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Magnetostriction of metals with small Fermi surface pockets: Case of the topologically trivial
semimetal LuAs
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We develop a theory of the magnetostriction for metals with small charge-carrier pockets of their Fermi
surfaces. As an example, we consider LuAs that has a cubic crystal structure. The theory quite well describes
the known experimental data on the magnetostriction of this metal. The obtained results also clearly demonstrate
that the dilatometry can be used for detecting tiny Fermi surface pockets that are not discerned by traditional
methods based on investigations of the Shubnikov–de Haas and de Haas–van Alphen effects.
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I. INTRODUCTION

Magnetostriction (MS) of nonmagnetic conductive mate-
rials is directly related to changes in the density of charge
carriers in a magnetic field, and this thermodynamic quan-
tity was studied theoretically and experimentally in numerous
papers, see, e.g., Refs. [1–8]. Recently, it was shown that
measurements of field-induced length change is an effective
probe for detecting Weyl electrons in topological semimet-
als because even in moderate magnetic fields, which are too
weak to confine large groups of massive quasiparticles at
their zeroth Landau levels, the MS contains a linear-in-field
term that identifies the presence of relativistic fermions [9].
Another profound advantage of the magnetostriction lies in
its increase with decreasing the charge-carrier density, and
hence making it well suited for investigation of small charge-
carrier groups also in ordinary (nontopological) materials. In
this paper, on the example of diamagnetic semimetal LuAs
with a trivial electronic band structure [8], we demonstrate
how the dilatometry can be used to discern and analyze
small charge-carrier groups, which are not detected by both
quantum oscillations and the angle-resolved photoemission
spectroscopy [8].

LuAs belongs to the family of nonmagnetic monopnic-
tides, which crystallize in a rock-salt structure (space group
Fm-3m). The rediscovery of extremely large magnetore-
sistance (XMR) in nonmagnetic monopnictides has drawn
attention to these binary compounds with simple Fermi sur-
faces (FSs) [10–12], as ideal model systems to investigate
the field-induced properties of semimetals. Different scenarios
for an origin of the XMR have been proposed, including
the band inversion and the orbital texture of the electron
pockets (see the inset of Fig. 1) [13]. These scenarios, how-
ever, do not apply to the topologically trivial compound
LuAs, which displays the nonsaturating XMR with a non-
quadratic magnetic-field dependence gained even up to nearly
60 T. Furthermore, this material exhibits the very large
magnetostriction, indicative of a field-dependent variation of
electron and hole concentrations (see Fig. 1). Thus, previous

findings on LuAs showed that certain high-field properties of
topological semimetals may not necessarily reflect the pres-
ence of massless quasiparticles [8].

The paper is structured as follows: In the next section, we
refer to the experimental results of Ref. [8] on the magne-
tostriction of LuAs and emphasize specific features of these
findings. In Sec. III, these experimental data are analyzed, and
we demonstrate how their specific features enable us to dis-
cover a tiny charge-carrier group, which was not observed by
other methods in LuAs. In Sec. IV, we present supplementary
magnetostriction and magentoresistance results (obtained as
described elsewhere [8]), which are in favor of the existence
of the small group in LuAs, as well as we point out additional
experiments that could extend possibility of the magnetostric-
tion in analyzing the characteristics of small Fermi surface
pockets. In Conclusions, the main results are summarized.
A derivation of the necessary formulas for the magnetostric-
tion is given in Appendixes A-C. In Appendix D, relations
between the pressure dependences of the quantum-oscillation
frequencies and the constants of the deformation potential are
presented.

II. EXPERIMENTAL RESULTS

As reported previously in Ref. [8], the field-induced rel-
ative length change �L/L of the LuAs single crystal was
measured in the longitudinal and transverse configurations
when the magnetic field B was parallel to the z = [001]
and x = [100] axes, respectively (Fig. 1). Since for a cubic-
structure crystal, the magnetostriction along the z axis at B ‖
x coincides with the MS along the x axis at B ‖ z, we shall
discuss the �L/L along the z and x axes at fixed B ‖ z in
order to describe the experimental data obtained for the two
direction of the magnetic field. These �L/L coincide with the
uzz and uxx components of the strain tensor uik .

The magnetostriction of LuAs is quite large, and it reaches
2 × 10−5 in a magnetic field of 16 T (Fig. 1). This value
exceeds the magnetostriction of pure Bi [4] (1.5 × 10−5)
and of TaAs [9] (0.5 × 10−5) at the same field. This fact
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FIG. 1. (Top) Magnetostriction of LuAs measured along the
[001] axis for the magnetic field B parallel to the [001] (red line)
and [100] (blue line) directions [8]. (Bottom) The quantity λ ≡
d (�L/L)/dB as a function of B. (Inset) The Brillouin zone of LuAs
and its Fermi surface pockets [8]: a, b, c mark electrons, h1, h2, h3
denote the hole charge carriers.

immediately indicates that small charge-carrier groups seem
to play an important role in the elongation of LuAs [9]. In
the region B � 16 T, the oscillating part of the B dependence
of the magnetostriction is relatively small [and it is better
discernible in the quantity λ ≡ d (�L/L)/dB]. However, the
most important thing is that its smooth part substantively
deviates from the B2 law. Indeed, as shown by the dashed lines
in Fig. 2, the elongations of the sample along the z and x axes
are sufficiently well approximated by the function

�L

L
≈ c2B2 + c4B4, (1)

where c2, c4 are the constants (Fig. 2). We note that the
deviation of the MS from the B2 dependence amounts to about
10% at 10 T. Thus, there are two unusual features of the
magnetostriction of the cubic semimetal LuAs: (i) there is an
essential anisotropy of the magnetostriction (the elongations
along the z axis is approximately two times larger than the
elongation along x) and (ii) the smooth part of the MS notice-
ably deviates from the B2 law. It is these features that will be
analyzed below.

III. ANALYSIS OF THE EXPERIMENTAL RESULTS

A. General considerations

The electron-band-structure calculations [8,14,15] show
that there are relatively small electron and hole pockets of
the Fermi surface in the Brillouin zone of LuAs (Figs. 1
and 3). The centers of all the hole pockets h1, h2, h3 are at

FIG. 2. The magnetic-field dependences of magnetostriction of
LuAs along the z axis uzz, (red solid line) and along the x axis
uxx , (blue solid line) at B ‖ z, cf. Fig. 1. The dashed lines show
the approximation of these dependences by Eq. (1) where cz

2 ≈
1.047 × 10−7 T−2, cz

4 ≈ −1.102 × 10−10 T−4 for uzz, and cx
2 ≈

5.28 × 10−8 T−2, cx
4 ≈ −4.05 × 10−11 T−4 for uxx .

the center � of its first Brillouin zone whereas the electron
pockets a, b, c are located at the X points of the fourfold
rotation axes a, b, c, which coincide with the x, y, z axes of
the crystal, respectively. Note that the existence of the tiny
h3-hole pocket is still questionable, since this pocket has not
yet been experimentally discovered [8,14].

As is known [16], an elastic deformation shifts a band
ε(p) in the Brillouin zone of the crystal, and this shift �ε(p)
generally depends on the quasimomentum p of electrons,
�ε(p) = ∑

l,k λlk (p)ulk , where ulk is the strain tensor, and
λlk (p) is the deformation potential of this band. However,
for a small Fermi surface pocket enclosing an extremal point
p0 of ε(p), one may put λlk (p) ≈ λlk (p0) since, in general,
the deformation potential λlk (p) changes significantly on the
scale of the order of the size of the Brillouin zone. This
constancy of λlk is the so-called rigid-band approximation,
which is commonly used in describing the magnetostriction

FIG. 3. The electron-band structure of LuAs near its Fermi level
εF . The structure is plotted on the basis of the data of Ref. [15].
The symbols h1, h2, h3, and e mark the hole and electron bands, the
charge carriers of which produce the Fermi surface shown in Fig. 1.

085144-2



MAGNETOSTRICTION OF METALS WITH SMALL FERMI … PHYSICAL REVIEW B 109, 085144 (2024)

of crystals with small FS pockets [2,4–9]. In this approxima-
tion, it is assumed that a deformation of a crystal shifts its
electron-energy bands as whole without changing their shape.
However, some caution is required when the band under study
is separated from another band by a sufficiently small gap
�. In this case, the effective electron masses of the band
may be of the order of �/V 2 where V is a typical interband
matrix element of the velocity operator (V ∼ 105 − 106m/s).
If the small gap � substantially depends on a deformation, the
rigid-band approximation fails even for a small pocket of this
band. Indeed, in this case, the effective masses of the band,
and hence its shape, noticeably change with the deformation
[17]. In LuAs, the holes bands are close to each other at the
point �, and the electron band at the point X is not far away
from the h1 and h2 bands (Fig. 3). For this reason, although
we will begin our analysis, implying the applicability of the
rigid-band approximation to the small Fermi surface pockets
in LuAs, we do not exclude a failure of this approximation.
Formulas for the magnetostriction of crystals with the cubic
crystal structure are derived in Appendixes A–C both in the
rigid-band approximation and beyond it.

