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In some insulators, corner charges are fractionally quantized, due to the topological invariant called a filling
anomaly. The previous theories of fractional corner charges have been mostly limited to two-dimensional
systems. In three dimensions, only limited cases have been studied. In this study, we derive formulas for the
filling anomaly and the corner charge in various crystals with all the tetrahedral and cubic space groups. We
discuss that the quantized corner charge requires the crystal shapes to be vertex-transitive polyhedra. We show
that the formula of the filling anomaly is universally given by the difference between electronic and ionic charges
at the Wyckoff position 1a. The fractional corner charges appear by equally distributing the filling anomaly to
all the corners of the crystal. We also derive the k-space formulas for the fractional corner charge. In some cases,
the corner charge is not determined solely from the irreps at high-symmetry k points. In such cases, we introduce
a Z2 topological invariant to determine the corner charge.
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I. INTRODUCTION

Topological phases of matter are characterized by gapless
excitations localized at their boundaries and are robust against
adiabatic deformations [1–36]. Today, they form an impor-
tant foundation of condensed matter physics, and research on
topological insulators has been attracting a lot of attention. In
recent years, varieties of topological insulators have emerged,
such as topological crystalline insulators (TCIs) protected
by crystallographic symmetries and higher-order topologi-
cal insulators (HOTIs) with gapless states on their hinges
or corners [9–27,37,38]. Furthermore, topological quantum
chemistry [33–35,39] and theory of symmetry-based indica-
tors [36,40] have enabled us to identify many topological
materials [41–46].

Unlike topological insulators, topologically trivial insula-
tors called atomic insulators (AIs) have been believed to have
no topological features because their energy spectra are com-
pletely gapped including hinges and corners. However, recent
studies have revealed that some AIs have fractionally quan-
tized charges on their corners [18,19,24–27]. One example of
those AIs is an obstructed atomic insulator (OAI). Electrons
in AIs occupy exponentially localized Wannier orbitals, and
OAIs are characterized by charge imbalance associated with
each Wyckoff position. Fractional corner charges in OAIs can
be understood in terms of a filling anomaly [19,47]. A filling
anomaly is a topological invariant given by the difference
between the number of electrons required by symmetries of
the system such as rotational symmetry of the system and that
required by charge neutrality. Fractional corner charges can be
explained by the equivalent distribution of the filling anomaly
to the corners.

In the previous studies [18], some of the authors derived
formulas of the hinge charge and the corner charge for the

space group (SG) No. 207 for five crystal shapes of vertex-
transitive polyhedra such as a cube, an octahedron, and a
cuboctahedron with cubic symmetry in terms of both bulk
Wyckoff positions and bulk band structures. Compared to
the corner charge formula for two-dimensional systems, the
formula for three-dimensional systems is complex in the sense
that there are many varieties of crystal shapes for the same
point-group symmetry in three dimensions, and we must con-
sider the charge neutrality conditions not only of the bulk and
the surfaces but also of the hinges. Therefore, we assumed
perfect crystals with the point-group symmetry O, and de-
termined the formula of the filling anomaly by counting the
total numbers of electrons and ions given the positions of
ions and Wannier centers of the electrons. From the filling
anomaly, we could extract formulas of the hinge charge and
corner charge. Moreover, to obtain the corner charge formulas
from bulk band structures, we took the method of the ele-
mentary band representation (EBR) matrix, which gives the
relationship between the irreducible representations (irreps)
at Wyckoff positions in real space and at the high-symmetry
points (HSPs) in a momentum space [47]. In this case, we
found that the corner charge formulas cannot be determined
only from the band structures, because some OAIs with dif-
ferent Wyckoff positions have the same irreps at all the HSPs
in the momentum space. Therefore, we introduced a Wilson-
loop invariant �, and successfully derived the corner charge
formulas by incorporating it into EBR matrix. However, it is
difficult to find this invariant for other SGs, and the corner
charge formulas were not perfect.

In this study, we focus on all SGs with cubic symmetry,
No. 195–230. Here, the SG numbers 198, 199, 205, 206, 212,
213, 214, 220, and 230 are excluded, because not all corners
in these nine SGs are equivalent and therefore the corner
charge is not quantized. We find that in all the vertex-transitive
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FIG. 1. Five crystal shapes considered in the previous study [18],
all of which are vertex-transitive polyhedra. Their centers are placed
at the Wyckoff position 1a. (a) Type 1: A cube. (b) Type 2: A regular
octahedron. (c) Type 3: A truncated cube. (d) Type 4: A truncated
octahedron. (e) Type 5: A cuboctahedron. The surfaces S1 and S2

have the Miller index {100} and {111}, respectively. The hinge L1 is
an intersection of two {100} surfaces. The hinge L2 is an intersection
of two {111} surfaces. The hinge L3 is an intersection of a {100}
surface and a {111} surface. The purple line represents the path of
continuous deformation of the vertex-transitive polyhedra.

polyhedra corresponding to each SG, the corner charge for-
mula is universally given by the filling anomaly divided by
the number of corners of crystals with the above SGs. We
also derive the corner charge formulas of those SGs in terms
of the k-space wave functions by utilizing the Z2 topological
invariant introduced in Ref. [48]. This topological invariant
is derived for the SG No. 16 with time-reversal symmetry,
which is a subgroup of those SGs. The role of time-reversal
symmetry (TRS) is discussed in Sec. IV D.

This paper is organized as follows. In Sec. II, we review the
previous studies by some of the authors on fractional hinge
and corner charges in various crystal shapes. In Sec. III, we
construct our theory on the filling anomaly in all the cubic SGs
under various crystal shapes and derive formulas for hinge and
corner charges. In Sec. IV, we construct a k-space formula by
means of the EBR matrix and a Z2 topological invariant. Our
conclusions are given in Sec. V.

II. REVIEW OF THE FRACTIONAL HINGE AND CORNER
CHARGES IN VARIOUS CRYSTAL SHAPES

WITH THE SG NO. 207

In this section, we briefly review the previous study [18] by
some of the current authors on fractional corner charges for
the five crystal shapes shown in Fig. 1 under SG P432 (No.
207). This SG is generated by fourfold rotation along z axis,
threefold rotation along (111) direction, and translations. In
this section, we assume that the ground state of insulators is an
atomic insulator whose occupied states are described in terms
of exponentially localized Wannier states. We explain how to
derive the filling anomaly directly in Ref. [18], and obtain the
corner charge formulas.

