encoding
of quantum information in Majorana bound states [17-22]
and long-range entanglement of distant spins [23-27] also
crucially require strong effective SOIs. SOIs are exception-
ally large in narrow-gap semiconducting nanowires [28-32]
and in nanostructures where the charge carriers are holes
rather than electrons [33—43]. Hole gases in planar germanium
(Ge) heterostructures [44—49] are particularly appealing be-
cause of their compatibility with superconducting materials,
the possibility of engineered proximitized superconductivity
[50-55], and sweet spots to reduce noise [48,56,57]. Re-
cent experiments with Ge [58,59] demonstrated operations of
singlet-triplet (ST) spin qubits, encoding quantum informa-
tion in the zero-spin subspace of two coupled quantum dots
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[60], at millitesla magnetic fields [58]. These fields are com-
patible with current superconducting devices, opening various
opportunities for hybrid systems in a potentially nuclear spin
free material such as Ge.

In this work we discuss a robust implementation of high-
fidelity two-qubit gates between distant ST qubits [58—64]
in hybrid systems [16]; see Fig. 1. By taking full advantage
of both the large SOI in the material and the long-range
spin-spin correlations induced by the superconductor [65-67],
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FIG. 1. Schematics of coupled hybrid ST qubits. Two ST qubits,
each comprising a double quantum dot, interact (a) via one su-
perconductor or (b) via a Josephson junction. (c¢) These setups are
effectively equivalent to two exchange-coupled double quantum dots
with fully tunable interactions. Strong SOI induces spin rotations
of an angle @, around an axis n, and yield a large asymmetry
of exchange coupling depending on the angle 6 between ny, and
the Zeeman vector np, which is determined by the direction of the
applied magnetic field B.
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our design overcomes the fundamental limitations of current
two-qubit gates between ST qubits, namely leakage to non-
computational states [60,68—70] and crosstalk [71,72] caused
by always-on residual interactions between dots.

We find that leakage is naturally suppressed by the large
SOI in hole systems, yielding a tunable anisotropy in the
exchange interactions of quantum dots [73], and crosstalk
vanishes by utilizing the phase response of the supercurrent
in a Josephson junction. We estimate infidelities below the
surface code threshold ~1073 [74] without requiring addi-
tional technologically demanding tuning of the individual
Zeeman energies [69,71,75,76] nor fine-tuning of parameters
[60,68,77]. Our two-qubit gate design is fully compatible with
current technology [58], could push ST qubits towards higher
coherence standards, and can boost the growing field of hybrid
superconducting-semiconducting quantum systems.

This article is structured as follows. In Sec. II we describe
the model setup in terms of a Fermi-Hubbard Hamiltonian. In
Sec. III we calculate the ST two-qubit interaction and explain
how leakage and crosstalk can be suppressed by the SOI
and by the phase difference across a Josephson junction. We
conclude our findings in Sec. IV. In Appendixes A to I we
discuss a more generalized model including nonuniform SOI,
locally different Zeeman fields, and an explicit description of
the Josephson junction.

II. SETUP

We consider two ST qubits [58-61,63,78,79] tunnel cou-
pled via a superconducting lead; see Fig. 1(a). An ST qubit
comprises two exchange-coupled quantum dots, each contain-
ing a single spin, and is accurately modeled [37,79,80] by the
Fermi-Hubbard Hamiltonian

Hpgp
1
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Here d]  creates a particle with spin o € {f, |} on the dot
o = {1, 2} (e = {3, 4}) for the first (second) qubit with energy
€y < 0 and Kronecker delta 8,,-. The spin states are split by
the Zeeman field h, = upg,B, with g tensor g,, produced by
an applied magnetic field B. Double-occupation of each dot,
specified by the occupation numbers 1y, = dggdag, costs the
on-site Coulomb energy U/. Crucially, Hpgp includes tunnel-
ing events between the dots. These are parameterized by a
real-valued tunneling amplitude #y > 0 and by a SOI-induced
spin-flip operator Uso(Ps,) = exp(iPsontso - 0/2) that rotates
the spins around the SOI vector ng, by the angle &5, ~ 2L/I;,
[23,73,81], with dot-dot distance L, SOI length /;, and Pauli
vector . We emphasize that @, is widely tunable by elec-
trically controlling the position of the dots or the amplitude
of the SOI [33,82]; large values of &4, ~ m, corresponding to
complete spin flips, were recently measured in hole systems
[73].

Superconductors are modeled by the mean-field BCS
Hamiltonian

Hg = ZGkCL,Cko« — Z Ac,iTcT_ki + H.c., 2)
ko k

where cza creates an electron with wave vector k, spin o, in a

superconductor with superconducting gap A > 0 and normal-
state energy €. In the following, €; and €, are measured with
respect to the chemical potential.

Each ST qubit is tunnel coupled to the superconductor as
shown in Fig. 1(a), described by the Hamiltonian

Hy =15y U (Pu0)(cy,dao + dj,chp) + Heo  (3)

koo’

In analogy to Eq. (1), we account for the SOI-induced spin flip
by the rotation U, (Ps,). We assume that all spin flips occur
with the same angle &, and direction ng,. This corresponds
to uniform SOI throughout the device and equal distances be-
tween QDs and between QDs and superconductors, a realistic
scenario in experiments. In Appendixes A to D, we analyze
the general case with different spin rotation angles and axes,
which will leave the main results unchanged, and where we
extend our model to Josephson junctions [Fig. 1(b)].

III. SINGLET-TRIPLET TWO-QUBIT GATES

A. Superconductor-mediated exchange interactions

The tunnel coupling to the superconductors affects the spin
states confined in the quantum dots [65,83—86]. To the lowest
order in the tunneling amplitude, the relevant mechanisms
affecting the dots are elastic cotunneling [87], where one
particle tunnels from one dot to the next through an electronic
excitation of the superconductor, as well as local and crossed
Andreev processes [88,89], where Cooper pairs are split and
recombined in the same and different dots, respectively [90].
In the regime where A and U/ are large (see also Appendix E),
the elastic cotunneling and local Andreev processes are sup-
pressed, and we can focus on crossed Andreev processes only
[90].

