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Exactly solvable Hamiltonians with spin liquid ground states have proven to be extremely useful, not only
because they unambiguously demonstrate that these phases can arise in systems of interacting spins but also as a
pedagogical illustration of the concept and as a controlled starting point for further theoretical analysis. However,
adding dissipative couplings to the environment—an important aspect for the realization of these phases—
generically spoils the exact solvability. We here present and study a Lindbladian, describing a square-lattice
spin-liquid with dissipative coupling to the environment, that admits an exact solution in terms of Majorana
fermions coupled to static Z, gauge fields. This solution allows us to characterize the steady-state solutions as
well as “quasiparticle” excitations within the Lindbladian spectrum. We uncover distinct types of quasiparticle
excitations of the Lindbladian associated with parametrically different timescales governing the equilibration
time of the expectation values of different classes of observables. Most notably, for small but nonzero dissipation,
we find a separation into three different timescales associated with a three-step heating profile. On a more general
level, our exactly solvable Lindbladian is expected to provide a starting point for a better understanding of the
behavior of fractionalized systems under dissipative time evolution.
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I. INTRODUCTION

Quantum spin liquids (QSLs) are exotic phases of matter
characterized by emergent anyon excitations with nontrivial
braiding statistics, in conjunction with the absence of any
conventional long-range order [1-3]. Further interest in these
states have grown due to their potential applications for use in
fault-tolerant quantum computation [4,5] through their nonlo-
cal encoding of quantum information.

The interplay between QSLs and open quantum systems
has been an active area of research for many years, with a
primary focus on the robustness of their information storage
and on approaches to detect their presence when perturbations
generic to experimental realization are introduced, such as a
nonzero temperature, decoherence, and more [6—13]. Rather
than taking this approach of considering generic forms of
decoherence, we instead consider engineering a particular
form of environmental coupling to a QSL in order to real-
ize unique nonequilibrium physics. This general approach of
leveraging dissipation has been shown to be efficient at prepar-
ing quantum states [14—18] including topologically protected
edge modes [19]. Recent applications of this idea to spin
liquids [20,21] have yielded new insights into the behavior
of emergent anyon excitations in the presence of dissipation.

We study a quantum spin-3/2 model on a two-dimensional
square lattice, which is a particular limit of the QSL studied in
Ref. [22], and subject it to a certain choice of Markovian open
dynamics generated by the Lindblad equation. We show that
in a particular limit, the Lindbladian becomes exactly solvable
through a parton construction. As such, exact statements about
its steady-state solutions as well as transient behavior can
be made. Exactly solvable Lindbladians have been studied
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previously using techniques such as third quantization
[23-25], Bethe ansitze [26,27], operator-space fragmentation
[28], and through parton constructions [29] similarly to our
own. From a practical perspective, this exact solvability is
especially useful as the wealth of analytic tools developed
to approximately study the low-energy behavior of Hermi-
tian Hamiltonians do not immediately carry over to these
non-Hermitian Lindbladians, although several methods for
approximately studying the spectrum of Lindbladians have
been developed [30,31].

A particular property of our exact solution that we empha-
size is the existence of distinct quasiparticle excitations of
the Lindbladian when viewed as an effective non-Hermitian
Hamiltonian acting on an enlarged Hilbert space. We advocate
for this as a powerful tool for understanding the nonequi-
librium behavior of a generic state or density matrix as it
equilibrates to its steady-state solution. We show that the
imaginary energy gap associated with a particular type of
quasiparticle excitation in this enlarged Hilbert space can be
associated with the equilibration timescale of the expecta-
tion value of a certain class of observables. These classes of
observables turn out to have a close relation to excitations
of the corresponding unitary spin liquid. An expert reader
might immediately want to inspect Sec. V for a summary of
the spectrum. Importantly, the different timescales of these
classes of operators have different parametric dependence on
the strength y of the coupling to the environment, which can
be found simply by diagonalizing a quadratic Hamiltonian
numerically or in some cases is derived exactly analytically.
For instance, in the limit of small y, a certain set of operators,
that are not conserved by the unitary dynamics, decay rapidly
on a scale set by the exchange coupling rather than y itself.

©2024 American Physical Society
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Fractionalized stringlike operators that can be interpreted as
pairs of emergent Majorana fermion excitations in the uni-
tary system, however, survive up to a timescale o1/y. After
that, also the Majorana fermions heat up and only gauge-
invariant fluxes of the emergent gauge fields or Wilson-loop
operators remain in their original configuration. In this sense,
our model realizes a three-step and exactly solvable analog
of the “fractionalized pre-thermalization” discussed recently
[32] for stroboscopic time evolution in the Kitaev model.

The remainder of the paper is organized as follows. A
mathematical definition of all the involved operators and of
the dissipative model we study can be found in Sec. II. We
derive an interpret the spectrum of the Lindbladian in Sec. III.
A discussion of perturbations away from the exactly solv-
able point and a conclusion are provided in Secs. IV and V,
respectively.

II. MODEL

The time evolution of a density matrix p can be described
in its most general form by a completely positive and trace
preserving map ®(p) — p’. The Lindblad equation [33,34] is
the most generic continuous Markovian map satisfying these
properties,

d 1
df Llp] = —ilH, p]+2< ,pL}—E{Lj-L,,p}),
M

where the quantum jump operators L; parametrize the na-
ture of the environmental coupling. One may express the
superoperator £ as an operator in a “doubled” Hilbert space,
namely the Hilbert space of all operators. For a choice of
basis in the original Hilbert space, |¢;), i =1---D, we can
represent any operator O = Y . O;;|¥;) (| as a state |O) =
> ] Oijl¥i) ® |¥;) in this doubled Hilbert space, with inner

product (O1]|O,) = %tr(@?@z). Within this doubled Hilbert
space, the action of the Lindbladian superoperator is

iL=Hg®1—-1QHj+ Y ivL;®L],
j

eff—H__Z (@)

We will take L; to be unitary, such that He = H up to an
overall imaginary constant.

This doubled Hilbert space construction is a powerful tool
for characterizing the behavior of mixed states; notably, it
has seen recent use in diagnosing the stability of quantum
information stored in mixed states [35,36]. For a quantum
spin model in two dimensions, it is instructive to think of this
doubled Hilbert space as corresponding to a bilayer system,
where the first (second) layer corresponds to the bra (ket). In
this scenario, the Lindbladian consists of two copies of the
Hamiltonian +H acting on each of the two layers, with anti-
Hermitian couplings iy ) iLi® LJI between the two layers.
To better connect with intuition from unitary time evolution,
we will focus on the eigenvalues of the matrix iL rather than
L and refer to i£ as “the Lindbladian”; in this convention, the
imaginary components of eigenvalues correspond to dissipa-

tion, and the nonexistence of exponentially growing solutions
requires the imaginary part to always be negative.

A. Unitary time evolution

The Hermitian dynamics that we consider is a particular
limit of an exactly solvable quantum spin-3/2 model on a
square lattice first studied in Ref. [22]. We define this model
here and review some properties of its solution, as our results
are most clearly stated within this framework. Due to the four
spin polarizations per site, we may express the spin-3/2 de-
grees of freedom in terms of anticommuting Gamma matrices

I'*;a=1---5, which obey {I'“, '’} = 26%. In terms of the
physical spin operators,
1 1
M= —(8, 5}, I'?=—(5,5,
NE] V3

1 1

P= (58, I'=—2[E - )L 3
V3 V3
5
l—'S — SZ 2 — —.

(5%) I
We emphasize that the key property needed in our construc-
tion is the presence of five anticommuting Gamma matrices.
This can alternatively be accomplished by a pair of spin-1/2
operators (or qubits) on each site. In this approach, there are
multiple ways of constructing anticommuting Gamma matri-

ces. One possible representation is

r=s®s, M=y,
P=5es I=sel, “)
rP=5e1.

The choice of representation will influence the physical in-
terpretation of the dissipation, as will be discussed later.
Additional choices are discussed in Appendix A.

The Hamiltonian is defined on a square lattice as

H=> [LTIT? + 0T 5]
+ Y [HDPTE + 1 TPT ] - U5 Z 3 ©

where I‘“b = [I'}, I‘b 1/2i. For simplicity, we will assume that
the lattlce has an even number of sites in both the X and y di-
rections. The exact solvability of this model is a consequence
of an extensive number of conserved fluxes,

13123 14 24
W _F F]+xFJ+vrj+x+)’ (©)

and can be understood most conveniently by performing a

Majorana decomposition of the I' matrices; specifically, one
employs the representation

I =ictd;, T =icid, n=1234,

I = id;d;, (7)

with the constraint —zcjcjcjc“d d; =T] F2F3F4F5 —1.In
this representation, the Hamﬂtoman can be rewntten in terms
of static Z, gauge fields w; , living on the bonds of the lattice,
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which come from conserved bilinears of the c?‘ operators,
coupled to two species of Majorana fermions, d; and d}.