The applied magnetic field B ‖ z singles out the z axis
of the crystal with the cubic structure, and therefore, gen-
erally speaking, uzz(B) �= uxx(B) = uyy(B). In analyzing the
experimental data, it is convenient to decompose the mag-
netostriction into the isotropic (uzz + 2uxx )/3 and anisotropic
parts,

uzz = uzz + 2uxx

3
+ 2

uzz − uxx

3
,

uxx = uyy = uzz + 2uxx

3
− uzz − uxx

3
,

and to start the analysis from the anisotropic part, which
is determines only by the electrons in LuAs. (As will be
explained below, the hole pockets do not contribute to this
part in the rigid-band approximation since their deformation
potential has the cubic symmetry.) This “simplicity” of the
anisotropic part helps to reveal the problem of the theoretical
description of the magnetostriction and indicates the way to
solve it.

B. Anisotropic part of the magnetostriction

1. The anisotropic part within the rigid-band approximation

Within the rigid-band approximation, the hole charge car-
riers give an isotropic contribution to the magnetostriction,
and its anisotropic part, uzz − uxx, is determined only by the
electron Fermi surface pockets [see Eqs. (B6) and (B19)],

uzz − uxx = (�⊥
c − �‖

c )(�na − �nc), (2)

where �ni ≡ ni(B) − ni(0) is the change in the charge-carrier
density of the ith Fermi surface pocket in the magnetic field
(here i = a, b, c); the constants �‖

c , �⊥
c are expressed in terms

of the elastic moduli and the parameters of the deformation
potential of LuAs, Eq. (B8), and we have taken into account
in Eq. (2) that �na = �nb. Since the frequencies Fi of the
quantum oscillation of the electron pockets in LuAs are much
larger than the magnetic fields in experiments (Fc ≈ 280 T,
Fa = Fb ≈ 900 T at B ‖ z [8,14]), the nonoscillating parts of
�nc and �na are proportional to B2. If the electron in LuAs

are described by a parabolic dispersion, the �ni are given by
expressions (B10),

�ni = 3niB2

8F 2
i

(
δ2

i − 1

12

)
, (3)

where ni is the charge-carrier density in the ith pocket at
B = 0, δi is the parameter characterizing the charge-carriers
magnetic moment μi = δ(eh̄/m∗

i ), and m∗
i is their cyclotron

mass. The moment μi consists of its spin and orbital parts, the
latter being due to the spin-orbit interaction.

Let us estimate the value of uzz − uxx for LuAs, using
formulas (2) and (3). With the frequencies Fa and Fc, we can
obtain the density nc of electrons in one of their pockets [18],

nc = 1

3
√

π

(
8FcF 2

a

φ3
0

)1/2

≈ 0.85 × 1020 cm−3, (4)

where φ0 = hc/2e is the flux quantum. The total electron den-
sity ne = 3nc ≈ 2.55 × 1020cm−3 agrees with the value ne ≈
2.28 × 1020cm−3 calculated earlier in Ref. [8] and is of the
order of ne ≈ 4.56 × 1020cm−3 estimated by Xie et al. [14].
At the point X of the Brillouin zone of LuAs, there are three
close bands for which the energy gap without the spin-orbit
coupling is comparable with the gap produced by the spin-
orbit interaction [15]. In this situation, the typical value of the
parameter δ is of the order of unity, see Sec. III of Ref. [19] in
which a theory of the electron g factor in metals was presented.
Based on oscillatory MS [8], it was found that the effective
electron g factor for the pocket c is approximately equal to 6,
i.e., δc ≈ 6/4 = 1.5. Since �nc/�na ∝ F 2

a /F 2
c , and Fc is sev-

eral times smaller than Fa = Fb, we find that �nc/�na ∼ 10,
and in the first approximation, we may neglect �na in Eq. (2).
Inserting the above values of δc, nc, Fc in Eqs. (2) and (3) and
using formula (B8), we arrive at (uzz − uxx )/B2 ≈ 4.8 × 10−8

T−2 if |λ(c)
zz − λ(a)

zz | = 10 eV (constants |λ(i)
lk | are of the order of

characteristic scale of the electron-band structure in crystals,
i.e., ∼1Ry). The obtained estimate of (uzz − uxx )/B2 is close
to the value cz

2 − cx
2 = 5.19 × 10−8 that follows from the data

of Fig. 2. Thus, the anisotropy of the magnetostriction can be
understood within the rigid-band approximation.

2. Deviation of MS from the B2 law. Existence of small pocket

The magnetostriction, like any thermodynamic quantity for
a nonmagnetic material with time reversal symmetry, can be
represented as a series in powers of B2 for weak magnetic
fields when the spacing between Landau levels is less than
T + TD [20]. Here T and TD are the temperature and the
Dingle temperature, respectively. For such fields, the oscillat-
ing part of the magnetostriction is suppressed, and it is the
smooth part of the magnetostriction that is expanded in pow-
ers of B2. In the case of the parabolic electron dispersion, this
smooth part was calculated at arbitrary magnetic fields [9].
With this result, we can found the term proportional to B4 in
the above-mentioned series, Eq. (B11). Thus, using formulas
(2) and (B11), we are now able to calculate the coefficient
cz

4 − cx
4 characterizing the deviation of uzz(B) − uxx(B) from

the quadratic law and to compare it with the value of cz
4 −

cx
4 = −6.97 × 10−11T−4 derived from the approximation of

the experimental data; Fig. 2. Neglecting �na in Eq. (2) again
and using the same nc, Fc, δc and �⊥

c − �‖
c , we obtain the
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value,

cz
4 − cx

4 ≈ 7.6 × 10−14 T−4,

which is three order of magnitude smaller than the result
extracted from the experimental data. In obtaining this esti-
mate, we have not taken into account that the Fermi energy
changes in the magnetic field. This change is proportional
to B2, and it introduces a correction of the order of B2 to
cz

2 − cx
2. This correction means a renormalization of cz

4 − cx
4.

However, it turns out that the renormalization does not alter
the order of magnitude of this quantity, and it cannot explain
the above-mentioned huge discrepancy between the theoreti-
cal and experimental values of cz

4 − cx
4. The discrepancy can

be also due to a deviation of the electron dispersion from the
parabolic law assumed in deriving formulas (3) and (B11).
However, again our estimates show that this deviation does
not change the order of the magnitude of the B2 and B4 con-
tributions to the magnetostriction. Thus, although existence of
the B4 term is quite natural, its anomalously large magnitude
is puzzling.

The above considerations argue that a significant deviation
of the magnetostriction from the B2 law can be explained
only if we assume the existence of a very small charge-
carrier pocket of the FS. When an applied field exceeds the
quantum-oscillation frequency corresponding to this pocket,
its charge carriers are in the ultraquantum limit giving rise
to the significant deviation from the quadratic behavior. As
inferred from Fig. 3, such a small pocket can be only due
to the h3 holes, although the quantum oscillations associated
with this pocket were not observed experimentally [8,14]. We
emphasize, however, that the field-induced contribution of the
h3 holes to the anisotropic part of MS also implies that the
rigid-band approximation should fail at least for this group.

