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Lattice models with supersymmetry are known to exhibit a variety of remarkable properties that do not exist in
the relativistic models. In this paper, we introduce an interacting generalization of the Kitaev chain of Majorana
fermions with A" = 1 supersymmetry and investigate its low-energy properties, paying particular attention to
the ground-state degeneracy and low-lying fermionic excitations. First, we establish the existence of a phase
with spontaneously broken supersymmetry and a phase transition out of it with the help of variational arguments
and the exact ground state. We then develop, based on the superfield formalism, a simple mean-field theory, in
which the order parameters detect supersymmetry breaking, to understand the ground-state phases and low-lying
Nambu-Goldstone fermions. At the solvable point (frustration-free point), the exact ground state of an open chain
exhibits large degeneracy of the order of the system size, which is attributed to the existence of a zero-energy
domain wall (dubbed kink or skink) separating the topological and trivial states of Majorana fermions. Our
results may shed new light on the intriguing ground-state properties of supersymmetric lattice models.
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I. INTRODUCTION

Symmetry has been playing a vital role in modern physics.
For instance, it provides unifying viewpoints to the list of
existing elementary particles and is also indispensable in la-
beling and classifying different phases of matter. In contrast to
the usual bosonic symmetry, supersymmetry which is gener-
ated by fermionic operators has many remarkable properties.
These properties are believed to contribute to the resolution of
the hierarchy problem and the unification of forces in particle
physics [1,2]. In condensed matter or statistical physics, on
the other hand, supersymmetry has been discussed in different
contexts. For instance, it has been utilized for a long time as
a convenient theoretical tool, e.g., in the study of disordered
systems [3—6], whereas there have also been various proposals
for the physical realizations of supersymmetry. Probably, the
most classic example is the emergent ' = 1 supersymmetry
(N being the number of fermionic generators) at the tricriti-
cal point of the two-dimensional Ising model with vacancies
[7,8]. Other arenas for supersymmetry include topological
insulators and superconductors [9,10].

While in many nonrelativistic applications mentioned ear-
lier, supersymmetry concerns actual bosons and fermions
(as in Bose-Fermi mixtures in cold gases [11-20]), there
has recently been a growing interest in lattice models of
supersymmetry that exclusively involve fermions. Since the
pioneering work by Nicolai [21], a variety of properties that
do not exist in the relativistic counterparts have been un-
covered [21-29]. Among the main issues in this field are
significant ground-state degeneracy dubbed superfrustration
[25,26] and the spontaneous breaking of supersymmetry.
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Yet another important problem is the nature of the gapless
fermionic excitations [the Nambu-Goldstone (NG) fermions]
that are expected to appear when supersymmetry is sponta-
neously broken [30,31]. However, unlike in the case of NG
bosons (including those in nonrelativistic systems) for which
comprehensive classification theories are known [32,33], little
is known for their fermionic counterparts except in the rel-
ativistic cases. In fact, some supersymmetric lattice models
are known to exhibit exotic dispersion relations [28,29,34],
requiring further research in this direction.

In realizing supersymmetry in purely fermionic sys-
tems, of particular interest are Majorana fermions which
are anticipated to appear in topological superconductors and
hold potential applications in quantum computing (see, e.g.,
Refs. [35,36] for reviews). For instance, suggestions for exper-
imentally realizable supersymmetry with Majorana systems
are detailed in, e.g., Ref. [37]. Also, one-dimensional Majo-
rana systems that host the above-mentioned supersymmetric
tricriticality with the central charge ¢ = % have been pro-
posed in Refs. [38-40]. An even larger N =4 extended
supersymmetry in Majorana nanowires is also discussed [41].

Despite its exotic look, supersymmetry can appear quite
generally in condensed-matter systems either in emergent or
explicit manners. In fact, even a general recipe to realize
supersymmetry in systems of Majorana fermions has been
proposed [42]. However, many previous studies either ex-
plored supersymmetry emergent at low energies or took an
approach where the locality of the supercharges was lost by,
e.g., taking the square root of the Hamiltonian. Therefore,
constructing supersymmetric models of interacting lattice
fermions that possess local supercharges and display intrigu-
ing properties would be an interesting direction to pursue.

Inspired by the results in Ref. [29], we introduce in this pa-
per a model of lattice Majorana fermions with explicit N' = 1

©2024 American Physical Society
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supersymmetry, whose supercharge is given by a sum of local
terms, and investigate its ground-state properties and low-
lying fermionic excitations with both analytical and numerical
methods. One advantage of studying systems with supersym-
metry is that the zero-energy ground state, if it exists, can
be easily identified as one annihilated by the supercharge.
We use this property to find all the exact ground states in a
specific case, which helps us to show that the model displays
a supersymmetry-restoring transition. Interestingly, this exact
ground state exhibits large degeneracy (proportional to the
system size) due to a zero-energy domain wall that separates
the topological and trivial states of Majorana fermions.

The organization of this paper is as follows. In Sec. II, we
introduce a model of interacting Majorana fermions on a one-
dimensional lattice. It possesses a fermionic conserved charge
(supercharge) that guarantees that the model is manifestly
supersymmetric already at the lattice level. Some discussions
on its symmetries and the equivalent spin model are also
presented. In Sec. 111, on top of the standard one, we introduce
a modified definition of spontaneous breaking of supersym-
metry, which turns out to be useful in obtaining consistent
results for different boundary conditions. Using a variational
inequality and the exact ground states at a particular point, we
identify the parameter range within which supersymmetry is
broken (according to the modified definition).

We develop a mean-field theory based on the superfield
formalism in Sec. IV to investigate the breaking of super-
symmetry and the emergence of NG fermions. This approach
not only predicts that the NG fermions exhibit linear dis-
persion but also yields results consistent with those of other
approaches. In Sec. V, we first present numerical results on
the spectrum in which we observe that, under the open bound-
ary condition, the system at a special value of the parameter
exhibits ground-state degeneracy which is proportional to the
system size. We then explain it by a superdoublet of domain
walls (dubbed kink and skink) connecting the topological and
trivial phases of the Majorana fermion. This degeneracy is
resolved if we move away from the special point, and using the
first-order perturbation we show that these domain-wall states
form a gapless spectrum (behaving like ~k?) over the doubly
degenerate ground state. We conclude the paper in Sec. VI.

II. MODEL

In this section, we introduce a supersymmetric lattice
Majorana fermion model which has an explicit A" = 1 super-
symmetry and describe its symmetries.

A. Supercharge and Hamiltonian

The N =1 supersymmetry (SUSY) is a fermionic sym-
metry defined by the superalgebra of Hermitian operators R
(supercharge), (—1)F (fermion parity), and H (Hamiltonian)
as given in the following equations [31,43,44]:

H=1iR*=1{R.R},
R, (=D} =0, (D

{(=DF}? = +1,

Bj-1 Bi— Bit1 . Bit2

Vi—1 Vi Vi+1 Yi+2

Bj—2

Vi—2
Jordan-Wigner
transformation

—T ) O | e O o O || e O | O s

FIG. 1. One-dimensional lattice on which the model (6) is
defined. The squares and circles on the individudal sites are (rep-
resented by large blue circles) are the local Majorana fermions B;
and y;, respectively. The two-dimensional fermion Fock space on
each site spanned by f; and y; is transformed to a two-dimensional
Hilbert space of a spin % (o) via the Jordan-Wigner transformation
and vice versa.

and all the nontrivial spectral properties follow immediately
from the following fundamental relations:
[H,R1=0, [H (-D"]=0. 2

Our approach first defines the supercharge R such that it an-
ticommutes with the fermion parity (—1)F, which is defined
from Majorana fermions. Then, we determine the Hamilto-
nian H as the square of R.

In this paper, we consider a one-dimensional lattice with
L sites. On the jth site, there exist two Majorana fermions
B = B] and y; =y (Fig. 1) which obey the standard Clif-
ford algebra:

{Bi, Bj} = {vi, vj} =28 ),

for all i, j=1,...,L. With these Majorana fermions, we
define a one-parameter family of the real supercharge R(«)
in the periodic boundary condition (PBC) as

L
RPC(a) =) (1 —a)B; +ifiBisivy) O<a< D),

j=1
“

where ;4 := B; and yr4; := y;, and in the open boundary
condition (OBC) as

L—1 L—1
R®C@)=(-a)) Bi+a) ifiiy; O<a<]).
j=2 j=1

%)
By direct calculation, we see that the Hamiltonian H () takes
the form

H(a) = iR(a)?
= (1 —a)*Hy + a(l — a)Her + o Hi. (6)
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The expressions of the three terms Hy, Hcrr, and Hiye depend
on the boundary conditions. Specifically, they are given by

L
HPPC = 2 (7a)
2
L
HEgy = Z(iﬂjﬂyj —iBj-1vj-1), (7b)
=1
2
1{& L &
Hiﬁ?c = D) ]Z:l:lﬁjﬂjﬂyj = 5 jZ:l::Bj—l.BjHVj—le
(T¢)
for PBC, and
L-2
Hp?C = ——, (8a)
2
L-1
HER© = Z(iﬂj+1)/j —iBj-1vj-1), (8b)
=2
2
=
HigtBC ) X;Iﬁjﬁjﬂyj
J=
L1
L—-1
i Zﬁj—LﬂjHJ{;—m (8c)

j=2

for OBC. The O[a/(1 — )] part Hcry is nothing but the Kitaev
chain [45] of noninteracting Majorana fermions at its critical
point, and the O(a?) term Hy, introduces interactions among
them. The operator (—1)F appearing in the supersymmetric
algebra (1) is given by the physical fermion parity:

L
D" =]]iBiv )
j=1

which, by the relations (1), is conserved.

