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Anomalous Hall effect in ultraclean electronic channels
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Recent technological advances allow fabricating ultraclean two-dimensional electronic systems where the
electron mean free path due to static disorder and phonons is much larger compared to the conducting channel
width. It makes possible to realize novel, ballistic and hydrodynamic, regimes of electron transport resulting in
drastic modifications of the normal Hall effect. Here we develop a theory of anomalous Hall effect—generation
of the electric field transverse to the flowing current unrelated to the Lorentz force action—in ultraclean
channels with two-dimensional electron gas and demonstrate that both in ballistic and hydrodynamic regimes
the anomalous Hall effect, similarly to the normal one, strongly differs from that in the standard diffusive
case. We take into account all relevant contributions to the anomalous Hall electric field and Hall voltage: the
skew scattering of electrons, side-jump, and anomalous velocity effects that appear as a result of the spin-orbit
coupling. We study both ballistic and hydrodynamic transport regimes which are realized depending on the
relation between the electron-electron mean free path and the channel width. The role of electron-electron
interactions is analyzed. Compact analytical expressions for the anomalous Hall field and voltage are derived.
Possible experimental scenarios for observation of the anomalous Hall effect in ultraclean channels are briefly
discussed.

DOI: 10.1103/PhysRevB.109.085301

I. INTRODUCTION

The Hall effect, namely, the production of a voltage drop
and electric field across a conductor that is transverse both to
an electric current flowing in the system and to an applied
magnetic field perpendicular to the current [1] is of prime
importance in condensed matter physics. This effect underly-
ing a plethora of magnetotransport phenomena is widely used
to study fundamental properties of conducting media. The
Hall effect makes it possible to determine the type of charge
carriers and their density and has numerous applications [2,3].
In semiclassical approach, the Hall effect is associated with
the action of the Lorentz force on the charge carriers [4], while
in the quantum-mechanical approach it is related to formation
of the Landau levels and conducting channels at the sample
edges being deeply connected to the topology of electronic
states [5,6].

Shortly after discovery of the normal Hall effect, it was re-
alized that there is a contribution to the Hall voltage unrelated
to the Lorentz force action and caused by the magnetization of
the system [7]. This effect termed as ferromagnetic or anoma-
lous Hall effect attracts a lot of attention nowadays [8]. The
anomalous Hall effect is related to the spin-orbit interaction
and it is highly sensitive to the details of the band structure,
electron scattering, and transport regimes that makes its theo-
retical description quite involved [9–18]. There are three key
mechanisms of the effect: the anomalous velocity acquired by
spin-polarized electrons in the presence of electric field, side
jumps or shifts of electronic wave packets at scattering, and
asymmetric or skew scattering [16]. The mechanisms of the
anomalous Hall effect are intimately connected to those of

the spin and valley Hall effects [19–27]. In diffusive systems
there are important cancellations of the anomalous velocity
and a part of the side-jump contributions to the spin, valley,
and anomalous Hall effects related to the exact balance of the
electric current generation and dissipation processes in the dc
transport [26,28].

Quite recently, a class of ultraclean two-dimensional elec-
tronic systems has emerged where the electron mean free path
limited by the disorder or phonon scattering is comparable
or even exceeds the width of the conducting channel pro-
viding novel—ballistic or hydrodynamic—transport regimes
[29–35]. In these systems, the electron momentum is mainly
lost at the diffusive scattering at the sample edges while dis-
sipation in the “bulk” of the channel is suppressed. It gives
rise to a number of nontrivial transport and magnetotransport
phenomena [36–42], some of those predicted back in the days
by R.N. Gurzhi [43,44] and realized only recently.

Drastic modification of the electron transport regime
strongly affects spin, valley, and anomalous Hall effects. Var-
ious aspects of the problem were considered in Refs. [45–51]
with the main focus on hydrodynamic regime. However, a
physical picture of the effects is far from being complete. In-
deed, previous works [45,46] were mainly concerned with the
anomalous Hall hydrodynamics in three-dimensional (bulk)
systems and emphasized on spin-dependent corrections to the
momentum flux tensor. The related papers in this regard are
[47,48] where the effects of rotational viscosity were studied
theoretically. The paper [49] dealt with the two-dimensional
case, but only one, the anomalous velocity (Berry curvature),
contribution to the anomalous Hall effect has been consid-
ered, while the intimately related side-jump contributions
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were disregarded. Reference [50] dealt with manifestations of
the electron-electron interactions in the systems with broken
Galilean or Lorentz invariance mainly focusing on the side-
jump contributions. In Ref. [51], a consistent theory of the
spin Hall effect in ultraclean two-dimensional systems has
been developed and the role of electron-electron interactions
in generation and relaxation of the spin current and spin polar-
ization was studied in detail. However, it is not a priori clear
whether the same results can be transferred to the anomalous
Hall effect. A consistent theory of the anomalous Hall effect
in ultraclean two-dimensional electronic channels is absent to
the best of our knowledge.

The aim of the present work is to develop a consistent
microscopic theory of the anomalous Hall effect that simul-
taneously takes into account all relevant contributions to the
Hall electric field caused by the anomalous velocity, side-
jump, and skew scattering mechanisms in ultraclean channels.
We consider both ballistic regime where the mean free path
exceeds by far the channel width and hydrodynamic regime
where the electron-electron mean free path is much smaller
than the channel width. We demonstrate that the electron
scattering by impurities or phonons is a key for the anomalous
Hall effect even if the electron transport at zero magnetic field
is solely controlled by the electron-electron collisions and
edge scattering. We show that, in contrast to the diffusive case,
there is no general relation between the spin and anomalous
Hall effects in ultraclean electronic channels.

The paper is organized as follows. In Sec. II, we present
the general model of the anomalous Hall effect in ultraclean
channels in the framework of the generalized kinetic equa-
tion. Section III presents specific mechanisms leading to the
anomalous Hall effect, and the results for the anomalous Hall
field are derived in Sec. IV both for ballistic and hydrody-
namic regimes of electron transport. Section V contains the
discussion of the results and relation to previous works. Con-
cluding remarks and routes for experimental observations of
the effect are presented in Sec. VI.

II. MODEL

A. Kinetic equation

We consider the electron channel with width w in direction
of the x axis and infinite length along the y axis as shown in
Fig. 1. The channel is filled with the two-dimensional electron
gas. We assume that the electron mean free path caused by
the scattering by static impurities and phonons significantly
exceeds the width of the channel l � w. On the other hand,
the channel width w is much larger than the electron de
Broglie wavelength that allows us to disregard formation of
side-quantized subbands and consider the electron propaga-
tion semiclassically. Let us assume the diffusive scattering on
the channel edges.