We will not give a detailed review of the various proper-
ties of this solution [22], as it will not be important for our
analysis. However, we will emphasize the relation between
these emergent degrees of freedom and physical observables,
as the results of our dissipative model concisely fit into this
picture. The Z, gauge fluxes—products of closed loops of
w; o operators—correspond to the conserved fluxes W;. Pairs
of Majorana fermions coupled by a string of Z, gauge fields
are given by strings of I" matrices. For a pair of d excitations,
the operator can be generated by a string of bond operators:

F 12 o =X,
Via = : . ®)
r:r: 5 oa=y
A similar construction follows for a pair of d’ fermions,
15125 _
Vv {F F/+x o =x, ©
Jo 35145 —
r=°17 iy A=Y,

as well as the combination of a d and d’ fermion, a special
case of which is I‘? =id jd_;-. Note that a closed loop of either
the V;, or V’ operators is equivalent to a product of the
conserved ﬂuxes contained inside the loop.

In order to retain the exact solvability upon the inclusion
of dissipation, we take J; = J; = J5 = 0, which causes the
bond operators V]’ o to become conserved quantities. In the
Majorana fermion language, this limit quenches the disper-
sion of the d} fermions and the ground state becomes highly

. y .
degenerate as pairs of d; may be added in at no energy cost.

B. Jump operators

We now introduce jump operators L; = F?. Note that our
Lindbladian jump operators commute with the conserved flux,
[Lj, W] = 0. This property implies that the flux operators
W; constitute strong symmetries of the system, as defined in
Ref. [37], and means that an initial state with a definite flux
configuration will remain in such a configuration. If we ex-
press our Hermitian model as free Majorana fermions coupled
to a static Z, gauge field, then the interpretation of this phe-
nomenon is that the gauge fields will remain static under the
Lindbladian time evolution while generically we expect the
Majorana fermions to evolve to resemble a finite-temperature
Gibbs state. One may think of this behavior as “fractionalized
thermalization.” For a generic set of quantum jump operators
that commute with W;, we expect the steady-state solutions of
the Lindbladian can be represented as the tensor product of a
thermal Gibbs state of Majorana fermions with a pure state of
Z, gauge fields. We note related work studying the separation
of thermalization timescales in fractionalized excitations on
the Kitaev honeycomb model [32] under stroboscopic time
evolution, as well as more directly analogous work studying
the Kitaev honeycomb model coupled to jump operators that
commute with the conserved fluxes [21]. Apart from fluxes
being exactly conserved under dissipative dynamics, we also
uncover below an additional, less apparent regime of fraction-
alized thermalization in our exactly solvable model, which
occurs in the limit of small dissipation.

FIG. 1. In the doubled Hilbert space representation, the Lindbla-
dian super operator possesses two types of conserved fluxes. The
first are intralayer fluxes W; z, W;, which correspond to physical
conserved plaquette operators. The second, U;,, have a purely su-
peroperator interpretation, as explained in the main text

The above discussion follows for any jump operator that
commutes with the conserved fluxes, and remains true even
away from the limit J; = J{ = Js = 0. However, our particu-
lar model admits additional conserved quantities which render
the full dissipative dynamics exactly solvable. To see this,
we use the doubled Hilbert space formalism, see Eq. (2), to
express the Lindbladian superoperator as an operator acting
on a bilayer spin-3/2 system, with Gamma matrices I'g, I'f
for the two layers—the R, L subscript indicates that they cor-
respond to the right and left action of the gamma matrices on
the physical operator. The Lindbladian can be written as

— H[T]+iy Y T3.T3, —iyN. (10)
J

iL = H[Tg]

where N is the number of sites. This bilayer representa-
tion makes it clear that, in addition to the intralayer fluxes
W; r, W; 1 which are defined in analogy to Eq. (6) and com-
mute with the Lindbladian separately, we have a new set of
conserved interlayer fluxes U;o =V, V], defined on the
plaquettes connecting the two layers, shown in Fig. 1. These
conserved quantities are “weak” symmetries [37]. In contrast
to the strong symmetries generated by the flux operators W;,
the operators V; , do not commute with the jump operators L;
individually, and it is exclusively the conserved superoperator
consisting of the simultaneous right and left action of V/ , that
commutes with the Lindbladian.

We comment here on the physical interpretation of the
jump operators Ff in terms of the microscopic degrees of
freedom. If our Gamma matrices are built out of pairs of spin-
1/2 operators, then I'> = §* ® 1 and our dissipation should be
thought of as an asymmetric dephasing acting on only one of
the two spin-1/2 degrees of freedom. For spin-3/2 operators,

I = (597 — § which acts as a dephasing term between the

S = :I:1 and the S§* = :I:— states.

C. Parton construction

To elucidate the exact solvability of this model, we repre-
sent the Gamma matrices in terms of six Majorana fermions,

ijR = icéfRdj,R, Fﬁe = tcf“R ]/R,
w=12.234, Tp=idipdg, (a1
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with an analogous representation for I') in terms of
¢;r-djr,d;;. This enlarges our Hilbert space, which
necessitates the constraint —ic}’ Rci Rci Rc‘;Rd iR g =
T} xL7 gL xT7 RT3 g = —1 on all physical states and likewise
for the I'; operators.

In this representation, the Hamiltonian H[I"'g] becomes

H[T'R] = ij@j,x,Ridj,Rder?,R +JyWj ki) rdj 15k, (12)
J

where W, g = —ic}-,Rciﬁ’R and Wj, g = —iCiRc‘}W’R are
conserved quantities with eigenvalue 1. An analogous
rewriting follows for the Hamiltonian on the second layer.
Observe that the Majorana fermions d; g, d}; drop out of
the intralayer Hamiltonian entirely. As a result, the interlayer
coupling also becomes quadratic in the Majorana fermions,

l)/ Z F?,RFJS',L = —i Zdj,Rd},Rdj,Ld;',L
j -

j
=—y Y Vidjrd;L. (13)

j
where v; = —id} pd’;; is a conserved quantity with eigen-

value 1. With this rewriting, our model becomes one of
free fermions d; r, d; ;. hopping on a bilayer square lattice in
the presence of a background Z, gauge field W; o g, W a1, ;
living on the links. Written out explicitly,

iL= " sllWjxejdjedize + JBjyeid;djiz]

¢=LR j

—y > Uyd;rd;L — iyN, (14)

J

where s;, = 1, sg = —1. This Lindbladian possesses a lo-
cal Z, gauge symmetry, given by the transformation d;, —
Aj’gdj,g, ’w\j,a’g — Aj,g,w\j’o,’(Aj_;,_a’g,'lﬁ)\j — Aj,LﬁjAj$R7 where
Aj¢==1. The gauge-invariant fluxes around a sin-
gle intralayer plaquette gives the conserved quantities
—W; g, —W; 1, and the fluxes around an interlayer plaquette
gives the conserved superoperator —U; . Note the relative
minus signs between the two quantities, as will be relevant
later, working in a sector with U;, = 1, which is the sector
where steady-state solutions will belong to, requires us to pick
a gauge configuration such as v; = (—1)/.

In order to obtain physical states, we must project back
to our physical (doubled) Hilbert space. This is obtained
by the projection operator P = Hjl %, where D;, =
—ic}’ lci eci eci /A, gd}’ .- A careful analysis of this for a single-
layer Hamiltonian was performed in Ref. [22] and our analysis
proceeds along similar lines. We can write P = P'(1 + D),

where D =[], ,D;, and P’ is a linear combination of all in-

equivalent gauge transformations. Since D> = 1, [D, £] =0,
this means that we must restrict ourselves to eigenstates with
D = 1. We write

D =[]0 [0 ]]idirdix. (15)
J.a,l J J

In order to more readily leverage the gauge constraint, we re-
express the Majorana fermions d; g, d; ;. in terms of complex

fermions. A representation that will prove to be useful for
future analysis is

fi=ld;L +i(—1)d;g]/2. (16)
With  this, Zf;fj —1=(=Jidj djg and (=1 =
(=) 10 = I1 jidj1djg. Therefore, gauge invariance

restricts the total fermion parity, (—1)/, to equal the total
“gauge parity,” Hj,a,p, Wi ]_[j v;.

III. SPECTRUM OF THE LINDBLADIAN

In the previous section, we have shown that our Lindbla-
dian reduces down to one of free fermions coupled to a static
Z, gauge field. As such, the full spectrum and eigenvectors
can in principle be calculated—analytically for translationally
invariant gauge field configurations, and by diagonalizing a
non-Hermitian single-particle Hamiltonian for more general
gauge configurations. However, the interpretation of these
properties must be done in terms of density matrices of our
physical Hilbert space, rather than a more conventional analy-
sis of Hermitian systems. We outline our general approach to
understanding these properties below.

A. General remarks

The most important eigenstates of the Lindbladian are
those with eigenvalue zero, which correspond to steady-state
solutions. Since the eigenvalues A; of the Lindbladian obey
Im[X;] < 0, every initial density matrix will eventually evolve
into some superposition of these steady-state solutions (for
simplicity, we we ignore the possibility of solutions with
purely real eigenvalue, i.e., density matrices that do not decay
but whose phase oscillates in time, as these are not present in
our spectrum). Our first task will be to find these steady-state
solutions and understand their properties.

Ascertaining the properties of these steady-state solutions
is a nontrivial task within the doubled Hilbert space formal-
ism. Given a density matrix ||p)), the expectation value of a
Hermitian operator A is given by Tr[Ap] = {A||p)). As such,
standard intuition for calculating observables of pure states
in ordinary Hilbert spaces, (¥ |A|y), is not applicable here.
While it is possible to develop the machinery to perform
such calculations, we instead proceed with a more intuitive
symmetry-based analysis. The exact solvability of our model
provides an extensive number of superoperators that commute
with the Lindbladian, and hence ||p)) will be an eigenstate of
them. By decomposing our Hilbert space into subspaces with
definite eigenvalue under these superoperators, we can con-
clude that {A||p)) must vanish unless the two have the same
eigenvalue. In general, this symmetry analysis only gives us
limited information about ||p). However, the extensive num-
ber of conserved quantities makes this perspective especially
powerful for our model, and we will find that only a small
amount of additional analysis is required to fully characterize
the steady-state solution.