We note that the filling anomaly and corner charge for-
mulas in terms of bulk Wyckoff positions described below

a1

a2
a3

1a

1b
3c

3d

1

FIG. 2. Wyckoff positions in the space group No. 207 in the pre-
vious study [18]. The points with the same colors belong to the same
Wyckoff positions. 1a, 1b, one of 3c and one of 3d are positioned at
(0, 0, 0), a1+a2+a3

2 , a1+a2
2 , and a1

2 , respectively, where ai (i = 1, 2, 3) is
primitive lattice vectors in the cubic unit cells. Gray cube represents
the unit cell.

are also applicable to the ground state of fragile topological
insulators [49]. A fragile topological insulator is an insulator
that becomes an atomic insulator when directly summed with
some atomic insulator but itself has no exponentially local-
ized Wannier representations. Nevertheless, as we explain in
Sec. IV A, as far as the filling anomaly is concerned, a fragile
topological insulator can be treated as an atomic insulator.

A. Preparations for the derivation of corner charge formulas

Before deriving corner charge formulas for the five crystal
shapes with SG No. 207, we discuss the properties of electric
charges in AIs. Electric charges in AIs consist of ions and
electrons, and electrons occupy Wannier orbitals of electronic
bands. Because ions are made of nuclei and core electrons, the
ionic charges in AIs are integer multiples of the elementary
charge |e|, where −e (e > 0) is the electron charge. Moreover,
in AIs, Wannier orbitals are exponentially localized, and the
integral charges of electrons in the Wannier orbitals can be
assigned to the Wannier centers, where the gap is open both in
the bulk and the boundaries.

We also review the filling anomaly. In finite-sized crys-
tals of certain insulators, there exist cases where the charge
neutrality condition is inconsistent with crystallographic sym-
metry. In this case, by adding or removing some electrons
from charge neutrality, the entire system is insulating while
maintaining the symmetry. The number of electrons required
for this operation is called the filling anomaly.

Now, we discuss the filling anomaly for cubic crystals.
In the following derivation of the filling anomaly and corner
charge formulas in the real space, we assume that the Wyckoff
positions of the Wannier centers of the electrons are given. Let
nω be the number of Wannier orbitals at a maximal Wyckoff
position ω(= a, b, c, d ) in the unit cell of the lattice as shown
in Fig. 2 and mω|e| be the total ionic charge at a maximal
Wyckoff position ω. Then, an integer �ω is defined by the
difference between them, i.e.,

�ω = nω − mω ∈ Z. (1)

We note that other Wyckoff positions, except for the maximal
ones, can be deformed to the maximal ones continuously.
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Thus when calculating the filling anomaly, all we need to
do is count the number of electrons at the Wannier centers
and the number of ions at each maximal Wyckoff position in
the cubic unit cell as shown in Fig. 2. To obtain the filling
anomaly, we take the center of a crystal to be the maximal
Wyckoff position 1a, and assume a perfect crystal, which
implies that there is no surface reconstruction so that the
periodicities of the hinge and the surface reflect that of the
bulk. Then, the filling anomaly ηn for a finite-sized crystal
with n hinge unit cells can be expressed as a polynomial for n,

ηn = α3n3 + α2n2 + α1n + α0, (2)

where αi(i = 0, 1, 2, 3) are constant coefficients that depend
on crystal shapes.

B. Corner charge formulas in terms of the bulk
Wyckoff positions

Here for simplicity, we will only consider the crystal with
the shape of a cube (type 1 in Fig. 1) with n unit cells along
each hinge. Using Eqs. (1) and (2), the filling anomaly is given
by

ηperfect,type 1
n = (�a + �b + 3�c + 3�d )n3

+ 3(�b + �d + 2�c)n2

+ 3(�b + �c)n + �b. (3)

From the first term on the right-hand side, the bulk charge den-
sity ρbulk (per bulk unit cell) is given by ρbulk = −|e|(�a +
�b + 3�c + 3�d ). Here we impose the charge neutrality
condition for the bulk, given by

ρbulk = −|e|(�a + �b + 3�c + 3�d ) = 0. (4)

Next, since the surface area consists of 6n2 surface
unit cells, the second term of Eq. (3) gives the surface
charge density σsur (per surface unit cell) to be σsur ≡
−|e| 3(�b+�d+2�c)

6 (mod |e|). The surface charge density σsur

is proportional to the bulk polarization, and therefore, based
on the modern theory of polarization [50,51], the ambiguities
of the surface charge density per surface unit cell is given in
terms of modulo |e|. Now, in order to define the corner charge,
we impose the charge neutrality condition for the surface of
the type 1 crystal by

σsur ≡ −|e|3(�b + �d + 2�c)

6

≡ −|e|�b + �d

2
= 0 (mod |e|). (5)

Thus, when we assume the charge neutrality for bulk and
surfaces, the first and second terms on the right-hand side in
Eq. (3) can be dropped,

ηperfect,type 1
n = 3(�b + �c)n + �b. (6)

The first term on the right-hand side represents the hinge part.
Since the hinges consist of 12n unit cells along the hinge, we
obtain the hinge charge density λ

L1
hinge per unit cell along the

hinge,

λ
L1
hinge = −�b + �c

4
|e|

≡ −�a + �d

4
|e| (mod |e|). (7)

To obtain the quantized corner charges, we need to introduce
the charge neutrality condition for the hinge,

�a + �d ≡ 0 (mod 4). (8)

Therefore, we find the corner charge

Qtype 1
corner = −�b

8
|e| = −�a

8
|e|
(

mod
|e|
4

)
. (9)

Here, we used the relation �a ≡ �b ≡ �c ≡ �d (mod 2)
under Eqs. (4), (5), and (8).

By doing the same calculations for the type 2 crystal (octa-
hedron), we obtain

λ
L2
hinge = �a + �d

2
|e|

(
mod

|e|
3

)
, (10)

Qtype 2
corner = −�a

6
|e|

(
mod

|e|
3

)
. (11)

Based on the results obtained from type 1 and type 2
crystals, we can get the hinge charge density λ

L3
hinge and the

corner charges for the crystal shapes of the types 3–5 in Fig. 1,

λ
L3
hinge = −�a + �d

4
|e|

(
mod

|e|
6

)
, (12)

Qtype 3
corner = −�a

24
|e|

(
mod

|e|
12

)
, (13)

Qtype 4
corner = −�a

24
|e|

(
mod

|e|
12

)
, (14)

Qtype 5
corner = −�a

12
|e|

(
mod

|e|
6

)
. (15)

Thus, for the crystal shapes of the types 1–5, the corner charge
formula with SG No. 207 in terms of the bulk Wyckoff posi-
tions is summarized

Qcorner = −�a

N
|e|

(
mod

2|e|
N

)
, (16)

where N represents the number of the corners of the crystal
shapes of the types 1–5.