An external static electric field applied along the y axis
(E ‖ y) results in the dc current along the channel. Owing
to the spin or valley Hall effect it results in the spin current
across the channel (along the x axis) and spin accumulation
at the channel edges, Fig. 2(a), see Refs. [20,28,51–54]. A
magnetic field applied along the normal to the channel, z axis
(B ‖ z), produces two effects. First, due to the Lorentz force,

FIG. 1. Sketch of the studied ultraclean channel filled with a
two-dimensional electron gas. The channel width in the x direction
is w, and the channel is infinitely long along the y axis. The external
electric E and magnetic B fields are applied along the y and z axes,
respectively. Blue arrows demonstrate the electric current profile
in the hydrodynamic regime with dashed parabola illustrating its
envelope, Eq. (25). The Hall electric field EH is generated across
the channel.

it generates the current along the x axis, but since the electron
motion is bound along this axis, the charges accumulate at
the channel edges and produce an electric field which blocks
the electric current. Corresponding Hall field EH and Hall
voltage VH across the channel are related to the normal Hall
effect. Second, the magnetic field owing to the Zeeman effect
produces the spin polarization in the sample and converts the

spin Hall effect(a) anomalous Hall effect(b)

FIG. 2. (a) Illustration of the spin Hall effect. The spin-orbit
interaction-induced anomalous velocity, side-jump, and skew scat-
tering result in the generation of the spin current in the bulk of the
channel and spin polarization accumulation at the channels edges.
Dark blue arrows denote spin-up (sz = +1/2, up arrow) and spin-
down (sz = −1/2, down arrow) electrons. Due to the spin Hall effect
there are more spin-up electrons at the right edge than at the left edge
and vice versa, while number of electrons is the same. (b) Illustration
of the anomalous Hall effect. In the presence of magnetic field B ‖ z
there are more spin-down than spin-up electrons (we consider elec-
tron g factor to be positive). The spin current and the spin polarization
at the sample edges are converted to the electric current and charge
accumulation at the sample edges. Positive and negative charges are
shown by red and blue balls, respectively. This charge distribution
results in the anomalous contribution to the Hall field EH ‖ x.

085301-2



ANOMALOUS HALL EFFECT IN ULTRACLEAN … PHYSICAL REVIEW B 109, 085301 (2024)

spin or valley currents caused by spin or valley Hall effect
to the electric current. As a result, additional contributions to
the charge accumulation of the channels edges and to the Hall
field and voltage are formed, that is the anomalous Hall effect,
Fig. 2(b).

We describe the electrons by 2 × 2 spin density matrix
ρp = fpÎ + sp · σ̂, where p is the electron momentum, fp =
Tr{ρp/2} is the spin-averaged electron distribution function,
and sp is the spin distribution function; Î is the unit 2 × 2
matrix and σ̂ = (σ̂x, σ̂y, σ̂z ) is a pseudovector composed of
the Pauli matrices [55,56]. Under the conditions formulated
above both normal and anomalous Hall effects can be found
from kinetic equation for the electron spin density matrix. We
present it in the form

∂

∂r
v̂pρp + e(E + EH )

∂ρp

∂p
+ e

c
[v × B]

∂ρp

∂p

= −ρp − ρp

τ
+ Q̂ee{ρp} + Ĝp. (1)

Here v̂p is the electron velocity operator that contains both
kinetic and anomalous terms, e < 0 is the electron charge,
τ is the momentum relaxation time related to the scattering
by static disorder and phonons with ρp = (2π )−1

∫ 2π

0 ρpdϕ

being the angle-averaged density matrix and ϕ being the po-
lar angle of electron momentum. In Eq. (1), Q̂ee{ρp} is the
electron-electron collision integral and Ĝp is the anomalous
and spin Hall current generation rate caused by the skew scat-
tering and side-jump effects. The form of the electron-electron
collision integral Q̂ee and generation rate Ĝp are specified
below and in Sec. III. Taking trace of Eq. (1) we obtain the
equation for the distribution function in the form

∂

∂r
(vp fp + vasz,p) + e(E + EH )

∂ fp

∂p
+ e

c
[v × B]

∂ fp

∂p

= − fp − fp

τ
+ Qee{ fp} + Gp, (2)

where vp = p/m with m being effective mass is the electron
(kinetic) velocity, va ∝ E is the spin-dependent anomalous
velocity. General form of the kinetic equation for the spin
distribution function sp can be obtained from Eq. (1) by multi-
plying by σ̂ and taking the trace. It is presented for the case of
B = 0 in Ref. [51]. However, in this work we are interested
in B-linear effects only, thus it is sufficient to employ the
kinetic equation for the sz,p in the simplest form where the
skew scattering and anomalous terms are disregarded

∂

∂r
vpsz,p + eE

∂sz,p

∂p
= − sz,p − sz,p

τ
+ Qz,ee{sz,p} − sz,p − s0

z

τs
.

(3)
The last term in Eq. (3) describes spin relaxation towards the
equilibrium spin distribution function

s0
z = f +

p − f −
p

2
≈ gμBB

2

df 0

dε
(4)

with the phenomenological spin relaxation time τs. Here,
f ±

p = f 0(εp ∓ gμBB/2) are the distribution functions of elec-
trons with spin component being ±1/2, respectively, f 0(ε) is

the equilibrium Fermi-Dirac distribution, where

εp = p2

2m
, (5)

is the electron dispersion, g is the electron g factor, and μB is
the Bohr magneton. The last approximate equality in Eq. (4) is
valid for small magnetic fields where the Zeeman splitting is
by far smaller than the temperature.

The kinetic equation should be supplemented with the
boundary conditions. We take the simplest model of the dif-
fusive scattering at the channel edges where [57–59] (see also
Refs. [51,60–62] for discussion of more general models):

ρp(±w/2) =
{

const, px > 0, x = −w/2,

const, px < 0, x = w/2,
(6)

where px = p cos ϕ is the x component of electron momen-
tum. Conditions (6) state that the distribution of the electrons
scattered from the boundary is isotropic. Additionally, we
require that the electron flux through the edges is zero.

Solution of Eqs. (2) with the boundary conditions (6) yields
nonequilibrium electron distribution function and the Hall
field EH . Strictly speaking, one more equation, namely, the
Poisson equation is needed to relate the imbalance of the
electron density and the electric field EH . However, in realistic
conditions, the contribution of the Coulomb repulsion to the
electric current generation is by far stronger than that of the
electron density gradient (cf. Ref. [63]). Thus we avoid solv-
ing the Poisson equation by introducing the electrochemical
potential of electrons, see below.