B. Equivalent spin model

For practical purposes, it is convenient to express the
fermionic model (6) as an equivalent spin model. To this end,
we use the Jordan-Wigner transformation

=o' [1 (=) =o' [](-ej) (O

J(<i) J(<i)

which transforms a pair of Majorana fermions (5;, ;) into a
set of Pauli matrices ;. The conserved fermion parity (9) is
now translated, in the spin language, into

L
1" =[T(=o}). an
j=1

The two fermion states with i;y; = F1 are translated into
the spin eigenstates o0° = £1 which will be denoted by |1)
(0= +1)and ||) (67 = —1), respectively.

The two terms Hcpp and Hi,, of the Hamiltonian H («)
(6) are transformed differently depending on the boundary

conditions. For OBC, Egs. (8b) and (8c) are now replaced by

L-1
OBC __ XX z
Her = ( aj6j+l+aj—l)’
j=2
L—1
L—1
OBC _ _ z X X
H; =5 E 0;_1070;1- (12)
Jj=2

Physically, Hcp is the transverse-field Ising model at the
critical point, and Hj, adds three-spin interactions. Special
care must be taken in the case of PBC due to the nonlocal
nature of the Jordan-Wigner transformation (10). Specifically,
the bulk terms in (7b) and (7c) are transformed into the usual
expressions

L—1 L
PBC _ X __X z
Herppu = — § 00+ § g
j=1 j=1

L L—1
PBC __ ~ _ z X X
Hint,bulk ) Zo_j_1aj Ojt1 (13)
j=2

while the boundary terms after the Jordan-Wigner transforma-
tion now acquire the parity dependence

HPBC

F 2 F
boundary =Ol(1 —Ol)(—]) azaf—i—a (—1) Gz_lafaf

- azafalxof, (14)
from which we can read off the following fermion-parity-
dependent boundary condition for the resulting spin system:

o0 =—(—Dfa;. (15)

By construction, the resulting spin-% model possesses
hidden N = 1 supersymmetry. To construct the entire super-
symmetric spectrum of the original fermionic model (6) (with
PBC) in the language of the spin—% model (13), we need to
“sew” together the (—1)7 = 41 sector of the antiperiodic spin
chain and the (—1) = —1 sector of the periodic one. It is
important to note that the spin chain with a fixed boundary
condition (e.g., PBC) does not possess supersymmetry. In
what follows, numerical simulations for spin systems will
explicitly take into account the boundary condition (15).

Last, the model only with the interaction part Hyy is in-
tegrable by mapping to free fermions through a nonlocal
transformation [34] and is known to exhibit the following
properties when defined on an open chain.! According to the
exact solution, it is gapless and does not break supersymmetry
in the infinite-size limit. Also, it does not possess the Lorentz
invariance even in the low-energy limit and, instead, exhibits
extensive degeneracy at each energy level, which is often
referred to as “superfrustration” [24-26,46].

!To be precise, the author of Ref. [34] considers a slightly different
model [see Eq. (1.6) in the paper] which is given by a sum of H;,, and
its Kramers-Wannier dual. However, the basic properties (solvability,
extensive degeneracy, etc.) described here are carried over to Hjy, as
well.
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C. Symmetries

The Hamiltonian H(«) defined on a system of size L has
the following symmetries. Due to the construction (1) of the
Hamiltonian by the supercharge R(«), the system possesses
supersymmetry:

[H(), R(e)] =0 (16)
and conserves the fermion parity
[H (@), (=1)]1=0. 17

On the periodic boundary condition, the model (6) has the
translation symmetry 7 that simultaneously shifts §; and y; by

. T T
one site: B; > Bit1, ¥i > Vi+1. Furthermore, the system has
. . T
an inversion symmetry Z that acts as f; — Br—; (mod 1) and

Vi r£> —¥L—i—1 (mod ). The inversion T preserves the super-
charge Z'R(x)T = R(r), which means that the Hamiltonian
H(x) = %R(oc)2 is kept invariant under Z. Furthermore, this
system possesses time-reversal symmetry 7, which is de-

fined by the following transformations: i % —1, B; 2 Bi, and

T
Vi B> ~Vi

III. SUPERSYMMETRY BREAKING

In this section, we prove the existence of spontaneous
symmetry breaking (SSB) of supersymmetry (SUSY) in the
supersymmetric lattice model (6) and estimate the critical
value «. below which SUSY is broken. As the situation is
subtle in the thermodynamic limit, we need to be careful
in judging whether or not SUSY is broken in infinite-size
systems.

A. Definition of the spontaneous SUSY breaking

As has been emphasized in Ref. [43], the spontaneous
breaking of SUSY is rather different from that of ordinary
global symmetry. In fact, there exist models with A =2
where SUSY is always spontaneously broken except at a
specific point, even in finite-size systems [27,47,48]. In these
models, the ground-state energy is strictly positive, and all
eigenstates form SUSY doublets, except at a specific point
[31,44].

However, the scenario changes when considering infinite-
size systems, where the definition of the ground-state energy
itself might become uncertain. Notably, demonstrating that
Egs.(a; L) > 0 for any finite L is not sufficient to ascertain
SUSY breaking in the limit L — oo [31]. In this respect, an al-
ternative definition of SUSY SSB has been proposed [27-29],
which focuses not on the ground-state energy itself but on
its density. Specifically, we define SUSY as spontaneously
broken in a system of length L (including the thermodynamic
limit L — oo) when the ground-state energy Eg (o; L) per
site meets the condition [27-29]

E,  (a;L
g.s.( ) _?_ 0
L
For any finite L, this criterion reduces to the usual requirement

Eq.(a; L) > 0 [31]. Moreover, in the infinite-size limit L —
00, this is equivalent to the strict positivity of the ground-state

(13)

SUSY SSB @
: (8%
0 e 1
=0.282 =0.393

FIG. 2. Preliminary phase diagram of the supersymmetric model
(6) that contains two phases separated by the transition point o.
Whena < a, egs (o) > 0and SUSY is spontaneously broken, while
for @ > a, SUSY is unbroken. The lower bound 8%1 of o, which is
given by the variational inequality (21) is shown (a tighter bound
o, > /8 obtained in Ref. [50] is also shown). As is shown in
Sec. IMI C, we can find two exact zero-energy ground states at o = 1

2
thereby establishing an upper bound ¢, < %

energy density:

Eg(a; L) S

20, (19)

eg.s.(a) = nggo
As per the definition (18), for SUSY to be broken even in the
infinite-size limit, the positive ground-state energy Ey s (cr; L)
must diverge as L or faster.

Henceforth, we will predominantly consider infinite-size
systems, unless otherwise specified, and use Eq. (19) as a
criterion for assessing SUSY SSB. Furthermore, as can be
seen from Appendix F, the definition of SUSY SSB in the
infinite system is independent of the boundary conditions.

Given the above criterion for SUSY SSB, we can immedi-
ately conclude that SUSY is broken (in a trivial sense) in the
model (6) at least when o = 0 since ey (0 =0) = H(a =
0)/L = % there. Then, the next question is whether SUSY
remains broken even for finite @ or not. When we increase
o from zero, the free Hamiltonian o (1 — a)Hcr tends to
lower the ground-state energy density as —4«(1 — o)/ [see
Eq. (B5)]. Therefore, if we ignore the o? correction from
«?Hyy, egs.(a) stays positive when « is small enough and
finally reaches zero at a point, above which SUSY is expected
to be restored. Other information is available in the o = 1
where the model reduces to the solvable spin model [34] men-
tioned in Sec. II B. The exact results obtained there rigorously
establish unbroken SUSY at the « = 1. The simplest scenario
that is compatible with these is that there is a single transition
at o = o that separates the SUSY-broken small-o phase from
the symmetric phase at o« =~ 1 (see Fig. 2).