III. EXTENSION TO OTHER CRYSTAL SHAPES WITH
OTHER CRYSTALLINE SYMMETRIES

Here, we discuss how to extend the theory so far to other
crystal shapes with other symmetries. In the derivation of
real-space formulas for the corner charge, We again assume
that the Wyckoff positions of the electronic Wannier functions
are given. Before we present our real-space formulas for var-
ious cubic crystals, let us make two comments to clarify our
setup.

First, we explain the crystal shapes studied in the present
paper. We focus on vertex-transitive polyhedra. In vertex-
transitive polyhedra, all of the corners are connected by
symmetry operations. Therefore all the corners have the
same quantized fractional corner charges. Moreover, it is
noted that the vertex-transitive polyhedra have large vari-
eties [52–57]. To simplify our discussion, we focus only on
the vertex-transitive polyhedra with genus 0 [52–55], and
we do not consider those with higher genus [56,57]. The
vertex-transitive polyhedra with genus 0 are further classi-
fied into spherical and cylindrical families [53,55]. In this
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FIG. 3. Vertex-transitive polyhedra corresponding to the cubic point group (a) O and Oh, (b) T , (c) Td , and (d) Th.

paper, we limit ourselves to the spherical family of vertex-
transitive polyhedra. The polyhedra in this family are listed
in Refs. [53,55]. Among them, we need to consider only the
polyhedra which are compatible with one of the crystal point
groups. It is known that there are families of vertex-transitive
polyhedra corresponding to the point groups O, Oh, T , Td , and
Th [53,55].

Among these vertex-transitive polyhedra, some have sur-
faces whose Miller indices are not fixed but can be con-
tinuously deformed. In such cases, a continuous change of
the surface orientations leads to a continuous change in the
contribution of the surface polarization to the hinge charge,
and obstructs quantization of the hinge charge. Therefore, the
hinge charge is not quantized, and we cannot impose the con-
dition for zero hinge charge, which is necessary to guarantee
the corner charge to be well defined. Thus, in our study, we
can exclude such polyhedra, and we deal with the vertex-
transitive polyhedra, which are spherical and have fixed Miller
indices for every surface. The 17 types of crystal shapes in
Fig. 3 satisfy such requirements.

Second, we explain the bulk symmetries. Since we focus
on the crystal shapes with point group symmetries O, Oh, T ,
Td , and Th, in this study, we consider the tetrahedral and cubic
SGs between the SG numbers 195 and 230. Here, SG numbers
198, 199, 205, 206, 212, 213, 214, 220, and 230 are excluded
because not all the corners of the corresponding polyhedra for
the above SGs are equivalent and the corner charges are not
quantized. Therefore, we focus on the 27 tetrahedral and cubic
SGs except for the above nine SGs.

Through the calculation on the 17 types of crystal shapes,
we find that it is enough to calculate for three crystal shapes;
a cube, an octahedron, and a tetrahedron, because the hinge
and corner charges for the other crystal shapes can be cal-
culated from the results obtained from these three crystal
shapes through the similar discussion in Sec. II. Thus, we
only focus on the cubic, octahedral, and tetrahedral crystal
shapes. We summarize the real-space formulas obtained by
the calculation process similar to that in Sec. II in Table I.
In all the cases, we assume that the center of the crystal
is at the Wyckoff position a. Furthermore, since the surface
charge densities are coincidentally identical among three crys-
tal shapes (cube, octahedron, and tetrahedron) in terms of
modulo 1, we summarize the surface charge density in one
column in Table I. We find that, for all the space groups,
the hinge charge densities in an octahedron and a tetrahedron

are the same in terms of modulo |e|/3. Thus, we write them
together in the column λ

L2
hinge and the hinge charge density in

a cube is written in the column λ
L1
hinge. Surprisingly, we also

find that the corner charges can be determined only from the
information of electrons and ions at the Wyckoff position 1a
in the bulk unit cell under the charge neutrality conditions for
the bulk, surfaces, and hinges for all the space group and the
crystal shapes. Namely, in all the cases, the corner charge is
universally given by

Qcorner = −�a

N
|e|

(
mod

2|e|
N

)
, (17)

where N represents the number of the corners of the crystal
shapes. A similar result for two-dimensional cases has been
shown in Ref. [25]. We also note that our corner charge for-
mula is valid only for the crystal shapes where all the corners
are connected by any point-group operations at the Wyckoff
position a within the space-group operations. For example, the
cube is not included in Figs. 3(b) and 3(c), and our formula
(17) cannot be applied to the cube in SGs where the point
group at the Wyckoff position a is either T or Td , such as SG
No. 195.

IV. CORNER CHARGE FORMULAS FOR VARIOUS SPACE
GROUPS WITH CUBIC SYMMETRY IN TERMS

OF THE TOPOLOGICAL INVARIANT

In Sec. III, we find that corner charge formulas are uni-
versally equal to the filling anomaly divided by the number of
corners. In this section, we derive corner charge formulas with
all the SGs shown in Table I in terms of bulk band topology
in k space. To obtain these formulas for both spinful and spin-
less systems with time-reversal symmetry (TRS), we use the
method of the elementary band representation (EBR) matrix
according to Refs. [18,47]. In fact, for all the spinful systems
and most of the spinless systems in Table I, we find that
corner charge formulas are expressed solely by the number of
irreps in the occupied bands at HSPs in k space from the EBR
method, and the formulas are shown in Appendix A. In this
study, we derive corner charge formulas for the remaining 10
SGs, which cannot be determined only from the EBR method,
i.e., SG numbers 195, 196, 197, 201, 203, 207, 208, 209, 210,
and 211.
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TABLE I. Summary for the point groups at the Wyckoff position a and the charge densities of surfaces, hinges, and corners for the 27
space groups. For all the space groups we consider, surface charge densities are independent of the Miller indices of the surfaces appearing
in a cube, an octahedron, and a tetrahedron. Because all the hinge charge densities of octahedrons are equal to those of tetrahedrons for every
space group, such charge density is represented together in the column λ

L2
hinge. The number of the corners is represented by N . We note that

our corner charge formulas are only valid for the crystal shapes connected by any symmetry operations corresponding to the point group at the
Wyckoff position a shown in Fig. 3. We note that the value of Qcorner is universally given by �a

N for all the cases.