We consider the degenerate electron gas with the Fermi
energy εF � T, where T is the temperature and we set the
Boltzmann constant to be unity. Thus kinetic phenomena are
determined by the electrons in the narrow energy band ∼T in
the vicinity of the Fermi energy. Hence, it is convenient to use
instead of the momentum and energy dependent distribution
functions fp, sp the energy integrated functions Fϕ , Sϕ that
depend on the polar angle ϕ of the momentum in the form

Fϕ = D
∫ ∞

0
fpdε, Sϕ = D

∫ ∞

0
spdε, (7)

where D = m/2π h̄2 is the density of states. In the studied ge-
ometry the Hall field EH ‖ x, hence, we introduce the electric
potential 	(x) such that the Hall field

EH = −∂	(x)

∂x
x̂, (8)

with x̂ being the unit vector along x axis and the renormalized
distribution function

F̃ϕ (x) = Fϕ (x) + eD	(x), (9)

where we took into account that the system is homogeneous
along the y axis. Formally, it is equivalent to using the elec-
trochemical potential instead of the chemical potential for
electrons. As a result, kinetic Eq. (2) transforms to

∂

∂x

(
vxF̃ϕ + vaS0

z,ϕ

) + ωc
∂F̃ϕ

∂ϕ
+ F̃ϕ − F̃ϕ

τ
+ Qee{F̃ϕ}

= eDEvy + Gϕ. (10)
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Here we took into account that we seek the linear-in-E and
linear-in-B responses only, thus we used Fermi-Dirac distribu-
tion function f 0 in the field term eE∂ fp/∂p, so we could write
down its momentum derivative as ∂ f 0/∂p = vp∂ f 0/∂ε =
−vpδ(ε − εF );

S0
z,ϕ ≡ S0

z = − 1
2DgμBB, (11)

is the equilibrium spin polarization in external magnetic field,
Eq. (4). It is necessary to note that in both cases where the
Zeeman splitting is smaller or larger than the temperature the
equilibrium spin polarization (11) is the same provided that
|gμBB| 
 εF , although the approximation in (4) is valid only
in case of |gμBB| 
 T . The velocity components are

vx = v cos ϕ, vy = v sin ϕ, (12)

where v = √
2εF /m is the Fermi velocity,

ωc = − eB

mc
> 0 (13)

is the cyclotron frequency, Qee and Gϕ are the electron-
electron collision integral and the generation rate integrated
over the energy according to Eq. (7). For electron-electron
collision integral acting on the particle distribution F̃ϕ we use
the simplest form [42,51,64–66]

Qee{F̃ϕ} = F̃ϕ − F̃ϕ − F̃ c
ϕ cos ϕ − F̃ s

ϕ sin ϕ

τee
, (14)

with

F̃ c
ϕ = 1

π

∫ 2π

0
cos ϕF̃ϕdϕ, F̃ s

ϕ = 1

π

∫ 2π

0
sin ϕF̃ϕdϕ, (15)

and τee being the electron-electron scattering time. Such sim-
plified form of collision integral ensures the conservation of
the zeroth (particle number) and first (momentum) angular
harmonics of the distribution function at electron-electron
collisions. Note that the description of the electron-electron
scattering with a single relaxation time may not be fully ap-
propriate [67,68], but it is sufficient for the purposes of our
work.

Before turning to the anomalous Hall effect we discuss the
transport regimes in the channel, provide corresponding sim-
plifications of kinetic Eq. (10) and, to illustrate the approach,
reproduce known in the literature results on the normal Hall
effect in the system.

Depending on the relations between the parameters l = vτ ,
lee = vτee and w different transport regimes are realized. We
are interested in two basic regimes relevant for ultraclean
channels: (i) ballistic regime realized at w 
 l, lee and (ii)
hydrodynamic regime realized at lee 
 w 
 l .

B. Normal Hall effect

To describe the normal Hall effect, we set va and Gϕ to
be zero in Eq. (10). In the linear in the magnetic field regime
we can find, first, the distribution function δFϕ = Fϕ − Fϕ as a
first-order response to the electric field at ωc = 0 and then use
this function to find the first-order in ωc contribution to F̃ϕ .

In the ballistic regime, only the out-scattering terms in the
collision integral are relevant for calculating E-linear response

at B = 0 [51,66]. Introducing the single-electron mean free
path � according to

1

�
= 1

l
+ 1

lee
, (16)

we have at ωc = 0 the electric-field induced contribution to
the distribution function (cf. Refs. [51,66])

δF̃ϕ (x)= eE�D sin ϕ ·
{
1 − exp

[
− x + w/2 sign(cos ϕ)

� cos ϕ

]}
.

(17)

As we discuss ultraclean channels, we have � � w, so we can
rewrite equation (17) up to first order in w/�:

δF̃ϕ (x) = eED sin ϕ
x + w/2 sign(cos ϕ)

cos ϕ
. (18)

Equation (18) is valid for | cos ϕ| � w/�, otherwise δF̃ϕ (x)
rapidly drops to zero.

The distribution function in the presence of magnetic
field can be readily found substituting δF̃ϕ (x) in the full ki-
netic equation and solving it in ωc-linear regime. Following
Refs. [64,66], we obtain the kinetic equation for F̃ϕ in the
form

vx
∂F̃ϕ

∂x
+ ωc

∂δF̃ϕ

∂ϕ
+ v

�
F̃ϕ = 0 (19)

and solve it taking into account diffusive boundary conditions
(6) and the fact of absence of current in x direction. Ultimately,
we can find Hall field taking into account that, according to
Eqs. (8) and (9), it is given by

EH = − 1

eD
∂F̃ϕ (x)

∂x
. (20)

As a result, we obtain within the logarithmic accuracy in the
leading order in ln �/w

Eb
H = E × ωcτ

w

π l
ln

�

w
. (21)

Here the subscript b denotes the ballistic regime, and
Eq. (21) is valid provided that ln (�/w) � 1. For complete-
ness, we present the expression for the conductivity of ballistic
channel [51]

σ b
yy = σ0

2w

π l
ln

�

w
, σ0 = Ne2τ

m
, (22)

where N is the electron density, and σ0 is the Drude conductiv-
ity due to impurity or phonon scattering in the corresponding
bulk system. Note that logarithmic factors in Eqs. (21) and
(22) are related to the contribution of grazing electrons: the
ones with ϕ ≈ ±π/2. These expressions agree with previous
works, e.g., Refs. [51,64].

In the hydrodynamic regime where the electron-electron
collisions are dominant, it is sufficient to take into account
only zeroth, first, and second angular harmonics of the distri-
bution function [44,69]. We write

δF̃ϕ (x) = δF1 sin ϕ + δF2 sin 2ϕ ∝ E (23)
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and obtain at B = 0 the set of equations for the coefficients
δF1,2:

l

2

∂δF2

∂x
+ δF1 = eElD, (24a)

lee

2

∂δF1

∂x
+ δF2 = 0. (24b)

Solving the equation system (24) at l → ∞, we obtain [39]

δF̃ϕ (x) = eEvyD
2η

{[(w

2

)2
− x2

]
+ 2leevx

v
x

}
, (25)

where

η = vlee/4, (26)

is viscosity of electron gas. Equation (25) describes the
Poiseuille flow of electrons in the channel.