B. Variational argument for o,

Now let us give a more rigorous ground to the naive ar-
gument presented above. In general, when the Hamiltonian
is given by a sum of noncommuting components H = ) . H;,
the true ground state |0) of the full Hamiltonian H contains
excited states of the partial Hamiltonians H;. Then, by the
variational principle, the following inequality (known as the
Anderson’s bound [49]) holds between the ground-state en-
ergy E, of the entire system and those [Eéfg.] of the partial
Hamiltonians H;:

Eyo = (0[H|0) = Y (0lH;10) > Y "E.  (20)

i
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FIG. 3. Two degenerate zero-energy ground states of H (o = %)
on a periodic chain. The colored bonds mean that the pair of Majo-
rana fermions are in the state withig;y; = —1 (i8;y; = +1)in |A)
(|B)). In the context of the Kitaev chain, the states |A) and |B) are
called “topological” and “trivial,” respectively.

(The equality holds when the ground state |0) simultaneously
optimizes all H;.)

Now we apply the above argument to the Hamiltonian
(6) with Hy = (1 —a)’L/2, Hy = a(1 — «)HEEE, and H, =
azHi?fC. Using the fact that the ground-state energy density of

HPFBC are given, respectively, by —% [see Eq. (BS)]

PBC
Heyp and H

and 0 [34], we find

(1—a)? _ 4do(l — a)
2 T '

eps (@) > @

Thus, we see that SUSY SSB occurs at least in the interval

O<
Sao<
8

=0.281969... (22)
+ 7

in which the right-hand side of (21) is positive, e.g., egs. () >
0. Therefore, assuming that there is a single phase transition
at finite o, we can conclude that the critical point o, above
which the SUSY-symmetric phase persists satisfies SJrL” <
o < 1 (Fig. 2). We note that a tighter lower bound ¢, > % =
0.392699... has been obtained by Sannomiya [50].

C. Unbroken SUSY at o = %

Remarkably, we can find the exact ground states at « = %,
which enable us to unambiguously determine whether SUSY
is broken or not. We first note that, in the case of periodic
boundary conditions (8.+; = B;, yL+; = ¥,), the supercharge
(4) can be expressed in two different ways:

L
1 1 .
RPBC(“ = 5) =3 E Bi(1 +iBjy1v))
=

1 L—-1
=32 B —ify). (23

Jj=0

Now let us consider the states |A) with i8;,,y; = —1 (for all
i=1,...,L)and |B) withig;y; = +1 (foralli=1,...,L),
which are illustrated in Fig. 3. By construction, it is obvious

that
R®C(a=1)|A) =R™C(a=1)B)=0, (24

which immediately implies that both are zero-energy ground
states of the Hamiltonian H (o = %). Also, a simple relation

L L
0" =[dsvn =T ]=iBiavn)
j=1 j=1

tells that the two states have different eigenvalues of the
fermion parity:

(=D|A) = —[A), (=D"|B) =B). (25)

Therefore, at least two orthogonal zero-energy ground states
|A) and |B) exist for any system size L thereby implying that
SUSY is not broken at o = % (in fact, we can show that there
is no other zero-energy ground state at @ = %; see Appendix I
for the proof).

Note that the two states |A) and |B), respectively, are re-
garded as “topological” and “trivial” in the language of the
Kitaev chain [45]. In this sense, both topological and trivial
states coexist at the special point ¢ = % Given that Herp is a
finely tuned Kitaev chain at the topological-trivial transition,
it is plausible to assume that the competition between the
two phases at the critical point results in their coexistence.
However, since both states are realized deep inside the off-
critical regions, the interaction part Hj, that is necessary for
supersymmetry might play a crucial role for the system to
stabilize these two particular states.

IV. MEAN-FIELD APPROACH

In the previous section, we have rigorously established
that the supersymmetric lattice model (6) exhibits a transi-
tion at ¢« = ¢ (/8 < e < %) from a SUSY-broken phase
for small o to a symmetric one for large «. In this section,
we try to get more insight into the transition and the phase
structure using a simple mean-field theory. To this end, we
will first describe the model (6) using the superfield for-
malism. By employing the superfield formalism, the order
parameters for detecting SUSY breaking are automatically
introduced. Assuming that these order parameters are spatially
homogeneous, we can introduce an effective Hamiltonian that
allows us to automatically describe supersymmetry breaking
and the associated transition within the mean-field framework,
and find the excitations corresponding to the NG (Nambu-
Goldstone) fermions.

A. Superfield formalism

Using a real Grassmann number 6% =0, and the time
variable ¢, we first introduce the supercharges Q and the
supercovariant derivative D:

0 0
= — +i0—, 26
=30t (26)
0 0
D=——i—, 27)
a0 ot
which satisfy Q= -_D? = ia% and the anticommutation re-

lation {Q, D} = 0. Next, we define the Majorana superfields
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Bjand I'; as [51,52]
Bj: = B; +6~2F;,
Fj::yj-i-@«/iGj, (28)

where F; and G; act as real bosonic auxiliary fields. Using
these, we can construct the action corresponding to our model
(6) as follows:

Sla; By, F, G]

1
= Z/dt/d@ Xj:(BjDBj+FjDFj)

—L/dt/dez{(l—aw-ﬂaag r)
«/E - J JPj+1IL

L
1 .. 1 .
Z/dtz[zﬂj]ﬁj—i_zyjl)/j
j=1
1 2 1 2
+3F] 4 3G~ Fi{(1 =)

+a@iBjr1y; —iBj-1vj-1)} — OlGjiﬂjﬂj+1:|- (29)

Indeed, after eliminating the auxiliary fields in (29) and
performing the Legendre transformation, we recover the
original Hamiltonian (6) (up to a constant). The canoni-
cal commutation relations to be imposed on the Majorana
fermions fB;, y;, and their conjugate momenta p(ﬁ )= i Bj,

j — 4
(r) i
p;’ = jyjare

i .
{,3;‘, Piﬁ)} = {)/i, péy)} = E(Si,j (=0 otherwise).  (30)

The equations of motion for the auxiliary fields, derived
from (29), are given by

Fi=(0—a)+ a1y —iBji—1vi-1) = 3{B;. R(@)},
G; = aiB;Bjs1 = 3{y;. R(@)}. (31)

Here, F; and G; function as the order parameters for SUSY
breaking [53]. This becomes evident when considering that in
the absence of supersymmetry breaking, the ground state |0),,
of the system is a zero-energy eigenstate that annihilates under
R(«a). Therefore, from (31), we have

0(01F;10)g = 30(01{B;. R(@)}|0)o = 0,
0(01G;10)o = 30(0{y;» R(@)}[0)g = 0. (32)

These considerations are relevant to finite systems and provide
order parameters. However, in the case of infinite systems,
the breaking of supersymmetry is defined with ey > 0, and
it is important to note that SUSY unbroken does not nec-
essarily imply the existence of the zero-energy ground state
|0)o. Therefore, these order parameters may lose their mean-
ing in infinite systems. However, if these spatial averages
are defined, they can still detect the breaking of supersym-
metry. Detailed discussions on this matter are provided in

Appendix D. Furthermore, for supersymmetry doublets com-
posed of states with positive energy E > 0, the expectation
values of the order parameters are the same (see Appendix E).

Therefore, retaining the auxiliary fields F; and G, and fur-
ther assuming that they are uniform, we obtain the following
mean-field Hamiltonian:

1 2 1 2
Hui(e; F, G) = ( (1 —e)F = 2F* = G* |L

L L

+aF Zi(ﬂjﬂ — By + aGZiﬂjﬂjﬂ.
= =

(33)

This Hamiltonian includes the order parameters F and G and
can be interpreted as a mean-field theory to detect supersym-
metry breaking.

B. SUSY breaking in mean-field theory

The energy density of the ground state, derived from (C2),
is given by

mf( i F,G)=( — )F_le_le
eg.S. o r, - o 2 2
2 F? G
2P re + sion ! (|2 ]
b4 |G| F
(34)

The values of F and G that realize the extremum of the energy
density are given by

1 447 < m ,
F(O{) — o (aﬂ 4+7‘r) (353)
0 (77 <),
G(o) = 0, (35b)
L(1 — #71g)? < ).
ergng(a) — 2( e a) (an 4+7‘[) (35C)

Thus, the mean-field theory predicts the critical point
oM = 4+Ln =0.439900. .. (see Fig. 4).

We would like to comment on the meaning of our “mean-
field theory” here. In the path-integral formulation of the
standard mean-field theories (e.g., the BCS theory), auxiliary
fields as the variational parameters (F and G here) are first
introduced through the Hubbard-Stratonovich transformation.
If we integrate out the fermion fields, we are left with the
effective action of F and G which is to be integrated over these
auxiliary fields to yield the final result. Mean-field approxi-
mation corresponds to trading the functional integral over F
and G for the saddle-point value (i.e., the extremum) of the
effective action. Our treatment in Sec. IV follows this strategy.
Therefore, the optimal values (35a) and (35b) are not always
minimizing the (mean-field) ground-state energy within the
space of a specific variational wave function.

