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Phase transitions out of quantum Hall states in moiré materials

Xue-Yang Song ,1 Ya-Hui Zhang,2 and T. Senthil1
1Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA

2Department of Physics and Astronomy, Johns Hopkins University, Baltimore, Maryland 21218, USA

(Received 4 September 2023; revised 6 February 2024; accepted 9 February 2024; published 27 February 2024)

Motivated by the recent experimental breakthroughs in observing fractional quantum anomalous Hall (FQAH)
states in moiré materials, we propose and study various unconventional phase transitions between quantum
Hall phases and Fermi liquids or charge ordered phases upon tuning the bandwidth. At a fixed rational lattice
filling ν, we describe a quantum Ginzburg-Landau theory to describe the intertwinement between the FQAH and
charge density wave (CDW) orders. We use this theory to describe phase transitions between the FQAH and a
CDW insulator. The critical theory for a direct second-order transition resembles that of the familiar deconfined
quantum critical point (DQCP) but with an additional Chern-Simons term. At filling ν = −1/2, we study the
possibility of a continuous transition between the composite Fermi liquid (CFL) and the Fermi liquid (FL)
building on and refining previous work by Barkeshli and McGreevy [Phys. Rev. B 86, 075136 (2012)]. Crucially
we show that filling constraints, ignored in that work, ensure that translation symmetry alone is enough to enable
a second-order CFL-FL transition. We argue that there must be critical CDW fluctuations though neither phase
has long-range CDW order. We present experimental signatures the most striking of which is a universal jump
of both longitudinal and Hall resistivities at the critical point. With disorder, we argue that the CDW order gets
pinned and the CFL-FL evolution happens through an intermediate electrically insulating phase with mobile
neutral fermions. A clean analog of this insulating phase with long-range CDW order and a neutral Fermi surface
can potentially also exist. We discuss the properties of this phase and the nature of its phase transitions. We also
present a critical theory for the CFL to FL transition at filling ν = −3/4. Our work opens up a new avenue to
realize deconfined criticality and fractionalized phases beyond familiar Landau level physics in the moiré Chern
band system.
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I. INTRODUCTION

The phenomena associated with the quantum Hall regime
are amongst the most fascinating in modern condensed mat-
ter physics. For electrons moving in a strong magnetic
field in two dimensions, at fractional filling of the lowest
Landau level, many correlated states have been observed.
These include incompressible fractional quantum Hall (FQH)
states [1,2] and compressible metallic non-Fermi liquid states
known as composite Fermi liquids (CFL) at half and quar-
ter fillings [3]. Relatively recently it was pointed out that
fractional quantum Hall physics may also be achieved at
zero magnetic field in a narrow Chern band [4–11]. In this
avatar, the corresponding phases have been dubbed fractional
quantum anomalous Hall (FQAH) states. Two dimensional
moiré systems were proposed to be a particularly suitable
platform to host nearly flat Chern bands and thus to realize
FQAH states [12–16]. Indeed, integer quantum anomalous
Hall states [17,18] have been observed in twisted bilayer
graphene (TBG) aligned with hexagon boron nitride (hBN)
[19,20], in ABC trilayer graphene aligned with hBN [21],
and in some moiré semiconducting Transition Metal dichalco-
genide (TMD) materials [22,23]. Fractional Chern insulators
have been observed in some moiré platforms in nonzero mag-
netic fields [24,25].

Very recently, a fractional quantum anomalous Hall effect
(FQAH) was found in twisted MoTe2 moiré heterostructures,

first through compressibility measurements [26,27], and then
directly in transport [28]. Theoretically it had previously been
shown that twisted TMD homobilayers may host a Chern
band [29–31] and FQAH states [32,33] through a sponta-
neous breakdown of time-reversal symmetry associated with
polarization of the valley degree of freedom. After the exper-
imental observation, several theoretical works confirmed the
existence of FQAH from numerical studies [34,35]. Further
the numerical results show that valley-polarized compos-
ite Fermi liquids (CFL) can exist [36,37] at 1/2 and 3/4
fillings, in agreement with the simple picture that the flat
Chern band in twisted MoTe2 mimics the lowest Landau level
quite well.

What new physics, beyond what is accessible in con-
ventional FQH platforms, can we pursue in these moiré
realizations? Perhaps the most interesting new capability af-
forded by the moiré setting is the tunability of parameters.
First the band filling can be easily controlled by an external
gate. More remarkably, through a perpendicular displacement
field, the band width of the Chern band can be controlled
while preserving the interaction strength, as already demon-
strated experimentally [26–28]. For correlated states in a
Chern band, we can thus hope to study the evolution between
quantum Hall physics and a variety of other phases by tuning
the displacement field at fixed filling. Examples of the latter
include conventional Landau Fermi liquid metals, and charge-
ordered insulators.
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Here we present a general theory for the competition/
intertwinement between incompressible FQAH states, and
CDW insulators. We derive a “quantum” Ginzburg-Landau
theory for this competition that naturally incorporates both
phases and enables discussing the phase transition. For the
prominent incompressible FQAH state at ν = −2/3, we show
that a continuous quantum phase transition to a charge density
wave (CDW) insulator (with a coexisting integer quantum
anomalous Hall effect) is potentially possible and describe its
physical properties. A different transition from the ν = −2/3
FQAH state to a CDW insulator without a quantized electrical
Hall conductivity is also possible; the CDW insulator has a
coexisting “dark” topological order with electrically neutral
anyons which will not affect electrical transport measure-
ments.

At fillings ν = −1/2 and −3/4, apart from compressible
composite Fermi liquid states, two other prominent possible
states are a Landau Fermi liquid (FL) and CDW insulating
states that break lattice translation symmetry. We will dis-
cuss the associated phase transitions between these phases.
A theory for a continuous CFL to FL transition was proposed
previously by Barkeshli and McGreevy [38]. This theory is
based on a parton construction where the electron operator c
is written as c = � f , where � is a boson and f is a fermion.
� and f are both coupled to a dynamical U(1) gauge field
with equal and opposite charges. As usual if f forms a Fermi
surface state, and � forms a superfluid, then the electrons
form the conventional Landau Fermi liquid. If however �

undergoes a transition to the ν = 1/2 Laughlin state, then the
resulting electronic state is a composite Fermi liquid described
by the Halperin-Lee-Read effective theory. The phase tran-
sition between these two states is thus described as a phase
transition of bosons between Laughlin and superfluid states
in the presence of a coupling to a dynamical U(1) gauge
field which, in turn, is also coupled to the Fermi surface of
the f fermions. The bosonic Laughlin-superfluid transition
is itself an interesting theoretical problem studied earlier by
Barkeshli and McGreevy [39] who showed that it is plausibly
second-order (and described by a conformal field theory). The
coupling of this theory to the gapless gauge field and f -Fermi
surface is then treated following methods used in the treatment
of a continuous Mott transition between a Fermi liquid and
spin liquid Mott insulator by one of us in Ref. [40].

This prior work needs several refinements which we sup-
ply in the present paper. Specifically, Refs. [38,39] did not
consider the restrictions coming from the lattice filling of
1/2 an electron per site on average. Such filling constraints
play a crucial role in determining the structure of the low
energy effective field theory of correlated electrons. We will
incorporate these filling constraints and show that they lead to
some crucial new features absent in this prior work. We also
address a number of theoretical questions left open which we
summarize below, and present concrete suggestions for exper-
iments that could probe the physics of the CFL-FL transition.

For the building block of the bosonic Laughlin-superfluid
transition, Barkeshli and McGreevy [39] proposed a descrip-
tion of it as a theory of two massless Dirac fermions coupled
to a U(1) gauge field with a Chern-Simons term. This theory
has three relevant operators corresponding to bilinears of the
Dirac fermions ψ̄ �σψ , which, if allowed, will split the direct

transition and lead to an intermediate phase. Therefore, in
order to have a direct continuous transition, there needs to
be a crystal symmetry to forbid these terms. This issue was
not studied in a concrete setup in Refs. [38,39]. Given the
low symmetry associated with a single valley in the twisted
MoTe2 structure (just lattice translation and C3 rotations), it
is thus not a priori clear whether there can be a continuous
Laughlin-superfluid transition for bosons (and the associated
CFL-FL transition for fermions) at half filling. Here, we show
that lattice translation symmetry and associated filling con-
straints (which were not incorporated in earlier work) are
enough to prohibit these relevant operators, thereby making a
second-order transition more plausible. Indeed these operators
describe fluctuating CDW order that rears its head just at
the critical point though static CDW order is absent in either
phase. These CDW orders live at the three M points of the
hexagonal Brillouin zone, and are transformed into each other
by the microscopic C3 symmetry present in a single valley. We
argue that a weak breaking of the C3 symmetry is an irrelevant
perturbation, and hence the continuous CFL-FL transition is
stable even in the presence of weak strain.

We show that both longitudinal and Hall resistivities have
universal jumps of order h

e2 right at the quantum critical point.
A similar effect was predicted for the continuous Mott transi-
tion in Ref. [40]. These universal resistivity jumps can provide
a fingerprint of the putative continuous CFL-FL transition in a
sufficiently clean sample. We consider the effects of disorder
on the transition. We argue that weak disorder is very likely
relevant and leads to a pinning of the fluctuating CDW order
near the transition. The result is a novel intermediate phase
between CFL and FL which is electrically insulating but nev-
ertheless has diffusive neutral fermionic excitations (ignoring
localization effects on the composite fermions) coupled to a
U(1) gauge field. A schematic phase diagram sketching the
pertinent phases is shown in Fig. 2.

In the clean limit, a theory of the evolution of the CFL to
a CDW insulator has not been described in the literature. We
present such a theory, at least in the case where the CDW has a
coexisting neutral Fermi surface coupled to a U(1) gauge field
(thus we will label the charge-ordered state CDW∗). This state
is analogous to the Mott insulator with a coexisting spinon
Fermi surface discussed for Hubbard models on nonbipartite
lattices.

At ν = −3/4, the CFL state is naturally described as the
particle-hole conjugate of a composite Fermi liquid at 1/4 fill-
ing obtained by removing electrons from a filled Chern band.
Thus we just focus on the nature of the CFL-FL transition at
1/4 filling. A theory of this transition was left open in the
previous literature. Following the same parton construction
and logic as before requires first a theory of the Laughlin-
superfluid transition at 1/4 filling which is also not available
in the prior literature. Here we will present a theory of this
transition, and use it to construct a theory of the electronic
CFL-FL transition at 1/4 filling.1 We also sketch an alternate

1Our theory incorporates lattice translation and filling constraints as
crucial ingredients but does not respect C3 symmetry. Thus it could
potentially describe the CFL-FL evolution if the experimental system
breaks C3, as seems possible due to strain that is likely present.
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possibility where the standard CFL at 1/4 filling evolves to
the FL through an intermediate CFL phase that is formed by
binding two vortices to electrons.

The critical field theories discussed in this paper can de-
scribe phase transitions that are beyond the standard Landau
paradigm for quantum criticality. The structure of these theo-
ries and their construction are similar to those of deconfined
quantum critical points [41–43] that have been discussed in
various contexts before but mostly have not found experimen-
tal realization. Their possible realization in the moiré TMD
context is thus an experimental opportunity to study a “beyond
Landau” phase transition.

For other interesting work on phase transitions out of frac-
tional Chern insulators in moiré systems, see Ref. [44]. A
sample of early theoretical work (which however did not in-
corporate filling constraints) on fractional quantum Hall phase
transitions is in Refs. [45–47].

Very recently, FQAH states and possible a composite
Fermi liquid have been observed in a pentalayer graphene
moiré system [48]. Our results will apply to this (or to any
other future realizations) as well.

II. PRELIMINARIES AND SUMMARY OF RESULTS

tMoTe2 (and other related moiré systems) have two valleys
that the electrons can populate which are decoupled at the
single particle level to an excellent approximation. In TMD
systems like MoTe2, the valley direction is locked strongly to
the z component of spin through spin-orbit coupling. Note that
through out the region in parameter space where the FQAH
(and other quantum Hall-like physics such as a possible CFL)
is seen, and in the phases immediately proximate to it, fer-
romagnetism, as indicated by hysteretic transport near zero
magnetic field, is observed. We will interpret this as valley
polarization. In our theoretical treatment, we will assume that
the valley is maximally polarized and thus focus on the nature
of the phase transitions that occur when only a single valley is
occupied. Due to the spin-valley locking, electrons in a single
valley can be regarded as spinless. Thus the theoretical prob-
lem we study is the nature of the quantum phase transitions
out of quantum Hall phases of spinless electrons in a (partially
filled) Chern band with Chern number 1.

Apart from the global U(1) symmetry of charge conserva-
tion, the only other symmetries that may be present are lattice
translation and C3 rotations. Both these spatial symmetries are
broken by quenched disorder while a uniform strain breaks C3

but preserves translations.