The magnetic field-induced correction to the distribution
function can be recast as

F̃ϕ = F̃0 + F1 cos ϕ + F2 cos 2ϕ ∝ B,

and instead of Eq. (19), we now have

vx
∂F̃ϕ

∂x
+ ωc

∂δFϕ

∂ϕ
= −F1 cos ϕ

τ
− F2 cos 2ϕ

τee
. (27)

Solving Eq. (27), we obtain in agreement with
Refs. [39,70,71]

Eh
H = E × 2ωcτee

{
1

l2
ee

[(w

2

)2
− x2

]
− 1

}
, (28)

where the superscript h denotes the hydrodynamic regime.
Note that the conductivity in the hydrodynamic regime is
given by (cf. Refs. [39,51])

σ h
yy = σ0

w2

12ητ
, (29)

and it is parametrically larger than in the ballistic regime
σ h

yy/σ
b
yy ∼ w/lee.

C. Spin distribution function

In what follows, we need the spin distribution sz,p in the
vicinity of the Fermi surface. Let us present the relevant equa-
tions and solutions here. In the very low magnetic field case
where

|gμBB| 
 T 
 εF , (30)

we can get the kinetic equation for Sz,ϕ from Eq. (3)

∂

∂x
cos ϕSz,ϕ + Sz,ϕ − Sz,ϕ

�
= eDE

S0
z

N
sin ϕ. (31)

Importantly, the relaxation of the spin distribution function is
controlled by both the electron-electron and electron-impurity
and phonon collisions [51,56,72–75]; that is why we have
� = llee/(l + lee) in the collision integral. Noteworthy, that
this equation describes both ballistic and hydrodynamic cases.
Its exact solution is as follows:

Sz,ϕ = S0
z

N
δF̃ϕ, (32)

where δF̃ϕ is given by Eq. (17).

Particularly, in the ballistic regime, � � w, the spin and
particle distribution functions coincide (up to a numerical
factor describing the spin polarization):

Sb
z,ϕ = S0

z

N
eED sin ϕ

x + w/2 sgn(cos ϕ)

cos ϕ
, (33)

cf. Eq. (18). In the hydrodynamic regime, � ≈ lee 
 w 
 l ,
these distributions are strongly different. The particle distribu-
tion is described by the Poiselle law, Eq. (25), while the spin
distribution has a diffusive form,

δSh
z,ϕ = eEleeD sin ϕ

S0
z

N
, (34)

which works everywhere except for the narrow stripes with
the width ∼lee near the edges (these stripes play no role in the
following).

In the moderate magnetic field regime, where

T 
 |gμBB| 
 εF , (35)

the collisions between the electrons with opposite spins are
suppressed [76] and two spin branches are basically decou-
pled. In that case the kinetic equation for Sz,ϕ takes the form

v cos ϕ
∂Sz,ϕ

∂x
+ Sz,ϕ − Sz,ϕ

τ
+ Q{Sz,ϕ} = eDEv

S0
z

N
sin ϕ,

(36)
where Q{Sz,ϕ} has the same form as from the particle distribu-
tion, Eq. (14). Naturally, the solution for the ballistic regime
gives us the same results, Eq. (32), as it was at |gμBB| 
 T ,
because only the out-scattering matters. In the hydrodynamic
regime, the situation is drastically different and Eq. (36) is
solved similarly to Sec. II B. Its solution is given by [cf.
Eq. (25)]:

δSh′
z,ϕ = S0

z

N
· eEDv

2η

{[(w

2

)2
− x2

]
sin ϕ + leex sin 2ϕ

}
.

(37)
We denote the results relevant to the hydrodynamic regime at
the moderate fields condition (35) with the superscript h′.

III. MECHANISMS OF THE ANOMALOUS HALL EFFECT

Let us now switch to the anomalous Hall effect, namely, to
generation of the Hall field or voltage across the channel unre-
lated to the action of the Lorentz force. The key contributions
to the anomalous Hall effect are caused by the magnetization
of the sample. Largely speaking, the spin Hall current is con-
verted, due to the magnetic field, to the electric current since
the field results in the imbalance of the populations of the
spin-up and spin-down electrons. As a result, the imbalance
of charges arises at the channel edges and the electric field is
generated, see Fig. 2.

To calculate the anomalous Hall effect from the mi-
croscopic standpoint we need to introduce the spin-orbit
interaction which mixes the charge and spin dynamics. To that
end, we consider a generic two-dimensional massive Dirac
model that explicitly accounts for the k · p mixing of the
conduction and valence bands and includes the spin-orbit in-
teraction [15,17,26,51]. We recall that two spin branches (like
in III-V or II-VI semiconductor quantum wells) or two valleys
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(like in two-dimensional transition metal dichalcogenides) are
described by the effective k · p Hamiltonian

H± =
[

0 ± h̄pcv

m0
(kx ∓ iky)

± h̄pcv

m0
(kx ± iky) −Eg

]
. (38)

Here the signs ± correspond to two Kramers-degenerate states
(spin states with sz = ±1/2 or the electron states in the time-
reversal-related K± valleys), pcv is the interband momentum
matrix element (pcv is assumed to be real for simplicity), m0

is the free-electron mass, and Eg is the band gap. We focus on
the case of small electron kinetic energies where εF 
 Eg.
As a result, the electron dispersion is indeed parabolic (5)
with the electron effective mass at the conduction band bottom
given by

m = m2
0

Eg

2p2
cv

.

Naturally, in the absence of magnetic field the electron disper-
sion is the same for the two spin branches. Importantly, this
model (38) provides nonzero Berry curvature and gives rise to
the anomalous transport. For k → 0 the Berry curvature reads
[16,26]

F± = ∓2ξ ẑ, ξ =
(

h̄pcv

mEg

)2

. (39)

As a result, the electrons with opposite spin projections in the
presence of external electric field E acquire the anomalous
velocity [26,51]:

v±
a = 1

h̄
[F± × eE] = ±va, va = −2ξe

h̄
[ẑ × E]. (40)

The anomalous velocity (40) does not depend on the transport
regime and is the same for both ballistic and hydrodynamic
regimes. The remaining contributions are related to the elec-
tron scattering processes. Let us discuss them in more detail.