3. Beyond the rigid-band approximation

It was pointed out in Ref. [15] that the three bands h1,
h2, and h3 are degenerate at the point � when the spin-
orbit interaction is neglected. With this interaction, the gap
� appears that separates the h1 and h2 bands from the h3
holes (Fig. 3). The dispersion of these three bands is com-
pletely analogous to the dispersion of the valent bands in
silicon and germanium, which is described by the well-known
three-band model [21,22]. Within this model, the effect of
the elastic deformations on the hole-bands dispersion was
investigated by Pikus and Bir many years ago [23,24]. It
turns out that an elastic deformation shifts all the three hole
bands in energy by the same value λh(uxx + uyy + uzz ) where
λh is a constant of the deformation potential for the holes.
The anisotropy of the deformation, uzz − uxx, leads to the
splitting of the bands h1 and h2 at the point �, and this
splitting is equal to 2|(l − m)(uzz − uxx )|/3 where l and m
are additional deformation-potential constants characterizing
the holes [23,24]. However, the difference uzz − uxx for LuAs
does not exceed 10−5 at B < 16 T (Fig. 2), and hence the
splitting is less than 0.1 meV and is negligible as compared to
the Fermi energy εF and to the gap � (|εF | ≈ � ≈ 0.25 eV,
see Appendix B) if |l − m| � 1Ry in LuAs. We will neglect
this very small splitting below, i.e., the gap � is considered
to be independent of the deformations. Hence, one might

expect the applicability of the rigid-band approximation to the
holes in LuAs. However, the anisotropy of the deformation,
uzz − uxx, has an effect on the hole masses [23,24]. Moreover,
the parameter κ defined in Eq. (C5) and specifying this effect
is sufficiently large, κ ∼ (l − m)/�. Such sensitivity of the
masses to the deformations is due to that in this model, the
hole masses are not determined by �. Using these results
on the elastic-deformation dependence of the masses, we
derive the appropriate formulas for the magnetostriction in
Appendix C. Using formulas (2), (B8), (C7), and (C8), we
eventually obtain the following expression for the anisotropic
part of the magnetostriction:

uzz − uxx = λ(c)
zz − λ(a)

zz

C33 − C13
(�na − �nc)

+ 3

2(C33 − C13)

(e

c

)5/2 κ (
√

2Fh1 + √
2Fh2) B2

12π2h̄1/2|mh3|
− 3

2(C33 − C13)

∂δ�h3

∂uzz
, (5)

where the last term is described by Eq. (C9), �ni are given by
Eqs. (3) and (4), and �na can be omitted in the first approx-
imation. This expression is valid at an arbitrary strength of
the magnetic field. The first term in Eq. (5) is the contribution
of the electron pockets to uzz − uxx, whereas the second and
third terms describe contributions of the h1, h2, and h3 holes,
respectively.

4. Estimates of different contributions to uzz − uxx

To evaluate the relative significance of the terms in Eq. (5),
compare the isotropic and anisotropic contributions, e.g., of
the pocket h1 to the magnetostriction. The isotropic contri-
bution is obtained in the rigid-band approximation and is
described by Eqs. (B19)–(B21). According to these formu-
las and Eq. (4), this contribution decreases as 1/

√
Fh1 with

increasing Fh1, i.e., with increasing the Fermi energy |εF |
measured from the band edge for this pocket. On the other
hand, the anisotropic contribution of the holes is given by the
second term in Eq. (5), and this contribution increases as

√
Fh1

with increasing Fh1 ∝ |εF |. Then, the ratio of the anisotropic
and isotropic contributions is estimated as follows:

eh̄Fh1

|mh3|c
κ

λh
∝ |εF |

�

(l − m)

λh
,

where we have used formulas (B16) and (C5). It is seen that if
all the constants of the deformation potential are of the same
order, |λh| ∼ |l − m|, the contributions become comparable
when |εF | ∼ �, i.e., when |εF | is of order of the gap in the
spectrum. This is just the case for h1 and h2 holes (Fig. 3).
In other words, the second term in Eq. (5), which is associ-
ated with the h1 and h2 holes, can be comparable with their
isotropic contribution to the magnetostriction and with the
first term in Eq. (5) since the electron frequencies Fc, Fa are
not too different from Fh1, Fh2.

To estimate the third term in formula (5), consider the
h3 holes (which, according to our assumption, have a small
frequency Fh3) in the ultraquantum regime (B > Fh3). In this
case, the correct order of the magnitude for the derivative
described by Eq. (C9) can be obtained if we replace Fh3 in
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formula (C7) by B. Therefore, in this situation, a value of the
third term in Eq. (5) can be estimated as

3

2(C33 − C13)

(
e

c

)5/2 √
2κ B5/2

6π2h̄1/2|mh3|

= 3|nh3|
8(C33 − C13)

(
eh̄B

c|mh3|
)

κ B3/2

F 3/2
h3

.

Assuming once again that values of the deformation-
potential constants are comparable, |κ|� ∼ |l − m| ∼ |λ(c)

zz −
λ(a)

zz |, and taking into account that |nh3| = ncF 3/2
h3 /

√
F 2

a Fc,
� ≈ |εF | = eh̄Fh1/(|mh1|c), we find that the ratio of
the third and first terms is approximately equal to
B1/2|mh1|F 3/2

c /(|mh3|Fh1Fa) ≈ 0.022 at B = 10 T. Thus, the
contribution of the small h3 pocket to the uzz − uxx has the
magnitude, which can explain the observed 10% deviation of
MS from the B2 law. However, the magnetic-field dependence
of this contribution does not coincide with the simple function
B4 used in approximating the experimental data (cf. Fig. 2).

Interestingly, the h3 band can manifest itself in the mag-
netostriction even if εF + � > 0, i.e., when the h3 holes are
absent at zero magnetic field and low temperatures. Indeed, if
|δh3| > 1/2, and the magnetic field becomes sufficiently large,
B > B0+, where

eh̄B0+
|mh3|c = εF + �

|δh3| − 1/2
, (6)

the edge of the Landau subband n = 0 raises above the Fermi
level, and the h3 holes appear in the crystal, see Appendix B
and Fig. 4. For example, if δh3 = 2, |mh3| = 0.35m, and the
Fermi level is 1 meV higher that the upper edge of the h3 hole
band (i.e., if εF + � = 1 meV), we obtain that the h3 holes
appear at B > 2 T.

C. Isotropic part of the magnetostriction

Before discussing the isotropic part of the magnetostric-
tion, (uzz + 2uxx )/3, consider the redistribution of the charge
carriers between the Fermi surface pockets when the magnetic
field is applied to LuAs. This redistribution turns out to be
essential for the quantitative description of the isotropic part.

The redistribution follows from the conservation of the
charge carriers and is described by the equation that deter-
mines εF (B), the B dependence of the Fermi energy εF ,

2�ña + �ñc + �ñh1 + �ñh2 + �ñh3 = 0, (7)

where

�ñi ≡ ni(εF , B) − ni(εF0, 0) = νi(εF − εF0) + �ni,

�ni ≡ ni(εF , B) − ni(εF , 0), νi = ∂ni(εF0, 0)/∂εF0 is the
density of states for the ith pocket, and εF0 ≡ εF (B = 0) is
the Fermi energy in absence of the magnetic field. Taking
into account that Fh3 is much less than the other frequencies
Fi (and hence �nh3 � �ni for i �= h3), and that the smallest
frequency for the other charge-carrier pockets is Fc ≈ 280 T,
we may simplify Eq. (7) as follows:

νtot (εF − εF0) + �nh3 + �nc ≈ 0, (8)

where νtot = ∑
i νi is total density of states, �nc is given

by Eqs. (3) and (4), and �nh3 is described by Eq. (B23).

FIG. 4. The schematic B dependence of the Landau levels (sub-
bands) of the h3 holes when 1 > δh3 > 1/2. The pairs (0+, 0−), (1+,
1−), and (2+, 2−) of the levels result from the splitting of the orbital
Landau levels. With increasing B, all the spacing between the levels
increases, and at B = B0+ defined by Eq. (6), the level 0+ crosses the
Fermi energy εF . At zero field, εF lies above the edge of the parabolic
h3 band, as depicted on the left.

The B dependence of εF defined by Eq. (8) means that the
frequency Fh3 gradually changes with B, and using results of
Appendix B, formula (8) can be rewritten in the form

F 0
h3 − Fh3 ≈ −AhIm

{
B3/2

∑
±

ζ

(
− 1

2
, −u± + 1

2

)

+ i
4

3
(Fh3(1 + i�̃))3/2

}
− Ae

B2

Fc

(
δ2

c − 1

12

)
,

(9)

that is the equation in the function Fh3(B) at given F 0
h3, δh3,

and �̃. Here F 0
h3 is Fh3 at B = 0, �̃ = πTD,h3/|εF0 + �|, TD,h3

is the Dingle temperature for the holes in the band h3, u± =
(Fh3/B)(1 + i�̃) ∓ δh3, ζ (− 1

2 , u) is the Hurwitz zeta function,
and the constants Ah ≈ 3.78 × 10−3 T−1/2 and Ae ≈ 0.102
are determined by Eqs. (B25) and (B26), respectively. Since
Ah

√
B and AeB/Fc are small at B � 16 T, the dependence

Fh3(B) is sufficiently weak. The other large frequencies Fi can
be considered as the parameters that are independent of B.
Note that if in Eq. (8), we take into account not only h3 holes
and the electrons of the c pocket but also the h1, h2 holes
and the electrons in the a, b pockets, the coefficient Ae will
be multiplied by an additional numerical factor of the order of
unity.