Crossed Andreev processes cause effective spin-spin cor-
relations between distant dots,

T
—d d
Hea = rCA< ds:i) USO(ZQJSO)( di) +He @

The spin rotation Us, (2P, ) combines two of the SOI rotations
in Hy [Eq. (3)]. The coupling strength is 'cy = 7Tt52~pF, where
pr is the normal density of states per spin of the supercon-
ductors. We consider the width of the superconductors w
to be smaller than the superconducting coherence length &,
in the micrometer range [91,92]. Beyond that, the resulting
interaction decreases exponentially oc e=2%/§ [65].

When all quantum dots are occupied by a single particle in
their ground state, we derive the effective four-spin Hamilto-
nian for small 7y, Tca, |he| < |€o|, U, [93]

1 Y S
Hspin 25 ;ha -0+ ZUZ -RSO(ZCDSO)G3

J o« J: .
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FIG. 2. Leakage to noncomputational basis states. (a) Energy spectrum of our setup, described by Hyi, [Eq. (5)], as a function of the global
Zeeman splitting / for 7 = 0.4ueV, J, =J, =0, and &, = 0 (no SOI). States with total spin z component S° = 1 and S? = 2 (gray lines)
are separated from the six S¢ = 0 states by the large energy O(h). In the inset, we highlight the two S? = 0 states (red lines) not belonging to
the computational space. These states have energies O(6/4), comparable to the computational states and cause large leakage in current devices.
We use here (8k, 8hy, 8hy)/h = (1/10, 1/20, 1/20). (b) The coupling 7y, (®) to the leading leakage states and (c) the effective qubit-qubit
interaction Jy; (®) defined in Eq. (8). For large SOlIs, the SOI rotation angle can become ®,, = 7 /2 and the leakage coupling Jy, (2®,)
vanishes when the Zeeman field nj is perpendicular to the SOI vector ny, (6 = 7 /2). At this operational sweet spot, the absolute qubit-qubit
interaction (|7 y;(2®,)|) is also maximal, yielding the fastest possible two-qubit gates. (d) Leakage as a function of time ¢ in systems with
large (P, ~ 7 /2) and without (P, = 0) SOI. Without SOI, leakage is large and becomes negligible only at specific system-dependent times
(black line) or when a large Zeeman energy difference between dot 2 and 3 is engineered (blue line). In our setup leakage is orders of magnitude
smaller (green line) at the sweet spot, and it remains small also without fine-tuning the device (orange line). We use here the same parameters

as (a) with & = 20 ueV; see also Appendix L.

with spin operators ¢ of dot o, energy detunings €; = €; — €;
and &, = €3 — €4, and coupling constants

412U
J,‘ = Zﬁ and j

L

_ —4rZ, u _
(2 +€3)2U + €2 + €3)

(6)

Importantly, the exchange interactions are anisotropic and are
given by the rotation matrices Ry, (®), which describe right-
handed rotations around the vector ng, of an angle ® [73]. The
energy spectrum of Hgpi,, highlighting the relevant computa-
tional states, is shown in Fig. 2(a) and depends on the global,
averaged Zeeman splitting /2 as well as the Zeeman energy
differences 8hy = hy — hy, h = h, — h3, and 8hy, = hy — hy
(assuming parallel b, = hynp).

We anticipate that in the setup sketched in Fig. 1(b),
where a single superconductor is substituted by a Josephson
junction, the effective exchange J becomes externally con-
trollable by the superconducting phase difference ¢, enabling
on-demand switching on and off of these interactions; see
Appendix C. We also emphasize that this effective model
[Eq. (5)] is equivalent to a chain of four QDs that are di-
rectly coupled by exchange interactions, as shown in Fig. 1(c).
Consequently, our approach to reduce leakage and to achieve
high-fidelity two-qubit gates is valid also in these systems.

B. Singlet-triplet qubit coupling

We now derive the effective coupling between our two ST
qubits. To simplify the discussion, here we assume that the
Zeeman fields of each spin « are aligned along the direction
np but can change in magnitude, i.e., h, = hyng; the general

case is discussed in Appendix D and only the rotation matrices
Ry, are renormalized.

When the global Zeeman field is much larger than the ex-
change couplings, we can project Hgpi, onto the computational
subspace of the ST qubits yielding the two-qubit Hamiltonian

jVH (2q>so)
4

where t' (7?) is the Pauli vector acting on the com-
putational space of the first (second) ST qubit, spanned
by the states {[t1l2),[{112)} ({[13l4), [3t4)}), with
|1t«) pointing along ng. The single-qubit terms B; =
(JiRel[y L (Pgo)], JiIm[y, (Pso)], 6h;) enable single qubit rota-
tions. The superconductor mediates effective Ising qubit-qubit
interactions o Jy;(2®y,) via crossed Andreev reflection.
Single- and two-qubit gates are enabled by controlling J; and
J, respectively. Importantly, the SOI induces an anisotropic
factor described by the dimensionless functions

Y (@) = 2sin’(H) sin®(d/2) — 1,
Y1(®) = [cos (®/2) + icos(h) sin (P/2)]*.

1 1
Hsr =Bt + By + AN ()

®)

These functions are shown in Figs. 2(b) and 2(c), respectively.
We emphasize that they are fully controllable by the SOI angle
d,, and by the direction 6 of the Zeeman vector np relative to
the SOI vector ng, (Fig. 1).

C. Leakage suppression by spin-orbit interaction

The projection onto the ST qubit subspace leading to Hgsr
is valid when the noncomputational states are decoupled from
the computational space. In a single ST qubit and at typical
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values of B, the noncomputational subspace is well sepa-
rated by the large total Zeeman energy h, ~ 5 GHz, orders
of magnitude larger than the characteristic energy of Hsr, in
the 10 to 100 MHz range. However, in two ST qubits, there
are two noncomputational states in the computational energy
window, resulting in large leakage. These states (| 111243)4)
and |{;J2713%14)) are not affected by the large total Zee-
man energy because they have zero total spin, §* = 0; see
Fig. 2(a).

This critical and fundamental flaw of ST architectures was
addressed previously by fine-tuning isotropic exchange in-
teraction and magnetic field such that the leakage vanishes
at the target evolution time [60,68,77]; see black and blue
curves in Fig. 2(d). Alternatively, leakage can be partially
reduced by engineering a large Zeeman energy difference 64
[69,71,75,76]. These approaches, however, require extremely
precise control over g factors and over exchange, which is
challenging to achieve in current experiments. Capacitive and
resonator-mediated couplings [16,94-97] yield only weak in-
teraction strengths, are more susceptible to charge noise, and
result in slow gates.