For comparison, we also performed variational calcula-
tions using the trial ground state of the free Majorana fermions
with a tunable mass parameter as in Ref. [54]. From the
optimal value of the Majorana mass parameter, we obtained
the critical value o = 0.392 at which the Majorana excitation
as the NG fermion starts having a finite gap. The above value
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oAl T — = 0.440
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FIG. 4. The ground-state energy per site as a function of «. The
solid green curve represents the results of mean-field theory (35c),
while the orange dots depict the outcomes of exact diagonalization
for a system with periodic boundary conditions and a size of L = 15.
Mean-field theory tends to slightly underestimate the actual values
but is quite close to the results of exact diagonalization. Further-
more, the mean-field theory’s transition point at ™ = T > Within
the scope of mean-field theory, is consistent with the results from

T mf _ 7w 1
Sec. I, where § < o = 7= < 3.

oM & 0.44 from the superfield mean-field approximation is
closer to the preliminary numerical result o = 0.46 [55]. This
may suggest that our mean-field approach based on the su-
perfield gives a better approximation than the simple-minded
variational calculations.

C. NG fermion in mean-field theory

By substituting (35a) and (35b) into (C2), we see that there
is a dispersive fermionic excitation in the SUSY-broken phase
0<a<aM= = having the following single-particle

+
spectrum:
. [k o [k
sin{= )| =4a|{1— —)|sin| =
2 o 2

(—m <k <) (36)

€mt (k) = 4a|F ()]

For small values of k, it exhibits a gapless linear dispersion
(Fig. 5), whereas, in the SUSY-symmetric phase o > ﬁ,
F(a) =0, and the fermionic excitation loses its dispersion.
This behavior supports the hypothesis that this elementary
excitation is the NG fermion and is also consistent with the
long-wavelength behavior predicted by the single-mode ap-

proximation for the NG fermions:

1/ ¢ ,
€var(k) < 3 Eg,s,/L|k| + O([k[") (37)

(see Appendix H for the derivation).

V. KINK AND SKINK AS ZERO-ENERGY DEFECTS

Having obtained a rough picture of the phase structure and
low-lying excitations, we will now proceed to closely investi-
gate the nature of the ground states and low-energy spectrum.
To keep the clarity of the argument and avoid the complexity
coming from the nonlocal edge fermions, we will use below

04 :
[ vli?ear dispersion
[0 ~jlatk~0 _
0.3j = N
— [N 2(4 4 )
S0 = 0.220
0.2 0.2
w
0.1
0.0 ‘ ‘ ‘ ‘

3 2 1. 0 1 2 3
k

FIG. 5. The mean-field spectrum (36) of the elementary exci-
tation for several values of «. When « is increased from 0, the
dispersion first becomes larger and takes its maximum at o = o™ /2.
Then, the fermion gradually loses its dispersion towards & = o™ at
which it becomes dispersionless again. As the fermionic excitation
has a finite dispersion only when SUSY is broken (0 < o < 7). it

can be identified as the NG fermion.

the spin—% language introduced in Sec. II B, in which a pair of
Majorana fermions at each physical site is mapped to a spin
% at the same site by the Jordan-Wigner transformation (see
Fig. 1). Accordingly, the Hamiltonian is given by (12) (for
OBC) or (13) (for PBC).

A. Numerical spectrum

Numerical calculations for the spectrum of the Hamilto-
nian (6) under the periodic and open boundary conditions
revealed several interesting results. In Fig. 6, we plot the
lowest 50 eigenvalues obtained by exact diagonalizations for a
system size L = 15 system at various values of « (=0.2, 0.48,
0.5, 0.52, 0.8, and 1). The data for the periodic (open) system
are plotted by blue (orange) dots. The spectral structure for the
smallest « = 0.2 [Fig. 6(a)] can be easily understood by the
spectrum of a(1 — a)Hcry since the interaction term a?Hy
is sufficiently small. For instance, the spectral degeneracies 2
(ground state), 4, 2, 4, 4,... (for PBC) and 2 (ground state),
2,2,4,4,.. (for OBC) of some lowest-lying levels are fully
understood by those of the free massless Majorana fermion.
This, together with the gapless k-linear spectrum of the NG
fermion found in the mean-field analysis, strongly suggests
that the small-o region is a critical phase belonging to the
c= % critical Ising (i.e., gapless Majorana) universality class.

On the other hand, for o ~ %, a clear large plateau struc-
ture is seen in the low-energy part of the spectrum for both
PBC and OBC [Figs. 6(b)-6(d)], which was absent when
a=0.2. At o = 0.48, the left-hand side of the plateau is
still a bit rounded [Fig. 6(b)], while, at « = %, it becomes
completely flat (for OBC) indicating that there are 2L (=30)
degenerate ground states with the energy E = % [Fig. 6(c)]. At
a = 0.52, now the right-hand side starts having a finite slope
[Fig. 6(d)], and at o = 0.8, the plateau structure is already
obscured entirely [Fig. 6(e)]. Except at « = 0, %, and 1, the
ground-state degeneracy is always 2 both for PBC and for
OBC regardless of whether SUSY is broken or not. This is just
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FIG. 6. The change in the spectrum of H(«) on finite (L = 15)
open (orange dots) and periodic (blue dots) chains when « is varied:
(a) « = 0.2, (b) 0.48, (c) 0.5, (d) 0.52, (e) 0.8, and (f) 1. Only the
lowest 50 eigenvalues are shown. Around o = %, a noticeable flat
structure emerges in the spectrum [(b), (c), and (d)]. At @ = % it
becomes completely flat for an open chain indicating that there are
2L (=30) degenerate ground states. When o = 0.8, the flat structure
is already obscured and the spectrum exhibits a qualitatively different
structure. Finally at @ = 1, the spectrum shows extensive degeneracy
which is a hallmark of superfrustration that occurs at « = 1 [34]. For
generic values of «, the ground states are twofold degenerate for both
PBC and OBC.

a natural consequence of the supersymmetric spectrum; as any
positive-energy levels come in pairs, there must be an even
number (two, in generic cases) of zero-energy states, if they
exist (note that the entire Hilbert space is 2° dimensional).
Last, at « = 1, the spectrum exhibits extensive degeneracy in
each energy level, which may be understood as the signature
of “superfrustration” as discussed in Ref. [34].

A remark is in order about SUSY SSB at o« = 1. From
the positive ground-state energy in Fig. 6(f), one may think
that SUSY is broken again at « = 1. However, considering
the exact result that SUSY is restored at o = 1 under OBC
[34] and the boundary-condition independence of the criterion
(19) (see Appendix F), it is suggested that, in an infinite-size
system, SUSY SSB occurs neither for OBC nor for PBC. In
fact, we numerically calculated the ground-state energy den-
sity eg s (a = 1) for increasing system sizes L to confirm that
it converges to zero algebraically, implying unbroken SUSY
in the sense of the criterion (19).

In summary, we have numerically observed that around
o= % a plateau structure forms in the low-energy spectrum
and that the ground-state degeneracy for OBC changes from
2 (for generic «) to 2L precisely at o = %, whereas no such
change is seen for PBC, except for « =0, 1. In Sec. VB,
we will show that this plateau structure can be attributed
to the existence of SUSY doublets (“kink” and “skink”) of

_ 1
low-energy defects around @ = 5.

(quantum)

paramagnetic ferromagnetic

S

j—1 37 J+1

R e

trivial 3 topological

n N /m\ ® 1

©— — =" "

V) V) o C C

FIG. 7. The top (a) and middle (b) panels, respectively, illustrate
the spin states |j, —) and |j, <) in (38). The states |j, kink) and
|j, skink) are given by linear superpositions of these. (c) In the
language of Majorana fermions, these states may be interpreted as
having the trivial and topological phases on the left- and right-hand
sides of the Kitaev chain, respectively, with a domain wall (the 1 spin
in the spin language) separating them.

B. Kink and skink

In the previous section, we have numerically observed that
the ground states of an open chain are 2L-fold degenerate at
o= %, while for a periodic chain, there are exactly two zero-
energy ground states, which may be interpreted as the trivial
phase (quantum paramagnetic phase in the spin language) and
topological phases (ferromagnetic phase) of the Kitaev chain
(transverse field Ising model) [45].