A. Summary of results

Before going into details, we summarize our main results
here. This will also provide an outline of the rest of the paper.

(1) We first describe (Sec. III) a general framework for
obtaining effective field theoretic descriptions for the phase
transitions of interest. This framework is based on a parton
construction and leads to field theories with emergent gauge
fields coupled to gapless charged degrees of freedom, analo-
gous to deconfined quantum critical points and other “beyond
Landau” phase transitions.

FIG. 1. The conductivity across the FQAH-CDW transition at
say, a filling of 2/3. The upper panel is for the transition to CDW +
IQAH (see Sec. IV B). The lower panel is for the transition to a
CDW insulator with no electrical hall transport, but with a neutral
topological order (see Sec. IV C).

(2) We apply the parton framework to describe the inter-
twinement/competition between FQAH and CDW phases in
terms of a continuum “quantum” Ginzburg-Landau theory.
This theory is then used to study FQAH plateau transitions
to CDW phases in Sec. IV. Though our methods work at
any rational lattice filling, we focus on filling ν = −2/3 to
provide a critical theory between the FQAH phase and a CDW
insulator phase. A natural transition is to a CDW insulator
with an integer quantum anomalous Hall effect. Crucially,
if the CDW insulator has no integer quantum Hall effect,
then within our formalism, it needs to be accompanied with
a neutral topological order with a thermal Hall effect. See
Secs. IV B and IV C for details. In Fig. 1, we sketch the
expected behavior of the resistivities across either of these
phase transitions.

(3) At filling ν = −1/2, we discuss the critical theory for
the CFL to FL transition (see Sec. V). Experimental signatures
of the CFL-FL transition in transport and in compressibility
are sketched in Figs. 3–5. In the clean limit, the compress-
ibility vanishes at the critical point [38] while we show that
the resistivites will have a universal jump. We argue that there
must be power law CDW fluctuations at the CFL-FL transi-
tion. We show that weak disorder will pin the CDW orders
and replace the CFL-FL critical point with an intermediate
pinned CDW* phase (Fig. 2). Therefore an intermediate insu-
lating phase always exist in the disordered sample. Note that
the pinned CDW* phase here is electrically an insulator, has
no long-range CDW order, but has mobile neutral diffusive
fermions coupled to an emergent U(1) gauge field.

(4) We briefly describe an exotic CDW insulator (CDW∗)
proximate to the CFL in a clean system, which has long-
range CDW order coexisting with a neutral Fermi surface (see
Sec. VI). This phase can naturally be viewed as a parent that
evolves into the pinned CDW∗ with disorder.
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FIG. 2. A schematic phase diagram at ν = −1/2. D is the dis-
placement field that tunes the CFL-FL transition. (Left) The expected
phases in a clean system. g is some other parameter that allows
access to the electrically insulating CDW∗ phase with long-range
charge order and a neutral Fermi surface. (Right) Phase diagram with
weak disorder: the (disordered version of) CDW∗ will appear as an
intermediate phase between CFL and FL. Long-range charge order
is lost in this phase but the diffusive neutral fermions will persist.

(5) At filling ν = −3/4, we present a theory for the CFL
to FL transition (see Sec. VII) and the related problem of
the Laughlin-superfluid transition of bosons at 1/4 filling.
The latter is described by an interesting field theory with
four massless Dirac fermions and three emergent U(1) gauge
fields. Lattice translation interchanges pairs of Dirac fermions
and their associated gauge fields with each other. We also
briefly discuss an alternate possibility where there is an evolu-
tion from the standard CFL (formed by electrons with four
attached vortices) to CFL formed by electrons attached to
two vortices to the standard FL (formed by electrons with no
attached vortices).

III. GENERAL PARTON FRAMEWORK
FOR THE PHASE TRANSITIONS

The phase transitions of interest in this paper are conve-
niently accessed by a parton framework. Here we describe
the ideas of the parton construction in general terms. We will
repeatedly use this framework through out the paper. Suppose
the electronic system of interest undergoes a phase transition
out of some base’ phase P to other phases P. Suppose further
that the effective field theory for phase P is described by a
Lagrangian that we write schematically as

LP = LP[c, · · · ; A]. (1)

FIG. 3. The compressibility [38], and resistivities across the
CFL-FL (blue) transition at zero temperature in the clean limit. Both
ρxx and ρxy have universal jumps at the critical point. The difference
of ρxy between the CFL and FL is 2h/e2, which is also approximately
true even with an intermediate pinned CDW∗ phase introduced by
weak disorder.

Here c is the electron operator and the ellipses represent other
fields that may enter the low energy theory. For the specific
case of incompressible quantum Hall phases, the electron
itself is gapped, and the ellipses will stand for dynamical
gauge fields with a Chern-Simons action. We have explicitly
included an external probe (background) U(1) gauge field that
is useful to keep track of the global U(1) symmetry associated
with electric charge conservation.

We introduce a parton decomposition where the electron
operator is written as

c(r) = �(r) f (r). (2)

This representation introduces a U(1) gauge redundancy. Thus
both � and f will be coupled to a dynamical U(1) gauge
field2 (which we denote aμ) with equal and opposite charges
±1. The gauge redundancy is tied to a constraint that fixes
the � density ρ� to equal the f -density ρ f . We can take the
physical electric charge to either be carried by � or by f . For
concreteness we assign it to �. Thus both � and f will be
at the same lattice filling as the electrons themselves: ν� =
ν f = νc. Schematically we write the effective Lagrangian (on
the lattice) in terms of the partons as

L = L[�, A + a] + L[ f ,−a]. (3)

Now we consider a “mean-field” state (i.e., one where the
fluctuations of the gauge field aμ are turned off by hand)
where the f fermions are themselves placed in the phase P
of interest. The effective Lagrangian then takes the form

L = L[�, A + a] + LP[ f , . . . ; −a]. (4)

Clearly if we condense the boson � i.e, we place � in a
“mean-field” superfluid phase), then at long distances a ≈
−A, and we recover the low energy Lagrangian for electrons
in phase P. This is also obvious from the basic parton rep-
resentation: once � condenses, we can identify c and f , the
dynamical gauge field is Higgsed, and the electrons are in
phase P.

A route to phase transitions out of P is to make the �

field transition out of the “superfluid” phase. As an example,
consider a transition (at some commensurate filling ν� = νc)
into a boson Mott insulator (the precise nature of which will
depend on the filling). This results in a new phase P′ of
the electronic system. In the P′ phase, � can be integrated
out and the low energy effective action of the full theory is
given by

LP′ = LP[ f , . . . ; −a]. (5)

Note that the coupling to the probe gauge field A has dis-
appeared. Thus the phase P′ is an electrical insulator. The

2For experts, the background gauge field Aμ and the dynamical
gauge field aμ should both be viewed as spinc connections rather
than ordinary U(1) gauge fields. In contrast we will also encounter
dynamical gauge fields which are ordinary U(1) gauge fields. This is
a useful bookkeeping device to keep track of whether objects charged
under the gauge fields are bosons or fermions. For a review and
references, see Ref. [71]. We will not usually explicitly indicate this
book-keeping scheme in our labeling of gauge fields in this paper
though it will be implicit in our discussion.

085143-4



PHASE TRANSITIONS OUT OF QUANTUM HALL STATES … PHYSICAL REVIEW B 109, 085143 (2024)

detailed low energy theory of P’ is thus given by a gauged
version of the low energy theory of the phase P.

If now we know an effective field theory description of
the pertinent superfluid-Mott transitions of the boson � at
its filling ν�, then we have an effective field theory for the
electronic phase transition out of phase P to phase P’.

An illustration of this parton framework is provided by the
theory of the continuous Mott transition [40] of spinful lattice
electrons at half filling between a Landau Fermi liquid (phase
P) and a spin liquid Mott insulator (phase P’) with a spinon
Fermi surface. In this example, the low energy theory for the
spinon Fermi surface is a gauged version of that of the electron
Fermi liquid. The critical theory is the usual theory of the
bosonic superfluid-Mott transition coupled (primarily through
the gauge field a but also by other terms) to the spinon Fermi
surface.

In this paper, we are interested in situations where phase
P is an electronic quantum Hall phase (either FQAH or CFL)
at some fractional lattice filling. Then a natural bosonic Mott
insulator for � is one that breaks lattice translation symmetry
spontaneously, i.e., is a charge density wave (CDW) insulator.
Such bosonic superfluid-Mott transitions at fractional filling
are conveniently described by passing to a dual vortex rep-
resentation [49–51]. At a rational filling ν = p/q, the vortices
now feel a mean magnetic flux of 2π p/q through each plaque-
tte. Thus the action of lattice translations on the vortex fields
is projective. With 2π p/q flux, there are q species of vortices
which are related by translation action, and which hence will
appear in the low energy effective theory. The corresponding
Lagrangian for the boson sector takes the form

L[�vI , b, a + A] =
p∑

I=1

|(∂μ − ibμ)�vI |2

+ · · · + 1

2π
bd (a + A). (6)

Here bμ is the usual dynamical U(1) gauge field introduced
by the particle-vortex duality. The ellipses represent terms
in the effective action that will be constrained by the action
of translation and any other space group symmetries present
in the problem. The full effective theory that describes the
phase transition out of phase P to the Mott insulator P’ is then
given by

L = L[�vI , b, a + A] + LP[ f , . . . ; −a]. (7)

If the �vI are gapped (corresponding to the superfluid phase
of �), then we can do the integral over b to set a = −A, and
recover the phase P of the underlying electrons. Consider now
the phase where the �vI is condensed. The low energy long
wavelength response to the probe A field is then just given by
a Maxwell action (with no Chern-Simons term). Thus we get
an insulating state. However, the nontrivial translation action
on �vI ensures that translation symmetry is spontaneously
broken. Thus we have a CDW insulator. A theory of the phase
transition is then obtained by tuning to the critical point of the
�vI sector.

Below we will use this general framework to discuss a
variety of phase transitions out of quantum Hall phases. For
an application of this framework to potentially continuous
Wigner-Mott transitions of electrons at fractional filling from

a Fermi liquid, see Ref. [52] (see also Ref. [53] for work on
related transitions).

Readers familiar with the theory of deconfined quantum
critical points will recognize the similarity with the structure
of the theories we construct through this parton approach.
This is perhaps not surprising since the transitions we seek to
describe are inherently beyond the Landau symmetry breaking
paradigm.

IV. PHASE TRANSITIONS OUT OF THE FQAH STATE

A. Warm-up: FQAH to CDW transition at ν = 1/3

We begin by discussing a simple example of a phase transi-
tion associated with the destruction of the FQAH by studying
electrons at a lattice filling νe = 1/3 in a band with Chern
number C = 1. An FQAH with σxy = ±1/3 is a possible
ground state, and is characterized by a topological order. A
different possible insulating state is a CDW state that sponta-
neously breaks lattice symmetry. This state has no topological
order. In current experiments on moiré systems, an FQAH
at νe = 1/3 has not been observed. Nevertheless we begin
by studying the FQAH-CDW transition at this filling as a
warm-up which will help to introduce some of the ideas that
will be used in the rest of the paper.

At νe = 1/3, the FQAH state (the state P in the nota-
tion of the previous section) has an effective low energy
Lagrangian

LP = − 3

4π
αdα + 1

2π
Adα, (8)

where α is an ordinary dynamical U(1) gauge field.
A phase transition out of the quantum Hall phase can be

thought of as a superfluid-insulator transition of the bosons3

� at a lattice filling of 1/3 and is described by a dual vortex
theory in terms of fields �vI with I = 1, 2, 3.

L = L[�vI , b] − 3

4π
αdα − 1

2π
adα,

L[�vI , b] =
3∑

I=1

|(∂μ − ibμ)�vI |2 + · · · + 1

2π
bd (a + A).

(9)

The ellipses represent terms consistent with the translation
and C3 symmetries of the lattice. The symmetry action of
translations and C3 (the subscript I + 1 are defined modulo
3, i.e., I mod 3 + 1) [51] reads

T1 : �v,I → �v,I+1,

T2 : �v,I → ei 2(I+1)π
3 �v,I+1,

3At Laughlin fillings such as 1/3, these bosons can be thought
of as the “composite boson” (obtained by flux attachment) familiar
from quantum hall physics in a continuum Landau level. The main
novelty of what we are doing at these fillings is to incorporate filling
constraints from the presence of the lattice. In the FQAH state itself,
these constraints affect the translation action on the vortices of the
composite boson. In subsequent sections, we will generalize the
notion of composite bosons to handle Jain and other fractions.
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C3 : �v,1 → ei π
6 �v,3,�v,2 → −i�v,1,

�v,3 → ei π
6 �v,2. (10)

The allowed quartic terms for the dual vortex fields read

L4[�vI ] = Lu + Lv,

Lu = u

(
3∑

I=1

|�vI |2
)2

,

Lv = v(|�v1|2|�v2|2 + |�v1|2|�v3|2 + |�v2|2|�v3|2),

where the sign of v determines the nature of the symmetry
breaking state when �′

vI s condense.
Now we can do the integral over the a-gauge field to set

b = α to arrive at our final Lagrangian

L =
3∑

I=1

|(∂μ − iαμ)�vI |2 + L4 + · · · − 3

4π
αdα + 1

2π
Adα.