After characterizing the steady-state solutions, we will
analyze the dissipative solutions—operators with eigenvalue
A; obeying Im A; < 0. We will be interested in eigenvalues
whose imaginary components have the smallest magnitude,
which defines the Liowvillian gap, and a corresponding
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timescale associated with the decay to the steady-state solu-
tion. As the spectrum of our Lindbladian has the interpretation
of fermions coupled to a Z, gauge field, we find it insightful
to define distinct types of Liouvillian gaps depending on the
nature of the excitation. For example, one may inquire into
the Liouvillian gap with respect to fermionic excitations or
with respect to gauge excitations (visons). This is not an
arbitrary labeling, the motivation for which ties back to our
symmetry-based analysis of steady-state solutions. Excita-
tions within a given sector will have different eigenvalues
under the symmetries of our Lindbladian and hence can be
characterized by distinct classes of observables that have a
nonzero overlap with these excitations. The corresponding
Liouvillian gap for these excitations specify a timescale which
governs the rate at which the expectation values for these
classes of observables asymptote to their steady-state solu-
tions. We note that a similar hierarchy of timescales was
recently studied in random local Liouvillians [38] and in fact
observed in simulations on a quantum computer [39]; in this
model, the separation of timescales was associated with differ-
ing spatial extents of operators. A symmetry-based analysis
of the low-energy properties of the Lindbladian spectra has
also been recently leveraged in Brownian circuits to con-
struct an effective hydrodynamics description of the real-time
dynamics [40].

To be more explicit with our perspective, consider a steady-
state solution || py)) and a dissipative solution ||a)) which we
interpret as a quasiparticle excitation of type a. A physical
density matrix can be constructed by || ps) = || o) + clla)),
where ¢ is some constant chosen to ensure Tr[,oﬁ] < 1. This
density matrix asymptotes to || o) at late times but displays
transient behavior dictated by ||a) up to a timescale 7, =
—Im[A,]~ . It is useful to characterize this operator a in terms
of observables {O,} such that Tr[O,a] # 0, in which case one
can say that the expectation value of observables O, relax to
their steady-state values with a timescale dictated by ¢, for
the density matrix ||ps)). Of course, a generic initial density
matrix will be more complicated than || p;)); however, if ||a})
is the lowest-energy excitation that has a nonzero overlap with
the observables O,, then then #, provides an upper bound on
the equilibration timescale for the expectation value of these
observables.

The utility of this picture is contingent on the operators
O, having a sufficiently simple representation. As we will
show, these different classes of observables are most conve-
niently stated in terms of fractionalized operators acting on the
original Hilbert space, such as the bond operators in Egs. (8)
and (9). In other words, we demonstrate a close connection
between fractionalized excited states in the doubled Hilbert
space formalism and fractionalized operators in the physical
Hilbert space, with the imaginary energy of the former defin-
ing the equilibration timescale of expectation values of the
latter.

We note an emerging body of work [36,41-43] which
takes a conceptually related stance to our own, which is that
the Liouvillian gap does not solely determine the relaxation
time of a dissipative system to its steady-state solution. These
works noted that an anomalously small overlap between left
and right eigenmodes of the Lindbladian (induced, for ex-
ample, through a non-Hermitian skin effect) can enhance the

relaxation time of the system. While we have verified numer-
ically in our model that no such small overlap is present, we
note the similarity with our work in that the structure of the
eigenvectors, rather than purely the energy gap, can qualita-
tively change the nature of the relaxation process. In our case,
certain long-lived eigenmodes only have an effect on distinct
classes of observables, which we identify by leveraging the
extensive amount of symmetries present in our model.

B. Steady-state solutions

We now study the properties of the steady-state solutions.
Recall that for isolated systems with similar Hamiltonians
(free fermions coupled to static Z, gauge fields), there is
a theorem due to Lieb [44] for bipartite lattices that fixes
the gauge flux sector in which the ground state resides in.
In a similar spirit, we leverage general arguments given in
Ref. [37] that allow us to deduce gauge flux sectors which
support steady-state solutions.

A fact that we will use in this argument is that any dis-
sipative eigenstate of the Lindbladian must have zero trace;
if it had a nonzero trace, then the dissipative nature implies
that the trace would decay in time, contradicting the trace
preservation of the Lindbladian time evolution. Hence, the
search for steady-state solutions can be recast as a search
for eigenstates with a nonzero trace. This comes with the
caveat that we may miss steady-state solutions that happen
to also have zero trace; however, we explicitly diagonalize the
Lindbladian for a 4 x 4 lattice in each gauge sector and have
found no such solutions.

We first constrain the interlayer fluxes U; ., which consti-
tute weak symmetries. Recall that the superoperator U; , acts
on density matrices as Uj,[p] = Vj’, o ,ij/’a. An eigenstate of
U, with nonzero trace must have eigenvalue 1, since unitarity
and Hermiticity of \/J{a implies Tr[p] = Tr[V]f‘aij’ya]. Hence,
we will constrain ourselves to the U;, = 1 sector.

We now turn to the “strong” symmetries W;. A similar
argument as the last paragraph implies that we must constrain
ourselves to sectors where W;poW; = p. However, recall that
in the doubled Hilbert space formulation, the right and left
fluxes (W; g and W; ) are conserved separately. Hence, our
analysis only constrains the eigenvalues of W; p and W; ; to be
the same. This is actually not a new constraint—the product of
fluxes around any closed surface must be +1, so the constraint
thatall U; , = +1 automatically implies W, p = W; ;. We will
denote this choice of W; g, W; eigenvalue as W to distin-
guish from the operator W;. One can prove, as in Appendix A
of Ref. [37], that at least one steady-state solution exists for
each choice of eigenvalue.

Translating the above statements to our gauge field rep-
resentation, we fix our gauge sector to be Wiy r = W), =
W;, and ¥; = (—1)/. The complex fermion representation
chosen in Eq. (16) makes the Lindbladian in the steady-state
gauge sector especially simple, as

Z(f;fj+f+f;+ffj )=
2fjf] =1- (—l)jl.d_,',Rdj,L, a7

ld]'Rd]_ff'R — idj,Ldj_’_f’L,

where an identical relation as in the first line but for X <
y also holds. As a consequence, the Lindbladian takes the
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i fl=d (djp +i(=1)d;5) /2
'f;

FIG. 2. In the steady-state gauge sector, where all interlayer
fluxes are set to 41 and intralayer fluxes are equal on the two layers,
the bilayer Majorana Lindbladian can be directly mapped onto a
model of complex fermions on a square lattice coupled to a Z, gauge
field on the links and with an imaginary chemical potential.

simple form

iL =Y (Lizf] fiz+ IBjsf] fres+ He)
J
—2iy Y £l (18)
J

see Fig. 2. The non-Hermiticity of i£ is manifest as simple
imaginary chemical potential, and we can immediately iden-
tify the steady-state solution as the f; vacuum state. The real
part of the dispersion is unaffected by the dissipation, and all
excitations come with the same dissipative energy penalty 2y .

What are the expectation values of observables in these
steady-state solutions? Recall that these solutions have
eigenvalue 1 under the symmetries Uj, and W;zW;;. Any ob-
servable with a nonzero expectation value with respect to this
steady state must have identical eigenvalues. Phrased in terms
of operators on our original Hilbert space, the requirement is
that observables must commute with the flux operators W; and
the bond operators V;,. This is a strong constraint—the only
operators that satisfy this condition are precisely products of
the Vj, bond operators defined in Eq. (8). One can check
explicitly that these operators satisfy the required constraints,
and the claim that these are the only operators with such
a property follows from dimension counting, worked out in
Appendix B. Physically, these correspond to all operators that
can be expressed in terms of pairs of d; Majorana fermions
connected by strings of Z, gauge fields W .

We now argue that among these operators, only closed
loops of Vj, operators have a nonzero expectation value;
recall that these correspond to products of flux operators
W;. This is a consequence of the steady-state solution being

the vacuum state of the f ; operators, which gives an ad-

ditional set of constraints: (1 —2 f; Fille) = llp). We can
turn this into a gauge-invariant statement by the following

FIG. 3. When our model is defined on a torus, one can flip
noncontractible loops of intralayer gauge fields in order to obtain a
set of four steady-state solutions with equal flux configurations.

rewriting:

o) = (—1Y(1 = 2f] £;53110)
=djrdjd} gd; | P)
=T33 1) (19)

Hence, any nonzero observable must have eigenvalue 1 under
the symmetry I' ;'3 (i.e., they commute with I'7), and these
are precisely closed loops of V;, operators. Using the fact
that the steady-state solution obeys the relation W[} =
Wirllp) = w illo), we can deduce that the expectation value
of the flux operators in this steady state are given precisely by
the intralayer gauge fluxes Wj.