SG number Point group of Wyckoff position a σsur (mod 1) λ
L1
hinge (mod 1) λ

L2
hinge (mod 1/3) Qcorner (mod 2/N)⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

�a
N

195 T �b+�d
2

�a+�d
4

�a+�d
2

196 T 0 �a+�b
4

�a+�b
2

197 T �a+�b
2

�a+�b
4

�a+�b
2

200 Th
�b+�d

2
�a+�d

4
�a+�d

2

201 T �a+�d
2

�a+�d
4 0

202 Th 0 �a+�b
4 ≡ �c+�d

2 0

203 T 0 �a+�b
4

�a+�b
2

204 Th
�a+�b

2
�a+�b

4 0

207 O �b+�d
2

�a+�d
4

�a+�d
2

208 T �a+�d
2

�a+�d
4 0

209 O 0 �a+�b
4 ≡ �c+�d

2 0

210 T 0 �a+�b
4 0

211 O �a+�b
2

�a+�b
4 0

215 Td
�b+�d

2
�a+�d

4
�a+�d

2

216 Td 0 �a+�b
4

�a+�b
2

217 Td
�a+�b

2
�a+�b

4 0

218 T �a+�b
2

�a+�b
4 0

219 T 0 �a+�b
4 0

221 Oh
�b+�d

2
�a+�d

4
�a+�d

2

222 O �a+�b
2

�a+�b
4 0

223 Th
�a+�b

2
�a+�b

4 0

224 Td
�a+�d

2
�a+�d

4 0

225 Oh 0 �a+�b
4 ≡ �c+�d

2 0

226 O 0 �b+�c
2 0

227 Td 0 �a+�b
4

�a+�b
2

228 T 0 �a+�d
2 0

229 Oh
�a+�b

2
�a+�b

4 0

A. EBR matrix and its ambiguity

In this section, we derive a formula to extract the irreps of
Wannier orbitals at Wyckoff positions in the real space from
a vector v of the numbers of irreps at HSPs in the momentum
space for a given filled band. Here, the set of filled bands
is assumed to have the trivial symmetry indicator [36,40].
Moreover, we also assume that the Wannier center positions
are uniquely determined from the set of Bloch wave functions
of a given band structure.

Here we explain the EBR matrix [18,47]. The EBR matrix
M is an integer matrix that informs us about the relationship
between Wannier orbitals, i.e., irreps at Wyckoff positions
in real space and irreps at HSPs in momentum space, as
explained below. Let v be a column vector consisting of the
number of filled bands with each irrep at each HSPs in mo-
mentum space in the filled bands, i.e.,

v = (
nρ1


 , nρ2

 , · · · )t

, (18)

where nρ

 represents the number of filled bands with irrep ρ

at HSP 
. Similarly, let n denote a column vector composed
of the number of filled Wannier orbitals at each maximal
Wyckoff position

n = (
aρ1

ω , aρ2
ω , · · · )t

, (19)

where aρ
ω is the number of the Wannier orbital ρ at Wyckoff

position ω. For an arbitrary AI, we can always write

v = Mn. (20)

To derive momentum-space formulas of the filling
anomaly, what we have to do is obtain the number of filled
Wannier orbitals at each maximal Wyckoff position for a given
v. This is achieved by the Smith decomposition of M,

M = U −1�V −1, (21)

where � is an integer diagonal matrix, whose matrix rank is
N , in the form of �i j = λiδi j (λi > 0 for i = 1, . . . , N and
λi = 0 for i > N , and λi divides λ j if i < j � N), and U and
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(a) SG No.195 (b) SG No.16

FIG. 4. HSPs in the momentum space with (a) SG No.195 and
(b) SG No.16. The points with the same color belong to the same
k-vector star. The gray cube represents 1/8 of the Brillouin zone.
The 
 point is the origin in k space.

V are unimodular. The most general solution of Eq. (20) is

n = V �pUv + V n0, (22)

where �p is the pseudoinverse matrix of � (i.e., �p is the
diagonal matrix whose entry is λ−1

i for i = 1, . . . , N and 0
for i > N), and n0 is any vector satisfying �n0 = 0. Namely,
n0, j�N = 0, and n0, j>N are arbitrary integers. The triviality of
the symmetry indicator ensures that n is an integer vector.
The second term of Eq. (22) represents an ambiguity for the
solution of n under the given value of v, and thus, ni can be de-
termined only modulo gcd(Vi j | j>N ), where gcd indicates the
greatest common divisor. Therefore, the number of Wannier
orbitals at the Wyckoff position ω is

nω =
∑
i∈ω

dim(ρi )(V �pUv)i

⎛
⎝mod gcd

(∑
i∈ω

dim(ρi )Vi j

)
j>N

⎞
⎠, (23)

where ρi represents the ith irrep of the vector n, and
∑

i∈ω runs
over all the irreps i at the Wyckoff position ω. As we learned
in Sec. II, the filling anomaly is given by �a ≡ na − ma in
terms of modulo 2 to determine the corner charges. Therefore,
we need to determine the value of na in Eq. (23) in terms of
modulo 2.

We note that the formula (23) is also applicable to fragile
insulators, which have the trivial symmetry indicator. Namely,
the vector v for a fragile insulator is given by a difference
between those for two atomic insulators, and we can expect
that its corner charge should be given by the difference of the
corner charges of these atomic insulators, provided that their
bulk, surfaces, and hinges are charge neutral. It means that the
linear relationship (23) between nω and v holds also for fragile
insulators.

B. Setup

We carry out the calculations of Eq. (23) for both of the
spinful and spinless cases with TRS in Table I, and we find
that the value of na from Eq. (23) cannot be determined in
terms of modulo 2 for spinless systems with the 10 SGs, of
the SG numbers 195, 196, 197, 201, 203, 207, 208, 209, 210,
and 211. Namely, in these cases, gcd(

∑
i∈a dim(ρi)Vi j ) j>N is

an odd number.

TABLE II. Character table of the point group T .