Remarkably, the existence of these O(L)-degenerate
ground states on an open chain can be understood by con-
structing a domain wall connecting the topological and trivial
states found in a periodic chain. Specifically, in the Jordan-
Wigner transformed spin language, it can be shown that the
following states (Fig. 7)

=)= b = o),
J
|],<—):=|¢...¢I<—~~o<—) (38)

(G=1,....L—1),
oAt ) (=1B)

are the 2L-fold degenerate exact ground states with the L-
independent eigenvalue % ata = % Here, — (<) represents
the eigenstate of the Pauli matrix o* with eigenvalue +1 (—1)
and labels the two degenerate ferromagnetic states of the Ising
chain. To see that these are all the ground states with the
energy %, we note that the Hamiltonian takes the following

simple form when o = %:

1 1 L-2

(39a)
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with the local Hamiltonian /; being a projection operator:

hj = 1(1+05)(1 -0}, 07,,) (20). (39b)

Then, it is easy to check that each local Hamiltonian h;
annihilates all the 2L states in Eq. (38). For example, the
following 10 orthogonal states span the exact ground-state

subspace (with energy %) of an L = 5 open chain at ¢ = %:

It ====)(=1=) 1 <) (=] <)),
Nt =>==) (=12, =), N1 <) (=12, <)),
NIt ==) (=182, It <) (=13, <)),
NIt =) (=14, =), LIt <) (=14, <),
NI, ). (40)

Taking into account the double degeneracy (|—— ---) and
| <<« ---)) in the ferromagnetic region (to the right of the
domain wall) as well as the L different choices of the domain
wall’s location, we see that these domain-wall ground states
exhibit the desired 2L-fold degeneracy.

Here we would like to comment on the ground-state energy
% of the above “domain-wall” states. By the analogy to the
usual domain walls in ordered systems (like the ferromagnetic
state in the Ising model), one may think that it corresponds
to the local energy increase arising from the domain-wall
formation. However, the constant % is an artifact of the con-
struction of the supersymmetric Hamiltonian (6) and does not
have any physical meaning. In fact, the homogeneous states
|A) and |B) without domain walls (see Sec. III C), which are
equally eligible in the sense that they optimize all the local
terms A; in the Hamiltonian, are also included in the above
domain-wall subspace with energy % Therefore, despite their
positive energy, these domain-wall states are created at zero
energy cost.

It is interesting to rephrase the above in the original
fermion language. To this end, it is essential to note that the
pair of “partially ferromagnetic” states |j, —) and |j, <) are
not the eigenstates of the fermion parity operator (—1)". In
fact, using Eq. (11), we have

(—=DF[j, =) = (=DF 7, <),
(=DFIj, <) = (=DF7Hj, =),
- 41)
(DI == 1),
DAL =1 L.
Hence, we see the following linear combinations:
|7, kink)
_ #Uj <) = (=DM =) (=1, L= 1)
o) (j=L)
|7, skink)
_ S+ =D =) (=1 L= D
..l (j=L)
(42)

© 9
> o

<Fz+1>5,(§)k1nk
© o o ©
o - N w

2 4 6 8 10 12
1th site

FIG. 8. The expectation value of the order parameter
(Fiy1) j=s skink = (5, (s)kink|Fi;1]5, (s)kink), in a finite (L = 15)
open chain at o = % The values at the boundaries (i = 0, 14) are
undefined for OBC and are not included in the plot. In the region to
the left of the kink (“trivial,” i.e., “quantum paramagnetic”’) and that
to the right (“topological,” i.e., “ferromagnetic”), SUSY is restored.
SUSY is broken locally only at the location of the kink, which is
detected by (F;;;) taking a nonzero value only at the kink’s position.

are the eigenstates of the fermion parity operator (—1)7:
(—D)F|j, skink) = +|}, skink),
(=), kink) = —|}, kink). 43)

As can be easily verified, these states transform into each other
under the action of R(« = %) and form a SUSY doublet:

R(ax = 5)1, skink) = 3|, kink),

R(a = 1)1j. kink) = 1|}, skink). (44)

Kinks in supersymmetric lattice fermion models are dis-
cussed in, e.g., Refs. [40,56,57]. The work in Ref. [40] is
particularly interesting for its discussion of domain walls
connecting ordered and disordered states, similar to our obser-
vations based on the frustration-free properties. However, our
model differs in that it possesses exact N' = 1 supersymmetry
on a lattice. What is more important from a physical perspec-
tive is that our model does not require a finite-energy cost to
create a domain wall. This leads to the unique situation that
both the uniform state and the state with a domain wall coexist
as exact ground states, in contrast to the more conventional
situation in Ref. [40].

The order parameter (31) at o« = %,

F=1(1+0",—0f0’,) (=2...L—1), (45

is nonzero only at the location of the kink, where the super-
symmetry is broken locally (Fig. 8):

(i#j+D,

(i=j+1.
(46)

(J. (s)kink|Fi (e = 7)1, (s)kink) =

= O

In certain supersymmetric lattice models, it is known that
the number of the ground state grows exponentially with the
system size, a phenomenon referred to as superfrustration
[24-26,46]. Although the large ground-state degeneracy at
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o= % found in the previous section appears somewhat sim-
ilar to superfrustration, the degeneracy is not exponential in
the system size, but rather of O(L). Moreover, this behavior
depends crucially on the boundary condition; under PBC, the
ground-state degeneracy is always two [i.e., O(1)] except at
o = 1. This suggests a qualitative difference between the large
degeneracy due to a domain wall and superfrustration.

Lastly, it is worth mentioning that for both periodic and
open boundary conditions, the model is frustration free [58]
when o = % in the sense that the ground state optimizes
all the local Hamiltonians (39b) simultaneously (see, e.g.,
Refs. [40,59,60] for other examples of frustration-free Hamil-
tonians) and that this enabled us to determine the ground
states.

C. Dispersion of kink and skink at « # %

In Sec. VB, we have found all the 2L-degenerate ground
states at @ = % as the domain-wall (kink-skink) states which
optimize the individual local Hamiltonians. Being degenerate,
these states represent an immobile domain wall. Then, one
may ask if the domain wall acquires a finite dispersion when
we move away from o = % In this section, we consider the
effect of a small deviation A«x (¢ = % + Aa) on the domain-
wall propagation using the first-order perturbation theory.

|
1

-1 0 0 0
1 1 1

0 = -5 2
0o L 1 _1
V2 2 72

1 1 1

0 5 T2
V= 0 —_L 1 _L
272 2 V2

0 1
4 22 2
0o -1 1 __1
42 4 2v2

o L _1 1
42 4 2,2

We denote the eigenvalues of the matrix V by {v,} (where
n=1,...,L), with which the (s)kink energies are given as

E, = % + v, Aa + O(Aaz).

While we do not possess closed analytical expressions for {v,}
for arbitrary system sizes L, we have a good reason to believe
that for sufficiently large L, specifically when

1
»>-—————— =288539...,
In(| = 1/v/2])

the eigenvalues {v,} can be well approximated by those of the
following matrix:

- 3 1 li—jl 38 .
V>l = _E> — 50 (i, j € N),

We first expand the Hamiltonian HOBC (o = % + Aa)upto
first order in A« as

HO(a =} + Aa) = HO®(}) + VA + O(Ac®)  (47)
with V being given by

L-2
R
Since V preserves the fermion parity, the matrix V in the
subspace spanned by the 2L kink-skink states in (42) de-
composes into two identical L-dimensional diagonal blocks
corresponding to the kink and skink, whose matrix elements
V. = (i, (s)kink|V | j, (s)kink) are given as follows:

(48)

-3 (i=j<L-2),
3 (i=j=L—-1L)
0 (i=1landj>2)

or(j=1landi > 2),
(i=Land2<j<L-1)
or(j=Land2 <i<L-1),

li—jl
(— \%) (otherwise).
(49)
For example, when L = 8, the matrix V looks like
0 0 0 0
S 1 1 1
2v2 4 W2 42
1 __1 1 _1
2 22 i Z
_ L 1 __1 1
V2 2 272 22
1 1 1 1 (50)
) ~ 2 2 2
_ L _1 _ L €1
V2 2 V2 V2
1 _ L 1 —1
2 2 2
_1 € —1 1
2 V2

[
obtained by retaining only the bulk part [V];; (for 2 < i, j <
L — 1), substituting [V];,—j -1 = % with —%, and then taking
the limit L — oo (see Fig. 9 for the comparison of v, and the
spectrum of V).

Fourier transforming V> and performing the summation
of a geometric series yields

1 3
T 3422 cosk) 2

o0
Uk

where —m <k < .
Therefore, in the thermodynamic limit, the (s)kink spec-
trum of a propagating (s)kink

|W(k), (s)kink) = Z e k)i, (s)kink),

i=1

(S
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FIG. 9. The orange dots displays the eigenvalues v, of V for
system sizes L = 100 (top) and 500 (bottom). The blue curve rep-
resents the values of vy° (the data are joined). While there is still
a slight discrepancy between the two for L = 100, they coincide
almost perfectly for L = 500.

where the normalization is
(i, (s)kink] j, (s)kink) = §; ;,
(W(k), (s)kink|W(p), (s)kink) = 27 §(k — p),
(W(k), (s)kink|i, (s)kink) = e/ (52)

is given by

1
E. = ri v Aa + O(Aa?)

1 1 3
_ Al ——M9M——— = O(Ad?). 53
8 + O[(S—i—Z\/zcos(k) 2) Fo@e). 59

From this, we see that if we move away from o = %, the
2L-fold ground-state degeneracy is lifted down to two which
is the plane-wave states |k, (s)kink) with k = 0 (when Aa >
0) or 7 (Ax < 0). Furthermore, the spectrum Ej, plotted in
Fig. 10, is consistent with the “rounded” plateau structure
observed in Figs. 6(b) and 6(d), suggesting the importance of
a kink or skink in the low-energy physics.