When our model is defined on a torus, the steady states
of our Lindbladian exhibit a fourfold topological degeneracy
arising from the possibility of flipping noncontractible loops
of w;, operators, shown in Fig. 3. Physically, this implies
four distinct steady-state density matrices p;_4 for each local
flux configuration, which are distinguishable based on the ex-
pectation values of noncontractible strings of I" matrices. We
emphasize that, while this may be thought of as a topological
degeneracy (and, more generally, Z, topological order) within
the doubled Hilbert space formalism, it does not constitute
true mixed-state topological order in the sense of being able
to encode logical qubits in the steady-state solutions. What
may appear to be a “quantum” superposition of different
topological sectors | 1)) + ||p2)) within the doubled Hilbert
space formalism translates to a mere classical superposition
of density matrices p; + p» within our original Hilbert space
(moreover, the relative phase between the superposition of the
two steady states is not freely tunable; it is fixed by the Her-
miticity and positive semi-definite constraint on the physical
density matrix).

C. Liouvillian gaps

Moving beyond steady-state solutions, we can calculate
the Liouvillian gap, the energy of the next-lowest state in
imaginary energy. It is useful to draw a distinction between
different types of Liouvillian gaps. The three types of degrees
of freedom in our Lindbladian are complex fermions f;, in-
terlayer gauge fields v;, and intralayer gauge fields w;q r,
W; 1. Excitations with respect to any of these three variables
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may be considered. Recall from Eq. (15) that gauge invariance
requires an even number of excitations.

(1) Within a gauge field configuration with a steady-state
solution, we compute the fermion gap, which is the energy
associated with a fermionic excitation. In accordance with the
condition of gauge invariance discussed previously, any valid
state must include a pair of these excitations.

(ii)) We also compute the effects of interlayer gauge ex-
citations, which corresponds to the energy associated with
flipping a single v; away from the “checkerboard” sector. We
call this the interlayer gauge gap.

(iii) Finally, we analyze intralayer gauge field excitations,
which come from flipping a single w; ; operator. We choose
left gauge fields for concreteness—an identical calculation
follows for right gauge fields.

We will study each of these excitations in turn. In addition
to calculating their Liouvillian gaps, we also identify opera-
tors whose equilibration timescales can be upper bounded by
these gaps. We make this identification primarily through the
symmetry-based analysis outlined previously in Sec. IIT A. To
be precise, each of these excitations will be associated with a
particular flux configuration, and the excitations can therefore
only have a nonzero overlap with operators whose eigenvalues
under the flux superoperators are identical. This analysis is
robust and can be applied to any excitation; however, for
interlayer gauge excitations, we will find that the nature of
the fermionic degrees of freedom allows us to say more about
the structure of the long-lived excitations.

1. Fermion gap

We first study the Liouvillian gap associated with
fermionic excitations within the steady-state gauge sector. As
is clear from Eq. (18), the fermion gap is always 2y, and a pair
of these excitations will cost energy 4y . As these excitations
remain in the same gauge sector, they will still have eigenvalue
1 under the symmetries U; o, W; gW; 1. Recalling the relation
between f; and the Majorana fermions in Eq. (16), we see that
this fermion gap of 4y defines the inverse timescale under
which the expectation values of pairs of d; fermions will
asymptote to their steady-state value of zero. The fact that also
the Hermitian part of iL, the first line in Eq. (18), is quadratic
means that the (in general w;, dependent) exact eigenstates
of the Lindbladian in the steady-state gauge sector and the
time-dependent phases they pick up are characterized by all
possible occupation numbers of the N Bloch states of the f;
and their band structure; the associated decay rate is just given
by 2y times the number of occupied Bloch states.

2. Interlayer gauge excitation

Creating an interlayer gauge excitation at site k gives us the
free fermion Lindbladian

iL =Y "(Bzf] friz+ ID5f] 5+ He)
J
= 2iy Y flf; =20y (L= £ f). (20)
J#k

The structure of the Lindbladian is the same for multiple
interlayer gauge excitations; the chemical potential at each

Uniform flux
 flux

Random flux
Fermion gap

Y

FIG. 4. We plot the Liouvillian gap associated with the flipping
of a single interlayer gauge degree of freedom v; for various different
background flux configurations. All configurations have a quantum
Zeno limit as y — oo, where the Liouvillian gap vanishes and a new
steady-state emerges. For comparison, we also plot the fermion gap
of 4y and note that the interlayer gauge gap has an identical slope at
small y.

site is changed from f,: f o1 — f,j /i )- A single one of these
flips is not gauge invariant; one must either flip an additional
gauge degree of freedom or add in an odd number of fermions
in order to recover a physical excitation. The Liouvillian gap
for these excitations must be computed numerically since, as
opposed to Eq. (18), the Hermitian and anti-Hermitian part
of i£ do not commute anymore. However, we can readily
see analytically that this gap vanishes in the limit of strong
dissipation, y — oo. In this limit, we ignore the Hermitian
terms in Eq. (20) and we can obtain steady-state solutions
by simply placing fermions wherever the imaginary chemical
potential is negative (this automatically satisfies the gauge
constraint, as we place as many fermions as we flip 7;’s).

For general y, the gap of interlayer gauge with fermion
excitations (i.e., flipping a single v; and introducing a single
fermion to the vacuum) is plotted in Fig. 4. For this and all
subsequent plots, the parameters used were J, =J, =J =1,
and N = 1600. The gap depends on the background W; flux
configuration; we present results for zero flux, W; = +1, n-
flux, W; = —1, and a random flux configuration. Note that
there are two distinct contributions to the Liouvillian gap in
Eq. (20). The first is the overall shift of 2iy, and the second
comes from the dissipative strength of the fermion excitation
with the smallest imaginary energy. For small y, the imag-
inary energy of this fermion excitation is positive; in other
words, adding in the single fermion excitation to the vacuum
is energetically unfavorable and causes the eigenstate to decay
more rapidly, but one is nevertheless forced to include it by the
constraint of gauge invariance. This fermion excitation energy
eventually transitions from positive to negative, asymptoti-
cally approaching —2iy.

Depending on the background flux configuration, the
fermion spectrum may exhibit an anti-P7T-symmetry-
breaking transition at a critical value of y, which causes a
sharp kink in the gap. In this situation, the eigenvalues with
the smallest imaginary part for small y come in pairs, with the

085115-7



HENRY SHACKLETON AND MATHIAS S. SCHEURER

PHYSICAL REVIEW B 109, 085115 (2024)

real parts opposite in sign; this symmetry is a consequence of
the Lindbladian descending from a completely positive and
trace-preserving quantum channel and can be expressed in
terms of modular conjugation [45]. The anti-P7T -symmetry-
breaking transition happens when the two eigenvalues meet
on the imaginary axis and split off. We see that in Fig. 4, this
happens for both the uniform flux as well as the particular
random flux configuration plotted but not for the -flux sce-
nario. A survey of generic random flux configurations suggest
that this transition is common but not necessarily guaranteed.
As this symmetry-breaking transition pertains to dissipative
rather than steady-state solutions, the physical consequence
of the transition are more subtle, although in principle it may
be detected by longest-lived mode in this sector transitioning
from having a real (oscillatory) component to being purely
dissipative.

What is the physical interpretation of these interlayer gauge
excitations? As was the case in the steady-state gauge sector,
we can proceed with a symmetry analysis of the operators in
this sector. In terms of gauge-invariant fluxes, the flip of a sin-
gle v; away from its steady-state checkerboard configuration
changes the fluxes of the four neighboring U;, operators to
be —1. Hence, operators that have a nonzero overlap with
this excitation must have identical eigenvalues under these
flux operators. Recall that in the steady-state sector, the op-
erators that satisfied the flux constraint consisted of pairs of
d; fermion excitations connected by a string of gauge fields
Wjo. An interlayer gauge excitation at site k “pins” a dj
fermion excitation to site k, and the allowed operators are
gauge-invariant stringlike operators that involve a d; fermion
at site k. Therefore, the Liouvillian gap in Fig. 4 determines
the equilibration timescale of operators given by a single d’
fermion coupled to a d fermion by a Z, Wilson line.

The above argument applies to all operators in this gauge
sector, regardless of their energy. In the limit y — oo, we can
also analytically understand the nature of the lowest-energy
(i.e., the longest lived) operator in this sector. For an interlayer
gauge excitation at site k, the steady-state solution obeys
S Ay =1 and f]fil¥) =0 elsewhere. By leveraging
this constraint using analogous manipulations as in Eq. (19),
we find that this is only satisfied by the operator I'?, which
can be interpreted as the bound state of a d and d’ fermion
localized on a single site [cf. Eq. (7)]. Hence, in the limit
y — 00, we recover steady-state excitations with definite r
eigenvalue. This is a consequence of the quantum Zeno effect;
if we interpret the jump operators L; = F? as the environment

performing measurements of I'> with frequency specified by
¥, then our state can become frozen in a I'> eigenstate for
large y.