With formulas (B6), (B7) and (B19), (B20), the combina-
tion uzz + 2uxx in the symmetric part of the magnetostriction
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can be written as follows:

uzz + 2uxx = (2�⊥
c + �‖

c )(2�ña + �ñc)

+ 3�h(�ñh1 + �ñh2 + �ñh3)

= (3�h − 2�⊥
c − �‖

c )(�ñh1 + �ñh2 + �ñh3)

= λ(c)
zz + 2λ(a)

zz − 3λh

C33 + 2C13
(�ñh1 + �ñh2 + �ñh3)

≈ λ(c)
zz + 2λ(a)

zz − 3λh

C33 + 2C13
(νh(εF − εF0) + �nh3)

≈ λ(c)
zz + 2λ(a)

zz − 3λh

C33 + 2C13

(
�nh3

1 + r
− r�nc

1 + r

)
, (10)

where we have used conservation law (7) and (8), the rela-
tion νh/νtot = r/(1 + r) between the density of states for the
holes νh and νtot with r ≈ 0.85 (see Appendix B), and have
neglected �nh1 and �nh2 as compared to �nh3. The �nh3 and
�nc are described by Eqs. (B23) and (3), respectively. As in
the case of Eq. (9), if we take into account the h1, h2 holes
and the electrons of the a and b pockets, this will only change
the coefficient before �nc in the last line of Eq. (10). Finally,
it is important to emphasize that even if the dependence εF (B)
[i.e., Fh3(B)] is very weak, the term νh(εF − εF0) associated
with the charge-carrier redistribution is always essential in
formula (10), and it renormalizes �nh3. However, terms of
such a type are canceled in Eq. (5) for the anisotropic part
of the magnetostriction since this formula contains only the
difference �na − �nc.

It is necessary to note that formulas (9) and (10) are
obtained in the rigid-band approximation. We explain in Ap-
pendix C why the dependence of the masses on deformations
(which has been taken into account in Sec. III B) is unim-
portant for contributions of the holes to the isotropic part
(uzz + 2uxx )/3 of the MS.

D. Comparison of the theoretical and experimental results

Formula (10) shows that the coefficient λ(c)
zz + 2λ(a)

zz − 3λh

determines the magnitude of (uzz(B) + 2uxx(B))/3, whereas
the shape of this symmetric part of the magnetostriction is
described by the sum of �nh3(B) and the term �nc ∝ B2,
with the dependence εF (B) being taken into account. Thus,
the fit of the calculated uzz(B) + 2uxx(B) to the experimental
data can give F 0

h3, δh3, and λ(c)
zz + 2λ(a)

zz − 3λh. On the other
hand, the anisotropic part of the magnetostriction, uzz − uxx,
permits one to find λ(c)

zz − λ(a)
zz and κ; see Eq. (5).

We calculate uzz(B) + 2uxx(B), uzz(B) − uxx(B) with
Eqs. (3)–(5), (9), and (10) and fit the results to the experi-
mental data of Ref. [8]. The obtained uzz(B) and uxx(B) are
shown in Fig. 5, and the appropriate values of the parameters
are presented in Table I. Note that the fit does not permit us
to unambiguously find these values. There are many possible
sets of the parameters, and only three of them are presented in
Table I.

It should be also mentioned that we have not tried to reach
a very accurate fit of the calculated curves to the experimental
data since we use the simplified model for the dispersion of the
h1 and h2 holes (Appendix B), and the electron pockets are
considered only in the rigid-band approximation. Moreover,

FIG. 5. The magnetostriction uzz(B) and uxx (B) calculated with
Eqs. (3)–(5), (9), and (10) for the a, b, c sets of the parameters in
Table I. The upper and lower curves in all the panels correspond to
uzz and uxx , respectively. The solid lines show the experimental data,
whereas the dashed lines give the results of the calculations.

if we improve the accuracy of the fit, too-large values of
the parameters are usually obtained. However, it is important
to emphasize that if we noticeably increase Fh3 (e.g., above
16 T), a satisfactory description of the experimental data can
never be obtained at reasonable values of the constants of the
deformation potential. In other words, in order to reproduce
the features of the experimental data pointed out in Sec. II, we
should assume existence of a sufficiently small Fermi surface
pocket of the h3 holes although this pocket was never detected
before.

IV. FUTURE POSSIBLE EXPERIMENTS

Although the above analysis has permitted us to detect
a small charge-carrier group in LuAs, we have not been
able to unambiguously find all the constants of the deforma-
tion potential from the comparison of the experimental and
theoretical results. However, these constants can be found
in special experiments in which the electron (Fc, Fa) and
hole (Fh1, Fh2) frequencies are measured in a deformed crys-
tal of LuAs, using the Shubnikov–de Haas or de Haas–van

TABLE I. Three sets of the parameters used in the construc-
tion of Fig. 5. The other parameters are: � = 0.25 eV, Fc =
280 T, Fa = Fb = 900 T, Fh1 = 550 T, Fh2 = 1100 T, |mh1|/m =
0.26, |mh2|/m = 0.52, |mh3|/m = 0.35, δc = 1.5. The elastic moduli
are presented in Table II.

εF + � Fh3 TD,h3 λ(c)
zz + 2λ(a)

zz λ(c)
zz − λ(a)

zz κ�

−3λh

set meV T δh3 K eV eV eV

a –0.93 2.8 1.0825 1.37 –377.3 –68.5 –30.3
b –0.93 2.8 2.462 1.37 –81.8 –64.9 –2.95
c 1.38 2.75 0.51 –191 –65.4 –5.5

085144-6



MAGNETOSTRICTION OF METALS WITH SMALL FERMI … PHYSICAL REVIEW B 109, 085144 (2024)

Alphen effects. Namely, it would be sufficient to measure
the derivatives dFc/d p, dFa/d p, dFh1/d p, and dFh2/d p of
these frequencies with respect to the uniform or uniaxial com-
pression p. The appropriate formulas for the analysis of the
derivatives are presented in Appendix D. If the constants of
the deformation potential are determined, the analysis of the
magnetostriction will permit one to quantitatively describe the
tiny Fermi surface pocket of the h3 holes in LuAs.

The magnetostriction can be used most effectively in study-
ing the electron-band structure of a crystal when the magnetic
field is directed along its highly symmetric axis. In such a
case, a part of the charge-carrier pockets of the Fermi surface
give equal contributions to the MS, and the number of the
parameters of the theory decreases. In particular, above we
have considered the magnetic field parallel to the fourfold axis
z. If the magnetic field deviates from this axis, the contribu-
tions of the electron pockets a and b to the MS are no longer
equal, and the above theory can hardly be used for the initial
analysis of the charge-carriers spectra. However, it is worth
noting that if the magnetic field is along the direction [111],
which is the threefold axis of LuAs, all the electron ellipsoids
become equivalent. In this case, we arrive at uxx = uyy = uzz,
and the magnetostriction uzz(B) can be described by slightly
modified formulas of Sec. III C. Thus, measurements uzz(B)
at this direction of the magnetic field and a comparison of the
obtained data with the appropriate calculations could provide
additional information about the spectrum of charge carriers
in LuAs.

The magnetostriction can be used for investigation of the
Lifshitz transitions in metals [7]. At weak magnetic fields
when the spacing between the Landau levels is less that
T + TD, changes of the Fermi surface topology lead to a
strong magnetostriction anomaly [7] that is similar to the
anomaly in the thermoelectric power [16]. The smallness of
the h3 pocket in LuAs means that this hole group is close to
the Lifshitz transition, and the above formulas can actually
describe the corresponding anomaly in MS for strong mag-
netic fields when the Landau-level spacing exceeds T + TD.
The transition occurs when the Landau level 0+ crosses the
Fermi energy (see Fig. 4), and the magnetic-field dependence
of the MS is expected to exhibit a break at B = B0+ (Fig. 6,
Inset). Moreover, it was shown earlier [6] that this transition
at T + TD → 0 can manifest itself as a small jump in the
magnetostriction, i.e., as the first-order phase transition. In the
present paper, we have been able to measure �L/L along the z
axis for the magnetic field aligned with the [031] direction. A
sharp change in the magnetostriction is observed at about 2 T,
as depicted in Fig. 6. Interestingly, at B � 1 T, we also observe
a break in the slope of the magnetoresistance measured in
the (001) plane for B ‖ [001], and a magnitude of this break
depends on the direction of the current, as shown in Fig. 7.
Assuming that the observed jump in uzz is due to the transition
associated with the h3 holes, we can roughly estimated this
jump with formulas of Ref. [6],

|�λ|3n2
h3

(C33 + 2C13)2(εF + �)
∼ �λ

εF + �
[uzz(B ∼ Fh3)]2,

where |�λ| ∼ |λ(c)
zz + 2λ(a)

zz − 3λh|/3. Taking into account
that according to Table I, |�λ| is sufficiently large, whereas

FIG. 6. (a) The field-induced relative length change �L/L of
LuAs measured along the z axis for B ‖ [031]. (Inset) Magnetostric-
tion of the h3 holes, u(h3)

zz (B), calculated with Eqs. (B19), (B20),
and (B23) at λh = 30 eV, TD,h3 = 0.01 K. Other parameters coincide
with those of set c in Table I. (b) The corresponding magnetostriction
coefficient λ(B).