T E C3(111) C2x C2y C2z

A 1 1 1 1 1
E 1 1 e−i 2π

3 1 1 1
E 2 1 ei 2π

3 1 1 1
T 3 0 −1 −1 −1

Here we focus on the spinless system with the SG No.
195 as an example, and we will see that the remaining nine
cases can be studied similarly. The SG No. 195 (P23) is the
simplest space group among cubic and tetrahedral SGs, and is
a subgroup of the other cubic and tetrahedral SGs. Therefore,
if we calculate the filling anomaly for the SG No. 195, we can
directly extend it to the other cubic and tetrahedral SGs.

We show the Wyckoff positions and HSPs in the SG No.
195 in Figs. 2 and 4(a), respectively. The Wyckoff positions
in the unit cell with SG No. 195 are the same as those with
SG No. 207. The site-symmetry groups of 1a and 1b are
isomorphic to the point group T , and those of 3c and 3d are
isomorphic to the point group D2. On the other hand, there are
four kinds of HSPs called 
, X, M, and R in the SG No. 195.
In Fig. 4(a), the red, green, purple, and blue points represent
the 
, X, M, and R points, respectively. The little groups at 


and R are isomorphic to the point group T and those at X and
M are isomorphic to the point group D2. The irreps of T and
D2 are listed in Tables II and III, respectively.

Next, we consider the EBR matrix for SG No. 195. Band
representations for the Wannier orbitals located at all the max-
imal Wyckoff positions are expressed as a vector v in the form(

nE2


 , nE1


 , nA

, nT


, nB1
X , nB2

X , nB3
X , nA1

X , nB1
M ,

nB2
M , nB3

M , nA1
M , nE2

R , nE1

R , nA
R, nT

R

)t
, (24)

where nρ

 indicates the number of times the irrep ρ appears in

a given set of filled bands at HSP 
. Any vector v of the filled
band whose symmetry indicator is trivial can be written as a
linear combination of the column vectors of the EBR matrix
with integer coefficients. The coefficients form a vector n in
the form (

aE
1a, aA

1a, aT
1a, aE

1b, aA
1b, aT

1b, aB1
3c , aB2

3c ,

aB3
3c , aA1

3c , aB1
3d , aB2

3d , aB3
3d , aA1

3d

)t
, (25)

where aρ
ω is the number of atomic insulators whose Wyckoff

position is ω and the irrep is ρ of the site-symmetry group.
Here, E = E1 ⊕ E2 because of TRS. In this basis, we con-
struct the EBR matrix for the SG No. 195 by using topological
quantum chemistry in the Bilbao Crystallographic Server [35]

TABLE III. Character table of the point group D2.

D2 E C2x C2y C2z

A1 1 1 1 1
B1 1 −1 −1 1
B2 1 −1 1 −1
B3 1 1 −1 −1
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as follows:

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 1 0 0 0 0 0 1 0 0 0 1
1 0 0 1 0 0 0 0 0 1 0 0 0 1
0 1 0 0 1 0 0 0 0 1 0 0 0 1
0 0 1 0 0 1 1 1 1 0 1 1 1 0
0 0 1 0 0 1 1 0 2 0 0 1 2 0
0 0 1 2 1 0 1 0 0 2 1 0 1 1
0 0 1 0 0 1 1 2 0 0 2 1 0 0
2 1 0 0 0 1 0 1 1 1 0 1 0 2
0 0 1 2 1 0 2 0 0 1 1 1 1 0
0 0 1 0 0 1 0 0 2 1 0 0 2 1
0 0 1 0 0 1 0 2 0 1 2 0 0 1
2 1 0 0 0 1 1 1 1 0 0 2 0 1
1 0 0 1 0 0 1 0 0 0 0 1 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 0
0 1 0 0 1 0 1 0 0 0 0 1 0 0
0 0 1 0 0 1 0 1 1 1 1 0 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (26)

Here, the (i, j) component of M indicates the number of times the ith irrep in the momentum space appears in the EBR induced
from the jth irrep in the real space. We can obtain the matrices V and � in Eq. (21) by carrying out Smith decomposition to this
EBR matrix M as follows:

V =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 −1 0 0 0 −1 −1 0 0 −1 −1 −1
0 1 0 −1 0 0 −2 −1 0 −1 −1 −1 −1 −2
0 0 1 −1 0 0 −1 −2 −2 −1 −1 −1 −3 −2
0 0 0 0 0 0 −1 0 1 −1 −1 0 0 −1
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 1 0 1 1 0 1 1 0 1 2
0 0 0 0 0 1 0 0 1 0 −1 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 1 1 0 0 1 1 1 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (27)

λ1 = λ2 = · · · = λ6 = 1, N = 6. (28)

To determine the corner charge, we need to calculate �a ≡ n1a − m1a (mod 2) as explained in Sec. III. Meanwhile, from Eq. (27),
the ambiguity of n1a in Eq. (23) is given in terms of modulo 1,

gcd

⎛
⎝ ∑

i=1,2,3

dim(ρi )Vi j

⎞
⎠

j>6

= gcd

⎡
⎣(3, 1, 2)

⎛
⎝ 0 −1 −1 0 0 −1 −1 −1

−2 −1 0 −1 −1 −1 −1 −2
−1 −2 −2 −1 −1 −1 −3 −2

⎞
⎠
⎤
⎦

= gcd(−4,−8,−7,−3,−2,−6,−10,−9) = 1. (29)

Thus we cannot determine the corner charge formula for SG No. 195 from the EBR matrix alone.