The interpretation of the lowest-energy excitation as a I'}
operator also holds approximately away from the y — oo
limit, which is a consequence of the localization of the cor-
responding single-particle eigenvector of Eq. (20) around site
k. As shown in Fig. 5, the fermion with smallest imaginary
eigenvalue is highly localized around site k even for small
values of y; hence, the operator whose equilibration time is
determined by Fig. 4 retains a large overlap with F,f. We leave
a detailed analysis of the extent of eigenvector localization
for future work, although we mention related work [46] of
a similar single-particle system but with a fully disordered

y = 1.5, uniform flux = 0.5, uniform flux

y = 0.5, nt flux = 0.5, random flux

FIG. 5. We plot the spatial distribution of the magnitude of the
lowest-energy fermion excitation of the single-particle Lindbladian
in Eq. (20), with the single interlayer gauge defect in the center of
the lattice. For large y (top left), the eigenstate is highly localized
at the defect site, irrespective of the background flux configuration.
For smaller y, the eigenstate remains well localized, and the spatial
distribution around the defect site is dependent on the background
flux.

imaginary chemical potential rather than our case of a chem-
ical potential that is everywhere positive expect for a single
site. For their model, numerical simulations were consistent
with a localization transition for arbitrarily weak disorder
strength.

The above analysis has been for a single interlayer gauge
field excitation. It is natural to consider multiple gauge exci-
tations, which correspond to symmetry sectors with multiple

v, gauge fields flipped away from their steady-state con-

figuration. A physically relevant quantity to consider is the
Liouvillian gap associated with the f vacuum in the sector
with a pair of interlayer gauge field excitations at sites k and
£. This determines the equilibration timescale of an operator
given by a pair of d’ fermions at sites k and £. This state is an
exact eigenstate of the Lindbladian with imaginary energy 4y ;
note that for sufficiently large y, this energy may be reduced
further by including pairs of f fermions, with a quantum Zeno
effect yielding a steady-state solution at y — oo by adding a
pair of fermions at sites k and £.

3. Intralayer gauge excitations

The final types of excitation we will study are intralayer
gauge excitations, when we flip a gauge field on one of the
two layers such that Wy 4.1 = —Wyq.¢ for some bond (k, &).
Operators associated with these excitations (i.e., operators
consistent with this flux configuration) are single-site op-
erators I, . =1,2,3,4, on the two sites adjacent to the
bond (k, @). A more precise identification of these operators,
including the flux configurations corresponding to operators
F}‘S and I'}"", are given in Appendix D.
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FIG. 6. We plot the Liouvillian gap associated with flipping a
single intralayer gauge field away from a uniform flux configuration.
As it is nontrivial to ensure that the ground-state configuration has the
proper fermion parity necessary for gauge invariance, we plot both
the lowest energy configuration as well as the energy of a state with
a single fermionic excitation, with the latter giving a more physical
lower bound in the y — oo limit. The Liouvillian gap for small y has
a large slope, and a finite size analysis (inset) shows that this slope
is extensive in the system size. We plot results for a uniform flux
configuration, where the behavior of the gap in the thermodynamic
limit appears to take a particularly simple form—an immediate jump
up to a gap of magnitude exactly J and a plateau up to y. = J/4,
after which the gap scales linearly in y. For generic background
flux configurations, we verify that the qualitative nature of the gap
remains the same, although the precise coefficients are nonuniversal.

In this gauge sector, the Lindbladian no longer has a simple
expression in terms of complex fermions f T as the intralayer
gauge excitation induces pairing terms into the Lindbladian;
explicitly,

2fflz+ fiuaf)) = —i(=1Y(d;1djizL + djrdjisp).
Q1)

The single-particle Lindbladian is quadratic and can thus still
be easily diagonalized; we provide more details of this proce-
dure in Appendix C. However, the determination of whether
the resulting ground state is physical, i.e, whether it has the
odd fermion parity to not be annihilated by the projection to
the physical subspace, is nontrivial due to the non-Hermiticity
of the Lindbladian. We leave a full analysis of this problem
as an open question and plot both the ground-state energy and
the energy of the first excited state in Fig. 6. The ground-state
energy gives a lower bound on the physical Liouvillian gap.
However, one must be careful at large y, since the y — oo
limit gives a fictitious quantum Zeno effect. In this limit,
the ground state approaches the f; vacuum state, which is a
steady-state solution but unphysical as its fermion parity is
even. As a consequence, we also plot the first excited state,
which gives a more physical lower bound for large y.

‘We comment on a surprising aspect of this Liouvillian gap,
which is a sudden increase when an arbitrarily small y is
turned on, with a subsequent plateau at a gap of magnitude
J. For finite N, the gap smoothly evolves as a function of
y, but the slope at small y is proportional to N, as shown

in the inset of Fig. 6. This indicates that in the thermodynamic
limit, an infinitesimally small y causes a discontinuous jump
in the Liouvillian gap to J. A possible physical explanation
of this fact is that, in contrast to the fractionalized operators
considered earlier which have a correspondence with coherent
excitations of the closed system, the operators Fjl.’2’3 “+ have
no such association, and hence deconstructive interference
generated by the unitary dynamics of the closed system also
contributes to the decay of the expectation values of these
observables. Intuition on this phenomenon can also be gained
from the fermion representation; by examining the single-
particle eigenstates of the Lindbladian at y = 0 expressed in
the complex fermion representation, one can see that the act of
exchanging a single hopping term with a pairing term causes
strong hybridization between the delocalized particle-like and
holelike excitations, which in turn leads to an extensive O(y)
shift in the Liouvillian gap when dissipation is turned on. This
phenomenon of the decay rate approaching a nonzero value
as y — 0 in the thermodynamic limit has been found in the
Lindladian dynamics of Sachdev-Ye-Kitaev models [47,48].
This observation demonstrates a striking feature of our
model in the small-y limit. In this regime, the expectation
values of stringlike operators such as V;, as well has F; have

an O(y~') upper bound on their equilibration timescale, in

contrast to local single-site operators such as F}’2’3‘4 whose

timescales are bounded by O(J ).

IV. PERTURBATIONS AWAY FROM EXACT SOLVABILITY

As the exact solvability of our Lindbladian requires a pre-
cise set of couplings, it is natural to consider perturbations
away from this exactly solvable point. Here we discuss dif-
ferent types of perturbations and their physical effects. Our
Lindbladian possesses an extensive number of strong sym-
metries W; and weak symmetries V;,. The combination of
the two gives us our exact solvability, and perturbations are
conveniently classified in terms of their breaking of these
symmetries.

The simplest perturbations retain both the strong and weak
symmetries of our system. These terms are rather artificial—
the most local terms consist of either explicitly adding in the
flux terms W; to the Hamiltonian or adding a two-site jump
operator L;, = V;. Both these choices preserve the steady-
state solutions as well as the structure of the quasiparticle
excitations; however, details of the Liouvillian gaps will be
modified.

Perturbations that break the weak symmetries but preserve
the strong symmetries of our model include the J/, J)/,, and
Js terms in the full Hamiltonian of Eq. (5). In this case, our
quantum jump operators still commute with the fluxes W;,
and an initial state in a definite flux sector will remain in that
sector for arbitrary time. However, while we can still make
statements about the steady-state solutions of the Lindbladian,
the full spectrum and consequently the Liouvillian gap is no
longer analytically tractable in an exact way. For future work,
it would be interesting to study whether coherent quasiparticle
excitations still remain in this spectrum at low energies. Recall
that in the exactly solvable limit, the existence of distinct
types of quasiparticle excitations led to the interpretation of
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distinct Liouvillian gaps which give equilibration timescales
for different observables; the manner in which this picture is
modified away from the exactly solvable point is an important
open question.

We may also consider perturbations that break the strong
symmetries but conserve the weak ones. This is accomplished
by a generic choice of quantum jump operator, such as F}’2’3’4.
In this scenario, we expect our system to asymptote to a
unique steady state, p o< 1. The weak symmetries cause the
Lindbladian spectrum to decompose into an extensive number
of symmetry sectors, with the steady-state solution residing in
a particular sector. This means that one still retains the ability
to discuss Liouvillian gaps with respect to the steady-state sec-
tor versus gaps of different sectors, and a careful analysis of
the sectors would allow one to identify the operators that live
in these sectors. In passing, we note that particular choices of
quantum jump operators such as I'/" with w, v € {1, 2,3, 4}
will break the local strong symmetries W; but preserve a
global strong symmetry Q =[] ; Ff (this is not a “new” sym-
metry, as it can be re-expressed as a product of W; operators).
As such, in this case we expect a pair of steady-state solutions
pr x1+0.

Finally, a fully generic choice of perturbation that breaks
all symmetries will give a single steady-state solution. We
again stress an important open question of to what extent
quasiparticle excitations of the Lindbladian are robust to these
types of perturbations. With regards to the extensive number
of steady-state solutions in the exactly solvable limit, one will
expect that a small generic perturbation away from this point
will cause all but one of these steady states to persist for a
long timescale given by the inverse strength of the perturba-
tion. Developing an analogous theory for the excitations is
a promising research direction, as it emphasizes a physical
interpretation of the Lindbladian spectrum that is already fa-
miliar in the study of closed systems.