εF + � is small, we obtain the estimate of the jump ∼10−7

at uzz(B ∼ Fh3) ∼ 10−6. This very rough estimate is not too
different from the experimental value. However, it is neces-
sary to emphasize that a similar anomaly was not detected
when B was along the principal axes of the crystal (cf. Fig. 1).

FIG. 7. Magnetoresistance MR = [R(B) − R(0)]/R(0) of LuAs
measured along the directions [100] (triangles) and [110] (circles)
for B ‖ [001] and at T = 2K. The dashed and dotted lines are extrap-
olation of the experimental data obtained at B < 1 T to the region of
B > 1 T.

085144-7



YU. V. SHARLAI et al. PHYSICAL REVIEW B 109, 085144 (2024)

The h3 pocket is spherically symmetric, and to understand the
appearance of the jump only for B ‖ [031], we may assume
a sharp dependence of the Dingle temperature TD,h3 on the
direction of the magnetic field. Namely, for some reason, TD,h3

for the h3 holes in the ultraquantum regime has to be small
when B is close to the direction [031]. Another possible expla-
nation is due to that the jump was predicted in Ref. [6] within
the rigid band approximation, and the spherical symmetry of
u(h3)

zz (B) also takes place only in this approximation. However,
there is a contribution to uzz that results from the deformation
dependence of the hole masses. It can be shown that this
contribution depends on the direction of the magnetic field and
changes its sign as B rotates from the z to x axis. Probably,
the jump in the MS appears only at intermediate directions
of B when this mass-dependent contribution is small, and the
rigid-band approximation works well. It is clear that further
experimental and theoretical investigations are required to
clarify the origin of the jump in the magnetostriction.

V. CONCLUSIONS

For a nonmagnetic semimetal LuAs, the smooth (nonoscil-
lating in 1/B) part of the magnetostriction exhibits a
noticeable deviation from the quadratic-in-field dependence.
This universal B2 law must be observed in applied magnetic
fields essentially smaller than the fundamental frequencies
Fi of the quantum oscillations. We show that for LuAs with
its Fi � 280 T, the above deviation at B � 16 T is caused
by a tiny hole group. Although the band-structure calcula-
tions are indicative of a possible existence of this group, it
was not detected in magnetic oscillations before. Thus, we
do demonstrate how the dilatometry permits a discovery of
the small Fermi surface pocket. Using the developed theory
of the magnetostriction, we also quantitatively describe the
magnetic-field dependence of the magnetostriction. Measure-
ments of the magnetostriction and of pressure dependences of
the observed frequencies Fi could significantly extend possi-
bilities of studying the tiny Fermi surface pocket. We believe
that similar studies can result in a better understanding of
other systems with small groups of charge carriers, in particu-
lar, of topological semimetals.
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APPENDIX A: MAGNETOSTRICTION OF CRYSTALS
WITH CUBIC SYMMETRY

Formulas for the magnetostriction can be derived by a min-
imization of the � potential for the deformed crystal placed in
the external magnetic field with respect to the strain tensor
uik . In the case of a crystal with the cubic structure, this �

potential has the form

� = 1
2C33

(
u2

xx + u2
yy + u2

zz

)
+ C13(uxxuzz + uyyuzz + uxxuyy)+2C66

(
u2

xy + u2
xz + u2

yz

)
+ ��el(uik, B) − ��el(uik, 0), (A1)

where Cmn are the elastic moduli of the crystal [25],
��el(ukl , B) ≡ �el(ukl , B) − �el(0, B), and �el(ukl , B) =∑N

i=1 �i(ukl , B) is the deformation-dependent part of the elec-
tron � potential for the crystal with N pockets of charge
carriers. Apart from the deformation, this part depends on the
magnetic induction B, the temperature T , and the chemical
potential ζ (we do not indicate explicitly T and ζ here). The
first three terms in Eq. (A1) give the total elastic energy of a
deformation. This energy is partly produced by ��el(ukl , 0),
and hence the difference of the elastic terms and ��el(ukl , 0)
is the elastic energy that is not associated with the Fermi
surface pockets under study. The term ��el(ukl , B) describes
the total change in the � potential of these pockets in the
magnetic field under the deformation. The last two terms in
Eq. (A1) can be also rewritten as follows:

��el(uik, B) − ��el(uik, 0) = [�el(ukl , B) − �el(ukl , 0)],

− [�el(0, B) − �el(0, 0)] = ukl
∂[δ�el(B)]

∂ukl
,

where δ�el(B) ≡ �el(ukl → 0, B) − �el(ukl → 0, 0). In par-
ticular, for the case of the weak magnetic fields, δ�el(B) =
−χB2/2 where χ is the magnetic susceptibility produced by
the Fermi surface pockets under study.

The minimization of Eq. (A1) gives the set of the equa-
tions in the tensor ukl , which defines the magnetostriction, i.e.,
the deformation of the crystal in the magnetic field,

C33uzz + C13(uxx + uyy) = −∂[δ�el(B)]

∂uzz
,

C33uxx + C13(uzz + uyy) = −∂[δ�el(B)]

∂uxx
,

C33uyy + C13(uzz + uxx ) = −∂[δ�el(B)]

∂uyy
,

4C66uxy = −∂[δ�el(B)]

∂uxy
,

4C66uxz = −∂[δ�el(B)]

∂uxz
,

4C66uyz = −∂[δ�el(B)]

∂uyz
. (A2)

With these equations, one can derive that all off-diagonal ulk

(when l �= k) are equal to zero for crystals with the cubic
(tetragonal, orthogonal) symmetry. Indeed, consider the situa-
tion when ul �=k ≡ 0, and only the diagonal components of the
strain tensor differ from zero. In this case, the deformed crys-
tal has the orthogonal symmetry, and (∂[δ�el]/∂θ )θ=0 = 0
where θ is the angle of a deviation of B from one of the coordi-
nate axes xi (xi = x, y, z), which can be named as the principal
directions of δ�el(B). Hence, δ�el(B, θ ) − δ�el(B, θ = 0) ∝
θ2 if such a deviation occurs. At nonzero ul �=k , these principal
directions of δ�el(B) depart from the coordinate axes by the
angles of the order of uik . Therefore, for the magnetic field
parallel to a coordinate axis, δ�el(B) ∝ (ul �=k )2, and the last
three formulas in Eqs. (A2) give uxy = uxz = uyz = 0.
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TABLE II. The elastic moduli of LuAs [26].

C33 (GPa) C13 (GPa) C66 (GPa)

188.6 25.0 43.7

APPENDIX B: MAGNETOSTRICTION IN THE
RIGID-BAND APPROXIMATION

Within the rigid-band approximation, an elastic deforma-
tion shifts the electron bands as a whole and does not change
their dispersion. In this approximation, a shift �εi of the
ith electron energy band εi(p) under the deformation coin-
cides with the shift of its edge εi and is proportional to the
strain tensor ukl , �εi = ∑

k,l λ
(i)
kl ukl , where p is the electron

quasimomentum, and λ
(i)
kl are the constants of the deformation

potential for the ith band [16]. Therefore, in the minimization
of � potential, one can use the following relation:

∂�i(ukl , B)

∂ukl
= −∂�i(ζ − εi, B)

∂ζ

∂�εi

∂ukl
= λklni(B),

where ni(B) = −∂�i(ζ , B)/∂ζ is the density of charge car-
riers of the pocket i in the magnetic field. Then, Eqs. (A2)
reduce to the following form:

C33uzz + C13(uxx + uyy) = −
∑

i

λ(i)
zz �ni,

C33uxx + C13(uzz + uyy) = −
∑

i

λ(i)
xx �ni,

C33uyy + C13(uzz + uxx ) = −
∑

i

λ(i)
yy �ni, (B1)

where �ni ≡ ni(B) − ni(0) is the change in the charge-carrier
density of the pocket i in the magnetic field for the unde-
formed crystal, and i = 1, . . . , N usually runs several groups
of the equivalent Fermi pocket. (We call pockets equivalent
if, in absence of the magnetic field, they transform into each
other under symmetry operations.) In Eqs. (B1), we have
taken into account that ulk = 0 if l �= k. Solving this set of
the linear equations, one obtains formulas for uxx, uyy, and
uzz. Note that these formulas are further simplified when a
symmetry of the Fermi surface pockets (i.e., the symmetry
of the constants λ

(i)
ll ) is taken into account (see below). The

elastic moduli of LuAs were calculated in Ref. [26] (Table II).
Thus, the magnetostriction can be easily found when �ni are
known.

