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Quantum anomalous Hall (QAH) insulators with high Chern number host multiple dissipationless chiral
edge channels, which are of fundamental interest and promising for applications in spintronics and quantum
computing. Here, we propose a dynamic approach for achieving high-Chern-number QAH phases in periodically
driven two-dimensional higher-order topological insulators (HOTIs) irradiated by circularly polarized light
(CPL). In particular, we consider two representative kinds of HOTIs which are characterized by a quantized
quadruple moment and the second Stiefel-Whitney number, respectively. Using the Floquet formalism for
periodically driven systems, we demonstrate that QAH insulators with tunable Chern numbers up to four can be
achieved. Moreover, we show by first-principles calculations that the monolayer graphdiyne, a realistic HOTI,
is an ideal material candidate. Remarkably, the irradiation of CPL does not destroy the quantized quadruple
moment in periodically driven HOTIs, leading to an exotic mixed phase harboring both high Chern numbers
and higher-order topology. Our work not only establishes a strategy for designing high-Chern-number QAH
insulators in periodically driven HOTIs, but also provides a powerful approach to investigate exotic topological
states in nonequilibrium cases.
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I. INTRODUCTION

The quantum anomalous Hall (QAH) effect, characterized
by quantized Hall resistance in the absence of external mag-
netic field, exhibits nontrivial chiral edge states that conduct
dissipationless charge current. This intriguing property facil-
itates its potential applications for low-power consumption
electronic devices, thus drawing considerable attention [1–5].
The Chern number C, also known as the TKNN number and
defined by the integration of the Berry curvature over the first
Brillouin zone (BZ) [6], denotes the number of topologically
protected chiral edge states, and the Hall resistance of a QAH
insulator is quantized into h/Ce2, where h is the Planck’s
constant and e denotes the charge of an electron. Usually, the
QAH state with C = 1 has been widely studied both in the-
ories and experiments [7–12]. The low-Chern-number QAH
phase (i.e., C = 1), which possesses a single current trans-
port channel, may encounter challenging issues in practical
applications due to unavoidable contact resistance restrictions
[9,13,14]. In contrast, the high-Chern-number QAH states
(i.e., C > 1) provide more topologically protected chiral edge
channels, which can significantly improve the performance
of QAH-based devices. More importantly, the high-Chern-
number QAH insulators can enhance the effective breakdown
current of edge states and thus provide an efficient solution
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to the contact resistance problem [9,13,14]. However, to date,
only a limited number of high-Chern-number QAH insulators
have been reported in magnetically doped or intrinsic mag-
netic topological insulator (TI) films [13–22].

The QAH effect is generally suggested to be achieved in
two-dimensional (2D) topological insulators (TIs) by break-
ing time-reversal (T ) symmetry [23–29], and consequently
the T -broken band topology indicates that chiral edge states
are a necessary feature of the one-dimensional boundaries
in two spatial dimensions, as dictated by the bulk-boundary
correspondence. Recently, the guiding principle for TIs has
been extended to higher-order topological insulators (HO-
TIs), which manifest that the dimensionality of topologically
gapless boundary states is lower by more than one di-
mension compared to that of the bulk [30–34]. The novel
bulk-boundary correspondence has propelled HOTIs into the
forefront of research in the field of topological phases of
matter [32–46]. The T symmetry plays a vital role in protect-
ing the higher-order boundary states in HOTIs associated by
the crystalline symmetries [32–34], even though crystalline
symmetries are not essential [33,47,48]. Therefore, in light
of the fundamental expansion of topological states of matter,
it is imperative to investigate topological phase transitions
by introducing T -symmetry breaking in HOTIs. To be spe-
cific, there are currently at least two unresolved issues about
this problem: (i) the connection between the QAH and high-
Chern-number QAH states and the T -broken HOTIs; (ii) the
realization approach and material candidate, if issue (i) is
established.
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Motivated by the above issues, we here propose a strat-
egy for achieving the high-Chern-number QAH insulators
from 2D T -invariant HOTIs irradiated by circularly polarized
light (CPL). We focus on two representative types of 2D
HOTIs whose bulk topology can be respectively measured
by a quantized quadruple moment [30,31] and the second
Stiefel-Whitney number [49]. Within the framework of the
Floquet formalism, their results show a surprise common
sense; that is, the high-Chern-number QAH phase is derived
from the light-induced multiple band inversion collaborated
by higher-order band topology, which is different from the
high-Chern-number QAH phase arising from the trigonal
warping effect in the previous work [50]. In particular, the
latter one has been realized in 2D graphdiyne [41,51]. It
is noteworthy that, besides the application of external mag-
netic fields and magnetic dopant atoms, the utilization of
periodically driven light fields is considered to be an effec-
tive approach for breaking T symmetry and exploring exotic
topological phases out of equilibrium [8,52–59]. The Chern
number is continuously tunable from one to four by changing
the light intensity and photon energy. Intriguingly, we further
reveal that the irradiation of CPL does not destroy the quan-
tized quadruple moment, and the unique Floquet topological
state harboring both high Chern numbers and higher-order
topology offers a promising avenue to investigate exotic topo-
logical states in nonequilibrium cases.