We start with two “anomalous” contributions that appear
due to nonzero F± in Eq. (39) and related to the electron
wavepackets shifts at the scattering. Indeed, at the elastic or
quasi-elastic electron scattering by the impurity or phonon the
wavepacket shifts in the real space. In the case of short-range
scattering, this shift is given by [26,51,77]

Rp′p ≡ (Xp′p,Yp′p) = ξ

h̄2

(
1 + Uv

Uc

)
[(p′ − p) × ẑ]. (41)

Here Uc and Uv are the scattering matrix elements in the
conduction and valence bands, respectively, p and p′ are the
initial and final electron momenta. In the course of electron
propagation, scattering events occur and the shifts given by
Eq. (41) accumulate resulting in the side-jump accumulation
effect. Corresponding anomalous velocities for the charge car-
riers with opposite spins can be evaluated as

v±
a,s j = ± 2π

h̄N±

∑
pp′

Rp′p|Mp′p|2 · δ(εp′ − εp)[ fp(x) ± sz,p(x)],

(42)

where Mp′p is scattering matrix element and N± = DεF ± S0
z

are the occupancies of the spin branches.

As a result, the side-jump contribution to the anomalous
velocity in Eqs. (2) and (10) read

va,s j = 4π

h̄Sz

∑
pp′

Rp′p|Mp′p|2 · δ(εp′ − εp)sz,p(x). (43)

Next, we evaluate by virtue of Eq. (43) the side-jump accu-
mulation velocity in the ballistic and hydrodynamic regimes.
In the ballistic regime, using approximation (33) we obtain in
the leading order in w/l:

vb
a,s j =

(
1 + Uv

Uc

)
w

π l
ln

(
�

w

)
2ξ

h̄
[ẑ × eE]. (44)

The logarithm, similarly to the case of conductivity, Eq. (22),
results from the grazing electrons contribution and the pref-
actor ∝ l−1 due to the fact that only impurity and phonon
scattering contribute to the side-jump velocity: the electron-
electron interaction in the systems with parabolic dispersion
cannot result in the electric current generation or relaxation. In
the hydrodynamic regime at small magnetic fields, |gμBB| 

T , Eq. (30), to find the side-jump accumulation velocity we
use the approximation (34) with a result

vh
a,s j =

(
1 + Uv

Uc

)
lee

l

ξ

h̄
[ẑ × eE]. (45a)

Here, again, a prefactor contains l−1 because only impurity or
phonon scattering contributes to the side-jump accumulation.
In the moderate field case, Eq. (35), using Eq. (37), we obtain

vh′
a,s j =

(
1 + Uv

Uc

)
2

llee

ξ

h̄

[(w

2

)2
− x2

]
[ẑ × eE]. (45b)

Shifts of the wave packets at the scattering are also accom-
panied by a change in the electron energy. As a result, the
scattering by impurities becomes asymmetric and can lead to
the current generation. This anomalous distribution contribu-
tion results in the generation rate in the form (we recall that
E ‖ ŷ) [26,51]

Gϕ,adist = 2π

h̄
D

∫ ∞

0
dεp ×

∑
p′

|Mp′p|2

× (eEYp′p) · δ′(εp′ − εp)
[
s0

z,p′ − s0
z,p

]
. (46)

As it can be seen from Eq. (46), the anomalous distribution
contribution arises due to scattering by impurities and is calcu-
lated using the equilibrium spin distribution function. Hence,
it does not depend on transport regime, so its generation rate
is the same for both ballistic and hydrodynamic regimes:

Gϕ,adist = −
(

1 + Uv

Uc

)
2ξe

l h̄
ES0

z cos ϕ. (47)

Finally, the asymmetric or skew scattering effect results in
the spin Hall current and, in the presence of magnetic field, in
the anomalous Hall effect. Similarly to the side-jump effect,
the skew scattering takes place at the impurity or phonon
scattering only. Following Refs. [26,51], we obtain

Gϕ,skew =ξSimpD
1

h̄2

∫ ∞

0
dεp

∑
p′

[p × p′]zδ(εp − ε′
p)δsz,p′ (x),

(48)
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with1

Simp = 2πUv

τ
+ 4

Uv

Uc

h̄

DεF τ 2
. (49)

Here first term in the right side of (49) is responsible for
scattering in the third order of impurity potential, and second
term is responsible for two-impurity coherent scattering [17]
or two-phonon scattering [26]. Making use of Eqs. (32) and
(18) for the ballistic regime, we obtain

Gb
ϕ,skew = Simp

τ 2

h̄

w

π l
ln

(
�

w

)
ξe

l h̄
ENS0

z cos ϕ. (50)

Similarly to the case of side-jump accumulation, the logarith-
mic factor accounts for the grazing electrons and, as before,
we took into account the leading in the w/l 
 1 contribution
with a big factor ln(�/w) � 1. In the hydrodynamic transport
regime, we use the spin distribution function either in the form
of Eq. (34) [weak fields, Eq. (30)] or Eq. (37) [moderate fields,
Eq. (35)] to obtain

Gh
ϕ,skew = Simp

τ 2

h̄

lee

l

ξe

l h̄
EN0S0

z cos ϕ (51a)

and

Gh′
ϕ,skew = Simp

τ 2

h̄

ξe

h̄l
ENS0

z

1

llee

[(w

2

)2
− x2

]
cos ϕ, (51b)

respectively.
It is worth mentioning that in the presence of magnetic

field the B-linear contributions to the electron-impurity or
electron-phonon scattering matrix elements appear in the form
of ∝ [p × p′] · B, cf. Refs. [78,79] where kB-linear terms
were discussed. These contributions unrelated to the spin
polarization contain a smallness ∼h̄ωc/Eg, and we disregard
such contributions.

IV. ANOMALOUS HALL EFFECT

Now we turn to the calculation of the anomalous Hall field
and voltage from Eq. (10) which can be recast in the form:

∂

∂x

(
vxF̃ϕ + vaS0

z,ϕ

) + F̃ϕ − F̃ϕ

τ
+ Qee{F̃ϕ} = Gϕ, (52)

where we omitted the terms ∝ E and ∝ ωc that describe the
normal Hall effect studied in Sec. II B. Both the anomalous
velocity contribution in the left-hand side, ∝ vaSz,ϕ and the
generation contribution in the right-hand side, Gϕ , are pro-
portional to the spin polarization giving rise to the anomalous
Hall effect. Below we solve Eq. (52) to the lowest order in Sz

in the ballistic and hydrodynamic regimes, determine F̃ϕ from
the solution of kinetic equation and calculate the anomalous
Hall field by means of Eq. (20).

1Here we correct a misprint in the expression for Simp in Ref. [51].