1. Electrons in LuAs

The electron pockets are located at the X points of the four-
fold rotation axes a, b, c (Fig. 2). It follows from symmetry
considerations that for the electron pocket lying in the ith axis
(i = a, b, c), the parameters λ

(i)
kl of the deformation potential

satisfy the following relations:

λ(a)
xx = λ(c)

zz , λ(b)
xx = λ(c)

xx = λ(a)
zz ,

λ(a)
yy = λ(c)

yy = λ(a)
zz , λ(b)

yy = λ(c)
zz ,

λ(b)
zz = λ(a)

zz ,

λ
(a)
k �=l = λ

(b)
k �=l = λ

(c)
k �=l = 0. (B2)

In other words, we have only two independent constants λ(c)
zz

and λ(a)
zz that determine all other λ

(i)
kl for the electrons. The

dispersion relations for the electrons near the point X are also
specified by the two effective masses mc and ma. Taking into
account the deformation shift of the electron pockets, these
relations looks as follows:

ε(c)(p) = p2
z

2mc
+ p2

x + p2
y

2ma
+ λ(c)

zz uzz + λ(a)
zz (uxx + uyy), (B3)

ε(a)(p) = p2
x

2mc
+ p2

z + p2
y

2ma
+ λ(c)

zz uxx + λ(a)
zz (uzz + uyy), (B4)

ε(b)(p) = p2
y

2mc
+ p2

z + p2
x

2ma
+ λ(c)

zz uyy + λ(a)
zz (uzz + uxx ). (B5)

As to the electron contribution to the magnetostriction, we
find from Eqs. (B1) and (B2) that

u(e)
zz = �‖

a(�na + �nb) + �‖
c�nc,

u(e)
xx = u(e)

yy = �⊥
a (�na + �nb) + �⊥

c �nc, (B6)

where

�‖
a =�⊥

c = λ(c)
zz C13 − λ(a)

zz C33

C33(C33 + C13) − 2(C13)2
,

�‖
c = − λ(c)

zz (C33 + C13) − 2λ(a)
zz C13

C33(C33 + C13) − 2(C13)2
,

�⊥
a = − λ(c)

zz C33 − λ(a)
zz (2C13 − C33)

2[C33(C33 + C13) − 2(C13)2]
= �‖

c + �⊥
c

2
. (B7)

Formula (2) with

�⊥
c − �‖

c = λ(c)
zz − λ(a)

zz

C33 − C13

≈ 0.54 × 10−23[cm3/eV] × (
λ(c)

zz − λ(a)
zz

)
, (B8)

follows from Eqs. (B7) at �na = �nb. In Eq. (B8), we have
also used the data of Table II.

At uzz = uxx = uyy = 0, the spectrum in a magnetic field
B ‖ z for the electrons described by Eqs. (B3)–(B5) is well
known,

ε(c)(n, pz ) = eh̄B

cma
(n ± δc) + p2

z

2mc
,

ε(a)(n, pz ) = ε(b)(n, pz ) = eh̄B

c(mamc)1/2
(n ± δa) + p2

z

2ma
,

(B9)

where n = 0, 1, . . . , δc = gcma/(4m), δa = ga(mamc)1/2/

(4m), m is the free electron mass, gc and ga are the g factors
of the electrons in the pockets c and a, respectively, at B ‖
z. With these spectra, one can find �na, �nb, and �nc. In
particular, for the weak magnetic fields (B � Fc, Fa), we have
[9]

�nc = 3nB2

8F 2
c

(
δ2

c − 1

12

)
,

�na = �nb = 3nB2

8F 2
a

(
δ2

a − 1

12

)
, (B10)
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where n = n(0) is the density of the electrons per one pocket
at B = 0, and Fc ≈ 280 T, Fa ≈ 900 T [14] are the frequencies
of the quantum oscillation produced by the ellipsoids c and a,
respectively, at B ‖ z. With Eqs. (B6), (B7), and (B10), we
obtain the magnetostriction produced by the small electron
pockets only in the weak magnetic fields. However, due to
the large values of Fc and Fa, all the fields accessible in exper-
iments are weak for the electrons in LuAs. Nevertheless, for
reference, we give the correction to formulas (B10), which is
proportional to B4 and can be derived from results of Ref. [9],

δ(�ni ) = niB4

F 4
i

(
240δ4

i − 120δ2
i + 7

10240

)
. (B11)

2. The holes in LuAs

In LuAs, the centers of all the hole pockets h1, h2, h3 are
at the point � of its Brillouin zone, and the appropriate three-
holes bands are close to each other at the point � (Fig. 2). The
dispersion of these hole bands in the vicinity of the point �, in
fact, was obtained from the three-band model [21,22] and has
the following form:

εh1,h2(p) = F + G

2
±

√
(F − G)2

4
+ |H |2 + |I|2, (B12)

εh3(p) = F + G

2
− �, (B13)

where the energy is measured from εh1(p = 0) = εh2(p = 0),

F =L + M

2

(
p2

x + p2
y

) + M p2
z ,

G =M + 2L

3
p2

z + L + 5M

6

(
p2

x + p2
y

)
,

F + G

2
=L + 2M

3

(
p2

x + p2
y + p2

z

) ≡ p2

2mh3
,

H = − N√
3

(py pz + ipx pz ),

I = 1√
12

[
(L − M )

(
p2

x − p2
y

) − 2iN py px
]
, (B14)

L, M, N are constants of the order of 1/m, and � is the gap
separating the band h3 at the point � from the bands h1 and
h2, which are degenerate at this point (Fig. 2). Within the
rigid-band approximation, the deformation shift �εi for all
the hole bands is the same and is equal to λh(uxx + uyy + uzz )
[23,24]. Note that this shift is determined by a single constant
λh of the deformation potential, and the shift does not change
the gap � between the bands h1, h2, and h3 at the point �.

Due to the square root in formula (B12), the Fermi surface
pockets h1 and h2 look like two corrugated spheres. Even
for the case of a weak magnetic field, a calculation of the
magnetic susceptibility produced by such pockets (and hence
of the corresponding �ni) is a complicated problem. Below
we shall consider these pockets as usual spheres, i.e., we
shall use the following simple model for the bands εh1(p) and
εh2(p),

εh1,h2(p) = p2

2mh1,h2
, (B15)

but we choose the Fermi energy εF and the effective masses
mh1, mh2 so that they reproduce the parameters extracted from
the experimental data. (Note that all mhi and εF are nega-
tive here.) In particular, formulas (B12)–(B14) enable one to
calculate the areas Shi and the cyclotron masses mhi of the
extremal cross sections of the three holes pockets by the plane
pz = 0. As a result, we obtain the following simple relations
{see formula (37) in Supplementary Materials to Ref. [9] and
Ref. [18]}:

Sh1

2πmh1
= eh̄Fh1

mh1c
= Sh2

2πmh2
= eh̄Fh2

mh2c
= εF , (B16)

Sh3

2πmh3
= eh̄Fh3

mh3c
= εF + �. (B17)

In fact, formulas (B16) and (B17) are one and the same
expression since εF + � is the Fermi energy measured from
the top, −�, of the hole band h3. Knowing the frequency of
the quantum oscillations for the holes h1, Fh1 ≈ 550 T, and
the appropriate mass |mh1|/m ≈ 0.26 [14], we find |εF | ≈
250 meV. However, the Fermi level is near the edge of the
h3 band [14], and so � ≈ 250 meV. With this value of εF ,
we find |mh2|/m ≈ 0.52 for the oscillations corresponding to
the frequency Fh2 ≈ 1100 T of the h2 holes [14]. A com-
parison Eqs. (B12) and (B13) also indicates that [εh1(p) +
εh2(p)]/2 = εh3(p) + �, and so we take