In striking contrast, in our system the strong SOI offers a
compelling way to remove leakage, fully compatible with the
state of the art [73]. While the qubit-qubit interactions are de-
termined by Jy; (2P, ), leakage is determined by the matrix
elements that couple the computational states | 1 2134) and
[ 411213%14) to the noncomputational states | 1;123)4) and
[{1421314), and are given by Ty, (2P,) (see Appendix F).
By operating the systems at &, = 7 /2 and at ng L ny, (6 =
7 /2), one maximizes the two-qubit interaction [Ty () =
J1 and suppresses leakage [ 7y, () = 0]. At this operational
sweet spot, particles from dots 2 and 3 make a rotation of
/2 when tunneling to the superconductor, but in opposite
directions. Since Cooper pairs can only be created from par-
ticles in the superconductor with opposite spin, ||»13) and
[1243) will not be affected by crossed Andreev processes.
In contrast, ||2}3) and |1,13) will couple to Cooper pairs
and experience a shift in energy, resulting in the Ising qubit-
qubit interaction required for two-qubit gates. Although the
anisotropic exchange also causes leakage to states with S* # 0
(e.g. |1172713%4)), this contribution is small because those
states are at high energies, determined by the large global Zee-
man field; see Fig. 2(a). In Appendixes G and H we calculate
higher-order corrections to the qubit-qubit interaction and the
leakage coupling.

As shown in Fig. 2(d), our SOIl-induced leakage sup-
pression can significantly outperform current alternative
approaches, removing also technologically demanding con-
straints on the engineering of the devices. We also emphasize
that while leakage is minimal at &5, = 7 /2 and ng L ny,
conditions achieved in recent experiments [73], our system
does not require precise fine-tuning and leakage is signifi-
cantly lower than the state of the art for a wide range of ®,.

Finally, we stress that leakage reduction is compatible with
high-fidelity single-qubit gates. While leakage coupling pro-
portional to y; (2®,,) = 0 vanishes at the sweet spot ®, =
/2, the term y (Ps,), which enters the single qubit term
B; in Eq. (7), remains nonzero. In fact, the spin-orbit rota-
tion angles that determine the single-qubit gates and those
that determine the two-qubit leakage term can be tuned

independently from each other, as shown in detail in Ap-
pendixes B and C.

D. Controlling exchange by Josephson junctions

The other critical obstacle to scaling up current ST ar-
chitectures is the residual exchange interaction between two
qubits, which yields a dangerous always-on coupling be-
tween ST qubits. Our hybrid device sketched in Fig. 1(b)
removes addresses this issue by taking full advantage of the
phase tunability of Josephson junctions. In this case the ef-
fective exchange interaction J becomes dependent on the
superconducting phase difference ¢, yielding J — J(¢) =
47 cosz(%); see Appendix C for a detailed derivation. This in-
teraction is thus maximal when ¢ = 0 and vanishes at ¢ = 7,
as shown in Fig. 3(a). Because ¢ is accurately controllable in
experiments, our setup offers a long-sought way to on-demand
switch interactions on and off, removing the main source of
crosstalk in future large-scale ST qubit architectures.

E. High-fidelity two-qubit gates

The SOI-induced anisotropy and the phase-tunability of
the effective exchange interactions in our setup enable fast
and high-fidelity two-qubit gates; see Figs. 3(b) and 3(c). By
assuming €, ~ —50ueV, I'ca & 4.5ueV and U, A > ey,
we estimate that 7 in Eq. (6) can reach realistic values up
to J ~ 0.4 ueV. Fast controlled-Z (cZ) entangling gates are
then enabled by turning the interactions on for a time T, =
hm /| Ty (2®so)|, which may take around 7, ~ 5 ns only. We
estimate the fidelity by

2

1
F = ‘Ztrwjzuspm) : ©

where Uy = exp(—int!t?/4) is the ideal ¢Z gate
(up to single-qubit operations [5]) and Ugin =
Peomp €Xp(—iHpin Ty /i) Peomp 1s the time evolution generated
by Hgpin in Eq. (5) projected onto the computational subspace
by the projection operator Pomp. Our approach accurately
captures leakage because Hypi, includes all 2% spin states.

As shown in Fig. 3(c), our ST qubits substantially outper-
form current state of the art, reaching two orders of magnitude
smaller values of infidelities, below 10~* at the optimal pa-
rameter spot. This value is limited by our conservative choice
of the global Zeeman energy 4 = 507 ~ 20 ueV, in contrast
to current implementations where the fidelity is limited by
8h < h. The infidelity remains below 10~ for small Zeeman
energy differences 8 at values of @, and 6 deviating up to
10% from the sweet spot, demonstrating that our approach
does not require precise fine-tuning of the device, and that
fidelities larger by more than two orders of magnitude are
within reach in current experiments.

IV. CONCLUSION

In conclusion, hybrid ST qubit architectures comprising
semiconducting quantum dots with large SOI and super-
conductors can substantially outperform current devices. In
particular, the superconductor mediates correlations of distant
qubits via crossed Andreev processes. These processes are
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FIG. 3. Two-qubit gates. (a) Control of qubit-qubit interactions [ (¢) by tuning the superconducting phase difference ¢; see Fig. 1(b).
The interaction can be precisely switched on and off, removing residual interactions and crosstalk that hinder scalability. In current devices
J ~ 0.4 ueV, so short gate times of 7, ~ 5 ns are within reach. (b, ¢) Two-qubit gate infidelity 1 — F. (b) The large SOI enables high-fidelity
gates for a wide range of parameters close to the sweet spot at &, =0 = /2. h/J = 5. (c) Comparing the performance of different
approaches, we observe that our setup consistently outperforms other devices, yielding fidelities orders of magnitude larger even without
precisely fine-tuning the system to the sweet spot. We use 2/ 7 = 50, J, = J, = 0, and (8h;, 8hy)/8h = (1/2, 1/2).

externally controllable by the phase difference in Josephson
junctions, removing dangerous crosstalk caused by always-on
residual qubit-qubit interactions. We also show that large SOIs
induce tunable anisotropies in these interactions that strongly
suppress leakage. When combined, these effects result in fast
and high-fidelity two-qubit gates, orders of magnitude more
efficient than the state of the art, and could provide a signif-
icant step forward toward implementing large-scale ST qubit
quantum processors.