V. SUMMARY AND DISCUSSION

In this work, we analyze the Lindbladian dynamics of
a quantum spin-3/2 system which admits an exact solution
in terms of Majorana fermions coupled to static Z, gauge
fields. This allows us to characterize the steady-state solu-
tions as well as identify distinct classes of Liouvillian gaps,
with different gaps determining the equilibration timescale
of different classes of observables, as summarized in Fig. 7.
Crucially, these timescales fall into different categories with
distinct parametric dependencies on y. While closed loops
of Vj, in Eq. (8)—i.e., the fluxes, Fig. 7(a), and on a torus
also the nonlocal Wilson loops, see Fig. 7(b)—do not decay
at all in the exactly solvable limit, pairs of emergent Majorana
fermions, Figs. 7(c)-7(e), decay with rates that scale linearly
with small y; depending on whether they exhibit a quantum
Zeno effect, these rates decay to zero in the large-y limit. Fi-
nally, operators of the last category, like I'>34, see Fig. 7(f),
which are not conserved by the Hermitian dynamics, exhibit
a decay rate that is singular for small y in the thermodynamic
limit; naturally, the entire dynamics is unitary at y = 0, how-
ever, sending y — 0" after taking the thermodynamic limit
N — o0, the decay rates of these operators is of order of the
exchange couplings J of the Hamiltonian (5). This leads to

conserved

4y per pair

Flux

min((ﬁ,N)’l,J") t (4y)~t Fig. 4

FIG. 7. We illustrate the classes of observables considered in
our work, as well as their corresponding Liouvillian gaps. (a) Flux
operators W;, which are conserved under Lindbladian time evolu-
tion. (b) Nonlocal Wilson loop operators, which are also conserved;
we emphasize that quantum superpositions of states with different
Wilson loop eigenvalues are not steady-state solutions and eventually
evolve into classical superpositions. (c) A pair of d Majorana fermion
excitations, connected by the Wilson line of a Z, gauge field (not
shown). These have a Liouvillian gap of 4y and the arrows indicate
that the eigenstates of iL are delocalized Bloch-wave-like configu-
rations. (d) A d and d’ Majorana fermion, connected by the Wilson
line of a Z, gauge field. The Liouvillian gap is shown in Fig. 4, and
we find that the wave function of the d fermion is highly localized
around the d’ site. The single-site operator FIS. corresponds to the
limit/ — 0. (e) A pair of d’ Majorana fermion excitations, connected
by the Wilson line of a Z, gauge field. These have a Liouvillian gap
of 4y. (f) Generic single-site operators I'''%34_ as well as multisite
operators obtained by including d fermion excitations. Lower bounds
on this Liouvillian gap are given in Fig. 6. (g) Schematic of the
resulting decay of the different classes of operators under dissipative
time evolution.

particularly nontrivial three-step fractionalized thermalization
dynamics, see Fig. 7(g), in the thermodynamic limit: First, at
times of the order of the inverse exchange couplings 1/J, all
operators of the third kind decay, which is parametrically sep-
arated from the timescale o 1/y where (gauge invariant pairs
of) the Majorana fermions d and d’ decay. Then only closed
loops of V;, survive, which cannot decay unless perturbations
beyond our solvable limit (cf. Sec. IV) are included.
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We emphasize that our model, while fine-tuned to ensure
exact solvability, demonstrates a novel and potentially generic
feature; the presence of distinct quasiparticle excitations in
the Lindbladian spectrum, when regarded as a non-Hermitian
operator in a doubled Hilbert space, leads to a separation of
timescales in the equilibration behavior of different classes of
observables. The exact solvability of our model allows us to
demonstrate these features explicitly and can serve as a useful
starting point for understanding the robustness of this phe-
nomena in the presence of interactions between quasiparticles.
Alternative methods such as the Keldysh formalism [49,50]
may prove to be useful in making perturbative treatments of
these interactions tractable.

One promising direction for future research is the construc-
tion of additional exactly solvable Lindbladians through this
fermionization technique. For closed systems, there exists a
rich literature on generalizations of the Kitaev honeycomb
model to other exactly solvable models [51-55]; in these
cases, the exact solvability is often geometric in nature (i.e.,
arising from a particular choice of lattice connectivity and
hopping structure) and is unaffected if a subset of cou-
plings become non-Hermitian. One interesting phenomenon
that may arise in a certain parameter regime of these models
is gapless fermionic excitations, in contrast to our model
where fermion excitations have a constant gap 4y . This would
imply algebraic, rather than exponential, decay of the expec-
tation values of certain classes of operators [56]. Lindbladians
with gapless excitations are not new [57-60]; the intriguing
new feature of this would be the ability to cleanly separate
this spectrum of gapless excitations from gapped gauge ex-
citations, implying distinct equilibration timescales of these
operators.

Generalized Lindbladian constructions may also prove
useful at developing a general relation between the exactly
solvable open system and the underlying Hermitian dynamics.
In our model, the Hermitian dynamics was given by a QSL
with two species of Majorana fermions, with the dispersion of
one of the fermions tuned to zero. In this limit, a particular
choice of quantum jump operators admit quasiparticle excita-
tions of the Lindbladian which display a close relation with
the excitation spectrum of the closed system. It is intriguing
to ask whether, in a generic system that is rendered exactly
solvable through this technique, a similar relation exists be-
tween quasiparticle excitations in the doubled Hilbert space
and quasiparticle operators of the physical Hilbert space. A
more robust understanding of this relation, including potential
violations in certain systems, is another promising direction
for future research.

Note added. Just before posting our work, a related paper
appeared on arXiv [61], studying exactly solvable BCS-
Hubbard Lindbladians. Although the starting point of their
analysis involves a distinct microscopic model of complex
fermions with pairing terms, a transformation to Majorana
fermions yields the same Lindbladian as ours within the m-
flux sector. Due to the different microscopic models, our
theory also has a nontrivial gauge invariance requirement,
with nontrivial consequences. For instance, the Liouvillian
gap in the w-flux sector in Fig. 4 is larger as an additional
fermion has to be included. We also cite a related work [62]
studying a quantum spin Lindbladian very similar to our own,

which appeared on arXiv shortly after our posting. Our results
are consistent with their analysis.
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APPENDIX A: CONSTRUCTION OF GAMMA MATRICES

In our main text, we outline two possible constructions of
Gamma matrices in terms of physical degrees of freedom.
There is much freedom in choosing this representation, with
different representations making different aspects of the re-
sulting dynamics simpler. An alternate choice is

M=s@s, r’r=sagl,
MP=5s, I'*=el, (A1)
=55

The unitary dynamics of our model are governed by a
Hamiltonian with terms 1"} 1"12 i and F;F;‘ 5> which trans-
late into three-spin interactions of the form S;!IS;,ZS“; 451 and
Sj’lszSif +5.1- The jump operator L; = S-,S%, corresponds
to a coordinated dephasing term, where the four energy lev-
els of the pair of qubits are subjected to a stochastic noise
which leaves fixed the energy difference between the [11)
and || |) states, as well as the [1]) and |]1) states. We
note an especially simple feature of this choice, which is the
representation of the stringlike operators discussed in the main
text and whose expectation values decay less rapidly than
single-site operators. A stringlike operator corresponding to
a pair of d Majorana fermion excitations that lies along the
x direction is given by TJT 3.2 ... T7, o, which in our
representation corresponds to a string of $¥ operators with an
S% and S* operator on either end. Similar simplifications arise
for strings in the y directions, as well as strings corresponding

to d’ Majorana excitations.

APPENDIX B: NONVANISHING STEADY-STATE
EXPECTATION VALUES

In the main text, we claim that any operator that has eigen-
value 1 under the superoperators U;, and equal eigenvalues
under W; ¢ and W, ; is a product of V; , bond operators. One
can readily verify that these operators satisfy the required
constraints, but a more careful argument is required to show
that these are the only operators with such a property. We
do so by counting the dimension of the subspace (within
the doubled Hilbert space) spanned by these operators. With
a square lattice having 2N bonds, there are naively 2%V or-
thogonal combination of bond operators; however, this double
counts the true number of operators, as the product of all
bond operators is 1. So the subspace is 2" dimensional. The
full dimension of our doubled Hilbert space is 2% and we
have 3N independent constraints; for each site j, we have
Uiz=1,U;5=1, and W;g = W, (the constraint on W,
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is automatically satisfied under these constraints). Each con-
straint halves the dimension of the allowed subspace, so we
find a 2" -dimensional Hilbert space, as desired.

APPENDIX C: DIAGONALIZATION OF THE FREE
FERMION LINDBLADIAN

In this Appendix, we provide more detail on the diagonal-
ization of the free fermion Lindbladian. For a general choice
of gauge sector, we work with the Lindbladian written in terms
of Majorana fermions, as in Eq. (14). This can be re-expressed
in the form

iL=d" -A-d—iyN, (CI)

where d is a 2N-dimensional vector containing both d;,
and d;r Majorana fermion operators. We follow the pro-
cedure described in Ref. [23] for obtaining the spectrum
of this Lindbladian, which we summarize here. As A is
an antisymmetric matrix, its spectrum comes in the form
{,Bls _,319 :321 _ﬁ2 to :BNs _ﬁN}s where we take Im ﬁzx > 0.
One can construct N creation/annihilation operators by, b,
that obey the canonical fermionic anticommutation relations
(with the caveat that b/, is in general not the Hermitian adjoint
of b, ). With this, we can write

N N
iL=-2" Bubl,by — (in - Zm). (C2)
a=1 a=1

The term in parenthesis gives the dissipative strength of the
state with weakest dissipation within this gauge sector. Note
that this Majorana fermion representation obfuscates the con-
straint of gauge invariance, which is most easily enforced in
terms of the complex fermions f j. As such, this representation
is only useful in gauge sectors where pairing terms would
appear if written in the f;f basis, in which case a proper
analysis of gauge invariance is equally difficult in either
representation.