(11)

Clearly if the �vI are all gapped, we get the Laughlin
1/3 state. If however the �v condense, then the α field is
Higgsed and the quantum hall effect is destroyed. The low
energy long wavelength response to the probe A field is then
just given by a Maxwell action (with no Chern-Simons term).
Thus we get a CDW insulating state (where the nontrivial
translation action on �vI ensures that translation symmetry
is spontaneously broken, and the absence of a Chern-Simons
term for A ensures absence of a Hall conductivity). The pattern
of charge ordering in the CDW is determined by the structure
of the nonlinear terms in Eq. (11) (including a sixth-order term
that we have not explicitly shown) [51].

Thus the theory in Eq. (11) enables discussion of the
competition between the FQAH and CDW phases within a
continuum field theory. It can thus be thought of as a quantum
Ginzburg-Landau theory that is suitable for discussing uni-
versal aspects of the physics. In particular, we can use it to
study the phase transition between the topologically ordered
FQAH state and a broken symmetry CDW insulator with no
topological order.

It should be emphasized that the field theory merely makes
plausible a second-order transition. Indeed, a mean-field treat-
ment of the theory leads to a second-order transition. However
the theory is strongly coupled and the mean-field treatment
will not be an accurate description of the true long wavelength
physics. For instance, we might expect that for v > 0 (when
only one of the 3 �vI bosons condense) fluctuations may drive
the transition first order while for v < 0 (when all 3 �vI si-
multaneously condense) that it may be second order. Whether
it is actually second order or not beyond mean field can only
be determined through large scale numerical calculations that
are beyond the scope of this paper. We therefore focus below
on qualitative features of the transition that are implied by
the structure of the field theory and that may be amenable to
experimental study.

The structure of the field theory implies scale invariant crit-
ical fluctuations with a dynamical exponent z = 1. Indeed, we
expect that the critical point will be described by a conformal
field theory. As the putative critical point is approached, the

charge gap 
 will vanish as a power law:


 ∼ |δ|ν̄z, (12)

where δ is the parameter tuning the transition at zero tempera-
ture (with δ = 0 chosen to be the location of the critical point).
In the moiré TMD context, this is usually the deviation of the
displacement field from its critical value, i.e., δ = D − Dc.
The exponent ν̄ is not known though it has the value 1/2
within mean-field theory.

Why does the charge gap vanish though the transition is
between two insulators? The reason is that the FQAH state
has a nonzero Hall conductivity which vanishes in the CDW
insulator. Thus the charge physics is intimately involved in
the criticality. The electronic compressibility κ = dn/dμ van-
ishes exponentially in either phase at temperatures T below
the charge gap. However at the critical point (from standard
scaling arguments in space dimension d = 2 with z = 1) it
vanishes as a power law

κ ∼ T . (13)

Furthermore the critical theory will have universal elec-
trical conductivities σxx and σxy at T = 0. Thus (much like
in other quantum Hall plateau transitions discussed in the
literature [54]) the longitudinal conductivity will jump to a
nonzero value just at the critical point. At a nonzero but low
temperature, this jump will be rounded in a universal manner.
Indeed as a function of δ and T , the conductivities will satisfy
a universal scaling relation

σi j (δ, T ) = e2

h
Si j

(
δ

T
1
ν̄z

)
, (14)

where Si j (x) is a universal 2×2 matrix. The longitudinal com-
ponent Sxx = Syy satisfies

Sxx(x → 0) → cL, (15)

Sxx(x → ±∞) → 0, (16)

where cL is a nonzero constant of order 1. The Hall component
Sxy will similarly satisfy

Sxy(x → 0) → cH , (17)

Sxy(x → ∞) → 0, (18)

Sxy(x → −∞) → 1
3 , (19)

cH is also a constant of order 1. (We have taken δ < 0 to be
the FQAH phase). In both the longitudinal and Hall channels,
the conductivities will approach their zero temperature values
in either phase exponentially as T is decreased.

The transport features and the compressibility are good
targets as experimental probes of the transition in the near
term. More challenging will be to extract the critical behavior
of the order parameters for the charge ordering. These will
have power law correlations with a universal exponent:

〈OCDW(�x)OCDW(�x′)〉 ∼ 1

|�x − �x′|2
CDW
. (20)
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The “scaling dimension” 
CDW is not known. The mean-field
estimate is 
CDW = 1. We expect that gauge fluctuations be-
yond mean field will reduce the scaling dimension: this is
because the CDW order parameter OCDW is a particle-hole
bilinear of the basic fields �vI ; the gauge field leads to an
attractive interaction between particles and holes and thus
OCDW will have slower correlations than in mean-field theory.
We therefore expect that the true 
CDW < 1. The electronic
tunneling density of states will also have a power-law singu-
larity at the critical point. The T = 0 tunneling conductance
G(V ) will satisfy

G(V ) ∼ |V |y, (21)

where y is a universal critical exponent. Note that G(V ) will
be zero at low bias voltages in either phase. The exponent
y is related to the electron scaling dimension 
e through
y = 2
e − 1. Though the precise value is not known, we
expect that 
e is at least larger4 than 1 so that the tunneling
conductance will be sublinear. Nevertheless the presence of
power law conductance at the transition between two gapped
phases underscores the importance of the charge degrees of
freedom at the critical point.

The discussion so far is for an ideal clean system. How
does the physics change upon including the presence of weak
quenched disorder? There is a linear coupling of the random
potential to OCDW:∫

d2xdτV (x)OCDW(x), (22)

where V (x) may be taken to be a random Gaussian variable
with a variance g. The FQAH phase is of course stable to
disorder; however the linear coupling to disorder implies that
long-range CDW order will be destroyed at the longest scales
owing to the instability of ordering in random field systems
in two dimensions. A sharp transition associated with the
destruction of the topological order will nevertheless still be
present. Furthermore even if the clean transition is first order,
it will be rendered continuous at the longest scales in the
presence of disorder.

Disorder is likely relevant at the putative clean quantum
critical point. Standard scaling arguments show that the cou-
pling in Eq. (22) is relevant if the scaling dimension 
CDW <

2. As we have already argued that very likely 
CDW < 1,
it follows that disorder is relevant. The effect of long-range
Coulomb interactions can be included into the theory at least
at a qualitative level, as discussed in the literature [55]. In
the presence of both disorder and the long-range part of the
Coulomb interaction, the transition out of the FQAH state into
the pinned CDW will have dynamical exponent z = 1. The
universal transport near the critical point described above will
continue to hold (although the detailed form of the scaling
function will be modified).

4The electron operator is a product of a monopole operator of α and
three φv operators. Though the monopole scaling dimension is not
known, each φv has a mean-field scaling dimension of 1/2. Hence
we might expect 
e is at least equal to 3/2).

B. FQAH to CDW-IQAH state at ν = −2/3

The FQAH seen at ν = −2/3 in tMoTe2 can be understood
by starting with the ν = −1 state, and doping electrons to
reach ν = −2/3. The electrons are at a filling νe = 1/3 and
form an FQAH state. Thus we can view the observed FQAH
state at ν = −2/3 as the integer anomalous quantum Hall
(IAQH) state of holes at ν = −1, coexisting with an FQAH
state of electrons at νe = 1/3.

Using the results of the previous subsection, we can now
easily describe a phase transition where the ν = −2/3 FQAH
evolves into a CDW insulator coexisting with an IQAH with
σxy = ±1. (Simply consider the νe = 1/3 CDW transition in
the background of the ν = −1 IQAH phase). Clearly the
universal critical properties are the same as described in the
previous section, except that the total physical conductivity
tensor will be given by

σi j = σi j |ν=1/3 + σi j |ν=−1, (23)

where σxy|ν=1/3 evolves across the transition as described in
the previous subsection. The IAQH on the other hand has
the familiar T = 0 conductivities σxx|ν=−1 = 0, σxy|ν=−1 =
±e2/h.

C. FQAH -CDW* transition at ν = −2/3

We now describe a phase transition between the FQAH
state at ν = −2/3 and a CDW state with no quantum Hall
electrical transport. We begin by recalling the Chern-Simons
effective theory of the 2/3 FQAH state (which is our state P
in this subsection) with the action

LP = − 1

4π
αdα + 3

4π
βdβ + 1

2π
Ad (α + β ). (24)

Here α and β are (ordinary) dynamical U(1) gauge fields
while A is an external probe gauge field. The α field describes
the filled Chern band while the β field describes the 1/3
FQAH of the doped electrons.

We follow the parton strategy discusse above and put f in
the 2/3 FQAH state described by the Chern-Simons action of
Eq. (24) and consider the superfluid-CDW insulator transition
of the � field at 2/3 filling. The vortices in � now see a
flux 4π/3 through each lattice plaquette, and the resulting
projective action of translations results in three species of
vortex fields �vI (I = 1, 2, 3) that appear in the low energy
theory which therefore takes the form

L =
3∑

I=1

L[�vI , b] + 1

2π
bd (A + a) − 1

4π
αdα

+ 3

4π
βdβ − 1

2π
ad (α + β ). (25)

If the vortices �vI are all gapped (corresponding to condensa-
tion of �), then we can set a = −A at long distances to get the
electronic 2/3 FQAH state. Consider a different phase where
�vI is condensed. As in our warm-up example, this leads to
CDW order. Further, the �vI condensation sets b = 0. The
coupling of the A field to the remaining fields thus vanishes,
and we get an electrical insulator with no quantized Hall
conductivity.
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The remaining fields α, β, a have the action

− 1

4π
αdα + 3

4π
βdβ − 1

2π
ad (α + β ). (26)

We can now integrate a out to set α = −β. The result is a
theory with the action

2

4π
βdβ. (27)

This describes a topological order [denoted U(1)2] in the elec-
trically neutral sector of the theory. There is a single anyon (a
neutral semion).

Thus the CDW state we have reached has coexisting topo-
logical order characterized by a neutral semion. We thus
categorize this state as CDW∗ to distinguish from the con-
ventional CDW. However, this CDW∗ will have no distinction
in electrical transport from the conventional CDW. It will
however have a quantized thermal Hall effect (and associated
neutral edge currents) which distinguish it from the standard
CDW.

The physical properties of the transition and their scaling
structure will be similar to what we described above in our
warm-up example (though the specific critical exponents will
be different). The inequality 
CDW < 1 is expected to hold
at this transition as well; thus the remarks on relevance of
disorder will also apply.

Could there be a direct transition from the 2/3 FQAH state
to a conventional CDW insulator with no quantum Hall effect?
While we do not currently have a theory of such a transition,
we emphasize that it might be interesting to note that the
insulating state found near the FQAH state in experiments
may actually have a “dark” topological order not visible to the
standard electrical transport probes. Figure 1 schematically
plots the conductivity behavior across the two FQAH-CDW
transitions discussed above.

V. CFL TO FL TRANSITION

Now we move on to the theory of a continuous transi-
tion from CFL to FL. This transition was first discussed in
Ref. [38]. Below we will build on and further refine this the-
ory. Crucially we will incorporate filling constraints coming
from fractional filling of the lattice into the low energy theory,
as is appropriate for any low energy effective theory. We
will show that these constraints modify the physics and lead
naturally to the possibility of a direct second-order CFL-FL
transition protected just by translation symmetry, unlike the
situation considered in Ref. [38]. We will use the resulting
understanding to extract testable predictions for experiments
on moiré TMD systems. The parton representation c = � f
continues to provide a unified framework to describe both the
CFL and the FL and their phase transition. In this section,
we focus on the filling νc = 1/2 per unit cell on average. As
explained earlier this implies that � and f are also at lattice
filling 1/2. We choose the Fermi liquid as our base phase P. As
before this can be viewed as placing f in a mean-field Fermi
liquid state and condensing the boson �. To describe the CFL
state, we keep the f -fermions in their mean-field Fermi liquid
state, but take the � bosons to form a ν = 1/2 Laughlin state.
In the next section, we will consider an alternate situation

where the bosons form a CDW Mott insulator, which will
correspond to an exotic CDW phase of the physical electrons.
In this section, we focus on the CFL to FL transition.