ACKNOWLEDGMENTS

This project has received funding from the European
Union’s Horizon 2020 research and innovation program under
Grant Agreement No. 862046 and under Grant Agreement
No. 757725 (the ERC Starting Grant). This work was sup-
ported by the Swiss National Science Foundation, NCCR
QSIT, and NCCR SPIN (Grant No. 51NF40-180604). Finally,
this work was financially supported by the JSPS Kakenhi
Grant No. 19H05610.

APPENDIX A: OVERVIEW

In the Appendixes we give more details on the calculations
presented in the main text. In Appendix B we describe a more
generalized Hamiltonian that models our ST qubits including
a Josephson junction and with less uniform SOI parameters.
In Appendix C we describe the crossed Andreev processes
that result in an effective spin Hamiltonian, and eventually
in a two-qubit interaction of the ST qubits, tunable by the
superconducting phase difference and the SOI parameters. In
Appendix D we explain why local differences in the Zeeman
field only cause a renormalization of the spin-orbit rotations,
and in Appendix E we show that our results stay valid in the
regime of large Coulomb interaction. We derive the coupling

to the leakage states in Appendix F. In Appendix G we show
that crosstalk and leakage are suppressed also for larger Zee-
man energies and that this suppression is robust even when the
quantum dots do not couple equally to both superconductors.
In Appendix H we calculate how higher-order corrections
affect the leakage and the two-qubit interaction. In Appendix I
we give more details of how we calculate the leakage plot
Fig. 2(d).

APPENDIX B: GENERALIZED MODEL
OF THE ST QUBITS

We start with a general model of our setup, described
by H = Hpop + Hs + Hr, and include a Josephson junction
with two superconducting leads instead of a single supercon-
ducting lead. We also consider the effects of less uniform
spin-orbit parameters and dot-dot distances throughout the
device. The part related to the double quantum dot Hpgp is
a generalized version of Hpgp [Eq. (1)] [37],

h
HDQD = Z <€a =+ O'?a)d;adom +u annw

+ Z (l‘]UlGo, d;adla/ + Z‘QUZOU/ dlo_d&,/ + HC)
(BD)

The difference is that here for each double quantum dot
i € 1,2 we have different real-valued tunneling amplitudes
t; > 0 and different SOI-induced spin-flip operators U; =
exp(i®;n; - 0/2) that rotate the spins around the SOI vector
n; by the angle ®,. The angle ®; is related to the distance
between the corresponding dots, thus ®; # &, accounts for
nonequal dot-dot distances. We choose the spin basis of each
dot such that the Zeeman field A, is parallel to the z direc-
tion (o € {#=1, |= —1} accounts for the proper sign). In
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Appendix D, we will discuss the implications of this choice
in systems with arbitrary, dot-dependent g tensors. The super-
conductors are modeled by the mean-field BCS Hamiltonian

_ t —ig; &
Hs = Zekcjkocjka — Z Ae ’*"fcjchj_ki +Hec., (B2
Jjko jk

where compared to Hs [Eq. (2)], we account for two super-
conductors, an upper and a lower one, which differ by their
superconducting phase ¢; and are indexed with j € {u, [}.
Each singlet-triplet qubit is tunnel-coupled to the supercon-
ductors, described by

_ oo’ T oo’ 3T
Hr = Z (tj2Uj2 Cjkadzg/ +153 3 d3(7Cijr + H.C.),
jkoo'

(B3)

where, in analogy to Eq. (B1), we have real-valued tunnel am-
plitudes #;, > 0 and we account for the SOI-induced spin-flip
by the rotations U, = exp(i® o1, - 6/2), that can in princi-
ple differ from each other. Note that the particles described by
df and cjﬁka in our Hamiltonian, can be both an electron or a
hole.

APPENDIX C: CALCULATION OF THE EFFECTIVE
SINGLET-TRIPLET HAMILTONIAN

We derive the effective Hamiltonian Hgr in three steps.
In each step we apply Schrieffer-Wolff perturbation theory
[98,99] to decrease the number of degrees of freedom. In
the first step, we calculate how crossed Andreev processes
described by Hca [Eq. (4)] affect the dot states assuming a
large superconducting gap A. In the next step, we obtain a spin
Hamiltonian Hyin [Eq. (5)] assuming a symmetry between
the tunneling to the upper and lower superconductor given by
UsUyp = UpUp = U and tpt,z = Itz = lz, and assuming
that the dots are occupied by one particle only. In the third
step, we obtain the effective ST Hamiltonian in Hst [Eq. (7)].
The parameters are assumed to fulfill 7, 7y, < |€4], U K A.
The setup with only one superconductor can be obtained by
decoupling the second superconductor by choosing #;, = 0.
In Appendix E we argue why the condition U/ < A can be
revoked without affecting the results. In Appendix G, we
derive that leakage and crosstalk are suppressed even when
the coupling to the two superconductors is nonuniform (thus,
when we have deviations from U,3U,, = U;zUpp and t0t,3 =
t12t;3) and when the Zeeman energy is of the order of the other
dot energies (thus, covers h, & |€4|, ). This calculation can
be followed without having read Appendixes C2-F and is
more straight-forward but only describes the system near our
optimal point, which corresponds to 6 = /2 and &5, = /2.

1. Quantum dot Hamiltonian

In this section we show how the superconductor mediates
an interaction between particles on the dots 2 and 3 based
on crossed Andreev processes Hca [Eq. (4)]. In this part,
we will focus on dots 2 and 3 and closely follow Ref. [90].
Using second-order perturbation theory with respect to the
tunneling Hy, we project onto a subspace where the super-
conductor is in its ground state. The contributions from the

upper superconducting lead and the lower superconducting
lead are independent of each other and can be calculated
separately. We first study the contributions from the upper
superconducting lead and can then extend the results to the
lower superconductor. We start with a basis transformation
in the spin space of the superconductor and of dot 2 that we
denote with a tilde,

Cuker _ U Cut ﬂzm U doy Cl
(Eltk¢> '43<cuk¢)7 (d2¢> " d2¢ ’ ( )

with U, = U,3U,». While the superconductor and the on-site
Coulomb interaction are invariant with respect to this ba-
sis transformation, the Zeeman splitting is rotated and now
described by Zw, hz(UuazU; )m/a?;gjza' /2. Importantly, the
part of Hy that couples to the upper superconductor, HY,
in this locally rotated frame only consists of spin-conserving
tunneling:

Hy = Z[t”2éj;kad~20 +tia3dy Cus] +He.  (C2)
ko

With a standard Bogoliubov transformation for the
superconductor  Cuke = Ui Vuko + O’Uuk]/;_k_” with 1 =
[(1 + ex/E0)/21'2, vae = exp(—ig,)[(1 — ex/Ex) /2],
where E; = /A% + €7, we find