II. HIGH-CHERN-NUMBER QAH STATE
FROM THE QUADRUPLE INSULATOR

We start with the Benalcazar-Bernevig-Hughes (BBH)
Hamiltonian for a quantized quadrupole insulator described
as [30,31]

H (k) = λ sin(ky)�1 + [γy + λ cos(ky)]�2

+ λ sin(kx )�3 + [γx + λ cos(kx )]�4, (1)

in which k = (kx, ky) is the wave vector, λ and γ represent
two kinds of hopping strengths, �i = −τ2σi (i = 1, 2, and
3), and �4 = τ1σ0 (here, τ and σ denote two sets of Pauli
matrices for different degrees of freedom). For simplicity and
without loss of generality, we hereafter assume λ = 1 and
γx = γy = γ . It is worth noting that bands near the Fermi level
are located at (π , π ) or (0, 0) when λ/γ > 0 or λ/γ < 0.
However, the topological condition for the quadrupole insula-
tor only depends on the absolute value of the ratio of λ and
γ . Here, we choose the λ/γ < 0 and mainly focus on the
topological properties at the � = (0, 0), and expand Eq. (1)
to the k-quadratic order around � to obtain the low-energy
effective model H (k) = ky�1 + My�2 + kx�3 + Mx�4, where
Mx(y) = 1 + γ − 1

2 k2
x(y). To study the influence of light field

on the quadrupole insulator, we apply a time-periodic and
spatially homogeneous CPL that can be described by vector
potential of A(t ) = A[cos(ωt ), η sin(ωt ), 0] for polarization
in the x-y plane, in which A is the amplitude, ω = 2π/T
is frequency of light, and η = ± are for right- and left-
handed CPL that rotates counterclockwise and clockwise in
the x-y plane, respectively. The coupling of the time-periodic
CPL on the effective Hamiltonian can be described by
Peierls substitution, resulting in time-dependent Hamiltonian

H (k, t ) = H (k + e
h̄ A(t)) [60,61]. Then, we expand the CPL

driven Hamiltonian by discrete Fourier series and obtain
H (k, t ) = ∑

m Hm(k)e−imωt . The Fourier components Hm(k)
read

Hm(k) = 1

T

∫ T

0
eimωt H (k + e

h̄
A(t ))dt . (2)

Based on Eq. (2), we can construct an effective static
Hamiltonian H (k, ω) in the infinite extended Hilbert space
of multiphoton components [see details in the Supplemen-
tal Material (SM)] [61–63]. After careful inspection of the
convergence of the Floquet quasienergy spectrum, we find
that the first-order truncation is accurate enough to describe
the irradiation of CPL (see Fig. S2 in the SM [63]), and the
higher-order terms that correspond to the contributions of two-
photon and beyond have negligible influence on the Floquet
quasienergy spectrum. Therefore, we here truncate the infinite
Floquet bands to first order in the following discussion. The
considered terms read,