More concretely, the effective low energy theory of the
physical electron can be written as

Sc = Sb + S f + Sb f , (28)

where

S f =
∫

dtd2x f †(t, x)(i∂t + ia0 + μ) f (t, x)

+ h̄2

2m
f †(t, x)(∇ + ia)2 f (t, x) (29)

describes a state with a Fermi surface at filling n f = 1/2 per
unit cell. The Sb describes the dynamics of � as it undergoes
a bosonic ν = 1/2 Laughlin-superfluid transition. As usual �

couples to a + A (we remind that A is a probe gauge field, and
a is a dynamical gauge field), and f to a. The Sb f represents
couplings between the � and f sectors which we will discuss
below.

Questions closely related to the ν = 1/2 FQHE to SF tran-
sition of bosons have been discussed in previous papers, and
we briefly adapt (and refine) the results as needed here. There
are in fact multiple equivalent Lagrangian descriptions [56] of
this transition which are related to each other through duality
transformations. For concreteness, we work with just one of
the equivalent theories which is based on a further parton
decomposition of � as a product of two fermions:

� = f1 f2. (30)

In this parton representation, the fermions f1 and f2 are both
at filling 1/2. There is a U(1) gauge field5 that we will de-
note âμ. Let us temporarily treat the gauge field a + A that
couples to � as a background field and denote it by Ab. We
assign the charge of Ab to f1 so that f2 is neutral under Ab.
We take a mean-field state where f1 and f2 each see π flux
through each plaquette. This doubles the unit cell for the band
structure of both f1 and f2. Thus at half filling, they may both
form band insulators. We will assume that these mean-field
band insulators have Chern numbers C1 and C2 for f1 and f2,
respectively.

Consider a mean-field state where C1 = 1,C2 = −1. As
argued in Ref. [39] this is a superfluid phase of �. On
the other hand, if C1 = 1,C2 = 1, we get the ν = 1/2 FQH
state of bosons. Thus the bosonic 1/2 FQHE to superfluid
transition occurs through a change of Chern number of f2

from C2 = −1 to C2 = +1 while C1 stays fixed at 1. The
Chern number changing phase transition of f2 can occur
through a band touching which can be described (generi-
cally) in terms of two massless Dirac fermions. These Dirac
fermions will be coupled to the U(1) gauge field â, and
will have a background Chern-Simons term coming from the

5Actually a spinc connection. Also strictly speaking this parton
representation introduces an SU(2) gauge redundancy but we assume
that the mean-field states of interest break the SU(2) gauge structure
to U(1).
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filled f1 band. The resulting field theory thus takes the form

L = ψ̄ (γμ(−i∂μσ0 − âμσ0))ψ + mψ̄ψ

+ 1

4π
d (̂a + Ab)(̂a + Ab) − 1

4π
âdâ, (31)

where we have two Dirac fermions ψ1, ψ2 with σa as the Pauli
matrix in the flavor space. The transition is tuned by the Dirac
mass term mψ̄ψ . (We have defined a single massless Dirac
fermion through a Pauli-Villars scheme with another heavy
Dirac fermion in the UV. Then for m < 0, a single Dirac
fermion has a Hall conductivity 0, and for m > 0, a Hall
conductivity +1.)

What guarantees that the f2 fermions change their Chern
number by 2 across the transition and not by 1 as usually
happens in band theory? The answer is that due to the π

flux seen by f2 on the lattice, translations act projectively on
them. This leads to a doubling of fermion species in the low
energy theory. Thus if there are Dirac nodes, we will have an
even number of them, and the generic situation is when we
have two Dirac nodes. Note that as written there is a “flavor”
SO(3) symmetry that involves rotations in the ψ1, ψ2 space.
One worry of Ref. [38] is that there are three correspond-
ing “mass” terms ψ̄σaψ with a = 1, 2, and 3, which may
split the direct transition. Reference [38] mentioned that these
terms may be forbidden by crystal symmetry, but no concrete
argument was provided. Here we see that such terms must be
forbidden by the action of translation invariance on the f2.
Ultimately this action arises from combination of translation
from the filling constraint of the bosons on the translation
invariant lattice.6 It follows that these flavor mass terms ψ̄σaψ

with a = 1, 2, and 3 must transform under translations, and
hence must correspond to CDW order parameters. In the Dirac
theory, it is natural to expect that the quartic terms are irrel-
evant7 so that there is an emergent SO(3) symmetry rotating
the three CDW orders Oa

CDW = ψ̄σaψ . This conclusion does
not rely on the microscopic C3 rotation symmetry, implying
that the C3 breaking term is irrelevant at this fixed point with
emergent SO(3) symmetry. In Appendix A, we argue that the
three CDW order parameters are associated with momenta
M1, M2, M3 in the hexagonal Brillouin zone. We also note
that there are also two other equivalent dual theories of this
phase transition (see Appendix A), as first pointed out by two
of us in the context of chiral spin liquid to superconductor and
CDW transition [56].

In passing we note that it has been suggested [57] that the
second-order Laughlin-superfluid transition of bosons at half
filling requires inversion symmetry based on a different field
theoretic construction. However, as we just demonstrated, in-
version (which is not present in the moiré system of interest)

6To understand this directly, note that if we add ψ̄σaψ at the critical
point m = 0, we reach a trivial insulator. However, no symmetric
trivial insulator is possible at half filling unless translation symmetry
is broken. Thus ψ̄σaψ must break the translation symmetry and
correspond to CDW order parameters. Thus the symmetry properties
of the operators in the critical theory are fixed by the LSM constraint
so that no microscopic calculations are needed.

7This is definitely true in the free Dirac theory without any gauge
field.

is not necessary. Translation and filling constraints alone are
enough to protect a direct transition.

With this understanding of the building block of the
superfluid-FQHE transition of bosons at ν = 1/2, let us return
to the full electronic theory of Eq. (28). The coupling of this
sector to the f -Fermi surface was also discussed in Ref. [38]
following the arguments of Ref. [40]. At T = 0, the gauge
fluctuations are Landau damped by the fermions and this can
be shown to lead to them decoupling from the critical boson
sector. It remains to understand the effect of other couplings
between local operators in the boson and fermion sector.

First there will be a coupling of “energy densities” of the
form Sb f = ∫

dtd2x|�|2 f † f . Integrating f gives a perturba-
tion to the boson action δSb = A

∫ |ω
q ||O(ω, q)|2 with O =

�†�. This perturbation is irrelevant when ν̄ > 2/3, where ν̄

is the correlation length exponent (not to be confused with
the filling) for the FQHE-SF critical point in the boson sector.
Although there is no precise estimation of the exponent for
the FQHE-SF transition so far, a large N calculation using the
Dirac theory suggests that ν̄ > 2/3 likely holds [39]. In any
case we will assume this to be true, and treat this as a bound
on the exponent that has to be satisfied for the theory to apply.

Second, there will be a coupling of the CDW order pa-
rameters Oa

CDW = ψ̄σaψ to the Fermi surface (which was not
considered in Ref. [38]). This will lead to a Landau damping
term ∫

d2 �qdω|ω|∣∣Oa
CDW(�q, ω)

∣∣2
. (32)

This will be irrelevant at the bosonic quantum critical point if
the Oa

CDW scaling dimension 
CDW > 1. In the free massless
Dirac theory, these operators have scaling dimension 2. It
is expected that the scaling dimension will be reduced by
gauge fluctuations so that at the true fixed point we will have

CDW < 2. It is not currently known what the true scaling
dimension is but for the theory of Ref. [38] to really apply,
it is necessary that 
CDW > 1 and we will assume this is true.

Thus, provided the two bounds on exponents ν̄ > 2/3,


CDW > 1 are satisfied, the bosons � and fermions f dy-
namically decouple at the CFL-FL transition. The physics of
the critical boson sector is then just described by the ν = 1/2
FQHE to SF transition described above, which is presumably
described by a conformal field theory (CFT). The dynami-
cal critical exponent is thus z = 1. We show in Appendix D
that the flux of a will not be spontaneously generated at the
CFL-FL critical point, hence the continuous transition will be
preserved.

In the following, we point out some major experimental
signatures for this transition.

A. Resistivity and compressibility
around the CFL to FL transition

Here we discuss the transport response at the QCP in the
clean limit. Using the Ioffe-larkin rule, the resistivity tensor of
the physical electron is

ρc = ρ� + ρ f , (33)

where ρa =
(

ρa;xx ρa;xy

ρa;yx ρa;yy

)
is a 2×2 tensor.
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We expect ρ f to be smooth across the transition and is
given by

ρ f =
(

ρ f ρ f ;xy

−ρ f ;xy ρ f

)
, (34)

where ρ f and ρ f ;xy are nonuniversal numbers. We expect
ρ f � h

e2 when the disorder strength in the system is not very

large. The Hall conductivity σ
f

xy will be determined by the
Berry curvature enclosed by the Fermi surface, and will be
some fraction of e2

h . If σ
f

xx is large compared to e2

h (as expected

in the weak disorder limit), then we expect that ρ f ;xy ≈ σ
f

xy

(σ f
xx )2

is small.
On the other hand, the resistivity tensor for the boson

ρ� goes through a jump across the transition. In the CFL
phase, we have ρ� = (0 −2

2 0 ) h
e2 . In the FL phase, we have

ρ� = (0 0
0 0) h

e2 . Exactly at the critical point, the CFT nature of

the Sb leads to a universal tensor ρ� = 1
σ 2

�+σ 2
�;xy

( σ� −σ�;xy

σ�;xy σ�
)

where σ� and σ�;xy are universal numbers at order of e2

h .
Actually as discussed for the closely related problem of the
continuous Mott transition [58], if the QCP is approached by
cooling from nonzero T , the gauge fluctuations do affect the
bosonic criticality. This is because the zero Matsubara fre-
quency gauge fluctuations are not Landau-damped, and they
lead to extra universal scattering and an enhanced universal
resistivity at the critical point. Thus the resistivity measured
in the usual conditions of ω → 0 first, and then T → 0, will
be universally enhanced compared with that calculated in the
CFT alone. Quantitative calculations of this effect are hard
given that we have very little analytic control over the CFT
in the first place (except in a large-N expansion). In any case
there will be a universal boson resistivity tensor with ρ� and
ρ�;xy taking values at least, if not larger than h/e2.

It follows that as the transition is approached from either
side, there will be a universal jump of the resistivity tensor just
at the critical point (very similar to that discussed [40,58] for
the longitudinal resistivity at the continuous Mott transition).
If ρm;i j is the resistivity tensor in the Fermi liquid side, the
measured resistivity as a function of tuning parameter δ and
temperature T will thus satisfy a scaling form analogous to
Eq. (14)

ρi j − ρm;i j = h

e2
Ri j

(
δ

T
1
νz

)
. (35)

The tensor R(x) is a universal scaling function of its argu-
ment. It has the asymptotic values

Ri j (x → 0) → ri j, (36)

Ri j (x → ∞) → 0, (37)

Ri j (x → −∞) → 2εi j, (38)

where εi j is the antisymmetric tensor in two dimensions with
εxy = 1, and ri j is a universal constant tensor. The scaling form
implies a crossover temperature T ∗ for the universal jump
which behaves as

T ∗ ∼ |δ|νz. (39)

FIG. 4. The resistivity as a function of temperature in the CFL,
FL and at the transition point, respectively. The blue curves are for
the FL, the black for the CFL, and the red for the QCP. rxx and rxy are
universal numbers of order 1.

We have already argued that z = 1 and ν > 2/3 for the theory
to apply.

Based on the discussion above, we illustrate the behavior of
ρc;xx and ρc;xy for the physical electrons at zero temperature in
Fig. 3. Obviously there is a peak of the longitudinal resistance
of order ∼ h

e2 . Meanwhile ρc;xy also has a universal jump of
roughly the same order upon approaching the transition from
the Fermi liquid. A sketch of the expected T dependence of
the resistivities is shown in Fig. 4.

The universality of the resistivity jump was considered
in Ref. [38] but was suggested to not happen based on the
possibility of mixing between longitudinal and transverse re-
sponses. We however argue that such mixing will not occur for
the resistivities which are measured in the q = 0, ω → 0 limit.
The transport properties are encoded in the polarization tensor
�μν (ω, q) which needs to satisfy the equation qμ�μν = 0
due to gauge invariance. Then if we take q = (ω, q = 0), we
must have �0i(ω, q = 0) = 0 for any i = 1, 2 and nonzero ω.
At q = 0, the tensor �μν is then block diagonal and we can
just look at σi j (ω) = 1

iω�i j (ω, q = 0). The Ioffe-Larkin rule
�−1

c = �−1
b + �−1

f then leads to the equation ρc = ρ� + ρ f

for the 2×2 resistivity tensor at any frequency ω (includ-
ing the dc limit ω → 0), and this leads to the universal
resistivity jump.

Furthermore, as already discussed in Ref. [38], the elec-
tronic compressibility κ = dn/dμ will vanish at the critical
point. As a function of T , we expect κ ∼ T right at the
quantum critical point. This vanishing critical compressibility
at the phase transition between two compressible phases may
offer another fruitful near-term experimental signature of this
quantum critical point.