APPENDIX D: IDENTIFICATION OF SINGLE-SITE
OPERATORS WITH FLUX CONFIGURATIONS

In the main text, we emphasize that the spectrum of our
Lindbladian decomposes into an extensive number of sym-
metry sectors, each of which is specified by a gauge flux
configuration. A Liouvillian gap for each sector can be de-
fined, and one can identify operators (which we remind the
reader should be thought of as states in this doubled Hilbert
space) that are contained in these symmetry sectors, for which
the Liouvillian gap then defines an equilibration timescale.
Here we catalog the flux configurations associated with the
set of single-site operators.

A particular flux configuration is defined by the interlayer
fluxes Ujo = Vjo = V], gV}, as well as the intralayer fluxes
Wi «.r» Wja L. As our Lindbladian spectrum is invariant un-
der the transformation W; , g <> W, 1, we will only identify
operators based on their eigenvalues under the combined flux
Wi «.RW; «,1- The eigenvalues of an operator under these fluxes
is simply determined by whether the operators V;, and W;
commute or anticommute with the operators. If we take as
our basis of operators to be products of I" matrices, then every

25
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s, first excited state
2, ground state
2, first excited state
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FIG. 8. We plot Liouvillian gaps for the gauge sectors associated
with ' and I"'? operators and demonstrate a sharp jump in the gap
when the dissipation is turned on.

basis operator will either commute or anticommute with V/,
and W;.

The operators F,f commutes with all plaquette operators
W;. It also commutes with all the bond operators V/ , aside
from the four bonds adjacent to site k. The flux configurations
associated with this operator are given precisely by the inter-
layer gauge excitations studied in Sec. III C 2.

The operators T'¥, u =1, 2,3, 4, commute with all the
bond operators VJ{ o except for a single one adjacent to site
k which anticommutes with it. Additionally, it commutes with
all but two W; operators; these two offending plaquette oper-
ators share a bond given by the anticommuting V]’ o Operator.
The flux configuration associated with these operators can be
obtained starting from a steady-state gauge sector and flipping
an intralayer gauge field on this bond and its spectrum is
analyzed in Sec. III C 3.

The operators F,’:S have the same commutation relations
with the plaquette operators as I'}', but differ with respect to
the V]’ « Operators; it now anticommutes with the three V/
bond operators connected to site k that are not the bond shared
by the flux operators. This flux configuration can be obtained
from the intraylayer gauge excitation studied in Sec. III C 3
and flipping an additional interlayer gauge field vy.

Finally, we identify the operators T''*", with u,v =
1,2,3,4 and pn # v. For a given site k, there are (;) =6
different operators of this type. These operators will anticom-
mute with two of the four V/ , bond operators and either two
fluxes W; that only share a corner at site k or all four fluxes
connected to site k. These flux sectors are obtained by flipping
two intralayer gauge fields connected to a site k; as expected,
there are (2) = 6 ways of doing this.

The Liouvillian gap of excitations corresponding to the I'}’
operators are shown in Fig. 6. We plot the Liouvillian gap
of T} > and ', operators in Fig. 8 and verify that similar
behavior occurs. This implies that our observation of the rapid
equilibration of F,‘: operators holds generically for single-site
operators, with the exception of F,f due to its interpretation
as the bound state of two Majorana fermion excitations or
alternatively due to the fact that F,f are precisely the quantum
jump operators describing the coupling to the environment.

085115-12



EXACTLY SOLVABLE DISSIPATIVE SPIN LIQUID

PHYSICAL REVIEW B 109, 085115 (2024)

[1] A. Yu. Kitaev, Fault-tolerant quantum computation by anyons,
Ann. Phys. 303, 2 (2003).

[2] L. Savary and L. Balents, Quantum spin liquids: A review, Rep.
Prog. Phys. 80, 016502 (2017).

[3] C. Broholm, R. J. Cava, S. A. Kivelson, D. G. Nocera, M. R.
Norman, and T. Senthil, Quantum spin liquids, Science 367,
eaay0668 (2020).

[4] E. Dennis, A. Kitaev, A. Landahl, and J. Preskill, Topological
quantum memory, J. Math. Phys. 43, 4452 (2002).

[5] B. M. Terhal, Quantum error correction for quantum memories,
Rev. Mod. Phys. 87, 307 (2015).

[6] Z. Nussinov and G. Ortiz, Autocorrelations and thermal
fragility of anyonic loops in topologically quantum ordered
systems, Phys. Rev. B 77, 064302 (2008).

[7] R. Alicki, M. Fannes, and M. Horodecki, On thermalization
in Kitaev’s 2D model, J. Phys. A: Math. Theor. 42, 065303
(2009).

[8] B. J. Brown, D. Loss, J. K. Pachos, C. N. Self, and J. R.
Wootton, Quantum memories at finite temperature, Rev. Mod.
Phys. 88, 045005 (2016).

[9] A. Pidatella, A. Metavitsiadis, and W. Brenig, Heat transport
in the anisotropic Kitaev spin liquid, Phys. Rev. B 99, 075141
(2019).

[10] C. N. Self, J. Knolle, S. Iblisdir, and J. K. Pachos, Thermally
induced metallic phase in a gapped quantum spin liquid: Monte
Carlo study of the Kitaev model with parity projection, Phys.
Rev. B 99, 045142 (2019).

[11] A. P. Joy and A. Rosch, Dynamics of visons and thermal Hall
effect in perturbed Kitaev models, Phys. Rev. X 12, 041004
(2022).

[12] M. Kanega, T. N. Ikeda, and M. Sato, Linear and nonlinear
optical responses in Kitaev spin liquids, Phys. Rev. Res. 3,
L032024 (2021).

[13] S. Zhou, M. Zelenayova, O. Hart, C. Chamon, and C.
Castelnovo, Probing fractional statistics in quantum simulators
of spin liquid Hamiltonians, SciPost Phys. 15, 194 (2023).

[14] B. Kraus, H. P. Biichler, S. Diehl, A. Kantian, A. Micheli, and
P. Zoller, Preparation of entangled states by quantum Markov
processes, Phys. Rev. A 78, 042307 (2008).

[15] S. Diehl, A. Micheli, A. Kantian, B. Kraus, H. P. Biichler, and
P. Zoller, Quantum states and phases in driven open quantum
systems with cold atoms, Nat. Phys. 4, 878 (2008).

[16] H. Weimer, M. Miiller, 1. Lesanovsky, P. Zoller, and H. P.
Biichler, A Rydberg quantum simulator, Nat. Phys. 6, 382
(2010).

[17] J. T. Barreiro, M. Miiller, P. Schindler, D. Nigg, T. Monz, M.
Chwalla, M. Hennrich, C. F. Roos, P. Zoller, and R. Blatt,
An open-system quantum simulator with trapped ions, Nature
(Lond.) 470, 486 (2011).

[18] N. Lang and H. P. Biichler, Exploring quantum phases by driven
dissipation, Phys. Rev. A 92, 012128 (2015).

[19] S. Diehl, E. Rico, M. A. Baranov, and P. Zoller, Topology by
dissipation in atomic quantum wires, Nat. Phys. 7, 971 (2011).

[20] K. Yang, S. C. Morampudi, and E. J. Bergholtz, Exceptional
spin liquids from couplings to the environment, Phys. Rev. Lett.
126, 077201 (2021).

[21] K. Hwang, Mixed-state quantum spin liquid in Kitaev Lind-
bladian: Dynamical anyon condensation, arXiv:2305.09197
[cond-mat].

[22] H. Yao, S.-C. Zhang, and S. A. Kivelson, Algebraic spin liquid
in an exactly solvable spin model, Phys. Rev. Lett. 102, 217202
(2009).

[23] T. Prosen, Third quantization: A general method to solve master
equations for quadratic open Fermi systems, New J. Phys. 10,
043026 (2008).

[24] S. Sayyad, J. Yu, A. G. Grushin, and L. M. Sieberer, Entan-
glement spectrum crossings reveal non-hermitian dynamical
topology, Phys. Rev. Res. 3, 033022 (2021).

[25] E. Starchl and L. M. Sieberer, Quantum quenches in driven-
dissipative quadratic fermionic systems with parity-time sym-
metry, arXiv:2304.01836 [cond-mat.stat-mech].

[26] M. V. Medvedyeva, F. H. L. Essler, and T. Prosen, Exact bethe
ansatz spectrum of a tight-binding chain with dephasing noise,
Phys. Rev. Lett. 117, 137202 (2016).

[27] M. de Leeuw, C. Paletta, and B. Pozsgay, Constructing inte-
grable Lindblad superoperators, Phys. Rev. Lett. 126, 240403
(2021).

[28] F. H. L. Essler and L. Piroli, Integrability of one-dimensional
Lindbladians from operator-space fragmentation, Phys. Rev. E
102, 062210 (2020).

[29] N. Shibata and H. Katsura, Dissipative spin chain as a non-
Hermitian Kitaev ladder, Phys. Rev. B 99, 174303 (2019).

[30] F. Reiter and A. S. Sgrensen, Effective operator formalism for
open quantum systems, Phys. Rev. A 85, 032111 (2012).

[31] E. M. Kessler, Generalized Schrieffer-Wolff formalism for dis-
sipative systems, Phys. Rev. A 86, 012126 (2012).

[32] H.-K. Jin, J. Knolle, and M. Knap, Fractionalized prethermal-
ization in a driven quantum spin liquid, Phys. Rev. Lett. 130,
226701 (2023).