C. k-space Corner charge formulas using
a topological invariant

In order to construct the corner charge formula for the SG
No. 195 in terms of the bulk band structure in k space, we
need additional information for the occupied eigenstates. In
the case with TRS, we can utilize the Z2 invariant, which
we call ξ ∈ {0, 1}, introduced in Ref. [48], as we discuss in
this subsection. On the other hand, k-space formulas in the
case without TRS are left as a future work. The Z2 invariant
is defined for the SG No. P222 (No. 16) with TRS in spin-
less electrons, which is a subgroup of the SG No. 195. The

difference between the SGs No. 16 and No. 195 lies in that
the SG No. 16 does not have threefold rotations. There are
eight HSPs in the SG No. 16 shown in Fig. 4(b). The little
group on high-symmetry lines along the C2μ∈{x,y,z} axis is
Z2 = {E ,C2μ}, and that at the HSPs is D2 whose character
table is given by Table III. We call the trivial and sign rep-
resentation of Z2 as A and B, respectively. The symmetry
constraints on the Hamiltonian H (k) in Bloch-momentum
space is summarized as

VT (k)H (k)∗VT (k)† = H (−k), (30)

085114-7



WADA, NAITO, ONO, SHIOZAKI, AND MURAKAMI PHYSICAL REVIEW B 109, 085114 (2024)

VC2μ
(k)H (k)VC2μ

(k)† = H (C2μk), μ = x, y, z, (31)

VT (−k)VT (k)∗ = 1, (32)

VC2μ
(C2μk)VC2μ

(k) = 1, μ = x, y, z, (33)

VT (C2μk)VC2μ
(k)∗ = VC2μ

(−k)VT (k). (34)

On each high-symmetry line segment ��′ connecting two
HSPs � and �′, we introduce a Wilson line eiγ B

��′ of the
B-irrep as follows. Let �B(k) = (|uB

1 (k)〉, . . . , |uB
n (k)〉) be an

orthogonal set of occupation Bloch states with the B-irrep on
the line segment ��′. Here, n is the number of the B-irreps,
and when n = 0 we set eiγ B

��′ = 1. The Wilson line eiγ B
��′ is

defined as

γ B
��′ = Arg

�′−δk∏
k=�

det[�B(k + δk)†�B(k)], (35)

where δk = ε(�′ − �), ε > 0 is a small displacement vector.
The Wilson line eiγ B

��′ is not gauge invariant as it changes
under the gauge transformation at the endpoints �B(k) �→
�B(k)W B(k) with W B(k) ∈ U (n) a unitary matrix for k =
�,�′. We partially fix a gauge of �B(�) of all the HSPs
� as follows: At each HSP �, the occupied Bloch frame
is decomposed as �ρ (�) of four irreps ρ ∈ {A, B1, B2, B3}
listed in Table III. In computing the Wilson line of the line
segment parallel to the C2x, C2y, or C2z axis, the Bloch frame
�B(�) at the endpoint � is set as

�B(�) =
⎧⎨
⎩

(�B1 (�),�B2 (�)) for C2x axis,
(�B1 (�),�B3 (�)) for C2y axis,
(�B2 (�),�B3 (�)) for C2z axis.

(36)

Note that the gauge constraints (36) are numerically imple-
mented straightforwardly. The Z2 invariant is given as [48]

(−1)ξ = eiγ B
�X eiγ B

XS eiγ B
SY eiγ B

Y� × eiγ B
ZT eiγ B

TR eiγ B
RU eiγ B

UZ × eiγ B
Z�eiγ B

XU eiγ B
YT eiγ B

RS

×
∏

�∈{�,S,U,T}
det

[(
�

B3
�

)†
VT (�)

(
�

B3
�

)∗]−1 ×
∏

�∈{X,Y,Z,R}
det

[(
�

B3
�

)†
VT (�)

(
�

B3
�

)∗]

× exp

[
−1

2

∮
�→X→S→Y→�

Tr[(�B(k))†VC2zT (k)dVC2zT (k)†�B(k)]

]

× exp

[
1

2

∮
Z→U→R→T→Z

Tr[(�B(k))†VC2zT (k)dVC2zT (k)†�B(k)]

]

× exp

[
−1

2

(∫
Z→�

+
∫

X→U
+
∫

Y→T
+
∫

R→S

)
Tr[(�B(k))†VC2xT (k)dVC2xT (k)†�B(k)]

]
× (−1)ρ, (37)

Here, VC2μT (k) = VC2μ
(−k)VT (k), and ρ ∈ {0, 1} is a quadratic function determined by irreps at HSPs,

ρ := nB3
R

(
nB3

S + nB2
T + nB3

T + nB2
U + nB3

U + nB3
Z

) + nB2
R

(
nB3

T + nB3
U + nB3

X + nB3
Y

)
+ nB2

T

(
nB3

S + nB3
U + nB3

X

) + nB3
Y

(
nB3

S + nB2
U + nB3

X + nB3
Z

) + nB3
S nB2

U + nB3
X

(
nB3

S + nB3
Z

) + nB3
S nB3

Z

+ nB3
T

(
nB2

U + nB3
U + nB3

Y + nB3
Z

) + nB3
U

(
nB3

X + nB3
Z

) + nB3
S + nB3

T + nB3
U mod 2. (38)

Equation (36) gives some constraint on the gauge choice but
does not fully fix the gauge. Thus, even under (36), some free-
dom on the gauge choice remains. It is found that ξ is invariant
under gauge transformation while keeping (36), is quantized,
and satisfies the linearity ξ (E ⊕ F ) ≡ ξ (E ) + ξ (F ).

Because SG No. 16 is a subgroup of SG No. 195, we can
calculate this Z2 invariant ξ for the AIs in the SG No. 195,
corresponding to each irrep at each Wyckoff position. We find
that the invariant ξ is nontrivial only for the four irreps at the
Wyckoff position 1b,

ξ
(
aA1

1b

) = ξ
(
aB1

1b

) = ξ
(
aB2

1b

) = ξ
(
aB3

1b

) = 1, (39)

ξ (aρ
ω ) = 0 otherwise. (40)

Then we find that n1a can be determined modulo 2 by
incorporating the invariant ξ into the EBR matrix M. We
incorporate ξ into the definition of v and define ṽ,

ṽ = (
nE2


 , nE1


 , nA

, nT


, nB1
X , nB2

X , nB3
X , nA1

X , nB1
M ,

nB2
M , nB3

M , nA1
M , nE2

R , nE1

R , nA
R, nT

R , ξ
)t

. (41)

Correspondingly, we define a pseudo-EBR matrix M̃ from the
EBR matrix M, by adding one row representing the values
of ξ modulo 2. Then we apply the Smith decomposition to
this pseudo-EBR matrix M̃, and calculate n1a just as before
(see Appendix B). As a result, we can obtain a formula for n1a

(mod 2). Then �a ≡ n1a − m1a (mod 2) and the corner charge
formula for SG No. 195 in terms of the bulk band structure and
bulk ionic positions are

�a = nA

 + nB2

M + ξ − ma (mod 2), (42)

Qcorner = −nA

 + nB2

M + ξ − m1a

N
|e|
(

mod
2|e|
N

)
. (43)

We also calculate the corner charge formulas for the remain-
ing nine SGs using ξ in the same way, and these results of
the filling anomaly are shown in Table IV. The corner charge
formulas are given by dividing their filling anomalies by the
number of corners, N .