H0(k) = ky�1 + (My − B2)�2 + kx�3 + (Mx − B2)�4

H±1(k) = B[�3 − kx�4 ± i(�1 − ky�2)η]

H±2(k) = B2

2
(�2 − �4), (3)

where B = Ae
2h̄ . By diagonalizing the truncated Floquet Hamil-

tonian H (k, ω) in the momentum and frequency space, we can
obtain Floquet quasienergy bands of the quadrupole insulator
around � under irradiation of CPL. We here mainly present
the effect of left-handed CPL on the quadrupole insulator
and will no longer show the case of right-handed CPL any
more because it has an equivalent effect on the quadrupole
insulator as that of left-handed CPL. As is well known, our
employed BBH model exhibits a trivial quadrupole phase
without gapless edge states for |γ /λ| > 1, while a nontrivial
quadrupole phase with quantized corner states for |γ /λ| < 1.
Therefore, we have set |γ /λ| = 0.9 to guarantee that the CPL
is incorporated into the nontrivial quadrupole phase.

The calculated Floquet quasienergy bands with increasing
light intensity eA/h̄ and and photon energy h̄ω are shown
in Fig. 1. In the absence of irradiation of CPL, the energy
spectrum characterizes with a direct band gap between the
conduction band minimum (CBM) and the valence band
maximum (VBM) at �, and exhibits corner zero modes as
expected [31]. When the CPL is introduced, the originally
well-separated CBM and VBM respectively move downward
and upward, leading to the closing and reopening of band gap,
forming the inverted bands. As shown in Fig. 1(a) (with light
intensity eA/h̄ = 0.03 Å−1 and photon energy h̄ω = 0.13 eV),
the Floquet quasienergy bands still keep a trivial insulating
state because of the relatively small photon energy. As we
increase the photon energy (h̄ω = 0.14 eV), one can evidently
see the band inversion emerges between the Floquet-Bloch
bands near the Fermi level (i.e., C−1 and V1), shown in
Fig. 1(b). To characterize the topological property, we can
calculate the Chern number C of the Floquet system, which
can be given by an integral of the Berry curvature of the occu-
pied bands [64]. The calculated Chern number C = 1 further
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FIG. 1. The evolution of energy spectrum of quadrupole insula-
tor under irradiation of CPL with the increasing light intensity eA/h̄
and photon energy h̄ω, in which the corresponding calculated Chern
number are marked, C1,0,−1 and V1,0,−1 represent the photon-dressed
bands near the Fermi level, respectively. In (a)–(d), the light intensity
eA/h̄ is set to 0.03 Å−1, while eA/h̄ = 0.08 Å−1 in (e)–(h). The
photon energy of CPL in the same vertical column, as labeled on
the top of corresponding columns, are 0.13, 0.14, 0.30, and 0.35 eV,
respectively. The insets enlarge the bands in the dashed box near the
Fermi level. Here, we have set |γ /λ| = 0.9 for all the calculations to
guarantee the nontrivial quadrupole phase of the BBH model.

confirms the nontrivial band topology, and demonstrates that
the nontrivial quadrupole insulator evolves into a quantum
anomalous Hall (QAH) insulator under irradiation of CPL.