Finally, the thermal conductivity κxx = κxx,� + κxx, f

comes from a summation of two parton sectors. κxx,� = 0
in both CFL and FL phases, and for the f-Fermi sea, the
conductivities obey the Wiedemann-Franz law, i.e., κxx, f /T =
L0σxx, f with L0 = π2k2

B/(3e2) the Lorenz number. One arrives
at the conclusion that κxx/T = L0σxx, f . Taking the inverse we
find

T/κxx = ρxx, f /L0 = ρxx/L0, (40)

where we note that ρxx = ρxx, f from the Ioffe-Larkin rule,and
ρxx, f ≈ 1/σxx, f in both CFL and FL phases. This differs from
the standard Wiedemann-Franz law that states κxx = L0T σxx.
In particular, the CFL phase strongly violates [59] the standard
Wiedemann-Franz relation [as σxx ≈ e4ρxx/(4h)2 so κxx ∝
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FIG. 5. The electrical and thermal resistivities across the CFL-
FL transition, in the clean limit and with weak disorder, respectively.
The blue line depicts the inverse thermal conductivity T L0/κxx which
is proportional to the electrical resistivity inside both CFL and FL
phases, but not near the critical point. L0 = π 2k2

B/(3e2) is the Lorenz
number. The intermediate CDW∗ phase is electrically insulating but
has metallic thermal transport. There is a dip in T L0/κxx across the
transition out of the intermediate CDW phase.

1/σxx]. In the FL phase, as σxx ≈ 1/ρxx, the Wiedemann-
Franz law as well as Eq. (40) hold.

Equation (40) generally does not hold near the criti-
cal point where both κxx,�/ f �= 0 and there is no simple
additive relation between the electron conductivity and con-
ductivities of each parton sector. At the critical points of
CFL-CDW∗ and CDW∗-FL transitions, there will presum-
ably be a universal jump of κxx/T , from the boson sector
�. It would be interesting in the future to investigate the
universal behavior of κxx near the critical points of CFL-FL
and CFL-CDW∗, CDW∗-FL transitions, which was similarly
discussed in metal-insulator transitions in 3D semiconductors
from localization [60].

Equation (40) is also violated in the intermediate CDW∗

phase, as there we still have κxx/T = Lσxx, f (since σxx,� = 0
in the Mott insulator for �) while the electrical resistivity
diverges. We showed the relation schematically in Fig. 5.
Thus as expected the pinned CDW∗ phase will have metallic
thermal transport despite being an electrical insulator.

B. Fluctuating CDW order and SO(3) symmetry

From our previous discussion, there is an emergent
SO(3) symmetry rotating the three CDW order parameters
(n1, n2, n3) with momentum Q = M1, M2, M3. At the QCP,
we expect power law correlation of these CDW orders:〈

Oa
CDW(r)Ob

CDW(r′)
〉 = δab

1

|r − r′|2
CDW
(41)

with a = 1, 2, 3. We presented arguments that suggest 1 <


CDW < 2
The existence of slow CDW fluctuations at these wave

vectors is remarkable given that a CDW is absent in both the
CFL and in the FL phase.8 Of course in both phases there
are power law correlations associated with 2KF fluctuations
of the Fermi surface. The slow critical CDW fluctuations have
a completely different origin from these 2KF fluctuations and

8Similar phenomena are found at other deconfined critical points
[42].

are unrelated to any specific features of the Fermi surface.
Experimentally one may search for static CDW orders with
period 2a pinned at impurities at the QCP.

C. Disorder effects

Both the FL and CFL phases will survive for weak disorder.
At the critical point, there will be a linear coupling of the
disorder to the slow CDW fluctuations. As discussed earlier
this coupling is relevant if 
CDW < 2, which we have already
argued is very likely to be true. Thus we expect that weak
disorder is a relevant perturbation at the critical point, and
leads to a pinning of the fluctuating CDW order. The bosons �

will then enter an insulating phase with zero Hall conductivity
that intervenes between the superfluid and the ν = 1/2 FQHE.
In the electronic system, it follows that with weak disorder
there also is an intermediate phase between the FL and CFL.
This phase has remarkable properties. It is a pinned CDW
insulator where the CDW order parameter is locally present
but is randomly oriented across the sample. Despite this the
f -fermions will continue to be mobile (ignoring Anderson
localization effects which will not set in upto very large length
scales for weak disorder9). Thus we have an intermediate
exotic CDW insulator phase with electrically neutral diffusive
fermions. Experimentally electrical transport will just see an
intermediate insulating phase between FL and CFL; however
should thermal transport be possible, a large thermal con-
ductance from the neutral fermions can be detected. We will
discuss the possibility of this exotic CDW insulator in the
clean limit in the next section.

VI. CFL TO CDW* TRANSITION AT ν = −1/2

In this section, we return to the clean limit and discuss an
exotic CDW insulator phase with a coexisting neutral Fermi
surface. This phase falls under the category of CDW∗ and we
will use that nomenclature to emphasize that there is a neutral
Fermi surface in contrast to a conventional CDW insulator.
Note that the name CDW∗ encompasses a variety of exotic
CDW states with coexisting fractionalized excitations. Thus
the CDW∗ of this section is distinct from the one encountered
in Sec. IV C. We also note that the phase we discuss was also
considered in Ref. [38] (and labeled a gapless Mott insulator)
though they did not emphasize the presence of CDW order.
As we will see the CDW has some important consequences.

A. CDW*: construction, properties, and transition to CFL

We continue to use the general framework of the parton
construction outlined in Sec. III by writing c = � f and plac-
ing f in a mean-field Fermi liquid state. If we now put the
boson � in a CDW insulating state, we get the gapless CDW∗

insulating state with a coexisting neutral Fermi surface that is
coupled to a dynamical U(1) gauge field. A unified framework
to discuss this state, the CFL, and the nature of the transition is

9The random pinning of the CDW will occur on a length scale
that grows as a power of the disorder strength while the localization
length will be exponentially large in the disorder strength. Hence for
weak disorder, it is legitimate to ignore localization effects.
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thus naturally obtained by considering the theory for the evo-
lution between the bosonic 1/2 FQHE state and the bosonic
CDW insulator. This evolution is completely analogous to the
one considered in the warm-up Sec. IV A. The method used
there yields the following action for the boson sector

Sb =
∫

dtd2x
∑

I=1,2

|(∂μ − ibμ)�vI |2 − 2

4π
bdb

+ 1

2π
(A + a)db − s�†

vI�vI − g(|�v|2)2

− λ
(
n2

1 + n2
2 + n2

3

)
, (42)

where �v = (�v1,�v2)T , and na = �†
vσ

a�v . The two critical
bosons �v1,�v2 form a two dimensional representation of
the projective translation symmetry T1T2 = −T2T1. We as-
sume the following transformation rule. T1 : �v → −iσ1�v

and T2 : �v → −iσ3�v . It is then clear that (n1, n2, n3) =
(�†

vσ1�v,�
†
vσ2�v,�

†
vσ3�v ) represent three CDW orders at

momentum Q = M1, M2, M3. Under the C3 symmetry, �v →
e−i σ1+σ2+σ3√

3
2π
3 �v which rotates the three CDW orders to each

other. Note that a general quartic term can be written as
(�†

vσμ�v )(�†
vσν�v ) with μ, ν = 0, 1, 2, 3. Translation sym-

metry T1 and T2 guarantees that μ = ν. The C3 symmetry
makes sure that the coefficients for the μ = ν = 1, 2, 3 terms
are the same.

If s > 0 in Eq. (42), then �v is gapped and we are left with
the action Sb = ∫

dtd2x − 2
4π

αdα + 1
2π

adα, which leads to
the standard theory of CFL when added to Eq. (29). On the
other hand, when s < 0, 〈�v〉 �= 0 which higgses the gauge
field bμ. The �v condensation leads to a nonzero CDW order
parameter �n = �†

v �σ�v . Meanwhile, now the bosonic sector
is trivially gapped and can be ignored. The result is the low
energy effective action:

S =
∫

dtd2x f †(t, x)(i∂t + ia0 + μ) f (t, x)

+ h̄2

2m
f †(t, x)(∇ + ia)2 f (t, x). (43)

The neutral Fermi surface here is inherited from the CFL
phase and these f could roughly still be identified with com-
posite fermions carrying dipole moment. A rough but useful
analogy is with the spinon Fermi surface state of a frustrated
Hubbard model close to the Mott transition. The spinons can
be roughly viewed as electrons that have lost their electrical
charge through fractionalization. In the present case, the neu-
tral fermions of the CDW∗ state can probably be viewed as
composite fermions that have lost their attached flux through
fractionalization.

Because there is a long-ranged CDW order, the neutral
Fermi surface also gets reconstructed. Just across the phase
transition to the CFL (assuming it is second order or weakly
first order), we expect that the neutral Fermi surface re-
mains gapless because the CDW order is still small. However,
upon moving deeper into the phase, the neutral Fermi sur-
face gradually disappears and the CDW* phase may evolve
to a conventional CDW insulator phase through a Lifshitz
transition.

B. Remarks on the CFL-CDW∗ phase transition

The structure of the theory near the phase transition is sim-
ilar to the CFL-FL transition. However we need to ask if the
f -Fermi surface can dynamically decouple from the critical
boson sector. The dangerous couplings are those of the CDW
order parameter to the Fermi surface. As argued in Sec. IV A,
it seems likely that the scaling dimension 
CDW < 1 (as it
is already 1 in the mean field, and gauge fluctuations will
tend to only decrease it further). Then the Landau damping of
the CDW fluctuations is relevant, and there is no dynamical
decoupling between the f and � sectors. The fate of the
transition is unclear in that case (even if the boson sector
by itself is critical). It is possible that the Landau damping
eventually drives the transition weakly first order.

In the present of disorder, the CDW∗ will evolve into the
pinned CDW∗ phase with no long-range charge order. There
will however be a sharp transition which will be second order.
The resistivity tensor will have a universal jump as this critical
point for reasons similar(see also the discussion below) to that
at the CFL-FL transition approached from either side, which
again can be an experimental fingerprint of the transition.

C. Experimental signatures

Over the years neutral Fermi surfaces have been proposed
in different contexts and ideas proposed for their experimental
detection. Many of these ideas will be relevant for the present
CDW* phase as well. We highlight a few. (i) A metallic
thermal conductivity κxx. (ii) Possible quantum oscillations
[61,62] close to the critical point. Note that the bosonic sector
has a small gap just across the phase transition (if at most
weakly first order) and still have a finite diamagnetism, which
leads to the locking of the internal flux to the external mag-
netic field: b = da = αB, where B is the external magnetic
field. We expect 0 < α < 1 and the neutral Fermi surface
can show quantum oscillations under the internal flux b. (iii)
Charge Friedel oscillations [63] associated with 2KF features
of the neutral Fermi surface.

Should the CFL-CDW* transition be only weakly first or-
der, we can understand electrical transport in its vicinity using,
as before, the Ioffe-Larkin rule for the 2×2 resistivity tensor:

ρc = ρ� + ρ f , (44)

where ρa =
(

ρa;xx ρa;xy

ρa;yx ρa;yy

)
.

ρ f is again smooth across the transition:

ρ f =
(

ρ f ρ f ;xy

−ρ f ;xy ρ f

)
, (45)

where ρ f and ρ f ;xy are nonuniversal numbers. We expect
ρ f � h

e2 and ρ f ;xy � 1 in the weak disorder regime. In the

CFL phase, we have ρ� = (0 −2
2 0 ) h

e2 . However, now in the

CDW* side, ρ� =
(

+∞ 0
0 +∞

)
because the bosonic sector

is in a trivial CDW insulator. Exactly at the critical point,
the CFT nature of the Sb leads to a universal tensor ρ� =

1
σ 2

b +σ 2
b;xy

(
σb −σb;xy

σb;xy σb

)
where σb and σb;xy are universal numbers

at order of e2

h . We illustrate the behavior of σc;xx and σc;xy
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FIG. 6. Conductivities across the CFL-CDW∗(green) transition.
σxx,xy both vanish in the CDW∗ phase.

for physical electrons at zero temperature in Fig. 6. ρxx goes
through a metal-insulator transition with a universal jump.

Finally we remark that one can contemplate more exotic
scenarios where, despite the presence of the Landau damping
of the CDW fluctuations, the transition stays continuous but
without dynamical decoupling between the f -Fermi surface
and the �-bosons. Given our lack of control of the theory in
this scenario, we will not speculate on it further in this paper.

We have discussed CFL to FL and CFL to CDW* transi-
tion. In Appendix B, we provide a critical theory for the FL
to CDW* transition and a tricritical theory that captures the
coming together of all three phases (CFL, FL, and CDW*).