[33] V. Gorini, A. Kossakowski, and E. C. G. Sudarshan, Completely
positive dynamical semigroups of N-level systems, J. Math.
Phys. 17, 821 (1976).

[34] G. Lindblad, On the generators of quantum dynamical semi-
groups, Commun. Math. Phys. 48, 119 (1976).

[35] Y. Bao, R. Fan, A. Vishwanath, and E. Altman, Mixed-state
topological order and the errorfield double formulation of
decoherence-induced transitions, arXiv:2301.05687 [cond-mat,
physics:quant-ph].

[36] G. Lee, A. McDonald, and A. Clerk, Anomalously large
relaxation times in dissipative lattice models beyond the non-
Hermitian skin effect, Phys. Rev. B 108, 064311 (2023).

[37] B. Buca and T. Prosen, A note on symmetry reductions of the
Lindblad equation: Transport in constrained open spin chains,
New J. Phys. 14, 073007 (2012).

[38] K. Wang, F. Piazza, and D. J. Luitz, Hierarchy of relaxation
timescales in local random liouvillians, Phys. Rev. Lett. 124,
100604 (2020).

[39] O. E. Sommer, F. Piazza, and D. J. Luitz, Many-body hierarchy
of dissipative timescales in a quantum computer, Phys. Rev.
Res. 3, 023190 (2021).

[40] O. Ogunnaike, J. Feldmeier, and J. Y. Lee, Unifying emer-
gent hydrodynamics and Lindbladian low energy spectra across
symmetries, constraints, and long-range interactions, Phys. Rev.
Lett. 131, 220403 (2023).

[41] T. Mori and T. Shirai, Resolving a discrepancy between
Liouvillian gap and relaxation time in boundary-dissipated
quantum many-body systems, Phys. Rev. Lett. 125, 230604
(2020).

085115-13


https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/10.1088/0034-4885/80/1/016502
https://doi.org/10.1126/science.aay0668
https://doi.org/10.1063/1.1499754
https://doi.org/10.1103/RevModPhys.87.307
https://doi.org/10.1103/PhysRevB.77.064302
https://doi.org/10.1088/1751-8113/42/6/065303
https://doi.org/10.1103/RevModPhys.88.045005
https://doi.org/10.1103/PhysRevB.99.075141
https://doi.org/10.1103/PhysRevB.99.045142
https://doi.org/10.1103/PhysRevX.12.041004
https://doi.org/10.1103/PhysRevResearch.3.L032024
https://doi.org/10.21468/SciPostPhys.15.5.194
https://doi.org/10.1103/PhysRevA.78.042307
https://doi.org/10.1038/nphys1073
https://doi.org/10.1038/nphys1614
https://doi.org/10.1038/nature09801
https://doi.org/10.1103/PhysRevA.92.012128
https://doi.org/10.1038/nphys2106
https://doi.org/10.1103/PhysRevLett.126.077201
https://arxiv.org/abs/2305.09197
https://doi.org/10.1103/PhysRevLett.102.217202
https://doi.org/10.1088/1367-2630/10/4/043026
https://doi.org/10.1103/PhysRevResearch.3.033022
https://arxiv.org/abs/2304.01836
https://doi.org/10.1103/PhysRevLett.117.137202
https://doi.org/10.1103/PhysRevLett.126.240403
https://doi.org/10.1103/PhysRevE.102.062210
https://doi.org/10.1103/PhysRevB.99.174303
https://doi.org/10.1103/PhysRevA.85.032111
https://doi.org/10.1103/PhysRevA.86.012126
https://doi.org/10.1103/PhysRevLett.130.226701
https://doi.org/10.1063/1.522979
https://doi.org/10.1007/BF01608499
https://arxiv.org/abs/2301.05687
https://doi.org/10.1103/PhysRevB.108.064311
https://doi.org/10.1088/1367-2630/14/7/073007
https://doi.org/10.1103/PhysRevLett.124.100604
https://doi.org/10.1103/PhysRevResearch.3.023190
https://doi.org/10.1103/PhysRevLett.131.220403
https://doi.org/10.1103/PhysRevLett.125.230604

HENRY SHACKLETON AND MATHIAS S. SCHEURER

PHYSICAL REVIEW B 109, 085115 (2024)

[42] T. Haga, M. Nakagawa, R. Hamazaki, and M. Ueda, Liouvillian
skin effect: Slowing down of relaxation processes without gap
closing, Phys. Rev. Lett. 127, 070402 (2021).

[43] T. Mori and T. Shirai, Symmetrized liouvillian gap in Marko-
vian open quantum systems, Phys. Rev. Lett. 130, 230404
(2023).

[44] E. H. Lieb, The flux-phase of the half-filled band, Phys. Rev.
Lett. 73, 2158 (1994).

[45] K. Kawabata, A. Kulkarni, J. Li, T. Numasawa, and S. Ryu,
Symmetry of open quantum systems: Classification of dissipa-
tive quantum chaos, PRX Quantum 4, 030328 (2023).

[46] A. F. Tzortzakakis, K. G. Makris, and E. N. Economou, Non-
Hermitian disorder in two-dimensional optical lattices, Phys.
Rev. B 101, 014202 (2020).

[47] L. S4, P. Ribeiro, and T. Prosen, Lindbladian dissipation of
strongly-correlated quantum matter, Phys. Rev. Res. 4, L022068
(2022).

[48] A. Kulkarni, T. Numasawa, and S. Ryu, Lindbladian dynamics
of the Sachdev-Ye-Kitaev model, Phys. Rev. B 106, 075138
(2022).

[49] L. M. Sieberer, M. Buchhold, and S. Diehl, Keldysh field theory
for driven open quantum systems, Rep. Prog. Phys. 79, 096001
(2016).

[50] K. Yamamoto, M. Nakagawa, N. Tsuji, M. Ueda, and N.
Kawakami, Collective excitations and nonequilibrium phase
transition in dissipative fermionic superfluids, Phys. Rev. Lett.
127, 055301 (2021).

[51] S. Yang, D. L. Zhou, and C. P. Sun, Mosaic spin mod-
els with topological order, Phys. Rev. B 76, 180404(R)
(2007).

[52] T. Si and Y. Yu, Anyonic loops in three dimensional spin liquid
and chiral spin liquid, Nucl. Phys. B 803, 428 (2008).

[53] C. Wu, D. Arovas, and H.-H. Hung, y-matrix generalization of
the Kitaev model, Phys. Rev. B 79, 134427 (2009).

[54] S. Mandal and N. Surendran, Exactly solvable Kitaev model in
three dimensions, Phys. Rev. B 79, 024426 (2009).

[55] V. Chua, H. Yao, and G. A. Fiete, Exact chiral spin liquid with
stable spin Fermi surface on the kagome lattice, Phys. Rev. B
83, 180412(R) (2011).

[56] Z. Cai and T. Barthel, Algebraic versus exponential decoher-
ence in dissipative many-particle systems, Phys. Rev. Lett. 111,
150403 (2013).

[57] M. V. Medvedyeva and S. Kehrein, Power-law approach to
steady state in open lattices of noninteracting electrons, Phys.
Rev. B 90, 205410 (2014).

[58] M. Znidari¢, Relaxation times of dissipative many-body quan-
tum systems, Phys. Rev. E 92, 042143 (2015).

[59] M. Nakagawa, N. Kawakami, and M. Ueda, Exact Liouvil-
lian spectrum of a one-dimensional dissipative Hubbard model,
Phys. Rev. Lett. 126, 110404 (2021).

[60] L. d. S. Souza, L. F. dos Prazeres, and F. Iemini, Sufficient
condition for gapless spin-boson Lindbladians, and its connec-
tion to dissipative time-crystals, Phys. Rev. Lett. 130, 180401
(2023).

[61] X.-D. Dai, F. Song, and Z. Wang, Solvable BCS-Hubbard Lind-
bladians in arbitrary dimensions, Phys. Rev. B 108, 115127
(2023).

[62] J. Gidugu and D. P. Arovas, companion paper, Dissipative Dirac
matrix spin model in two dimensions, Phys. Rev. A 109, 022212
(2024).

085115-14


https://doi.org/10.1103/PhysRevLett.127.070402
https://doi.org/10.1103/PhysRevLett.130.230404
https://doi.org/10.1103/PhysRevLett.73.2158
https://doi.org/10.1103/PRXQuantum.4.030328
https://doi.org/10.1103/PhysRevB.101.014202
https://doi.org/10.1103/PhysRevResearch.4.L022068
https://doi.org/10.1103/PhysRevB.106.075138
https://doi.org/10.1088/0034-4885/79/9/096001
https://doi.org/10.1103/PhysRevLett.127.055301
https://doi.org/10.1103/PhysRevB.76.180404
https://doi.org/10.1016/j.nuclphysb.2008.06.009
https://doi.org/10.1103/PhysRevB.79.134427
https://doi.org/10.1103/PhysRevB.79.024426
https://doi.org/10.1103/PhysRevB.83.180412
https://doi.org/10.1103/PhysRevLett.111.150403
https://doi.org/10.1103/PhysRevB.90.205410
https://doi.org/10.1103/PhysRevE.92.042143
https://doi.org/10.1103/PhysRevLett.126.110404
https://doi.org/10.1103/PhysRevLett.130.180401
https://doi.org/10.1103/PhysRevB.108.115127
https://doi.org/10.1103/PhysRevA.109.022212