A. Anomalous Hall effect in ballistic regime

The kinetic Eq. (52) in the ballistic regime can be trans-
formed as

∂

∂x

(
vxF̃ϕ + vaS0

z,ϕ

) + v

l
(F̃ϕ − F̃ϕ ) = Gb

ϕ. (53)

We recall that va contains both contributions from Eqs. (40)
and (44). Note that in the calculation of the Hall field we
cannot disregard the out-scattering terms in the collision
integral. However, in our situation we can neglect the electron-
electron collisions since, as calculation shows, only zeroth and
first angular harmonics of F̃ϕ are now relevant, cf. Eq. (19).
This equation can be solved using the method developed in
Ref. [51].

First, we calculate anomalous contributions caused by
both the anomalous velocity and side-jump accumulation.
Using the boundary conditions of the electric current absence
through the edges, we get

F1 = −2va

v
S0

z,ϕ, (54)

where F1 is the first angular harmonic of F̃ϕ . Equation (54)
means that there is no electric current along the x axis. The
complete solution reads

F̃ a
ϕ = 2

vax

vl
S0

z − 2 cos ϕ
va

v
S0

z . (55)

As discussed above, in the ballistic regime, anomalous veloc-
ities do not depend on the coordinate, so the contributions to
the Hall field from anomalous velocities take the simple form:

Eb
H,a = −2S0

z

eD
vb

a

vl
. (56)

Second, we calculate the contribution stemming from the
generation term. It follows from Eqs. (47) and (50) that both
the anomalous distribution and skew scattering-related gener-
ation rates have the same form, namely,

Gb
ϕ = (

Gb
adist + Gb

skew

)
cos ϕ,

with angular-independent prefactors Gadist/skew, Eqs. (47) and
(50). Correspondingly, in the leading order in w/l , we get

F̃ adist/skew
ϕ = x

v
Gb

adist/skew, (57)

where, as seen from Eqs. (47) and (50), the generation rates of
Gadist/skew also do not depend on the coordinates. Accordingly,
their contributions to the Hall field have the form:

Eb
H,adist/skew = − 1

evDGb
adist/skew. (58)

Equations (56) and (58) are solutions to our problem in ballis-
tic regime.

B. AHE in hydrodynamic regime

Now let us solve Eq. (52) in the hydrodynamic regime.
Similarly to the case of the normal Hall effect studied in
Sec. II B, we keep, in the distribution function, the angular
harmonics up to second:

F̃ϕ = F̃ϕ + F1 cos ϕ + F2 cos 2ϕ. (59)
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Analogously to derivation of Eqs. (27) and (27) we transform
Eq. (52) as

∂

∂x
(vxF̃ϕ + vaSz,ϕ ) = −F1 cos ϕ

τ
− F2 cos 2ϕ

τee
+ Gh

ϕ. (60)

Here va is the sum of anomalous velocities (40) and (45), and
the generation rate Gh

ϕ is given similarly to the ballistic case
in a form

Gh
ϕ = (

Gh
adist + Gh

skew

)
cos ϕ ≡ Gh cos ϕ,

with angle-independent Gh
adist/skew. Combining Eqs. (59) and

(60) we obtain a set of three coupled equations:
∂

∂x

(v

2
F1 + vaS0

z

)
= 0, (61a)

∂

∂x

[
v

(
F̃ϕ + F2

2

)]
= −F1

τ
+ Gh, (61b)

∂

∂x

(v

2
F1

)
+ F2

τee
= 0. (61c)

Using boundary conditions of vanishing current through the
channel edges, we get the first harmonic from (61a):

F1 = −2va

v
S0

z , (62)

cf. Eq. (54). Using this first harmonic we can get second
harmonic from Eq. (61c):

F2 = τee
∂

∂x

(
vaS0

z

)
. (63)

Substituting this expression to Eq. (61b), we have

v
∂F̃ϕ

∂x
= 2vaS0

z

l
+ Gh − lee

2

∂2

∂x2
(vaS0

z ). (64)

Solving this equation, we can find F̃ϕ and the Hall field in the
form

Eh
H,a = −2S0

z

eD
vh

a

vl
+ τee

2eD
∂2

∂x2

(
vaS0

z

) − 1

evD
(
Gh

skew + Gh
adist

)
.

(65)

Equation (65) presents the solution to our problem in hydrody-
namic regime. Note that in the case of weak magnetic fields,
Eq. (30), the anomalous velocity is coordinate independent
and F2 vanishes.

V. DISCUSSION

Equations (56), (58), and (65) are the main results of this
work. They present the anomalous Hall field in ballistic and
hydrodynamic transport regimes caused by the anomalous
velocity, side-jump accumulation and anomalous distribution,
and skew scattering mechanisms. Here we briefly analyze and
discuss the obtained results.

A. Ballistic regime

Let us recall the main contributions to the anomalous Hall
effect for the ballistic regime derived in Sec. IV A. Since

there is a small parameter (w/l ) ln(�/w) 
 1 in the ballistic
transport regime, the main contributions to the anomalous
Hall field are given by the anomalous velocity and anomalous
distribution, Eqs. (56) and (58), and can be recast as

Eb
H = Eb

H,a + Eb
H,adist = − 2ξ

Dvh̄

(
1 − Uv

Uc

)
ES0

z

1

l
. (66a)

The remaining contributions from asymmetric scattering and
side jump contain a small parameter w/l ln(�/w) 
 1, so
they are important only if Uc ≈ Uv where Eb

H in Eq. (76)
becomes negligible. These subleading terms read

Eb′
H = EH,s j + EH,skew = 2ξ

Dvh̄

w

π l
ln

(
�

w

)

×
{

2

(
1 − Uv

Uc

)
− πUvτN

h̄

}
ES0

z

1

l
. (66b)

Similar conclusions were drawn in the Ref. [51] regarding
the relationships between the contributions to the spin/valley
current in the absence of a magnetic field. It is obvious that the
scattering is suppressed in an ultraclean channels, so the con-
tribution from the anomalous velocity should be the leading
one. Among the scattering-related contributions, the dominant
one is due to the anomalous distribution: the generation rate of
the anomalous distribution [Eqs. (46) and (47)] is proportional
to the scattering rate in the bulk, ∝ 1/l , and corresponding
contribution to the anomalous Hall field ∝ 1/l just like that of
the anomalous velocity, Eq. (66a). Note that this contribution
results from the equilibrium distribution function with account
for the electric field in the energy conservation δ-function in
the collision integral (46). By contrast, the side-jump accu-
mulation and skew scattering have both the small factor ∝ 1/l
due to scattering in the bulk stemming from the generation rate
and, additionally, the smallness (w/l ) ln(�/w) 
 1 resulting
from the electric field induced Sz,ϕ .

Similarly to diffusive systems, at Uv = Uc, the only con-
tribution of skew scattering in the third order of the impurity
potential remains. In this case, the side-jump anomalous ve-
locity and two-impurity coherent scattering contributions of
skew scattering compensate each other like the anomalous
velocity and anomalous distribution [27]. We also note that, in
contrast to systems with diffusive propagation of electrons, in
ballistic channels, as follows from Eq. (66a), there is no com-
plete compensation of the anomalous velocity contribution.
This is due to the fact that a noticeable part of the momentum
is lost on the channel edges, and not in its bulk, while the
anomalous velocity is present everywhere, see [51] for details.