More importantly, continuous increase in photon energy
drives further evolution of the photon-dressed band structure
and induces multiple band inversion for the quadrupole in-
sulator. As shown in Figs. 1(c) and 1(d), the inversion of
Floquet-Bloch bands appears two and three times, character-
istic of higher Chern number C = 2 and C = 3, respectively.
That is to say, under the irradiation of CPL, we can obtain the
high-Chern-number QAH states from a quadrupole insulator,
and the Chern number can be continuously manipulated by
changing the photon energy. Meanwhile, by tuning the light
intensity at the given photon energy, the Chern number of
the Floquet system can be also continuously changed. For
example, at certain photon energy h̄ω = 0.14 eV, the corre-
sponding Chern number changes continuously from one to
two as the light intensity increases from 0.03 Å−1 to 0.08 Å−1

[compare Fig. 1(b) with Fig. 1(f)]. The maximum Chern
number of the Floquet system that we can obtain is four, as
shown in Fig. 1(h) with eA/h̄ = 0.08 Å−1 and h̄ω = 0.35 eV.
Besides, it is worth noting that the chiral edge states may not
be uniquely determined by the Chern number C in periodically
driven 2D systems [57–59]. However, as shown in the bottom
panels of Fig. 1, with increasing frequency, band inversions
occur first at ε = 0, then at ε = π , leading to high Chern
number phases. Hence, in our work, the Chern number C
calculated from the Floquet bands below the Fermi level can
enough determine the possible number of chiral edge states.
In short, utilizing the BBH model and Floquet theory, we
demonstrate that the 2D quadrupole insulator evolves into

(a) (b)

FIG. 2. (a) The energy spectrum with open boundaries in both
the x and y directions, where the edge states and corner states are
marked in blue and red, respectively. The spatial distribution of the
corner and edge states are shown as the inserts. (b) The evolution
of Chern number C and quadruple moment Qxy with the increase of
light intensity.

the Floquet QAH insulator with tunable high Chern numbers
under the irradiation of CPL.

To better understand the above promising phenomenon
from the quadrupole insulator to high-Chern-number QAH
states, we further determine whether the higher-order topol-
ogy is preserved under the irradiation of CPL. To reveal this,
we calculate the energy spectrum by directly diagonalizing the
Floquet Hamiltonian Eq. (3) with open boundaries in both the
x and y directions, as show in Fig. 2(a). It is found that both 1D
edge states (colored blue) and 0D corner states (colored red)
inside the gap, indicating the coexistence of quadrupole insu-
lator and Chern insulator phases. As confirmed in Fig. 2(b),
the quadruple moment Qxy can always be quantized to 1/2
with the increase of light intensity, indicating that the irra-
diation of CPL does not destroy the higher-order topology;
meanwhile, the Chern number C accompanies with a transi-
tion from zero to one. Further, we also find the phase with C =
2 or C = 3 and Qxy = 1/2 are present at higher frequencies
(see Fig. S2 in the SM [63]). The discovery that CPL triggers a
phase transition to high-Chern-number QAH insulators from
HOTIs not only establishes periodically driven HOTIs as a
practical platform for achieving high Chern number QAHE,
but also unveils a unique Floquet topological state harboring
both high Chern numbers and higher-order topology.

III. HIGH-CHERN-NUMBER QAH STATE FROM A HOTI
WITH SECOND STIEFEL-WHITNEY NUMBER

AND ITS REALIZATION IN GRAPHDIYNE

Next, we show that the photoinduced high-Chern-number
QAH states can also occur in a HOTI with the second Stiefel-
Whitney number. This type of HOTIs was realized in 2D
graphdiyne [41,51], whose bulk topology can be revealed by
a four-band k · p Hamiltonian as [41,65]

H = (−� + mk2
x + mk2

y

)
σzτ0 + vkxσxτx + vkyσxτy

+ λ
(
k2

x − k2
y

)
σzτx + 2λkxkyσzτy. (4)