1

mh3
= 1

2

(
1

mh1
+ 1

mh2

)
, (B18)

i.e., |mh3|/m ≈ 0.35.
Solving Eqs. (B1), we obtain the following expression for

the contribution of the hole pocket hi (hi = h1, h2, h3) to the
magnetostriction of LuAs,

u(hi)
zz = u(hi)

xx = u(hi)
yy = �h�nhi, (B19)

where

�h = − λh

C33 + 2C13
. (B20)

For the weak magnetic fields (B � Fhi), the �nhi is described
by the formula similar to Eqs. (B10),

�nhi = 3nhiB2

8F 2
hi

(
δ2

hi − 1

12

)
, (B21)

where nhi = nhi(0) is density of the holes in the pocket hi
at the zero magnetic field, δhi = ghimhi/(4m), and ghi is the
appropriate g factor. It is necessary to emphasize that we
define the densities of the holes as negative quantities, nhi < 0,
whereas the electron density is implied to be positive, n > 0.
For the pocket h3, which exists if εF < −�, the frequency
Fh3 is relatively small, and the holes of this pocket can be in
the ultraquantum regime when B > Fh3. In this case, �nh3(B)
can be described by the formulas presented in Supplementary
Materials to Ref. [9],

�nh3 = (e/c)3/2

√
2π2h̄3/2

{
−B3/2

∑
n,±

(
Fh3

B
− n − 1

2
∓ δh3

)1/2

+4

3
F 3/2

h3

}
, (B22)
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where the summation is carried out over those integer n � 0
and those signs before δh3 for which the summands are posi-
tive. This formula is obtained from the expression that is valid
at arbitrary B and a nonzero Dingle temperature [9],

�nh3 = 3|nh3|
4

Im

{
B3/2

F 3/2
h3

∑
±

ζ

(
− 1

2
, −u± + 1

2

)

+ i
4

3
(1 + i�̃)3/2

}
, (B23)

where |nh3| = (3
√

π )−1(8F 3
h3/φ

3
0 )1/2, φ0 is the flux quantum,

�̃ = πTD,h3/|εF + �|, TD,h3 is the Dingle temperature for
the holes in the band h3, u± = (Fh3/B)(1 + i�̃) ∓ δh3, and
ζ (− 1

2 , u) is the Hurwitz zeta function [27]. Note that ac-
cording to Eq. (B17), Fh3/B = mh3c(εF + �)/eh̄B, and for
δh3 > 1/2, the sums in Eqs. (B22) and (B23) can contain
nonzero terms even when εF + � > 0 and Fh3/B < 0, see
Eq. (6).

Thus, within the rigid-band approximation, the holes
give the isotropic contribution (B19) to the magnetostric-
tion, whereas the electron contribution (B6) can explain its
anisotropy, i.e., the nonzero values of uzz(B) − uxx(B), Fig. 1.

3. Dependence of εF on B

Equation (8) in the main text describes the B-dependent
shift of the Fermi energy εF relative to its value at B = 0,
εF0 ≡ εF (B = 0). To proceed, it is convenient to express νtot

in that equation in terms of |nh3(εF0)|/|εF0 + �|.
We have found in this Appendix that |εF0| ≈ 250 meV for

the h1 and h2 holes. As to the Fermi level measured from
the bottom of the electron band, it is equal to εe

F ≈ 210 meV.
This estimate follows from Fc ≈ 280 T, the appropriate cy-
clotron mass mc ≈ 0.155m [14], and a formula similar to
Eq. (B17). Therefore, we have r ≡ εe

F /|εF0| ≈ 0.85. Accord-
ing to Refs. [9,14], the electron (ne = 3nc) and hole (|nh| =
|nh1| + |nh2| + |nh3|) densities are equal to each other with
an accuracy about 1 − 2%. Then, taking into account that
νh1 + νh2 � νh3, nc/|nh3| = (FcF 2

a /F 3
h3)1/2 [see Eq. (4)], and

εe
F /|εF0 + �| = Fc|mh3|/(Fh3mc) [see Eq. (B17)], we arrive

at

νtot ≈ 3

2

3nc

εe
F

+ 3

2

|nh1| + |nh2|
|εF0| ≈ 9nc

2εe
F

(1 + r)

≈ 3|nh3|
4|� + εF0|

1

AhF 1/2
h3

, (B24)

where

Ah ≡ F 1/2
c |mh3|

6(1 + r)Famc
≈ 3.78 × 10−3 T−1/2 (B25)

for Fc = 280 T, Fa = 900 T, |mh3| = 0.35m, mc = 0.155m.
These formulas show that if, e.g., Fh3 = 4 T, the total den-
sity of states is approximately 65 times larger than νh3 =
(3/2)|nh3|/|� + εF0|.

The B dependence of εF leads to the dependence of the fre-
quency Fh3 on B since (F 0

h3 − Fh3(B))/F 0
h3 = (εF − εF0)/|� +

εF0| where F 0
h3 ≡ Fh3(B = 0). Then, inserting formulas (B23),

(B24), and expression (B10) for �nc into Eq. (8), we arrive at

Eq. (9) with

Ae = 1

12(1 + r)

|mh3|
mc

≈ 0.102. (B26)

APPENDIX C: MAGNETOSTRICTION BEYOND
THE RIGID-BAND APPROXIMATION

Considering the holes bands as an example, let us now
go beyond the rigid-band approximation. Using the three-
band model [21,22], an effect of the elastic deformation on
the dispersion of the hole bands was studied in Ref. [23,24]
beyond the rigid-band approximation. It turned out that this
effect is determined by the three constants of the deformation
potential (namely, by l, m, n), and in these notations, one
has λh = (l + 2m)/3 for λh introduced above. The results of
Pikus and Bir [23,24] also show that the uniform compression
(when uxx = uyy = uzz �= 0) leads only to the shift of the three
hole bands as whole, but it does not change their dispersion.
However, under an arbitrary deformation, the hole band h3
changes as follows:

εh3(p) ≈ p2

2mh3
− � + λh(uxx + uyy + uzz )

−2(L − M )(l − m)

9�
I1 − 4Nn

3�
I2 (C1)

where

I1 = p2
z (2uzz − uxx − uyy) + p2

x(2uxx − uzz − uyy)

+p2
y(2uyy − uxx − uzz ), (C2)

I2 = px pyuxy + pz pxuxz + pz pyuyz. (C3)

It is seen that the uniform compression leads to I1 = I2 = 0,
and we arrive at the formula obtained within the rigid-band
approximation. The quantities I1 and I2 define the effect of the
elastic deformation ukl on the p dependence of εh3. Note that
the terms I1 and I2 are the only invariants of the point group
Oh that are quadratic in pi and linear in ukl and that vanish at
the uniform compression. In this context, the last two terms
in Eq. (C1) could be immediately written as A1I1 + A2I2 (with
some constant coefficients A1 and A2) from symmetry consid-
erations without a reference to the formulas of the three-band
model. However this model permits us to find the dependence
of these coefficients on the gap �.

In analyzing the magnetostriction, we may omit the term
proportional to I2 in Eq. (C1) and in all subsequent formulas
(see the end of Appendix A). The term proportional to I1 in
Eq. (C1) means that the deformation changes the mass mh3,
and in the deformed crystal, εh3(p) takes the form

εh3(p) = p2
x

2mxx
h3

+ p2
y

2myy
h3

+ p2
z

2mzz
h3

, (C4)

with

mzz
h3 = mh3[1 + 2κ (2uzz − uxx − uyy)],

mxx
h3 = mh3[1 + 2κ (2uxx − uzz − uyy)],

myy
h3 = mh3[1 + 2κ (2uyy − uxx − uzz )],

κ ≈ 2mh3(L − M )(l − m)

9�
. (C5)
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Then, in the weak magnetic fields B � Fh3, we have the
following expression for the contribution δ�h3 = −χh3B2/2
of the h3 holes to the � potential (we do not consider the
oscillation part of δ�h3, and χh3 is the smooth part of the
magnetic susceptibility),

δ�h3 = −
(

e

c

)2 √
2mzz

h3(εF + �) B2

2π2h̄ |m∗
h3|

(
δ2

h3 − 1

12

)
, (C6)

where m∗
h3 < 0 is the cyclotron mass in the deformed crystal,

|m∗
h3| = (mxx

h3myy
h3)1/2. Note that since δh3 = gh3m∗

h3/4m where
gh3 is the g factor for the band h3, the combination in Eq. (C6),√∣∣mzz

h3

∣∣δ2
h3∣∣m∗

h3

∣∣ =
√∣∣mzz

h3

∣∣|m∗
h3|g2

h3

16m2
= |mh3|3/2g2

h3

16m2
,

depends on the deformation only through the g factor. Taking
into account the high symmetry of the point �, this depen-
dence for the hole charge carriers looks like,

g(ukl ) = g(ukl = 0)[1 + α(uxx + uyy + uzz )],

where α is a constant of the order of 1, and the dependence
of the g factor leads only to a small correction to the isotropic
part of the magnetostriction produced by the holes (see Ap-
pendix B). For this reason, we neglect the dependence of the
hole g factor on the deformation and omit δ2

h3 in Eq. (C6) when
calculating ∂ (δ�h3)/∂ull below.