Interestingly, the normal contribution to the Hall field
(21) has a small parameter (w/l ) ln(�/w) 
 1 in the bal-
listic regime unlike the anomalous velocity and anomalous
distribution contributions. However, the latter ones have a
small parameter ∝ ξ ∝ 1/E2

g . In the case when the scattering
potentials in the conduction and valence band are the same,
Uc = Uv , the anomalous Hall effect is further suppressed and
has both small parameters: (w/l ) ln(�/w) 
 1 and ξ .

For all mechanisms of the anomalous Hall effect, the Hall
voltage is a linear function of the coordinate x in the ballistic
regime as it is illustrated in Figs. 3(a)–3(c) where the depen-
dence VH (x) is plotted for individual mechanisms by taking
integrals of Eqs. (66) over the coordinate. It is noteworthy that
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FIG. 3. Anomalous Hall voltage VH distribution across the sample calculated for the ballistic regime [(a)–(c)] and for hydrodynamic
regime at moderate magnetic fields, Eq. (35) [(d)–(f)]. Individual contributions from anomalous velocity and anomalous distribution [(a) and
(d)], side-jump accumulation [(b) and (e)], and skew scattering [(c) and (f)] are shown. Plots are given not to scale.

in ballistic channels Eqs. (66) and corresponding expressions
for the distribution of the Hall voltage across the channel can
be derived directly from Eqs. (36), (37), (39), (40), and (42)
of Ref. [51]. In fact, in such a case, the spin polarization
obeys the same equation as F̃ϕ (x). Introducing the equilibrium
magnetoinduced electron spin polarization as

Ps = 2
S0

z

N
, (67)

we obtain, up to a constant, the Hall voltage

V b
H (x) = 1

eDPsN+
b (x), (68)

where N+
b = −N−

b are the densities of electrons with spin
±1/2 components in the absence of magnetic field gener-
ated due to the spin or valley Hall effect and introduced in
Ref. [51]. As we see below this universality does not hold
in the hydrodynamic regime. It also breaks in deeply diffu-
sive systems where spin relaxation controls spin polarization
distribution in the spin Hall effect [20,28] and is virtually
unimportant for the anomalous Hall effect.

B. Hydrodynamic regime

Let us present the complete expressions for the anomalous
Hall fields in the hydrodynamic transport regime substitut-
ing microscopic expressions for the velocities and generation
rates into Eq. (65). Contributions from the anomalous velocity
and anomalous distribution are the same as in the ballistic
regime studied above, see Eq. (66a). Naturally, they have the
same form both for the low (30) and moderate (35) magnetic
fields:

Eh/h′
H,a + Eh/h′

H,adist = − 2ξ

Dvh̄l

(
1 − Uv

Uc

)
ES0

z . (69a)

These contributions do not have coordinate dependence. The
side-jump contribution to the Hall field reads

Eh
H,s j = 2ξ

Dvh̄l

lee

l

(
1 + Uv

Uc

)
ES0

z , (69b)

at low magnetic fields, Eq. (30), and

Eh′
H,s j = 2ξ

Dvh̄l

(
1 + Uv

Uc

)
ES0

z , (69c)

at moderate magnetic fields, Eq. (35), respectively. The side-
jump contribution to the anomalous Hall field is coordinate
independent both in weak and moderate magnetic fields. The
Eh′

H,s j/Eh
H,s j = l/lee � 1 because electron-electron collisions

between the particles with opposite spins, if active (weak
fields), suppress spin current. Expressions for the skew scat-
tering contribution to the Hall field are, respectively,

Eh
H,sk = − ξ

Dvh̄l
Simp

τ 2

h̄

lee

l
EN0S0

z , (69d)

for low magnetic fields, Eq. (30), and

Eh′
H,sk = − ξ

Dvh̄l
Simp

τ 2

h̄
ENS0

z

1

llee

[(w

2

)2
− x2

]
, (69e)

for moderate fields, Eq. (35). Making use of Eqs. (69a)—
(69e), we obtain the Hall voltage in the form

V h
H (x) = −2ξ

h̄l

ES0
z

vD

(
Uv

Uc
− 1 − πUvNτee

2h̄

)
x (70a)

in case of low magnetic fields (30) and

V h′
H = −4ξ

h̄l

ES0
z

vD

{
Uv

Uc
− πUvNτee

2h̄

1

l2
ee

[(w

2

)2
− x2

3

]}
x

(70b)
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in case of moderate magnetic fields (35). In case of low mag-
netic fields (70a) and Uv = Uc, only the single impurity third
order skew scattering contribution remains as we discussed
previously in Sec. V A for the ballistic regime, Eq. (66). Fig-
ures 3(d)–3(f) show the Hall voltage distribution across the
channel for the hydrodynamic regime and moderate magnetic
fields (in the weak field regime VH (x) ∝ x as in the ballistic
regime). In our calculation we assumed that llee � w2 (cf.
Ref. [51]), in this case the skew scattering contribution has
a nonlinear coordinate dependence.

Similarly to the ballistic regime, in the hydrodynamic
regime the anomalous Hall field has a smallness ∝ (εF /Eg)2

since it requires the spin-orbit interaction. In case of low mag-
netic field, the side-jump and skew scattering contributions
also have smallness ∝ lee/l , for the moderate fields where
|gμBB| � T this smallness is absent.

Interestingly, in the hydrodynamic regime the Hall field
appears due to the impurity or phonon scattering and it van-
ishes in the purely hydrodynamic case where l → ∞ as it
follows from Eqs. (69). Physically, it is because the electron
electron collisions conserve the total momentum of the col-
liding pair and cannot, for the parabolic dispersion, result in
the electric current relaxation or generation due to effective
Gallilean invariance of the system. Similarly, for the parabolic
dispersion the side-jump at the electron-electron collisions is
inefficient [50]. It is in stark contrast with the spin current
generation and spin accumulation at the channel edges where
the electron-electron collisions play a crucial role [51,80].

It is instructive to analyze the obtained results in the hydro-
dynamic regime from a more general viewpoint and establish
its relations with previous works [45–50] on “anomalous”
hydrodynamics. To that end, we allow slow (on the time
scale of τee) and smooth (on the length scale lee) variations of
electron density N (r, t ) and hydrodynamic velocity u(r, t ) =
2N−1 ∑

p(p/m) fp. Combining Eqs. (24) and (61), we arrive
at the standard set of hydrodynamic equations for a fluid [69],
namely, of continuity equation2

∂N

∂t
+ ∇ · N (u + ua) = 0, (71a)

and linearized equation for the hydrodynamic velocity

∂Nu
∂t

+ Nu × ωc = −∇�̂ − Nu
τ

+ eN

m
(E + EH ) + f .