The calculation details and related results are included in
the SM [63]. As shown in Fig. S1 [63], we can see that
multiple band inversion of Floquet bands emerges and the
2D HOTI with the second Stiefel-Whitney number evolves
into the Floquet QAH insulator with tunable Chern number
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FIG. 3. (a) Schematic of irradition of CPL on graphdiyne.
(b) The band structures of graphdiyne obtained by DFT calculation
(red solid lines) and Wannier TB Hamiltonian (black dashed lines)
without irradition of CPL. (c)–(f) The Floquet band structures of
graphdiyne around � under irradition of CPL with different light
intensity eA/h̄ and photon energy h̄ω. In (c), with the parameters
eA/h̄ = 0.01 Å−1 and h̄ω = 0.2 eV, the Floquet bands are trivial;
In (d), the Floquet bands with eA/h̄ = 0.04 Å−1 and h̄ω = 0.2 eV
exhibit band inversion with C = 1 near the Fermi level; In (e),
the Floquet bands with eA/h̄ = 0.03 Å−1 and h̄ω = 0.31 eV evolve
into the high-Chern-number states with C = 2; With the parameters
eA/h̄ = 0.02 Å−1 and h̄ω = 0.4 eV in (f), the Chern number of the
Floquet system increases to three.

under the irradiation of CPL, which is quite similar to the
results obtained from the quadrupole insulator described by
BBH model.

The material realization will greatly facilitate the po-
tential applications of photoinduced QAH states from 2D
HOTIs. Considering that 2D graphdiyne was experimentally
synthesized [66], by employing first-principles calculations
and a tight-binding (TB) model combined with Floquet
theory, we next take it as an example to confirm the pho-
toinduced topological phase transition from the HOTI to
high-Chern-number QAH states in 2D graphdiyne. Due
to the negligible spin-orbital coupling of graphdiyne, we
treat it as a spinless system in the following discussions.
For first-principles calculations we adopted the Perdew-
Burke-Ernzerhof exchange-correlation functional within the
framework of density functional theory (DFT) as imple-
mented in the Vienna ab initio simulation package [67–69].
The other calculated details can be found in the SM [63].
Figure 3(a) shows the optimized crystal structure of
graphdiyne constructed from sp- and sp2-hybridized carbon
atoms. The calculated lattice constant is 9.46 Å, which shows
excellent consistency with previous experimental and the-
oretical results [41,70,71]. The obtained band structure, as
illustrated in Fig. 3(b), shows that it possesses a direct band
gap of 0.47 eV at �, which agrees well with the previous
theoretical result of 0.46 eV [72].

Based on the obtained band structure, we established a real-
space Wannier TB Hamiltonian for graphdiyne. Note that, in
order to ensure the accuracy and reliability of our following
analysis, the band structures calculated by the TB Hamilto-
nian should be in good agreement with those computed by
first-principle calculations, shown in Fig. 3(b). Employing the
Floquet theorem, we can introduce the CPL in the real-space
TB Hamiltonian in the Wannier function basis and obtain an
effective static Hamiltonian H (k, ω) in the frequency and mo-
mentum space. The further details for H (k, ω) can be found
in the SM [63].

According to the truncated H (k, ω), we computed the band
structure of 2D HOTI graphdiyne under the irradiation of CPL
as implemented in WannierTools code [74]. The calculated
band structures around � under various light intensity and
photon energy of CPL are shown in Figs. 3(c)–3(f). Evidently,
the bands around � can be inverted by tuning the light inten-
sity and photon energy. Similar to the case of the BBH model,
the multiple band inversion occurs as expected, leading to
the Chern number manipulated continuously from trivial state
C = 0 to nontrivial QAH state with C = 3. It is worthwhile to
mention the higher Chern number larger than three can also
be realized in graphdiyne by further tuning light intensity and
photon energy.