In the SUSY-broken phase o < «, especially for very
small @ <« 1, the dominance of the a(1 — a)Hcty term and
the mean-field approximation (36) suggest that the dispersion
relation (under PBC) behaves like ¢, ~ k at small momenta.
For o = %, on the other hand, by expanding the perturbative

0.14
0.12} ]

00
k

0.10¢ ]
0.08¢ b
0.06 ]

0.04 ]

0.20¢
0.18¢ b

oo
k

0.16 ]
0.14 1
0.12} 1

0.10; ‘ : : ‘ ]

FIG. 10. The eigenvalues E; are given by (53), where, in the ther-
modynamic limit, B := § + Aav® + O(Aa?). These eigenvalues
are plotted at values of A« being +0.02, corresponding to o = 0.48
and 0.52. They exhibit symmetry in k space, and around k ~ 0, the
dispersion is approximately of the form const + const k. Therefore,
based on the results of this perturbation theory, the system appears to
be gapless around o ~ %

result (53), we see that the model shows a gapless quadratic
spectrum E; — Egq ~ k* + O(Ax?) over the ground states.
When o = 1, as reported in [34], the single-particle spec-
trum exhibits €, ~ |T — k|%. Combining the results obtained
in Sec. IV C and here, we conclude that the system remains
gapless at least for o ~ 5 and a = 1, as well as for & < .
(due to the NG fermion).

VI. CONCLUSION

In conclusion, we have introduced and thoroughly in-
vestigated a one-dimensional model of interacting Majorana
fermions with exact A" = 1 supersymmetry that includes the
Kitaev chain and the model studied in Ref. [34] as the nonin-
teracting and interaction parts. By applying the Jordan-Wigner
transformation to this Majorana chain, it can be represented
as a transverse-field Ising model where three spins interact.
When the control parameter « is increased, the system un-
dergoes a phase transition from the phase with broken SUSY
to the SUSY-symmetric one. By combining a variational argu-
ment and thle exact ground state obtained at the frustration-free

point o = 3, WE have concluded that the transition occurs in

: T 1
the interval T <o <3
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We have then developed a mean-field theory based on the
superfield formalism. The theory contains a pair of order pa-
rameters F' and G which detect SUSY breaking. The behavior
of the ground-state energy density (which is also an order pa-
rameter for SUSY SSB) and the phase structure predicted by
the theory are consistent with those expected from numerical
analyses. Within the mean-field theory, it is straightforward
to obtain the spectrum of the NG fermion which is antici-
pated in the SUSY-broken phase. We have found that it is
gapless k linear and that the characteristic velocity vanishes
at the boundaries of the SUSY-broken phase. Combining this
with the results of numerical (Sec. V A) and analytical (Ap-
pendix H) calculations, we expect that a critical phase of the
Ising universality class (c = %) extends over the SUSY-broken
region 0 < o < «, in which the massless Majorana fermion
plays the role of the NG fermion.

The property of the model becoming frustration free at
o= % is common to both PBC and OBC and allows us to
obtain interesting exact results. For PBC, we have shown that
the topological and trivial phases of the Kitaev chain degener-
ate to form a pair of zero-energy ground states. On the other
hand, for OBC, the system allows an immobile zero-energy
domain wall (kink or its superpartner skink) between the above
topological and trivial phases to appear in the ground state,
thereby leading to degeneracy proportional to the system size.

To see how this ground-state degeneracy is resolved when
we move away from the frustration-free point, we have carried
out first-order perturbation theory in o ~ % The behavior of
the degenerate ground states in the thermodynamic limit has
been precisely determined which suggests that the degeneracy
is resolved away from the frustration point leaving only the
twofold one required by supersymmetry. As seen in Fig. 10,
when o # %, the 2L degenerate ground states form a gapless
spectrum (behaving like ~k?) over the (doubly degenerate)
ground state. Our perturbative calculations based on the kink-
skink picture well reproduce the numerically observed spectra
suggesting the importance of these domain-wall excitations in
understanding the low-energy properties of the supersymmet-
ric model.

Through analytical and numerical analyses presented here,
the properties in the region o < o, have been relatively well
understood. However, whereas the region % < a < | remains
largely unexplored. In particular, little is known about the
low-lying excitation spectrum in that region, which is crucial
to a full understanding of the crossover from the kink-skink
physics around o ~ % to the superfrustration behavior at « =
1. Investigating low-energy properties with extensive numer-
ical simulations would be an interesting subject for future
projects. Yet another essential open problem is uncovering
the nature of the SUSY-restoring transition at .. In this re-
spect, combining large-scale numerical simulations and the
techniques of conformal field theories will be very useful.
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APPENDIX A: SUPERCHARGE IN THE JORDAN-WIGNER
TRANSFORMED SPIN LANGUAGE

In Sec. IT A, we have given the supercharge R(«) in terms
of the Majorana fermions. By the Jordan-Wigner transforma-
tion (10), the fermionic expressions (4) and (5) are mapped to
the following representations that are highly nonlocal in terms
of spins:

L
RC@)=(1-a)) o [] (-09)

=1 j(<i)
L-1
-« Zoi’fH l_[ (—af) +aofo; and
i=1 j(<i)
L-1 L-1
ROBC¢() = (1—a) Zaix 1_[ (—a;)—oc Zoij_l l_[ (—of),
i=2 J(<i) i=1 J(<i)

(AD)

respectively.

APPENDIX B: DIAGONALIZATION OF H¢ry
AND ITS GROUND-STATE ENERGY

In the small-o limit, the first significant term arises from
the free part (1 — a)Hcrr. This Appendix is devoted to diag-
onalizing this free part of the Hamiltonian.

To achieve this, we employ the discrete Fourier transform
defined as

2 o -
Bj = \/;Z(e_lk’bk + ey,

(BI)
k>0
2 ki i
Yi = \/;;(e ke +ekich. (B2)

With this transformation, the Hcrp can be expressed in the
following form:

o 0 ite* — 1)\ /p
Hen=2) (b C;«)(—i(eik—l) 0 ><c’lz>

k>0
= ;4 sin (g)’(f;fk — %)

Here, fi; represents the quasiparticle fermion operator. The
ground state of Hcyp corresponds to the vacuum state of
the quasiparticle f;. The energy associated with this state is
represented by the zero-point energy, which can be deter-

mined as
T dk k 4
eS“:—/ —2lsin| = }| = ——.
g 2T 2 b4

(B3)

(B4)

(B5)
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APPENDIX C: DIAGONALIZATION OF H,; AND ITS
GROUND-STATE ENERGY

To find the ground-state energy using the mean-field
approximation and discuss SUSY breaking, we need to di-
agonalize the mean-field Hamiltonian (33). By applying the
discrete Fourier transform

2 o S
Bj = \/; Z(e—l’ﬂbk +e*ip)),

k>0
2 —ikj ikj .t
vi=y 12 at+eMe, (e
k>0
we can rewrite Hy, s as

g 2G sin(k iF (e — 1)) (b
HmfzzaZ(bk Ck)(_iF(eSIirlt(_)l) i (eO ))<01]:)

k>0

- 1o 1o
- ZaGZsm(k)—i— ((1 —Q)F — 2F G )L

2
k>0

sin (g) ‘\/F2 + G2 cos? (g) +2aG sin(k)}
sin (g) '\/F2 + G2 cos? (g)

+ (1 —a)F 1F2 1G2 L
W) — —F2_ 1~ ,
2 2

=Zk: |:4a

< flfi=) 2
k

where fj represents the quasiparticle fermion operator.
The ground state of Hy, is the vacuum of the quasiparticle
Sk, its energy is given by the zero-point energy of

e (s F, G)
T dk k k
=—/ —2alsin| = )|.[F?2 4+ G2cos® [ =
.27 2 2
1 1
l—a)F — =F* - -G*
td—aF =3 2
1 2 1 2
=(1—a)F ——F*— -G
2 2
20 F? G
— Z|VF2+ G+ —sinh ' |=] ] ] C2
ﬂ[ * +|Glsm (‘Fm ©)

APPENDIX D: ORDER PARAMETERS IN THE
INFINITE-SIZE SYSTEMS

In this section, in an infinite system, we consider |0) as
one of the ground states of the system, and define the space-
averaged order parameters as follows:

1L
<H:Z;mmm

1L
(G): =7 > (0IG; 0). (D1)

j=1

These order parameters play a role in detecting the sponta-
neous breaking of SUSY (e5* > 0) in the infinite system. The
calculations and logic used here are based on [47].

Let us introduce x; as a fermionic local operator that satis-
fies the following conditions:

(=D, x;} =0,

x; =.Xj,
o) (i—jl<n,
0 (i = jl > r).