085114-8



GENERAL CORNER CHARGE FORMULAS IN VARIOUS … PHYSICAL REVIEW B 109, 085114 (2024)

TABLE IV. The filling anomaly for the 10 SGs, for which the
corner charges cannot be determined by the EBR matrix alone. The
corner charge formulas are given by dividing their filling anomaly
by N .

SG number Filling anomaly �a (mod 2)

195 nA

 + nB2

M + ξ − ma

196 n1
X + n4


 + ξ − ma

197 ξ − ma

201 nA

 + nB2

M + ξ − ma

203 n1+

 + n4+


 + ξ − ma

207 n4

 + n5


 + n1
R + n2

R + ξ − ma

208 ξ − ma

209 n1

 + n2


 + n4

 + n5


 + ξ − ma

210 n2

 + n3


 + n4

 + ξ − ma

211 ξ − ma

D. Corner charge and TRS

Although the Z2 invariant ξ successfully captures the cor-
ner charges, it is somewhat puzzling that its definition requires
TRS, which seems unrelated to the corner charge. In this
section, we demonstrate that in the absence of TRS, the ξ = 1
state can be adiabatically connected to the ξ = 0 state while
keeping a bulk energy gap.

We start by examining SG No.16 (P222) without TRS
and incorporate the threefold rotation symmetry around the
(111) axis later. On the layers z = n + z0 with n ∈ Z and
z0 ∈ (0, 1/2), we can adiabatically generate two Chern insula-
tors, H (+)

z=n+z0
and H (−)

z=n+z0
with opposite Chern numbers from

vacuum; see Fig. 5(a1). These Hamiltonians are given by

H (±)
z=n+z0

(kx, ky) = kxσx + kyσy ± mσz. (44)

They are invariant under the C2z symmetry,

VC2z H
(±)
z=n+z0

(kx, ky )V †
C2z

= H (±)
z=n+z0

(−kx,−ky ) (45)

with VC2z = σz and also preserve lattice translation symmetry.
On the layer z = n − z0, we set the pair of Hamiltonians
H̃∓

z=n−z0
(kx, ky) by C2x rotation as

H̃∓
z=n−z0

(kx, ky) = H±
z=−n+z0

(kx,−ky ). (46)

Next, we adiabatically deform the localized positions of
Chern insulators while keeping P222 symmetry as

H (+)
z=n+z0

→ H (+)
z=n+1/2, (47)

H (−)
z=n+z0

→ H (−)
z=n+0, (48)

H̃ (+)
z=n−z0

→ H̃ (+)
z=n−0, (49)

H̃ (−)
z=n−z0

→ H̃ (−)
z=n−1/2, (50)

see Fig. 5(a2). Consequently, on the z = n layers, we obtain
two Chern insulators with opposite Chern numbers,

H (−)
z=n+0 ⊕ H̃ (+)

z=n−0 = kxσx + kyσyτz − mσz, (51)

VC2z = σz, VC2x = τx. (52)

Here, τμ denotes the Pauli matrices for the two layers of
Chern insulators. A generic mass term for H (−)

z=n+0 ⊕ H̃ (+)
z=n−0

(a1)

(b) (c)

(a2)

FIG. 5. (a1) Adiabatic pair creation of Chern insulators on planes
Z ∈ Z ± z0. The blue and red layers show Chern insulators with
Chern numbers 1 and −1, respectively. (a2) Parallel translation of
Chern insulators to the planes at z ∈ Z + 0 and z ∈ Z + 1/2, consis-
tent with P222 symmetry. (b) A vortex structure that is compatible
with P222 symmetry on the z = 0 plane. The vector (M1, M2) is
indicated by the red angles. (c) Illustration of bound states adiabat-
ically created. The figure shows a unit cell, and a1, a2, and a3 are
lattice vectors. Red and blue circles represent negative and positive
energy-bound states, respectively.

is expressed as

M1(x, y)σyτx + M2(x, y)σyτy. (53)

The D2 symmetry imposes constraints on the mass terms,

M1(−x,−y) = −M1(x, y), M1(x,−y) = M1(x, y), (54)

M2(−x,−y) = −M2(x, y), M2(x,−y) = −M2(x, y),
(55)

which implies that around each of the high-symmetry points
(x, y) ∈ (Z,Z), (Z + 1/2,Z), (Z,Z + 1/2), (Z + 1/2,Z +
1/2), the winding number W = 1

2π

∮
d arg(M1 + iM2)

is an odd integer, W ∈ 2Z + 1. Then, there appears a
low-energy bound state at each high-symmetry point and its
energy depends on whether W ∈ 4Z + 1 or W ∈ 4Z − 1. For
W = ±1, by taking M1 ∼ x and M2 ∼ ±y near (x, y) = (0, 0)
as an example, we see that the bound-state wave functions are
given by

φ
B3
W =1 ∝

(
0
1

)
σ

⊗
(

1
1

)
τ

e−(x2+y2 )/2, E = m, (56)

φ
B1
W =−1 ∝

(
1
0

)
σ

⊗
(

1
−1

)
τ

e−(x2+y2 )/2, E = −m, (57)

where φ
B3
W =1 and φ

B1
W =−1 represent the B3 and B1 irreps, re-

spectively. Figure 5(b) illustrates a vortex structure of M1, M2,
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assuming the absence of vortices except at the high-symmetry
points. The situation is analogous for the z = n + 1/2 planes.
Figure 5(c) provides a possible configuration of positive and
negative energy-bound states, where red circles represent oc-
cupied Wannier orbitals with charge −|e|, while blue circles
are ions. The state shown in Fig. 5(c) is TRS invariant and has
ξ = 1, which implies that the vacuum state (ξ = 0) and the
ξ = 1 state are adiabatically connected to each other if TRS is
broken.

The adiabatic deformation described above does not re-
spect the symmetry constraint of SG No.195. However, SG
No.195 can be enforced by creating three copies using the
rotation C3 along the (111) axis. For the resultant state,
we have (�a,�b,�c,�d ) = (3,−3, 3,−3), which gives
the filling anomaly according to Eq. (3) as η

perfect, type 1
n =

−3, indicating a nontrivial corner charge. We have demon-
strated that insulators possessing a corner charge for SG
No.195 can be adiabatically connected into insulators lack-
ing a corner charge if TRS is broken. Thus, to characterize
insulators as a bulk phase based on the corner charge, TRS is
crucial.