Hi =D o, + VY k-0)d2s
ko

+ tiady (U Viko + 0Oy, , O1+He  (C3)

Following Ref. [90], we now derive an effective Hamilto-
nian describing the dot states using second-order perturbation
theory in Hr and in the tunneling between the double quan-
tum dots [100]. We assume |ey|, U, hy, tjo < A. For a
Hamiltonian H = Hy + H' with known eigenstates |n) and
eigenavalues E,, of Hy and a perturbation H’, the effective
Hamiltonian Hg acting on a quasidegenerate subspace .4 well
separated from the other states is given to second order by [98]

) (LIH"|m)
2

p "o (m|H'|l
(m|Hege|m') = (m|Hy + H'|m’) + E
/

1 1
, C4
x <E171_E1+Em’_El> ( )

with |m), |m') € A, |I) € A*, where A" is the space orthog-
onal to A. We now choose A as the subspace where the
superconductor is in its ground state |G) but we still allow
for arbitrary dot states. The zeroth and first order of the per-
turbation theory is just the double dot Hamiltonian Hpgp. The
second-order contribution comprises elastic cotunneling Hgc,
local Andreev processes Hpa, and crossed Andreev processes
Hca [90]. By evaluating these contributions, we find the ef-
fective Hamiltonian

Haor = Hpop + Hea + Hia + Hec- (©C5)

Local Andreev processes are those that create or destroy two
electrons with opposite spins on the same dot. Since we will
eventually focus on those states where a single particle is on
each dot and which are therefore not affected by Hy 4, this
contribution will not play a role in our final result. Elastic
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cotunneling Hgc transfers a particle from one dot through
the superconductor to the other dot. Since these contributions
are suppressed when the energies (€4, {/) are small compared
to the superconducting gap A (see also Ref. [90]), we will
neglect this term further and will focus on the crossed Andreev
processes Hca-

Crossed Andreev processes are those where a Cooper pair
in the superconductor splits up and one particle tunnels to
dot 2, the other one with opposite spin to dot 3. There-
fore, Hca consists of the matrix elements (1, |3 G|Hcal0G)
and (J, 13 G|Hca|0G) and their Hermitian conjugate. Here
log) = d;a|0) describes the state of a particle with spin o
on dot o and |6,) = Jj;a|0) is the state in the rotated spin
basis. We evaluate the contribution coming from the upper
superconductor:

(12 13 GIHEAIOG)
1 1

Lol (
= upv + =
2 Zk: e —m/2—E | —ey— /2 - E

1 1
+— + )
€ +m/2—E  —e+h/2-E

€ hg KA Uk Uy
~ _2tu2tu3 E E
1 k

— —igpy d A
= —tyt3,e € ,0(6)A2—_|_62

~ —ﬂtuztu3,0F€7iW” = _FCA,LH (C6)
with /i, = hz(UuozUJ)M, assuming a constant normal density
of states per spin pr and defining ~l"CA,,, in the last line [101].
In analogy to Eq. (C6), we find (], 13 GIHEAI0G) = T'ea us
resulting in

Mép = Ceanlds dj, — dj,dj)) + He. (C7)
When we rotate back to our original basis [Eq. (C1)] and
extend our calculation to the lower superconductor, we get
(with T'ca = wiptizpre™? and U; = UpsUpz)

T
dl . [ —d!
Hea = (jﬁ) (TeauU, +FCA,IU]1)< df’u) +H.c. (C8)
2 31

In what follows we will focus on the simplest realistic case
where #5213 = tyoty3 =: t> and U, = U, =: U. For different
parameters, we obtain the same behavior as in Ref. [86]. We
find

T
d; —d;
Hea = DES cos (f> d%f Ut dﬂ +He.  (C9)
27\, 31

Here F(Zf\c = 27'[th2 exp[—i(¢, + ¢;)/2] and we defined the
superconducting phase difference ¢ = ¢, — ¢;. For the case
of just a single superconductor as in the main text we can
set the tunnel coupling to the lower superconductor to zero
tei = 0, ¢, = 0, and define I'cy = I'ca 4, such that we obtain
Eq. (4) with Us,(2Py,) = Uj.

QD1 QD2 SCs QD3 QD4

FIG. 4. Energy scales in our device. The superconducting gap
A is the largest energy scale, followed by the on-site Coulomb
repulsion U/, the quantum dot (QD) level energy €, with respect to the
chemical potential u in the superconductors (SCs), and the Zeeman
splitting A,. In total 0 < —e, + h,/2 < U K A, resulting in single
occupied dot states when the tunnel coupling is small. We expect our
calculation to stay valid for large on-site Coulomb interaction/ > A
(Appendix E) and for intermediate Zeeman energies h, & €,, U
(Appendix G).

2. Spin Hamiltonian

Following Ref. [65], we now describe how crossed An-
dreev processes result in an effective spin Hamiltonian Hgpin
[Eq. (5)]. We assume that single-occupied dot states are the
ground state of each dot and well separated from dot states
with a larger or smaller occupation. This condition requires
0 < —€y = hy/2 < U; see Fig. 4. Assuming ¢;, ngc), hy K
lex|, U we again apply perturbation theory.

We first review how to obtain the spin-spin interaction
between dot 1 and dot 2 starting from our Hubbard model,
neglecting the other dots [79]. This spin-spin interaction is
needed for single qubit rotations of our ST qubit i = 1. Similar
to Sec. C 1 we first perform the basis transformation for dot 1,

JIT le
)=y .
<du> l(du)

In this frame, we have spin-conserving tunneling between
dot 1 and dot 2, 1, ), dzgdlg + H.c. By assuming a large
on-site repulsion U > t; compared to #; and a detuning
€1 = €1 — €, that is smaller than U/, we can reduce the six-
dimensional Hilbert space of two particles { $112), 1F142),
1Tt2) 13142), 15100, 11242} to the four-dimensional

Hilbert space {|T; 12), [T} 42), [11 12), 11 2)} by pertur-
bation theory [Eq. (C4)]. The second-order contribution in the

small tunneling #; is

(C10)

0 0 0 0
0 —11/2 J1/2 0 _Jl ~1 2
0 52 —h2 o|=7z@ D (€D
0 0 0 0
412U
Ji 1 (C12)

T U-—eanU+a)

Here 6' (02) is a Pauli matrix describing spin 1 (2) in the basis
where spin 1 is rotated by U; with respect to spin 2, and we
assumed small Zeeman fields compared to the other dot en-
ergy scales, hy, << U £ &. By rotating back to the laboratory
frame, we derive the anisotropic spin-spin interaction (up to
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an irrelevant constant)

ﬂ(U”alUl) =Nl Rio. (C13)
4 4

The 3 x 3 rotation matrix R, creates a right-handed rotation
of angle ®; and unit vector n; related by U, ¢'U; = R} 'o"
with U; = exp(i®n; - ¢'/2). The spin-spin interaction be-
tween dots 3 and 4 follows analogously with the definitions
& =¢e3—¢and S, = 41‘227/{/[(2/{ — &)U+ &)].