Here, x; denotes a fermionic local operator, while X repre-
sents its spatial average:

1 L
X = Z;Xj,

where the parameter r represents the interaction range [O(1)

natural number]. The Hermitian condition is imposed for sim-

plicity, but the same discussion can be done without it (the x;

in the main text, corresponding to 8; and y;, are Hermitian).
Given this, we define ®; and (P) as

(Ol{xi, x;}10) = { (D2)

(D3)

CDj = {R,Xj},
| L
(®) = I (0]D,10). (D4)
j=1
Then, we have
(@) = (OH{R, X}|0). (D5)

Similar to the case of F; and G; in Sec. IV, these quantities
serve as order parameters in finite systems. The main question
is whether the detection of SUSY SSB ¢2* > 0 remains valid
in the infinite system.

Assuming SUSY unbroken, we have R =R, and thus

.. (OIHI0) _ (OIR%[0) _ [IR|O)|?
O =—7 =" — .~ ©®
This implies
IRIO)|| = o(~/L). (D7)
From (D2), we find
IX10)]I* = (0]X?|0)
1
= 573 2 (Oltxi, x;0)
ij
1
= EO(L) = O(1/L). (D8)
This leads to
IX10)]l = O(1/v/L). (D9)

Now, using the triangle inequality, the Cauchy-Schwarz in-
equality, and the Hermiticity of R and X, we find

{®)| = [(OI(RX + X R)|0)|

< 2[[RIO) X [0} ]
= 20(+/L)O(1/vL)
= o(1). (D10)
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Thus, if we take the contrapositive, we can say that if |(D)| >
O(1), then SUSY SSB is occurring in the infinite system.
Therefore, the order parameter constructed in this way, which
represents the spatial average of ®; = (R, x;}, can indeed
detect SUSY SSB in the infinite system when it becomes
nonzero.

APPENDIX E: EXPECTATION VALUE
OF ORDER PARAMETERS

In this Appendix, we demonstrate that the expectation
value of the order parameter remains the same for the dou-
blet with energy £ > 0 under supersymmetry. We adopt the
notation from Appendix D.

For the doublet, we denote the states with fermion parity
+1 as |E, +) and those with fermion parity —1 as |E, —).
Due to the properties of the operator R, the following relations
hold:

RIE,+) =+2E|E, —),
RIE, =) = V2E|E, +). (ED)

Since R" = R, we have

1 .
E,+|®|E,+) = — (E, —|RT®R|E, —
(E, +|®|E, +) 2E( I | )

1
= —(E, —|R{R, X}RIE, —
>p (- —IR(R. XIR|E, —)

1
= 55 \E. ~IQHXR + RX2H)|E, -)

(E2)

Thus, we have demonstrated that the expectation value of
the order parameter is the same for both |E, +) and |E, —)
states. Therefore, when determining the value of the order
parameter, one can choose either state for calculation as long
as proper normalization is performed.

APPENDIX F: GROUND-STATE ENERGY VARIATION
WITH BOUNDARY CONDITIONS

In this Appendix, we prove that when the difference in the
Hamiltonian due to different boundary conditions is of order

e
—
<—
—
t [
=

O(1) with respect to the system size L, so is the difference
in the ground-state energy. This result allows us to determine
the existence or absence of SUSY SSB in the infinite system
without being affected by the boundary conditions.

Consider H; and H, as the Hamiltonians corresponding to
boundary conditions 1 and 2, respectively. They differ only
by at most O(1l) terms associated to, e.g., those near the
boundary. Therefore, in terms of the operator norm, we have

|Hy — Hi[| = O(1). (FD)

We assume that each local Hamiltonian has an operator norm
of order O(1).

Let |1) and |2) be the ground states of H; and H,, re-
spectively, and let E| and E; be the corresponding energies.
Without loss of generality, we may assume E, > E;. We want
to show that the difference E, — E; is of order O(1). By the
variational principle and the definition of the operator norm,
we have

0< E; — Ey = (2|H,[2) — (1|Hi|1)

(11H2|1) — (1|H;[1)
(1|(Hy — Hp)|1)

|Hy — Hll, (F2)

<
<

which, combined with Eq. (F1), implies E, — E; = O(1).
Therefore, we can conclude that the criterion (19) of SUSY
SSB in the infinite system leads to the same conclusion re-
gardless of the boundary conditions. Note that one could also
have used the Weyl’s inequality to substantially simplify the
proof.

APPENDIX G: EXACT EXCITED STATES AT « = %

On top of the exact ground states discussed in Sec. V B, we
can even find some exact excited states at @ = % regardless of
the system size L when OBC is imposed. Hereinafter, we use
the spin representation obtained via the Jordan-Wigner trans-
formation. Then, it is straightforward to see that the following

set of four states with the fermion parity (— 1) = +1,

N M) N AL L), (GD)
N—— N—— ——
and its superpartner consisting of
N D) M) ) ) (G2)
~— —— —— N——
with (—1)F = —1 are both closed under the action of the Hamiltonian H (« = %) [precisely speaking, for these sets to be correctly

mapped to each other by ROBC (o = %), appropriate linear combinations must be made]. By diagonalizing the four-dimensional
block Hamiltonian, we obtain the following exact energies:

1 9-4V2 9 9+4V2
8’ g 8 8
the latter three of which correspond to excited states. Comparing these three values with the energy levels obtained numerically
[see Fig. 6(c)], we see that they represent higher-lying excited states.

(G3)
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APPENDIX H: SINGLE-MODE APPROXIMATION
FOR NG FERMION

Using a variational argument, we can establish an upper
bound for the dispersion of the NG fermions, thus confirming
the existence of gapless excitations. In the realm of con-
ventional broken symmetries, the variational state for the
corresponding NG bosons is generated by applying the op-
erators associated with the broken symmetries to the ground
state (referred to as the single-mode approximation [61-64]).
Similarly, we can construct a trial state for the NG fermions
by substituting the bosonic generators with the fermionic su-
percharge. Specifically, following Refs. [27-29], we consider
the local supercharge operator

-« .
ri=— (Bi + Biv1) + aiBiBit1vi (H1)
and introduce its momentum-p component as
L
R, =) e?lr;=R', (H2)
j=1

The trial variational state with momentum p is then defined as
R,|0)
IR0l

(p #0), (H3)

h”p) =
where |0) is the normalized ground state. The variational en-
ergy for this trial state |v,,) is given with the help of the same
inequalities as in Refs. [27-29]. Here, using the identity that
follows from the inversion symmetry Z or the time-reversal
symmetry .7 in II C possessed by the system,

IR,I" =e "R

+

p’

i i (HD
TR,7" =R,

(OIR,R}|0) = (OIR}R,|0),
) (H5)
(OIR,HR}|0) = (OIRTHR,|0),

we obtain
ar(p) 1 = (WplHIYp) — Egs
(OI[RY. [H. R,11|0)
(OI{R},. R,}|0)

_ \/<0|{[RT,H],[H,R,)]}|0>
(OI{R}. R,}0)

1 C
= o(p]),
21/Eg,s_/L|p|+ (pl*)

where C is a positive constant independent of L, and Eg s /L (>
0) is the ground-state-energy density. Using a supersymmetric
current j;, which satisfies the relation

(H6)

(H, rj]l = jj — Jjj+1s (H7)
the value of C can be expressed as
1 o
C=7 Z (Ol{Jji» J;}10). (H8)

LJ

Here, the expression for the current is given by

ji=a(l —a) (i1 +v) —a*(l —a)
x (Bj2vj—2vj—1 + 2B 1vj—1v; + 2Bj11V;-1Y)
+iBjrayVie1) + 203 (Bj_2Bis1Vj—2Vi-1V]

+ Bj—1Bj2Vi-1VjVj+1)- (H9)

This variational energy provides an upper bound on the true
dispersion of the Nambu-Goldstone mode. This fact can
be obtained straightforwardly by extending the sum rule in
bosonic systems [61-64] to fermionic systems. Specifically,
the spectrum of the NG fermions is bounded from above
by a p-linear dispersion. Here, it should be noted that this
variational approach is not effective when the trial state [/,)
coincides with other orthogonal ground states |0). In periodic
boundary conditions (PBC), we have numerically confirmed
that the ground-state degeneracy is 2, except for the cases
when a = 0, 1. In these cases, there is no concern about the
trial state being identical to one of the ground states.

APPENDIX I: GROUND STATES FOR « = %

In this Appendix, we prove the following two theorems
about ground states of the Hamiltonian H (o = %).

Theorem 1. The ground-state energy of the Hamiltonian
H(a = %) under the periodic boundary condition is zero, and
the eigenspace Eppc spanned by the ground states is of the
form

Eppc =kerH(a = §) = C|A) + C|B), I1)

|=)®F — (=D <)
V2 ’
In particular, dim Epgc = 2.
Theorem 2. The ground-state energy of the Hamiltonian
H(a = %) under the open boundary condition in (8) is % and
the eigenspace Eopc spanned by the ground states is of the
form

Eopc = ker | H _ 1 !
OBC ‘= K€r Ol—z —§

L-2
=Y (Clj. =)+ Clj. <)) + 112 @ (€)%
j=1

|A) = B) = 1% (12)

In particular, dim Epgc = 2L.