To demonstrate the topological properties of the photoin-
duced QAH states, we next show the hallmark of the QAH
phases with tunable Chern number by depicting their edge
states. Figure 4(a) illustrates the edge states of graphdiyne
under the irradiation of CPL along zigzag direction −X ←
� → X. One can see that the number of the chiral edge states
with different light intensity and photon energy show good
agreement with the DFT band calculations, further supporting
the fact that we can obtain the QAH states by irradiating
CPL on a 2D HOTI. Moreover, by manipulating the light
intensity and photon energy, we can realize the high-Chern-
number QAH states up to C = 4 for graphdiyne. Here, it is
clearly found that the calculated Chern number C uniquely
corresponds to the number of chiral edge modes inside the
band gap, demonstrating the reliability of our calculation.
Considering graphdiyne as a 2D realistic HOTI, it is the
first HOTI platform to achieve the high-Chern-number QAH
states under the irradiation of CPL. In addition, the maximum
light intensity eA/h̄ = 0.07 Å−1 in Fig. 4 corresponds to the
electric field strength of 3.50×109 V/m or the laser energy
density 1.62×1011 W/cm2. Hence, the laser frequencies and
intensities we used in our calculations are entirely feasible to
replicate in experimental settings [8,73].

The phase diagram can completely summarize the pa-
rameter regimes of different phases and gain a deep insight
into the topological phase transition. Therefore, based on the
H (k, ω) obtained from first-principles calculations, we obtain
the phase diagram of Chern number for graphdiyne as a func-
tion of light intensity and photon energy of CPL, as shown
in Fig. 4(b). We can find that there are five distinct phase
regimes corresponding to the continuously changed Chern
number (ranging from zero to four). With relatively small light
intensity and photon energy, the Chern number increases from
zero to four with the increasing light intensity and photon
energy. However, when the light intensity and photon energy
is relatively high, it is found that further increase of light
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FIG. 4. Edge states and phase diagram of graphdiyne under the
irradiation of CPL. (a) The edge states of graphdiyne along high-
symmetry zigzag edge −X ← � → X under the irradiation of CPL
with different light intensity eA/h̄ and photon energy h̄ω: The left-
most panel shows the trivial states of graphdiyne corresponding
to C = 0 with eA/h̄ = 0.06 Å−1 and h̄ω = 0.17 eV; The second
panel with eA/h̄ = 0.05 Å−1 and h̄ω = 0.17 eV exhibits the edge
states with single chiral edge channels; The middle panel with
eA/h̄ = 0.07 Å−1 and h̄ω = 0.27 eV corresponds to the nontrivial
states of graphdiyne with C = 2; The edge states of graphdiyne with
C = 3 are represented by the fourth panel (eA/h̄ = 0.069 Å−1 and
h̄ω = 0.27 eV); The rightmost panel (eA/h̄ = 0.02 Å−1 and h̄ω =
0.34 eV) represents the edge states with four chiral edge channels
for graphdiyne. (b) The Chern number phase diagram of graphdiyne
under the irradiation of CPL as a function of light intensity and
photon energy.

intensity and photon energy will suppress the high-Chern-
number QAH states and lead to the decrease of Chern number
rather than further increase it. This can serve as a useful guide
for probing this topological state.

IV. SUMMARY

In summary, we propose a dynamic approach for achiev-
ing high-Chern-number QAH phases in periodically driven
2D HOTIs irradiated by CPL. To elucidate this, we focus
on two representative types of 2D HOTIs whose bulk topol-
ogy can be depicted by a quantized quadruple moment and
the second Stiefel-Whitney number. We respectively choose
the BBH model and the 2D graphdiyne to exhibit the pho-
toinduced topological phase transition. This phase transition
shows strong universality, i.e., the high-Chern-number QAH
phase is derived from the light-induced multiple band inver-
sion collaborated by higher-order band topology. The Chern
number is continuously tunable from one to four by changing
the light intensity and photon energy. Moreover, first-priciples
calculations for the realistic material graphdiyne will greatly
favor the experimental verification and further potential appli-
cations. Intriguingly, the irradiation of CPL does not destroy
the quantized quadruple moment Qxy in periodically driven
HOTIs, and thus, the discovery that CPL triggers a phase tran-
sition to high-Chern-number QAH insulators from HOTIs not
only establishes a strategy for designing high-Chern-number
QAH insulators, but also unveils a unique Floquet topological
state harboring both high Chern numbers and higher-order
topology. Our work provides a powerful approach to inves-
tigate exotic topological states in nonequilibrium cases.
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