Similarly, we can now evaluate the spin-spin interaction
between dots 2 and 3 mediated by the superconductors, omit-
ting dots 1 and 4. We work again in the rotated basis of dot 2,
Eq. (C1). While the direct tunnel coupling between dots 1 and
2 (or dots 3 and 4) conserves the particle number, the crossed
Andreev processes from the superconductor only conserve
the parity; Therefore, we start in a basis {|$513), |15 43)s
1T213)s 12430, 10}, 1T202), | 43da)s 1T2021343)) and find
the effective Hamiltonian of the subspace {|}, 13), |15 43).
|75 43), |15 13)} by second-order perturbation theory. We get
the second-order contribution

0 0 0 0
0 ~Twn TR 0| _T0e oy,
0 Jw/2 -Jw@/2 0 ’
0 0 0 0
(Cl14)
2 (¢ AT U
T (@) = —cos ( )(62+€3)(2u+62+63) (C15)

where > (¢°) is a Pauli matrix of spin 2 (3) which acts
in the basis where spin 2 is rotated with respect to 3,
and where we assumed small Zeeman fields compared to
the dot energy scales h, < U, |€,|. Since we are working
with a simple Hubbard model and neglect, for example, in-
terdot capacitance, the Coulomb repulsion energies U/ that
enter J; [Eq. (C12)] and J(¢) [Eq. (C15)] may differ in
real experiments [69,73]. However, even if J; and [J(¢) are
renormalized, the anisotropy of the spin-spin coupling is not
affected. Rotating back to the laboratory frame we derive an
anisotropic spin-spin interaction similar to Eq. (C13),

jf:p)(UT 2U) —‘7‘(;'0)02 - Ro’.

(C16)
As before, the rotation matrix R generates a right-handed
rotation of angle ® and unit vector n related by UTo?U =
R~ '6? with U = exp(i®n - 6%/2). We then find the complete
Hamiltonian of our system,

ﬁpm =5 Zh

N N N TP
—0 -R —0’ - Ryo,
+40 10 +4 2

\7((!7) o2 . P’

(C17)

where we have dropped the spin-independent term — 7 (¢)/4.
This Hamiltonian simplifies to the spin Hamiltonian in the
main text by setting the rotations along the same directions
and the same rotation angles R} = R, = Ry, (®Py,) and R =
Iéso(2cl>so). In addition, when we have just one superconductor,
we replace J (¢) by J as defined in Eq. (6).

3. Singlet-triplet Hamiltonian

We now calculate the ST Hamiltonian Hgt [Eq. (7)] by a
projection into the ST qubit space [69]. This projection is a
suitable description of the qubits if the qubit states are clearly
separated in energy from the other states, or if the coupling
to other states is small enough. We reach this regime by
considering a large Zeeman splitting 4, > J;, |J (¢)|, which
separates our ST space from states with nonzero total spin-z,
§% 2 0. In addition, we need a large Zeeman energy difference
between dots 2 and 3, |6h| = |hy — k3| > J;, | T (¢)|, or we
need to tune the SOI rotation to prevent coupling to the leak-
age states having $° =0, i.e., | 1123d4) and | |1}213%4)-
In Appendix F we will explicitly calculate this SOI-dependent
coupling to leakage states. In the following, we drop the dot
index « of the state |o,) when it is clear context-wise. The ST
subspace is spanned by the states

{100y, |01}, [10), [11)} with

100) = [ tit)), 10D =[1{41),
110) = [ 4Mtd), D) =[It1).
This basis choice is more practical for our calculations than

the actual singlet and triplet states. We use the following
identity

(C18)

o® Raﬂ _( —idn- (7“/2 o z<I>n a"/2) o_ﬂ
=0% -0 cos®+ (n-0%)(n-o?)(1 — cos D)

—n- (0% x 6”)sin . (C19)

A projection to our basis only allows terms proportional to
1, 0%, 0%0f, o}o; and oj0}, with j, j' € {x,y}. With this
cons1derat10n we obtain the Hamiltonian (up to a constant)

«7(</))7/II(q> o) )

T (C20)

1
HST = EB T + B
with
B; = (JRely (®;, )], JIm[y 1 (®;, 6,)], 8h)"
Y (P, 0) = 2sin*(8) sin*(®/2) — 1,

yiL(®,0) = [cos(P/2) + i cos(h) sin(P/2)]?, (C21)
where 7! (7?) is the Pauli vector acting on the compu-
tational space of the first (second) ST qubit, spanned by
the states {|11)2), N112)} ({It3l4), [J314)}). The angles
0; = arccos(n;) [0y = arccos(n®)] are the angles between the
Zeeman splitting direction (here the z direction e;) and the
spin-orbit fields n; [n]. The exchange couplings J; and the
Zeeman splittings 6h; enable single-qubit gates, while the
superconductor-mediated interaction .7 (¢) results in an Ising-
like two-qubit interaction and can be turned on and off by the
superconducting phase ¢.