VII. CFL TO FL TRANSITION AT ν = −3/4 FILLING

Numerical work [36,37] on models of the tMoTe2 system
find evidence for a CFL phase at ν = −3/4 in a range of
displacement field, and a FL outside of that range. Here we
discuss the phase transition between these two phases. A
theory for a direct CFL-FL transition at this filling has not
appeared previously in the literature.

The ν = −3/4 state can be reached by starting in the
from a ν = −1 IAQH state, and doping electrons to a filling
νe = 1/4. Thus the CFL at this filling can be obtained as the
particle-hole conjugate of one at filling νe = 1/4. Accordingly
we will focus on the CFL-FL transition at νe = 1/4.

Using the usual parton construction c = � f , the CFL and
FL states correspond to a Laughlin state and superfluid state
for the �, respectively. The Laughlin state is described by a
Chern-Simons Lagrangian of a U(1) gauge field at level 4, i.e.,

L = − 4

4π
αdα + 1

2π
αdA (46)

The full action for the electrons again consists of S = Sb +
S f + Sb f where the f -fermions form a Fermi surface at filling
ν = 1/4.

S f =
∫

dtd2x f †(t, x)(i∂t + ia0 + μ) f (t, x)

+ h̄2

2m
f †(t, x)(∇ + ia)2 f (t, x), (47)

The question of the CFL-FL transition then crucially re-
lies on the nature of the corresponding transition in the �

sector. Here we show that a direct, second-order 1/4 Laughlin-
superfluid transition for a boson system is possible. We begin
with a parton representation of � in terms of four fermions

� = f1 f2 f3 f4, (48)

This representation introduces an SU(4) gauge redundancy
but we will assume that the mean-field states of interest break
it to U(1)×U(1)×U(1). Thus we will have three dynamical
U(1) gauge fields appearing in the theory. At boson lattice
filling ν� = 1/4, the gauge constraints fix the filling of each of
the partons fi to also be ν f i = 1/4 (i = 1, . . . , 4). We assign
the charge of the background gauge field Ab to f1. (In the
eventual application to the electronic transition, Ab will be re-
placed by a + A). When each fi fills a Chern band with C = 1,
the resulting state is the desired 1/4 Laughlin state as shown
below. When two of the fi fill a Chern band with C = −1
and the other 2 remain in the C = 1 band, the resulting state
describes a superfluid phase for �. The key is to construct
a mean-field state where the fi partons can completely fill a
band at filling 1/4 and, simultaneously, to allow for a a change
of Chern number from 1 to −1 for two of the fi-partons. We
achieve this by making the fi to move in a background flux
such that the unit cell is quadrupled, while still preserving the
full translation symmetry for �.

We take the mean field for the fi to feel flux φ± =
π/2 ± θd for alternating plaquettes (parallellogram) on the
triangular lattice. Within one plaquette, the flux around
upward/downward triangles is distributed as φ± + θ,−θ , re-
spectively. The unit cell is quadrupled and thus at ν f i = 1/4,
the partons could entirely fill one band. We choose a mean
field such that the f1,2 each fill a Chern band with C = 1
with π/2 flux per plaquette, θd = 0. The f3,4 feel flux φ±,
respectively, around a single plaquette, such that combined
they see φ+ + φ− = π flux per plaquette. With this choice,
one can tune the φ± so f3,4 realizes a transition from C = 1
to C = −1 through a band closing with two Dirac cones.
The detailed mean field is listed in Appendix C. Crucially
the action of one of the translation symmetries exchanges
f3,4 so that their Chern numbers change simultaneously. Thus
this construction gives (at the mean-field level) a realization
of the desired second-order transition from Laughlin state at
ν = 1/4.

A. Critical theory

Let us show that a field theory derived from this parton
construction indeed describes both the Laughlin and super-
fluid states at 1/4 filling, and their phase transition. The
� = f1 f2 f3 f4 construction introduces three U(1) gauge fields
a1, a2, a3, together with the background Ab field which we
assign to couple to f1. Thus f1 couples10 to Ab + a1, f2 to
−a1 + a2, f3 to −a2 + a3, and f4 to −a3. The parton mean
field described above then leads to the effective Lagrangian

L =
∑

a=1,2,3,4

La, (49)

where

L1 = − 1

4π
α1dα1 + 1

2π
α1d (a + a1 + Ab), (50)

L2 = − 1

4π
α2dα2 + 1

2π
α2d (a2 − a1), (51)

10It may be useful to note that Ab, a2 are ordinary U(1) gauge fields
while a1, a3 are spinc connections.
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L3 = ψ̄1(−iγμ(∂μσ0 − b1;μσ0))ψ + mψ̄1ψ1

− 1

4π
b1db1 + 1

2π
b1dα3 + 1

2π
α3d (a3 − a2), (52)

L4 = ψ̄2(−iγμ(∂μσ0 − b2;μσ0))ψ2 + mψ̄2ψ2

− 1

4π
b2db2 + 1

2π
b2dα4 + 1

2π
α4d (−a3). (53)

Integrating a1, a2, a3 locks α1 = α2 = α3 = α4 = α. Thus
the final Lagrangian is

Lcritical =
∑
i=1,2

ψ̄i(−iγμ(∂μσ0 − bi;μσ0))ψi + m
∑

i

ψ̄iψi

− 2

4π
αdα − 1

4π
(b1db1 + b2db2)

+ 1

2π
(Ab + b1 + b2)dα, (54)

where ψ1 and ψ2 both have two flavors, so that in total there
are four Dirac cones. When m > 0, integrating out ψi gives

2
4π

(b1db1 + b2db2). Further integrating out b1,2 results in the
Laughlin state described by

L = −4

4π
αdα + 1

2π
Abdα. (55)

When m < 0, integrating out ψ1,2 produces no new Chern-
Simons terms. Further integrating out b1,2 gives a Chern-
Simons term for α that cancels the term from f1,2 Chern
bands,

L = 1

2π
Abdα, (56)

which implies that the � forms a superfluid.
We have the following gauge invariant operators: �n1 =

ψ̄1 �σψ1, �n2 = ψ̄2 �σψ2. We can also organize them into
�n+ = �n1 + �n2 and �n− = �n1 − �n2. There is an emergent
SO(3)×SO(3)×Z2 internal symmetry. Each SO(3) factor cor-
responds to flavor rotations of one of the two massless Dirac
sectors. The Z2 interchanges the two Dirac sectors. This
symmetry originates in the particular realization of lattice
translations on the partons.

The detailed translation action depend on the mean-field
construction. In general rotation symmetry is broken, resulting
in two nonequivalent translation directions along T1,2. We list
here one possible translation actions on the Dirac fermions
and the gauge invariant fermion bilinears, �n1 = ψ̄1 �σψ1, �n2 =
ψ̄2 �σψ2:

T1 : ψi → iσzψi(i = 1, 2),(
nx

i , ny
i , nz

i

) → (−nx
i ,−ny

i , nz
i

)
,

T2 : ψ3 → −ψ4, ψ4 → σxψ3, (57)

�n1 → �n2,(
nx

2, ny
2, nz

2

) → (
nx

1,−ny
1,−nz

1

)
.

The translations obey the projective relations T1T 2
2 T −1

1 T −2
2 =

−1 on the Dirac fermions. For the gauge invariant bilinears,
one could organize them according to their momenta as (these
are measured in the reciprocal lattice vector associated with

FIG. 7. The triangular lattice and the Brillouin zone. It illustrates
T1, T2, momentum �, M1, M2, M3, K, K ′.

translations in Fig. 7)

(π, 0) : nx
1 + nx

2, (π, π ) : nx
1 − nx

2,

(π,−π/2) : ny
1 + iny

2, (π, π/2) : ny
1 − iny

2, (58)

(0,−π/2) : nz
1 + inz

2, (0, π/2) : nz
1 − inz

2.

Note that the critical theory explicitly breaks C3 symmetry.
It is not ruled out though that there may be a second-order
transition that accommodates both translations and C3.

There is also a gauge invariant monopole operator M =
MαMb1Mb2 . Note that M†

α carries qα = 2, qb1 = 1, qb2 = 1.
Bare operator M†

b1
carries qα = 1, qb1 = −1 because one

needs to combine a zero mode ψ
†
1 to make it neutral under

b1. Similarly M†
b1

carries qα = 1 and qb2 = −1. Together
M† is gauge invariant and represents the boson operator �

with charge 1 under Ab. M†
αM†

bI
M†

bI
ψ̄I;σ ψ3−I;σ ′ for I = 1, 2

are also gauge invariant operators, which carry unit physical
charge and are of higher scaling dimension than M.

The field theory above thus provides for a route to
a second-order transition between Laughlin and superfluid
states of bosons at 1/4 filling. Now we can just follow the
same steps as at 1/2 filling to discuss the CFL-FL transition.
As the logic is identical to what we already described at 1/2
filling we will not repeat them here. The exponent bounds
ν̄ > 2/3, and 
ni > 1 are once again required for the f and
� sectors to decouple.

The various physical properties discussed for the CFL-FL
transition at 1/2 filling will also hold for the transition at 3/4
filling with only some obvious modifications. First there is a
ν = −1 background integer quantum anomalous hall (IQAH)
state for the holes which must be incorporated in thinking
about the net transport. Second, in using the Ioffe-larkin rule,
the Hall resistance of the boson in the CFL is 4h/e2. Apart
from these minor modifications, we will get the phenomena
of the universal resistivity tensor jump, a vanishing compress-
ibility, and the appearance of an intermediate pinned CDW∗

with weak disorder.

B. A different intermediate composite Fermi liquid

In this section, we briefly describe an alternate route for
the evolution between the CFL and FL at νe = 1/4. The CFL
described thus far in this section is the usual one that in
the Landau level setting is obtained by binding four vortices
to the electron. Let us denote this state CFL4. If these four
vortices all completely unbind from the electron we get the
FL. However, we can ask if there is an intermediate translation
invariant phase where only two vortices bind to each elec-
tron to form distinct composite fermions. We will denote the
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resulting composite Fermi liquid CFL2. Remarkably we will
see that a CFL2 state can exist at 1/4 filling and be translation
invariant.

In terms of the c = � f construction, we seek a phase
where the � form a topologically ordered state described
by U(1)2 Chern-Simons theory and the f in a Fermi sur-
face state. Now for ordinary bosons (with linearly realized
lattice translations) the U(1)2 theory cannot be realized as a
translation invariant state at 1/4 filling as it violates filling
constraints. However as the � couple to the dynamical gauge
field a, there is a possibility of a mean-field state where �

and f both see π flux through each plaquette. Then a U(1)2

topological order for � does not violate translation symmetry.
The key point is that due to the background π flux, the unit
cell for � is doubled. The filling of this doubled unit cell is
1/2, and a U(1)2 state is allowed. But of course translation
symmetry action on the physical electrons is not broken, and
all gauge-invariant observables will be translation invariant.

An alternate simple way to see that CFL2 can exist at 1/4
filling is as follows: consider a Landau level in a periodic
potential V with one flux quantum per unit cell. At V = 0 (no
periodic potential), at half filling, we have the usual CFL2 and
at quarter filling, we have CFL4.

Now consider starting at 1/2 filling and moving away to
lower filling. The composite fermions (denote CF2) of CFL2

now see an effective field

B∗ = B(1 − 2ν). (59)

At V nonzero, and at 1/4 filling, the composite fermion (CF2)
flux per unit cell is π . Now these CF2 fermions can form bands
again and form a CFL2 state.

The quarter-filled CFL2 state will have a Hall resistance
close to 2h/e2 unlike the CFL4 state (whose Hall resistance
will be close to 4h/e2). Further generically the Fermi surface
of this CFL2 quarter-filled state will be very different from the
CFL4 state, leading to subtle differences in 2Kf structures but
to cleanly tell the difference may be hard.

In any case, this state can exist and may represent a good
intermediate state between CFL4 and the FL. Essentially the
electron goes from binding four vortices to binding two vor-
tices to binding no vortices.

VIII. DISCUSSION

Here we reiterate some of our results and comment on
some directions for future research. We have provided the-
ories for various possible continuous phase transitions out
of, and phases proximate to, familiar quantum Hall phases
in the twisted MoTe2 bilayer. At zero displacement field D,
we have the usual quantum Hall phases as in the familiar
lowest Landau level. When increasing D, the bandwidth of
the Chern band increases and the quantum phases transit to
more conventional phases without Hall conductivity.