1. Preliminaries

Before proving the theorems, we prepare two lemmas. Let
us introduce a subspace

L2
G = ﬂ ker (1 + 0]?)(1 - a;+10;‘+2)

J=1

of the Hilbert space (C?)®L. Note that H(« = 1) is written
as the sum of (1 + a;)(l — aj’.‘+1af+2)/4 except for boundary
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terms or a constant:
1 1 L-2

Lemma 1. For any |Q2) € G, it holds that
(1+07)(1 = 074107,,)192) = 0 (13)

forl <j<e<L—-2.

Proof. For fixed j e {l1,...,L —2}, we proceed by in-
duction on £ € {j, ..., L — 2}. By the definition of G, (I3)
holds for £ = j. Now we suppose that (I3) holds for £ =m €
{j,..., L — 3}, which reads as

omii(1+07)12) =
Combining this with
Tpt (1= 0pi20313)12) = —(1 -
we have
0 ={on1 omu}(1 +07)(1 -
= —20% (14 09) (1 = 02 ,02,)12),

which follows (I3) for £ =m + 1. |
To emphasize the Hilbert space containing them, we
introduce

IU;C+2) + .

T (1 +07)19).
Tp20m13) 1),

m+2 m+3) | Q>

s =) =18V @ 1) @ [-)®F ) e (C)®F
and
j. =102V @ 1) @ |«) ) e (€
forl1 < j<L-2.
Lemma 2.

L+ Clj, <))+ [1)PE2 ® (CHP2

L-2
GL=) (Clj,—~)
j=1

(I4)
Proof. We can check (LHS) O (RHS) by calculating

(1 + GEZ)(l - Gg+1ag+2)|j’ =) =0,
(1 + Gez)(l - U;+102+2)|jv <) =0,
(1+05)(1 = 07,05,) (WP @ ) =0

J

Q)41 € CIL =) +CIL <) + ) ® <

>l

directly for any 1 < ¢
(CZ)®2.

The proof of (LHS) C (RHS) is by induction on L > 3.
We observe

G; = ker (1 + af)(l — afag)
=CJ|l,—>)3+ C|1, <) + |{) ® (C}H)*?

by straightforward calculation. Now we suppose that

SL-21<j<L-2 and |[§) €

L-2

GL C Y (Clj, =)y

Jj=1

+ Clj, <)) + 112 @ (CH*2

as)

holds for an integer L > 3. We pick a vector |2);,| € Gr41.
From Lemma 1, it holds that

(1 - Oéﬂrlcré‘”)(l + Ulz)|Q>L+1 =0
forany 1 < £ < L — 2, which leads to

(1+07)IQ), € CP® ) + C* @ |«)®".
Since the image and kernel of 1 + o7 in (C*)®+D are
m (1+0f) = 1) ® (CH®, ker (1 +0f) = [) ® (C)®F,
we have
1241 € CIN) @ [=)®F + C 1) ® [«<)® + [§) @ (CH®F
=CI1, =) + CI1, <)y + 1) @ (CH

that is, there exist scalars a,b € C, and a vector |Q2); €
(C?)®L such that

Q)1 =all, =) + b1, <) + 1) ®12),.
Since
0=(1+ U_/;+1)(1 - O;C+2O;+3)|Q>L+l
=1 e (1+07)(1 - 1),

for1 < j < L—2,|R), is a vector belonging to the subspace
Gr. The 1nduct1ve assumption (I5) results in

L-2
Q) e ) (Clj,—)y
j=1

and thus

j+l j+2)

+Clj, <)) + NP2 @ (CH?

=) +Clj, <))+ NP ® (CW)

L—
Z«Cw, Yoo+ Cli <)) + 1) ® (€)%,

which indicates that

L—-1

Gre1 C Y _(Clj,

j=1

)41 FCly <)) + 1)EED @ (C3H)*2
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Finding the relations

we obtain another expression
L2
G = C|=)® + Cl«)® + Y " (Clj, =), + Clj, <)) + )P @ (€
J=2

of Lemma 2. Note that

G C C|>)®E + Cl<)®E +]]) ® (CHPED. (16)

2. Proof of Theorem 1

The Hamiltonian H (¢ = %) under the periodic boundary condition is of the form
1\ 14 1 1
(o= 3) = 3 X 0+ =) + 0+ ) (14 (< oof) + 5 1-+07)(1 = o)

and every term is positive-semidefinite:
(l—i—ojz)(l—o‘;;]of_'_z)}O forl <j<L-2,
(1407 )1+ (-1 ofof) 0. (1+07)(1 —ofoF) >0,

(

In order to prove Epgc C C|A) + C|B), we pick a vector
|2) € Epge. Due to (16), |2) € Gy is written as

SPBcszﬂker(1+af_l)[ - 1)F(7LO']] |Q)=a|—>)®L+b|<—)®L+|¢)®|‘~II)L_1

Nker (1 +of)(1 —ofoy).
( i) {3) with scalars a, b € C and a vector |W);, ; € (C*)®L=D It
also holds that

which indicates that

Lemma 3. Any |Q) € ker(1 4+ of_DI[1 + (—=DF ofof1N
ker(l +O'£)(1 — alxof) satisfies 0= (1 + Oi[ffl)(l _ O.fco.;)lg)

(14 07_,)(1 = of0}) Q) = 0. a7) =)@ (140;_,)I¥) -1 — 1) ® (1 +0/_,)07 W),
Proof. This proof is similar to the proof of Lemma 1. Since

|Q2) satisfies 0= (1 + af)(l — 0 oz)IQ)

=)@ (1+0f )W) — 1D ® (1407 )i W),

from Lemma 3,

ULZ(I —Jf‘af)lQ) (1 —0102)|Q),

o (1407 ,)12) = (=D of (1 +0_)I). and
we have 0=(40)—0},,07,,)IQ)
0 = {of, 0 (1 +07_,) (1 - ofo3) ) =1 ® (1+07,)(1-0jol,) ¥
= =2(=Dof (1 +0f_)(1 — 0{03)|), for 2 < j < L — 2, which leads to the constraints
which follows (I7). m (L+oi )W)y = (1+of )W) =0, (8
Based on the above preparation, let us prove Theorem 1, in . . x .
particular the expression (I1). (1 + aj)(l - Gj+10j+2)|\y>L*1 =0 forl<j<L-3
We can check Epgc D C|A) + C|B) by calculating a9
The constraint (I8) enforces that there exists |W); 5 €
1 1 3
H(a = 3)|A) =H(a = 3)B) =0 (C%)t=3 such that

directly. W), = W), 5 @ 14). (110)
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Lemma 4. If a vector |®), € (C?)F satisfies

(1+6f)(1 —07107)(P), @ L) =0 (I11)

for 1 < j < L, then |®); € C|])®E.
Proof. This proof is by induction on L > 1. For L = 1, we
have

0= (1+07)(1-0307)(|D); ® [{{))
= (1+0()1®) ® 1)) = (1 +07)|D); ® 1),

which results in (1 4 o7)|®); =0, ie., |®); € C[]).
For an integer L = N + 1 > 2, we have

0=(1+0;)(1 = 071,07 12) (D)L @ )
= (14 05,,) 1@y ® ) — (1 + 05, @)y ® [11),

which results in (1 4oy, )|@)ys =0, ie, [Py =
|®)y ® |]) with a vector |®), € (C?)V. Since

0=(140))(1=07,,07) W)y @ L)
=[(1+05)(1 =07 107) (D) @ [LINI® |)

for 1 < j < N, the vector | D), satisfies (I11).
Now we suppose that (I11) holds for L = N. Then we
obtain |®)y € C|{)®", ie., |®)y,; € C|J)ENTD, [ ]

From Lemma 4, we have

1) = al—=)®" + b|<)®" + c|])®".

with a scalar ¢ € C. Since
0=(1+0f_)[1+ (=D o707]I)
=[a+ (—D"bI(1 + of_,)|—)®"
+(=Dfa+bl(1 +0;_,) 1<),
we obtain b = —(—1)Fa and thus
Q) = v2alA) + ¢|B),

which indicates that Epgc C C|A) + C|B).
Therefore, Theorem 1 has been proven.

3. Proof of Theorem 2

The Hamiltonian H (¢ = %) under the open boundary con-
dition is of the form
2

1\ 1< i 1
H(a = 5) = ZZ(] +O'Jz)(1 _O;+IU_/+2) + g
j=1

and every term is positive-semidefinite:
(1+0))(1—0j07,) 20 forl <j<L-2,

which indicates that Eogc = Gr.. This equality and Lemma 2
result in the statement in Theorem 2.
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