(71b)

Here, ua is the anomalous velocity (related both to Berry
curvature and side-jump accumulation), �̂ is the momentum
flux density tensor, and the force density f results from the
anomalous distribution and skew scattering induced current
generation rates. Equation (61c) provides the expression for
the components of �̂ that, in our two-dimensional case, re-

2In the reasonable limit of incompressible flow Eq. (71a) requires
∇ · (u + ua). The anomalous velocity should be taken into account
in the boundary conditions (while in the bulk of the channel its
divergence vanishes, cf. Ref. [49]).

duces to

�αβ = −Nηαβ

(
∂uα

∂rβ

+ ∂uβ

∂rα

− δαβ

∂uγ

∂rγ

)
, (72)

with the viscosity coefficients determined by the electron-
electron collisions

ηxx = ηyy ≡ η = vlee

4
, ηxy, ηyx = 0. (73)

in agreement with Eq. (26). One can readily check, that
solution of Eqs. (71) with no-slip boundary conditions
uy(±w/2) = 0 and appropriate expressions for ua = vaS0

z x̂
[cf. (61a)] and f = 2Ghx̂ [cf. Eq. (61b)] yields the results for
the normal and anomalous Hall effect obtained above. We
stress that our theory provides microscopic expressions for
ua and f consistently taking into account all relevant spin-
orbit interaction induced contributions: side-jump, anomalous
velocity, and skew-scattering.

In the considered axially-symmetric model of electron
spectrum, the off-diagonal components of the viscosity tensor
appear in the presence of magnetic field and spin polar-
ization and obey the Onsager relation ηxy = −ηyx. On the
microscopic level the Lorentz force results in the off-diagonal
contributions to the viscosity tensor (Hall viscosity)

ηxy = −ηyx = −2ωcτeeη, |ωc|τee 
 1. (74)

These components provide an additive contribution to the
normal Hall effect [Eq. (28)], but they can be safely neglected
in hydrodynamic regime because of the small parameter
lee/w: the Hall viscosity manifests itself only due to u �= 0
compared to the Lorentz force action which is possible in
homogeneous flow. In the presence of spin polarization, the
anomalous, i.e., unrelated to the Lorentz force, contributions
to ηxy = −ηyx appear owing to the spin-orbit interaction

ηso
xy = −ηso

yx ∝ Ps, (75)

where Ps is the electron spin polarization degree introduced in
Eq. (67). Such contributions for the impurity scattering were
calculated and discussed in Refs. [45,47]. However, these
terms provide negligible contribution to the anomalous Hall
field EH compared to the contributions of anomalous velocity
ua and force f , since they require additional spatial gradients
of velocity and, hence, contain a small factor lee/w.

However, electron-electron collisions can also contribute
to the off-diagonal terms of viscosity tensor—odd-viscosity
[81–83]—as

ηee
xy = −ηee

yx = ϒPsη, (76)

where ϒ is a dimensionless constant related to the details
of scattering (detailed calculations of ϒ for two-dimensional
electrons are beyond the present work and will be reported
elsewhere). The resulting Hall field produced by odd viscosity
reads

Eee
H = −mηee

xy

e
Vy, (77)

where, as follows from Eq. (25):

Vy = eEy

2mη

[(w

2

)2
− x2

]
. (78)
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It results in a constant anomalous Hall field and linear voltage
across the channel. We stress that the contribution (77) to
the anomalous Hall field is inherently related to the electron-
electron interactions and is present even if impurity and
phonon scattering is totally inefficient, l = ∞.

VI. CONCLUSION

We have developed a microscopic theory of the anomalous
Hall effect in ultraclean two-dimensional electronic channels,
where the transport mean free path exceeds the width of the
conducting channel. All relevant contributions to the anoma-
lous Hall electric field have been taken into account: the
anomalous velocity, the side-jump, and the skew scattering.
We have studied two main regimes of the electron transport
in the channel: the ballistic one where the electron mean free
path (both due to the disorder scattering and electron-electron
collisions) exceeds the channel width and the hydrodynamic
one where the electron-electron mean free path is much
smaller than the channel width. In the latter regime, we have
identified two qualitatively different cases of weak and mod-
erate magnetic fields where the Zeeman splitting is smaller
or larger than the thermal energy. In all relevant cases, the
analytical expressions for the Hall field have been derived.

For the ballistic regime, we have demonstrated a universal
relation between the Hall voltage and spin accumulation due
to the spin Hall effect. This universal relation breaks in the
hydrodynamic regime where the Hall voltage and field are
sensitive to the strength of electron-electron collisions and
also in the deeply diffusive (Ohmic) regime where spin re-
laxation processes become important in the case of the spin
Hall effect.

In the hydrodynamic regime, the anomalous Hall effect
is determined both by electron-collisions and momentum re-
laxation processes due to impurity scattering. An increase
in magnetic field suppresses electron-electron collisions with
opposite spins changing the spin distribution and, accordingly,
the anomalous Hall field and voltage. We have shown that

in the moderate magnetic field case, where the opposite spin
collisions are suppressed, the anomalous Hall field caused by
the skew scattering is inhomogeneous and corresponding Hall
voltage is a nonlinear function of coordinate.

Within general hydrodynamic framework we have also
discussed the effect of odd viscosity due to electron-electron
collisions and shown that in the case where impurity and
phonon scattering is absent, the anomalous Hall effect is
solely driven by the odd viscosity.

The anomalous contribution to the Hall field and voltage
are smaller than the normal ones. The anomalous Hall effect
can be significantly enhanced in diluted magnetic semicon-
ductors where the Zeeman splitting of the charge carriers
is controlled by the spin polarization of magnetic ions. In
that case, the anomalous contributions can be extracted ow-
ing to their characteristic magnetic field dependence—strong
linear growth followed by saturation—and high sensitiv-
ity to the temperature. Another possible way to detect the
anomalous Hall effect is to use the electron spin resonance
technique: by depolarization of the electron spins via addi-
tional weak alternating electromagnetic field one can extract
the spin-related—anomalous—contribution to the Hall field
and voltage from the total one measured in conventional Hall
setup.

To conclude, sensitivity of the anomalous Hall effect to (i)
spin-orbit interaction and band topology, (ii) transport regime,
and (iii) electron-electron interactions opens up avenues to
in-depth experimental studies of these key effects in ultra-
clean two-dimensional electronic systems. Comparison of the
developed theory and future experiments allow one to access
intricate phenomena like odd viscosity and extract important
parameters governing electron transport.
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