Equation (C20) corresponds to Eq. (7) where J () is re-
placed by J [Eq. (6)] in the case of only one superconductor.
When we have two superconductors forming a junction, the
superconducting phase difference ¢ becomes a control knob
to completely switch the two-qubit interaction on and off,
Eq. (C15), suppressing crosstalk.
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APPENDIX D: ARBITRARY DIRECTION OF THE
ZEEMAN FIELD

In general SOI renders the g tensors different in each quan-
tum dot. Therefore, even when a homogeneous magnetic field
is applied, the direction of the Zeeman field can be different
for each dot. To capture this effect, we consider the arbitrary-
oriented Zeeman fields ), . (hq - a)m/dgadwr/z. Defining
hy = heRzqe; with alocal spin rotation R z,, (with angle ® z,,
and vector n z,,) one can map this general system to the system
modeled by the Hamiltonian in Egs. (B1), (B2), and (B3). For
this a basis transformation is used,

daT iZep . o daT
<dal/> — e ? da )

that aligns the individual Zeeman fields of the dots along the z
direction. This basis transformation also transforms the spin-
orbit rotation matrices that now include the effects of the g
tensors anisotropies as

D)

A A 1B B ~ A 1 AB ~ A 1B B
Rl — RZIRIRZZ’ R — RZZRRZ3’ Rz — R23R2RZ4'

(D2)

In the general case, the angles ®;, @, 6;, 6, that enter our final
result in Eq. (C20) and determine the amount of leakage are
those of the effective, combined rotations. Thus, g anisotropies
do not affect our conclusions. Also, we point out that the
anisotropy induced by the g tensor difference alone is small in

J

T (@)yL(P, bo)

Hexe = Hst + |: >

typical semiconductors [73] and so to a good approximation,
one can simply align the magnetic field to a plane perpendic-
ular to the SOI as discussed in the main text.

APPENDIX E: LARGE COULOMB INTERACTION

Our results, the ST Hamiltonian Eq. (C20) and the leakage
coupling, hold also for large Coulomb interaction U/, even
when U exceeds the superconducting gap A. The calculation
of the crossed Andreev contribution Hcp is the same as for
small and for large /. In the case of I/ > A, for the calculation
of the spin Hamiltonian, we only allow those virtual processes
where the dots are occupied by zero or one particle. In that
case we find

25C |2
cog 2)M Bl
J (@) cos (2 TP (ED)

which agrees with Eq. (C14) in the limit &/ — oo. Thus, our
theory also holds for large on-site Coulomb repulsion U/.

APPENDIX F: COUPLING TO LEAKAGE STATES

Here we analyze how the ST qubits couple to the leakage
states | Pl ) and | | | 11) [68]. To achieve this goal, we
project the spin Hamiltonian Hgpin [Eq. (C17)] onto the full
six-dimensional subspace with zero spin-z S = 0 using the
same steps as in the calculation of Hgr [Eq. (C20)]. We find
(up to a constant)

R R I N A el N A IS RN I)+H.c}

+ESE AL [+ ESS LA (L,

leak __
ET" =

J (@) (®, 90)_

2

i

The coupling to the Ileakage states 1is given by
TJ(@)yL (P, 0y)/2. The rotation angle & is related to the
d,, in the main text by ® = 2d, and corresponds to the
total angle a particle would rotate when tunneling from dot
2 to dot 3. Similarly, 6y corresponds to 6 in the main text.
For & =2®,, = 7 and 6y = 6 = 7 /2 the leakage coupling
becomes zero while the two-qubit interaction o< y; (P, 6p)
becomes maximal [Eq. (C21)].

We note that leakage is not a problem of single-qubit rota-
tions because for an individual qubit the leakage states (the
triplets |Ty) = | 11) and |T-) =| | })) are separated from
the computational states by the large global magnetic field.
We also note that it is not required to adjust ®;, ®, 6y, or 6;
in between quantum operations. They need to be calibrated
only once at the beginning. During this calibration, ®; and
0; should be chosen such that y, (®;, 6;) is not small, as this
allows one to perform single-qubit rotations by a modulation
of J,'.

h hy —h3 —h Jivy(®;, 6;
n 1+ hy —h3 4+Z i€ )

2 4 1)

APPENDIX G: LARGE ZEEMAN FIELDS AND
NONUNIFORM COUPLING TO THE SUPERCONDUCTORS

The calculation in the main text and in Appendix C2 as-
sumed that the Zeeman energies were much smaller than the
other dot energies, hy, < |€4|, U. Further, we assumed that
the tunnel couplings to the lower superconductors were the
same as the tunnel couplings for the upper superconductors,
tntis = tpt,s, and that the spin-orbit induced spin rotations
were also the same for both superconductors, U; = U,.. Those
assumptions were needed to derive the spin Hamiltonian in
Eq. (C17). In this section we show that our results of vanishing
leakage and crosstalk hold even if the Zeeman fields are of
the same order of magnitude as the dot energy scales, h, <
|€x|, U, and for deviations from #5113 = t,51,3 and U; = U, up
to linear order. Here we directly derive the effective singlet-
triplet Hamiltonian.

We start from Eq. (C8) and assume that coupling parame-
ters |['ca j| deviate only a little from a common, j-independent
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value I"ca. Similarly, we assume that the spin-orbit rotations U; are approximate 7 rotations around the y axis [this corresponds
to ® =, 6y = /2 in Eq. (C20), or &y, = 7 /2 and 6 = 7 /2 in the main text]. Thus, we have

Tcaj = exp(—ig;)Lea(l + 8cay). (GD)

OD; : OD; :
Uj =exp zTSnj-a ioy ~ 1+178nj-a ioy, (G2)

with some unit vectors 8z ;, small parameters 8ca j and § & ;, and Pauli vector o = (o oy 0.)". We chose the y axis as the direction
of the spin-orbit interaction (meaning that U; ~ ic,), but any other direction perpendicular to the Zeeman field will work equally
well. To linear order in §ca j and 5®;, the crossed Andreev term Hca, Eq. (C8), is now

Hea ~ fCAe’W@'W(—l){(z cos(¢/2) + € *Scan + €¥*8can)(dy,di, + dj )

wp®Pur
4o T[(dz‘Td% — dj dj))isn;, + dy,d3, (ism — om)) + d3 3, (i, + om)) |

o]

ip/2
+e >

Foat NSz gt gt (9% : Foat (g% :
[(d],d, — a3, d3)in} + dj.d3, (isn} — om)) + dJ, dj, (isn} + ani)]}

+ H.c. (G3)

Next we assume that all dots are occupied by one electron, 0 < —e€, £ h, < U, and that the crossed Andreev coupling is much
smaller than the Zeeman energy and other dot energy scales Tca < Hq, |€x, U.