For incompressible FQAH phases, we obtained quantum
Ginzburg-Landau theories that describe the competition with
CDW phases, and are suitable for addressing universal aspects
of the phase transition. At filling ν = −2/3, a continuous
transition between a FQAH phase and a trivial insulator may
already have been observed [64]. We described two transitions
between the FQAH phase and insulating CDW phases, one

(CDW-IAQH) where the CDW also has an Integer Quantum
Anomalous Hall effect, and another (CDW∗) where there is
no electrical Hall effect but there is a “dark” topological order
of neutral quasiparticles. This neutral topological order has a
quantized thermal hall conductivity. Such a CDW* phase is
indistinguishable from a trivial insulator in electrical trans-
port. The possibility of such an unconventional CDW phase
proximate to the FQAH is interesting to study in future exper-
iments. Whether we can have a continuous transition directly
from the FQAH phase to a conventional CDW phase is not
clear to us, especially with strong disorder.

At filling ν = −1/2, we expect a continuous CFL to FL
transition in the clean limit. The transition is protected by a
projective translation symmetry. Associated with this, there
must be fluctuating CDW orders at the CFL-FL critical point.
We described some experimental signatures, including a uni-
versal jump of the resistivity tensor at the critical point, which
may be accessible in the near term. With disorder, we argue
that the CDW orders will be pinned. The critical point then
gets replaced with an intermediate ‘pinned CDW∗’ insulator
phase with mobile diffusive neutral fermions. This phase has
a parent in the clean system: an insulating CDW∗ phase with
a neutral Fermi surface. Theoretically, it will be interesting to
explore the possible occurence of this phase in microscopic
calculations of model Hamiltonians for the tMoTe2 system. In
current experiments there is indeed an intermediate insulating
phase [28] between the CFL and the FL phases. However, we
need a sample with reduced disorder strength to distinguish
between the following two scenarios: (1) a CFL-FL critical
point in the clean limit that is covered by a CDW* phase due
to disorder, and (2) a CFL-CDW*-FL sequence of phases even
in the clean limit.

In all of our theories, we assumed full valley polariza-
tion and only considered a purely spinless model. Full valley
polarization is indeed expected at zero displacement field,
but valley polarization should get suppressed at larger dis-
placement field. We have assumed that the loss of valley
polarization happens after the critical point we discussed. If
the full valley polarization is destroyed before the quantum
Hall phase transition, the critical theories will be more com-
plicated. We note that quantum Hall phases can in principle be
compatible with partial valley polarization with intervalley-
coherence (IVC) order. Therefore the possibility of phase
transitions at partial valley polarization needs to be checked
by future experiments.

There are other theoretical challenges related to phase tran-
sitions out of FQAH phases that we have not attempted to
attack. A fascinating and long standing question is to ask if
a direct continuous transition between an FQAH state and
the FL is possible at fixed filling in a translation invariant
system. This transition involves the continuous death of the
Fermi surface (without changing its area) that is concomitant
with the onset of topological order. Such a transition may have
been seen in experiments [26–28] on tMoTe2, and is hinted at
by numerical studies [35] as well. A different challenge is to
develop a microscopic analytic theory for the evolution out
of the quantum Hall phases. We have focused in this paper
on low energy effective field theory descriptions which are
only suitable for universal physics near the transition. Devel-
oping microscopic theories will have to confront another long
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standing challenge; that of describing many body physics in
a single partially filled topological band. For some limited
progress in the Landau level context, see Refs. [65–70]. The
importance of these old theoretical questions to modern exper-
iments will, we hope, lead to progress toward their solution.

IX. CONCLUSION

Quantum Hall phases are arguably the most exotic ex-
perimentally established quantum phases of matter. Their
presence in the highly tunable moiré platform motivates study
of proximate phases and associated phase transitions. Perhaps
not surprisingly, these phase transitions (and some of the
proximate phases) are exotic as well, and indeed realize novel
‘beyond Landau’ criticality that have been explored theoret-
ically for many years. Thus these moiré platforms provide
a great experimental opportunity to study these unconven-
tional phase transitions. Further some of the proximate phases
inherit a part of the physics of the quantum Hall phases
but without the experimental signature of the quantized Hall
transport. This may enable experimental realization of such
phases in the moiré platform which is another long standing
goal in condensed matter physics.

Note added. Since the initial submission of the manuscript,
fractional quantum anomalous Hall states and anomalous
composite Fermi liquids have been reported in a pentalayer
graphene moiré system. The data on the CFL-FL transition,
while preliminary, is consistent with our prediction of a uni-
versal peak in the longitudinal resistivity in the clean limit.
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APPENDIX A: DUAL THEORIES OF THE BOSONIC
SUPERFLUID-LAUGHLIN TRANSITION

AT HALF FILLING

As we have discussed in the main text, a crucial building
block of the CFL to FL transition at half filling is the corre-
sponding Laughlin-superfluid transition of the boson �. There
are actually several equivalent critical theories for this bosonic
phase transition, as was discussed in the context of chiral spin
liquid to superconductor transition (expected to be in the same
universality class) by two of us [56]. In the following, we
list these three theories which are dual to each other. For the

bosonic Laughlin state at half filling per unit cell, the semion
must obey a projective translation symmetry T1T2 = −T2T1. It
turns out that this algebra is enough to constrain the possible
critical theory and the symmetry properties of the operators.
We also assume C3 rotation symmetry in our discussion, but
will argue that C3 is not essential. We introduce the usual
probe field Ab for the bosonic sector but it will be promoted
to be the gauge field a + A in the application to the CFL-FL
transition.

SU(2)1 with 2� We start from a theory with an SU(2)
gauge field. It is known that the bosonic FQHE phase at
1/2 filling can be described by a SU(2) gauge theory with
a level-1 Chern-Simons term. Then a natural way to get out
of it is to Higgs the SU(2) gauge field through condensing
a bosonic field �i (i = 1, 2) in the fundamental represen-
tation. When �i is gapped, we must recover the familiar
SU(2)1 theory: the gapped �i will evolve into the semion in
the FQHE phase. But we know that the semion must satisfy
the projective translation symmetry T1T2 = −T2T1. This is the
reason for the i index to take two values (so that �1,�2 can
satisfy the translation algebra11). We choose the basis so that
the projective translation symmetry acts as −iσ1 and −iσ3 in
the � = (�1,�2) flavor space: T1 : � → −iσx�, T2 : � →
−iσz�2. Here σ1, σ2, σ3 are Pauli matrices. The action of T1

and T2 are fixed up to a U(1) factor eiθ1,2 which we will discuss
later. We also know that the semion carries 1/2 charge under
Ab, so the critical theory must be have the form

LSU(2) =
∑
i=1,2

∣∣∣∣(∂μ − iαs
μτs − i

1

2
Ab;μτ0

)
�i

∣∣∣∣2

− r|�|2

− 1

4π
Tr

[
α ∧ dα + 2

3
iα ∧ α ∧ α

]
+ 1

8π
AbdAb

− (
g|�†�|2 + λ0n · n − λ

(
n2

4 + n2
5

))
, (A1)

where αs
μ, s = 0, 1, 2 is a SU(2) gauge field. τs is the Pauli

matrix in the color space rotating (�a;1,�a;2 ) with a = 1, 2
as the flavor index. σa is Pauli matrix in the flavor space ro-
tating � = (�1,�2). |�|2 = �†τ0σ0�. 1

4π
Tr[a ∧ da + 2

3 ia ∧
a ∧ a] is the Chern-Simons term for SU(2) gauge field with
α = ∑

s αsτs. When r > 0, we have �1,�2 gapped and we
recover the SU(2)1 description of the FQHE phase with the
correct response 1

8π
AbdAb. Because of the projective transla-

tion symmetry, �1,�2 have the same action and mass terms.
There are five gauge invariant bilinear operators

n = (n1, n2, n3, n4, n5) = (�†σ1�,�†σ2�,�†σ3�, Re�T σ2

τ2�, Im�T σ2τ2�) in addition to |�|2 in this theory. n4 + in5

apparently carries charge 1 under Ab and can be identified
as the superfluid order parameter. The transformations of
(n1, n2, n3) under T1, T2 are consistent with three CDW order
parameters with momentum Q = M1, M2, M3. So obviously
C3 rotates (n1, n2, n3) to each other. For the superfluid order
parameter n4 + in5, its action under T1 and T2 depends on the
U(1) factor in the action of T1, T2 on �.

Here we try to constrain the U(1) factor associated with
T1 and T2. Let us assume the following transformation rule.

11The projective translation symmetry T1T2 = −T2T1 does not have
one dimensional representation.
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T1 : � → −eiθ1/2iσ1� and T2 : � → −eiθ2/2iσ3. C3 must act

like � → eiθ3 e−i σ1+σ2+σ3√
3

2π
3 � to rotate (n1, n2, n3) to each other.

Then the algebra C3T1C
−1
3 = T2 will fix θ1 = θ2 = θ . The

algebra C−1
3 T1C3 = T −1

1 T −1
2 further fixes θ = 0,± 2π

3 . With
θ = 0,± 2π

3 , one can easily check that the superfluid order pa-
rameter n4 + in6 = �T σ2τ2� is at momentum Q = �, K, K ′
in the MBZ. There is actually a quite simple argument to con-
strain the momentum of the SF order. Our critical theory only
has one gauge invariant order parameter n4 + in5 which can be
identified as a SF order parameter. If there is a C3 symmetry,
SF order must form a one dimensional representation of C3, so
its momentum can only be at the C3 invariant point: �, K, K ′.
If there is a C6 symmetry, the above argument will constrain
the SF order parameter at momentum � because it’s the only
C6 invariant momentum. However, there is only C3 symmetry
in twisted MoTe2 system, so we are left with three different
choices for the SF momentum. However, in this case these
three momentums are equivalent as one can freely choose the
definition of the Gamma point. In twisted MoTe2, the band
minimum is at either K or K ′ of the MBZ depending on the
valley. We can choose the choice of θ1 = θ2 = θ in our critical
theory to make sure that the SF order parameter is at the
appropriate momentum.

In the last line of Eq. (A1), we include the generic quartic
terms obeying C3 rotation symmetry. As C3 rotates (n1, n2, n3)
to each other and forbids terms like −λ′(n2

1 + n2
2). The above

action also has a U(1)×SO(3) symmetry with the three CDW
orders rotating under an emergent SO(3) symmetry and the
U(1) corresponds to the superfluid order. The FQHE-SF tran-
sition corresponds to the fixed point with λ > 0. Later we
will argue that the C3 breaking term is irrelevant at this fixed
point. We will also discuss another fixed point at λ < 0 and a
tricritical point in the next section when we discuss FQHE to
CDW transition.

U(1)2 with 2ϕ We know that the FQHE phase can also be
captured by a U(1)2 theory. Hence we also expect a critical
theory with a single U(1) gauge field. An easy way to get the
U(1) theory is to add a term −�†σ3τ3� to Eq. (A1). Then at
low energy we only need to keep two critical field ϕ1 = �1;1

and ϕ2 = �∗
2;2. The critical theory reduces to

L =
∣∣∣∣(∂μ − iαμ − i

1

2
Ab;μσ3

)
ϕ

∣∣∣∣2

− r|ϕ|2 − 2

4π
αdα

− g(|ϕ|2)2 + λ|ϕ1|2|ϕ2|2 + 1

8π
AbdAb, (A2)

where |ϕ|2 = |ϕ1|2 + |ϕ2|2 and Pauli matrix �σ acts in the
ϕ = (ϕ1, ϕ2)T space. One can check that r > 0 and r < 0 give
the FQHE and the superfluid phase [provided that λ > 0 and
the condensation 〈ϕ〉 ∝ (1, 1)T in the Higgsed side]. Because
the two phases are the same as in Eq. (A1), we expect that
the U(1) critical theory here is dual to the SU(2) theory in
Eq. (A1). Again T1T2 = −T2T1 is important to guarantee that
there are two critical bosons. ϕ†σ3ϕ can be identified as the
CDW order n3 while (n1, n2) are the monopole operators now
[56]. The emergent SO(3) symmetry is not explicit in this
formulation.

U(1)−1 with 2ψ Finally using the boson-fermion duality,
from Eq. (A2), we can derive the critical theory in terms of

Dirac fermions coupled to a U(1) gauge field discussed in
Eq. (31) of the main text. In the Dirac theory, it is natural
to expect that the quartic terms are irrelevant so that there is
an emergent SO(3) symmetry rotating the three CDW orders
(n1, n2, n3) = (ψ̄σ1ψ, ψ̄σ2ψ, ψ̄σ3ψ ). This conclusion does
not rely on the microscopic C3 rotation symmetry, implying
that the C3 breaking term is irrelevant at this fixed point with
emergent SO(3) symmetry.

In summary, we provide three equivalent formulations of
FQHE to SF transition for physical boson at filling ν = 1/2 of
a Chern band. The critical theory is protected by a projective
translation symmetry T1T2 = −T2T1. We assume a C3 symme-
try in our discussion, but we argue that small C3 breaking is
irrelevant. The critical theory has fluctuation CDW orders at
momentum M1, M2, M3 with an emergent SO(3) symmetry.
The existence of CDW order at the QCP is remarkable given
that it is absent and unrelated to both the FQHE and SF phases
in the two sides.