To find a contribution, associated with the dependence of
the hole masses on the deformation, to u(h3)

ll , we solve the first
three equations in (A2) with the derivatives of δ�h3 calculated
at εF independent of ull ,

∂δ�h3

∂uzz
= −2

∂δ�h3

∂uxx
= −2

∂δ�h3

∂uyy

=
(e

c

)5/2 2κ
√

2Fh3 B2

12π2h̄1/2 |mh3|
, (C7)

where we have also used relation (B17). Then,

u(h3)
zz = − 1

(C33 − C13)

∂δ�h3

∂uzz
, u(h3)

xx = −1

2
u(h3)

zz . (C8)

In the case of arbitrary B (including the case of B > Fh3),
formula (C6) must be replaced by a general expression for
δ�h3. Then, the last line in Eq. (C7) takes the form

∂δ�h3

∂uzz
= − (e/c)5/22κ

√
2B5/2

π2h̄1/2|mh3|
∑
±

Im

{
5

6
ζ

(
− 3

2
, −u± + 1

2

)

+ 1

2
ζ

(
− 1

2
, −u± + 1

2

)
u±

}
, (C9)

where the notations of u± an ζ (−n, u) are the same as in
Eq. (B23).

Consider now the bands h1 and h2 defined by Eq. (B15).
Taking into account the above discussion of the band h3, we
can write at once,

εh1,h2(p) = p2

2mh1,h2
+ λh(uxx + uyy + uzz )

+ (L − M )(l − m)

9�
I1, (C10)

where the third term describes the effect of the h3 band on
the bands h1 and h2. This term follows from the three-band
model. Now formulas (C5) take the form

mzz
h1,h2 = mh3[1 − κh1,h2(2uzz − uxx − uyy)],

mxx
h1,h2 = mh3[1 − κh1,h2(2uxx − uzz − uyy)],

myy
h1,h2 = mh3[1 − κh1,h2(2uyy − uxx − uzz )],

κh1,h2 = mh1,h2

mh3
κ. (C11)

Since the frequencies Fh1 and Fh2 are large, it is sufficient to
calculate the magnetostriction produced by these pockets only
in the range of the weak magnetic fields, B � Fh1, Fh2. Then,
in formulas (C6) and (C8), the subscript (superscript) h3 is
simply replaced by h1 or h2, and in the last line of formula
(C7), apart from this replacement, one should insert −κh1 or
−κh2 instead of 2κ .

The u(hi)
ll (l = x, y, z) derived in this Appendix should be

added to the same quantities calculated within the rigid-
band approximation in Appendix B. It is clear that these
total contributions of the holes to the magnetostriction are
no longer isotropic, and hence the holes can contribute to
uzz − uxx measured in experiments. However, the u(hi)

ll of this
Appendix have no effect on the isotropic part of the magne-
tostriction (uzz + 2uxx )/3 since the last of Eqs. (C8) shows
that u(hi)

zz + 2u(hi)
xx = 0. This cancellation of u(hi)

ll results from
the symmetry of the crystal. Indeed, the � potential of the

holes depends on |mzz
hi | and |m∗

hi| =
√

mxx
hi myy

hi . Dependences of
these masses on the deformation are determined by the unique
combination 2uzz − uxx − uyy, see Eqs. (C5) and (C11), which
leads to the relations in the first line of Eqs. (C7) and formulas
(C8). On the other hand, this combination is dictated by the
cubic symmetry of the point �.

A similar analysis beyond the rigid-band approximation
can be also carried out for the electron pockets. This analysis
introduces additional unknown constants of the deformation
potential into the theory, but it does not lead to a qualitative
change of the electron contribution to the magnetostriction,
which is anisotropic even within the rigid-band approxima-
tion. For this reason, we do not consider the electron pockets
beyond this approximation.

APPENDIX D: CHANGE OF THE QUANTUM-
OSCILLATION FREQUENCIES UNDER DEFORMATIONS

Values of the constants λ(c)
zz , λ(a)

zz , λh, and κ can be ob-
tained from independent experiments, measuring changes of
frequencies Fi under a uniform and uniaxial compressions of
LuAs.

1. Uniform compression

In the case of uniform compression, we have

uxx = uyy = uzz = − p

C33 + 2C13
, (D1)
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where p is the external pressure, and we find the following
formula for the derivative dFh1,h2/d p,

dFh1,h2

d p
= 3

cmh1,h2

eh̄

λ(h)
zz

C33 + 2C13
= −3

cmh1,h2

eh̄
�h, (D2)

where �h is given by Eq. (B20), and mh1,h2 are the hole
masses (Appendix B). This formula remains true even if we
go beyond the rigid-band approximation, and it is not based
on the simple model used for the holes in Appendixes B and
C. Equation (D2) permits one to find λh.

For the electron frequencies, the formula in the case of the
uniform compression looks as follows:

dFi

d p
= cm∗

i

eh̄

λ(c)
zz + 2λ(a)

zz

C33 + 2C13
, (D3)

where m∗
i are the appropriate cyclotron masses, and hence

either Fi = Fc, m∗
i = ma or Fi = Fa, m∗

i = (mamc)1/2; see
Eqs. (B9). Note that formula (D3) has been derived in the
rigid-band approximation. If this approximation fails for the
electrons, the cyclotron masses m∗

i will depend on p. In this
situation, to obtain the correct formula, one should replace
d (Fi )/d p in the left-hand side of Eq. (D3) by d (Fi/m∗

i )/d p
and omit m∗

i in its right-hand side.

2. Uniaxial compression

For definiteness, let the uniaxial compression be applied to
the sample along the z axis. Then, the strain tensor has the
form [25]

uzz = −p
C33 + C13

(C33 − C13)(C33 + 2C13)
,

uxx = uyy = p
C13

(C33 − C13)(C33 + 2C13)
, (D4)

where p is the uniaxial pressure.

In the rigid-band approximation, we obtain the following
formulas for the electron frequencies Fc and Fa when the
magnetic field along z (along the compression):

dFc

d p
= cm∗

c

eh̄

[
λ(c)

zz

(
C33 + C13

) − 2λ(a)
zz C13

]
(C33 − C13)(C33 + 2C13)

, (D5)

dFa

d p
= cm∗

a

eh̄

[
λ(a)

zz C33 − λ(c)
zz C13

]
(C33 − C13)(C33 + 2C13)

, (D6)

where m∗
c = ma, and m∗

a = (mcma)1/2. If the magnetic field is
along the x axis (B is perpendicular to the compression), we
have

dFc

d p
= cm∗

c

eh̄

[
λ(a)

zz C33 − λ(c)
zz C13

]
(C33 − C13)(C33 + 2C13)

, (D7)

dFa

d p
= cm∗

a

eh̄

[
λ(c)

zz (C33 + C13) − 2λ(a)
zz C13

]
(C33 − C13)(C33 + 2C13)

. (D8)

The visible symmetry of Eqs. (D5), (D6) and (D7), (D8) can
be easily understood since the pocket c becomes pocket a
and vice versa when the direction of B changes from z to
x. Knowing dFc/d p and dFa/d p for a certain direction of
the magnetic field, one can find λ(c)

zz and λ(a)
zz for the electron

pockets either from Eqs. (D5) and (D6) or from Eqs. (D7) and
(D8).

Consider now the holes h1 and h2. If the the magnetic field
is applied along the z axis (along the uniaxial compression),
we obtain

dFh1,h2

d p
= cmh1,h2

eh̄

λh

(C33 + 2C13)
− κh1,h2Fh1,h2

(C33 − C13)
, (D9)

whereas if B is along the x, we arrive at

dFh1,h2

d p
= cmh1,h2

eh̄

λh

(C33 + 2C13)
+ κh1,h2Fh1,h2

2(C33 − C13)
. (D10)

Four equations (D9) and (D10) enable one to find κh1, κh2, and
λh.
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