We then directly construct an effective Hamiltonian Hls“Tt by second-order perturbation theory [Eq. (C4)] in Hca. As before,
this effective Hamiltonian acts in the space with total spin z component S* = 0, which is spanned by the singlet-triplet basis
states, Eq. (C18), and the two leakage states, | 1112)314) and | | 1{2137%4). Since Hca does not directly affect dot 1 or dot 4,
the only nonzero matrix elements of Mk are (121 [HEH 1213). (Labs [HES bala). (Tals M| 12ds). (ats [HER] Lats),
(t2d3 [HGE 213) and (L2135 [HE] 1243). Since those matrix elements hold for any spin on dot 1 and 4, we omitted dot 1 and
4 in the notation. We find easily that to linear order in 6@, the last four terms are zero, thus, coupling to leakage states of the
singlet-triplet qubits will be zero. The first two terms are

T (@) = (1213 [H™] 124 >=2cos(9)L 2+ Seny + Sean)cos & (2 uss — %0 sin @
M@ 273 [Tl T273 2) et s+ o + hs CA,u CA,l ) ) M 5 oM 5
¢ N o [(8®, . 8D, 9
—2 (—) ) 5 o (=omi—Lont ) sin £ |,
S\ ) e el 4 aug | T deau Tt dean)cos o = o, === om ) sin
(G4)
i ' N % 30, . 8P . P
jii((p) = <~L2»L3 | lsrllt“l »LZ»L}) = 2cos (E)m (2 + 8CA,u + SCAJ)COS 5 — ) Snu — T(Snf sSin E
14 FéA @ 8q>u SCD[ - 2
) (-) 24 Scpy + 8 b st — lsnt ) sin 2. G5
cos(5 ettt U (2+dcau+ CA,1)COS2 + | 5 on, — —~énj ) sin 3 (G5)

The J44(¢) and J, (@) determine the two-qubit interaction and since they are proportional to cos(¢/2) the interaction will be
zero for ¢ = m. Therefore, crosstalk also vanishes at this order in perturbation theory. For completeness, the full singlet-triplet
Hamiltonian Hgr sy 1S, including the single-qubit terms,

Hsrrn = 381" + 3By - T + {[Tni(0) = T @] (v} — ©2) = §[ T (@) + T (@] ()22 —1). (G6)

(

We obtained the single-qubit terms in an equivalent way qubit energies. The result is consistent with Eq. (C20)

by second-order perturbation theory with respect to the tun- in the limit hy < U, |&|, caj — 0, and §&; — 0. In
neling within the double quantum dots, but this time only conclusion, we emphasize that our proposal to reduce leak-
requiring small Zeeman field differences |8h;| = |h; — hy| K age and crosstalk in hybrid semiconducting-superconducting
U £ & | and |Shy| = |hy — hy| < |U £ ;| instead of small singlet-triplet qubits does not require any fine-tuning
total Zeeman fields h,. The additional term o< (Jpq (@) — of parameters, including the coupling parameters to the

Jyi(@)) in Hstrn only weakly renormalizes the single superconductor.
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APPENDIX H: HIGHER ORDER CORRECTIONS

1. Leakage corrections

Here we present the coupling of the ST states to the leakage states in second order in perturbation theory [Eq. (C5)], denoted
by 7—[6X() More precisely, we start from Eq. (C20) and take the second-order perturbation with respect to the small coupling
parameters J;, J (¢), instead of just the projection. We find the following terms:

1 1 1
(P THE AL = — (UM THE G LA = 16<h h—z)(7/1(—d>1)ﬁ++)/z(<l>z)ﬂ—),

1 1 1 N2 . .
(M THEGl A1) = = (U G L) = ( it h4>5(¢>12(nx +in)? (my — in)” sin® @ sin® @y,

1
4
hy + hy hy + hs

. 1 " . ‘
UM THS AL = — (A THE L L) = §< )j(w)fl(n* — i) (n} + in})’ sin® @ sin® @,

U THE AL = — (MU THE L L) =0,
yi(®;) = (n + in’. )sindDj(cos D+ inj. sin CDj),
B+ =T (p)(n* £ in’) sin ®(cos ® + insin D). (H1)

We conclude two points. First, we can suppress leakage even at second order by setting ®; = &, = 0. Second, the results are
inversely proportional to the large global Zeeman energy. Thus, even without setting ®; = &, = 0, the second-order corrections
will be small, as small as the leakage to states with nonzero spin.

2. Interactions corrections

To the lowest (zeroth) order in perturbation theory for small J,, J (@), our two-qubit interaction was given by
J (<p)y“(cl>,90) /4 Eq. (C20). Including terms to the second order (”H, )results in

J@ J@ J® J@
2) _ Yxz _1_2 Yz 1.2 x 1.2 zy 1.2
Hie = TR + AT + AL + R

/1 1 @ ® ®
J/\Szz) - _5 (/’ll hz)Jlj(q)) sin 71 sin — (Crlux 21 + Srlnixni sin 71> )

int

o (1 1 LT Y TR
]yz :—5 h] +h ]lj((p)SH]?Sln D) lexn Sll‘l7 Sle 7 ’

1/1 1 ) d, )
J® = <h_3 n )sz(cp) sin 72 sin — (Cinx s— 52,75 sin 72>,

J2 (! +1 LJ( )s'ncpzsind> —C? an) — S 0s<I>2
=—5\7_ T mn — — ns si —,
2y AV 2J (@ B ) mix’' 2 ) mix D)
o O , ) )
Cpix = (nin* + ") cos 7~ (mn’ — m\n*)n® sin 7
[} [}
Smix = (”1"} —mn )COS 5 + (n)fn’C + n{n—")nZ sin X

() ! ()
Cr2mx - (n)chX + ”Z”V) cos 3 + (n;n» - n;nx)nz Sin E’
() ()
s2 = (myn® — myn*) cos - (myn* + myn¥)n® sin 7 (H2)

We observe that by operating the system at our sweet spot with ® = 7 and 6y = 7 /2 (thus, n* = 0) the interaction remains
Ising-like not only at lowest order but also at higher orders.
APPENDIX I: DETAILS OF LEAKAGE CALCULATIONS IN FIG. 2(d)

Here we provide more details of calculating the leakage as a function of time in Fig. 2(d). We define leakage L as the
probability that an initial state |y;) leaves the computational space after time evolution with time ¢, maximized over the four
basis states given in Eq. (C18):

L=max Y |{y;] exp(—it Hopin/T)| 1) . an
i
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Here Hypi, is the 16-dimensional Hamiltonian in Eq. (5) for the values given in the caption of Fig. 2. The initial states |v;) are
elements of the four basis states defined in Eq. (C18) and the states |v;) are the other 12 basis states in the space of Hy, that are

not in the ST subspace.
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