These three formulations are equivalent in the sense that
they are expected to flow to the same fixed point in the
IR. However, they will not provide equivalent approximate
mean-field treatments of the transition. For this purpose, we
expect that the Dirac fermion formulation may be the most
suited.

Then we can obtain Sb by replacing Ab with the field a + A
to reach three equivalent descriptions of the CFL-FL transition
at half filling for electrons. The SU(2) gauge theory of course
will have the strong fluctuations of the non-Abelian gauge
field compared to the Dirac theory with its U(1) gauge field.
The bosonic theory [U(1)2 with 2ϕ] might be expected to have
weaker fluctuations but it does not have manifest SO(3) global
symmetry which we have argued is a feature of the true IR
fixed point. Thus the U(1)2 with 2ϕ theory also presumably
needs a “long RG flow” to reach the fixed point. The Dirac
theory has manifest SO(3) symmetry and a U(1) gauge field,
and thus, is presumably closer to the true fixed point than
either bosonic theory. This gives a rationalization for our use
of the Dirac theory (rather than the bosonic duals) to make
some guesses on the scaling dimensions of physical operators,
as we did in the main text.

APPENDIX B: CDW* TO FL TRANSITION
AND TRICRITICAL THEORY

In the main text, we discussed the possibility of a CFL
to CDW* transition. In the larger D regime, we still expect
a FL phase, so there should be a CDW* to FL transition at
larger D. In this section, we describe this transition. Essen-
tially the same problem was studied earlier in Ref. [52]. We
also point out a theory for the tricritical point between CFL,
CDW*, and FL.

1. CDW* to FL transition

Again we use the slave boson framework, then the
CDW* to FL transition corresponds to a superfluid
to CDW insulator transition of the slave bosons. The
critical theory in the bosonic sector should have the
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form

Sb =
∫

dtd2x
∑
i=1,2

|(∂μ − iαμ)ϕi|2

+ 1

2π
(a + A)dα − sϕ†ϕ + · · · , (B1)

where ϕ = (ϕ1, ϕ2)T . The ellipses are quartic terms allowed
by the lattice symmetries. a is the U(1) gauge field shared by
the slave boson � and the neutral fermion f in the c = � f
construction. The transformation of the two critical bosons
ϕ1, ϕ2 is the same as in Eq. (42).

The CDW* to FL transition is described by Sc = Sb + S f

with S f in Eq. (29). When s < 0, the condensation of ϕ leads
to a long-range CDW order �n = ϕ† �σϕ and Higgses α. We
are then in the CDW* phase. When s > 0, ϕ is gapped and
integration of α Higgses a = 0. Then the fermion f only
couples to the probe field A and this is the FL phase. This is a
metal-CDW∗ insulator transition which is potentially contin-
uous.

2. Tricritical theory

We have provided critical theories for phase transitions
between each pair of CFL, FL and CDW* phase. Here we
provide a tricritical theory. The whole action is Sc = Sb + S f

with S f in Eq. (29). The bosonic sector at the tricritical point
is most conveniently described by a SU(2) theory:

Sb =
∫

dtd2x
∑
i=1,2

∣∣∣∣(∂μ − iαs
μτs − i

1

2
aμτ0

)
�i

∣∣∣∣2

− s|�|2

− 1

4π
Tr

[
α ∧ dα + 2

3
iα ∧ α ∧ α

]
+ 1

8π
ada

− (
g|�†�|2 + λ0n · n − λ

(
n2

4 + n2
5

))
, (B2)

where αs
μ, s = 0, 1, 2 is a SU(2) gauge field. τs is the pauli

matrix in the color space rotating (�a;1,�a;2 ) with a = 1, 2 as
the flavor index. σa is Pauli matrix in the flavor space rotating
� = (�1,�2). |�|2 = �†τ0σ0�. 1

4π
Tr[α ∧ dα + 2

3 iα ∧ α ∧
α] is the Chern-Simons term for SU(2) gauge field with α =∑

s αsτs. aμ is again the U(1) gauge field also shared with f in
S f . There are five bilinear operators n = (n1, n2, n3, n4, n5) =
(�†σ1�,�†σ2�,�†σ3�, Re�T σ2τ2�, Im�T σ2τ2�) in ad-
dition to |�|2 in this theory.

When s > 0, � is gapped and we have the CFL phase.
When s < 0, � is condensed and we have either the FL
or the CDW* phase depending on the condensation pattern
controlled by the anisotropy term λ. There are two fixed
points: λ∗

1 > 0 corresponds to CFL-FL transition and λ∗
2 < 0

corresponds to CFL-CDW* transition. Both have an emergent
SO(3) symmetry. The tricritical point corresponds to an unsta-
ble fixed point with λ = 0.

APPENDIX C: MEAN-FIELD TO REALIZE CHERN
NUMBER CHANGING TRANSITION AT ν = 1/4

Here we explicitly construct the mean-field states for the
partons that realize a change of Chern number from C = 1
to −1 for 2 partons simultaneously, at filling 1/4. This is

pertinent to realize the transtion from CFL to FL at physical
electron filling ν = −3/4.

The mean field consists of nearest neighbor (NN) hopping
between sites i, j with matrix element ui j as

ui,i+̂r1 =
{

(i)i2+1eiθd even i2

(i)i2+1 odd i2
,

ui,i+̂r2 = 1, (C1)

ui,i−̂r1+̂r2 = (i)i2 eiθ .

where r̂i are elementary lattice vectors with 60◦ angle between
them and the coordinate for a site i = (i1, i2) under such
basis. This mean field describes flux φ± for plaquettes in rows
with even(odd) i2, respectively, hence flux not invariant under
translation along r̂2. By tuning θ or θd , one could realize
two Dirac cones in the mean field and hence transition with
Chern number change by 2 for each of the parton species. One
possible choice we find in numerics is θ = 29π

80 , θd = π
8 and

there are two Dirac cones for each parton, realizing a Chern
number change from −1 → 1. For f1,2, θd = 0, θ could be
allowed in a certain range and for convenience we take θ = 0
as well.

Take the reciprocal vector associated with r̂i as b̂i, b̂i · r̂ j =
δi j . Translation acts projectively on f1,2, i.e.,

T1 : fI, j → fI, j+̂r1 , (I = 1, 2),

T2 : fI, j → (i) j1 fI, j+̂r2 , (C2)

and T1T2T −1
1 T −1

2 = i.
For f3,4, we take the mean field for f3 as in Eq. (C1) with

θd = π/8, and the mean field for f4 is related to that of f3 by a
T2 translation, hence they have the same band structure. Since
the flux is not translation invariant under T2 with nonzero θd ,
T2 acts by exchanging f3,4, to wit

T1 : fI, j → fI, j+̂r1 , (I = 3, 4),

T2 : f3,i → − f4,i+̂r2 , f4,i → (−1)i1 f3,i+̂r2 . (C3)

Together, the physical boson b is translation invariant.

APPENDIX D: FIXING PARTON AND FLUX DENSITIES
ACROSS THE CFL-FL TRANSITION

From the action (Lagrangian) in Eqs. (28) and (31), at the
CFL-FL critical point, one has four unknown variables: the
averages of the flux of a, â and the density of the partons b, f .
We have, however, three constraints from gauge invariance of
a, â and the value of the physical electron density. Thus it
might seem that the averages of the flux and parton densities
can not be uniquely fixed. In particular, there is no symmetry
forbidding a nonzero flux of a as time reversal has been
spontaneously broken. Here we derive the detailed constraints
and show that for energetic reasons, the average flux of a
will vanish.

We note that the Dirac fermions are defined with a Pauli-
Villars heavy fermion band with Chern number 1, such that
the total Chern number is 0, 2 for m < (>)0. This means that
at the critical point, the density of the Dirac fermion will
increase by an additional unit when the flux of a increases
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by one flux quantum, on top of the contribution from other
Chern-Simons term in the action.

Taking derivatives with respect to a0, â0, A0 (recall Ab =
A − a), respectively, one gets the equations of motion, (defin-
ing b = ∇×a, b̂ = ∇×â)

δL

δa0
= 0 : δρ f = B + b̂ − b

2π
,

δL

δ̂a0
= 0 : δρψ = B + b̂ − b

2π
− b̂

2π
+ b̂

2π
, (D1)

δL

δA0
= 0 : B + b̂ − b = 0.

The last term in the middle line is the contribution from
the heavy fermion band. The density is measured from the
density in the proximate incompressible phases at half filling
for electrons, where ρψ = 0 and ρ f corresponds to 1/2 lattice
filling.

We set B = 0 (the case of interest) so that the equa-
tions simplify to

b̂ = b, δρ f = δρψ = 0. (D2)

This fixes the parton densities, though it leaves b = b̂ undeter-
mined.

We resort to energetics to show that b = b̂ = 0 at the CFL-
FL transition.

First the fermions f will have a density response to
nonzero flux of a through their Hall conductivity, i.e., δρ f =
σ f ;xyb/(2π ), where σ f ;xy is in general nonzero, and is associ-
ated with the Berry curvature of the f -Fermi surface. As δρ f

is fixed to vanish, this will force b = 0.
Second, to the lowest order, the free energy density of the

boson � and spinon f sectors will change as a function of b, b̂

f [b, b̂] ≈ f [b = 0, b̂ = 0] + 1
2χBb̂2 + 1

2χ f b2

= f [b = 0, b̂ = 0] + 1
2 (χB + χ f )b2, (D3)

with χB, f the diamagnetic susceptibilities for the parton sec-
tors with positive χ f , which favors b = 0 over small but
finite b.

We can further verify that on two sides of the transition,
b = b̂ = 0. On the Fermi liquid side (which corresponds to
m < 0), the equation of motion for â is modified to be B − b =
0, which fixes b = 0. This is expected as the � partons are
in a superfluid and there will be a Meissner effect for b.
On the CFL side (m > 0),the equation of motion for â is
modified to be B + 2̂b − b = 0, which simplifies to b̂ = 0
given b̂ − b = 0.
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Milovanović, Phys. Rev. B 104, 115150 (2021).
[71] T. Senthil, D. T. Son, C. Wang, and C. Xu, Phys. Rep. 827, 1

(2019).

085143-20

https://doi.org/10.1038/s41586-023-06536-0
https://doi.org/10.1103/PhysRevLett.122.086402
https://doi.org/10.1093/nsr/nwz117
https://doi.org/10.1038/s41467-021-27042-9
https://doi.org/10.1103/PhysRevResearch.3.L032070
https://doi.org/10.1103/PhysRevB.107.L201109
https://arxiv.org/abs/2304.11864
https://doi.org/10.1103/PhysRevB.108.085117
https://doi.org/10.1103/PhysRevLett.131.136502
https://doi.org/10.1103/PhysRevLett.131.136501
https://doi.org/10.1103/PhysRevB.89.235116
https://doi.org/10.1103/PhysRevB.86.075136
https://doi.org/10.1103/PhysRevB.78.045109
https://doi.org/10.1126/science.1091806
https://doi.org/10.1103/PhysRevB.70.144407
https://arxiv.org/abs/2306.12638
https://doi.org/10.1103/PhysRevX.8.031015
https://doi.org/10.1103/PhysRevB.46.2223
https://doi.org/10.1103/PhysRevLett.70.1501
https://doi.org/10.1103/PhysRevB.48.13749
https://arxiv.org/abs/2309.17436
https://doi.org/10.1103/PhysRevB.63.134510
https://doi.org/10.1103/PhysRevB.71.144508
https://doi.org/10.1103/PhysRevB.72.134502
https://doi.org/10.1103/PhysRevB.106.155145
https://doi.org/10.1103/PhysRevX.12.021067
https://doi.org/10.1103/RevModPhys.69.315
https://doi.org/10.1103/PhysRevLett.64.587
https://doi.org/10.21468/SciPostPhys.15.5.215
https://doi.org/10.1103/PhysRevLett.115.026802
https://doi.org/10.1103/PhysRevB.86.245102
https://doi.org/10.1103/PhysRevB.93.085110
https://doi.org/10.1103/PhysRevLett.109.077205
https://doi.org/10.1103/PhysRevB.73.155115
https://doi.org/10.1103/PhysRevB.97.045152
https://doi.org/10.1103/PhysRevB.84.041102
https://doi.org/10.1103/PhysRevX.13.031037
https://doi.org/10.1103/PhysRevB.58.16262
https://doi.org/10.1103/PhysRevB.102.205126
https://doi.org/10.1103/PhysRevB.105.085301
https://doi.org/10.1103/PhysRevB.105.075130
https://doi.org/10.1103/PhysRevB.105.035132
https://doi.org/10.1103/PhysRevB.104.115150
https://doi.org/10.1016/j.physrep.2019.09.001