We note that the adiabatic creation of paired Chern insula-
tors, followed by their transition and subsequent annihilation
except at high-symmetry points, can be viewed as a model
for the third differential in the real-space Atiyah-Hirzebruch
spectral sequence [58].

V. CONCLUSIONS

In this paper, we derived formulas for quantized fractional
corner charges for three-dimensional insulators with various
crystal shapes.

We derived the formulas in terms of the real-space Wyckoff
positions and those in terms of the irreps in k space. For the
quantization of the corner charge, the crystal shape should
be a vertex-transitive polyhedron. We focused on the crystal
shapes of the spherical family of the vertex-transitive poly-
hedra, corresponding to the five cubic point groups such as
O, Oh, T, Td , and Th. We calculated the real-space formulas
of corner charges for each crystal shape of these polyhedra,
whose center is located at the Wyckoff position a. Surpris-
ingly, we found that the filling anomaly is given by �a ≡
n1a − m1a (mod 2) irrespective of the crystal shapes and the
space group considered, where n1a is the number of Wannier
orbitals at the Wyckoff position a in the occupied states and
m1a is the total charge of ions measured in the unit of |e| at the
Wyckoff position a. As a result, the corner charge formulas in
these cases are given by −�a|e|/N where N is the number of
corners of the crystal shapes.

Finally, we took the method of the EBR matrix to obtain
the corner charge formulas for the tetrahedral and cubic SGs
in terms of the bulk band structures in k space. As a result,
we found that the corner charge formulas for all the spinful
cases and some of the spinless cases are given in terms of the
number of occupied irreps at HSPs in k space. Meanwhile, in
the remaining cases of spinless systems for the 10 SGs are not
determined from the EBR matrix alone, because some band
structures with different Wyckoff positions share the same
irreps at all the HSPs in the BZ. Such SG numbers are 195,
196, 197, 201, 203, 207, 208, 209, 210, and 211. To solve

TABLE V. Summary for the filling anomaly for both spinful and
spinless systems for the tetrahedral and cubic SGs. The corner charge
formulas are given by dividing their filling anomaly by N . We note
that the filling anomaly for the spinful systems are universally given
by −ma.

SG number �aspinful (mod 2) �aspinless (mod 2)

195 nA

 + nB2

M + ξ − ma

196 n1
X + n4


 + ξ − ma

197 ξ − ma

200 n4−

 + n4+

R + n1−
M + n1+

X − ma

201 ξ − ma

202 n1−

 + n4+


 + n4−

 + n2+

X + n1+
L −

ma

203 n1+

 + n4+


 + ξ − ma

204 n4−

 + n1+

H + n1
P + n1+

N − ma

207 n4

 + n5


 + n1
R + n2

R + ξ − ma

208 ξ − ma

209 n1

 + n2


 + n4

 + n5


 + ξ − ma

210 n2

 + n3


 + n4

 + ξ − ma

211 ξ − ma

215 −ma n1

 + n4


 + n5

 + n1

R + n2
M + n1

X −
ma

216 n4

 + n2

X + n1
W − ma

217 n1

 + n4


 + n5

 + n1

H + n1
P + n2

P −
ma

218 n2

 + n1

M − ma

219 n4

 + n1

X − ma

221 n1+

 + n2+


 + n1−
R + n2−

R + n5−
M +

n5+
X − ma

222 n1+

 + n1−


 + n4+

 + n5+


 + n1
R −

ma

223 n1+

 + n2−


 + n1−
M + n2+

M − ma

224 n2−

 + n3−


 + n4−

 + n2+

R + n3+
R +

n4+
R − ma

225 n1+

 + n2−


 + n1+
X + n2+

X + n3+
X +

n3−
X + n1+

L + n1−
L − ma

226 n1+

 + n2+


 + n1+
X + n2+

X − ma

227 n1+

 + n1−


 + n2−

 + n3+


 + n4+

 +

n1
W − ma

228 n2+

 + n3+


 + n4+

 − ma

229 n1+

 + n2−


 + n1−
H + n2+

H + n4
P +

n5
P − ma

this problem, we introduced the Z2 topological invariant ξ ,
which is defined in SG No. 16 with TRS. By incorporating
this invariant ξ , we constructed the corner charge formulas in
terms of bulk band structures in k space for the above 10 SGs
in the case with TRS. We note that in the presence of TRS, we
have successfully constructed the k-space formulas of corner
charges. It justifies our assumption that the Wyckoff positions
for the electronic Wannier centers are uniquely determined
from the set of Bloch wave functions. Meanwhile, in the
absence of TRS, we could not obtain k-space formulas of the
corner charges, which means that this assumption may not
hold. We leave it as future work to understand whether or not
this assumption holds for the above 10 SGs without TRS. If it
holds, deriving k-space formulas of corner charges for them is
also a promising direction of future research.
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APPENDIX A: CORNER CHARGE FORMULAS WITH
BOTH SPINFUL AND SPINLESS SYSTEMS

FOR THE CUBIC SGs

Here we summarize the corner charge formulas for the
27 tetrahedral and cubic SGs for both spinful and spinless
systems with TRS. We show the filling anomalies �aspinful

for spinful systems and �aspinless for spinless systems for the
above SGs in Table V. The corner charge formulas are given
by dividing their filling anomalies by N . We note that all the
irreps of each double group considered have even dimensions
in the spinful cases due to the Kramers degeneracy [26].
Therefore, the corner charges have no electronic contribution
for spinful systems.

APPENDIX B: SMITH NORMAL FORM OF THE PSEUDO-EBR MATRIX M̃

In Sec. IV, we obtained the pseudo-EBR matrix M̃ from the EBR matrix M by adding a row (0,0,0,0,1,1, 0,0,0,0,0,0,0,0) in
spinless systems with the SG No. 195. This new row represents the values of ξ modulo 2 for each atomic insulator represented
by Eq. (25) obtained from Eq. (39). As a result, the pseudo-EBR matrix M̃ is

M̃ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 1 0 0 0 0 0 1 0 0 0 1
1 0 0 1 0 0 0 0 0 1 0 0 0 1
0 1 0 0 1 0 0 0 0 1 0 0 0 1
0 0 1 0 0 1 1 1 1 0 1 1 1 0
0 0 1 0 0 1 1 0 2 0 0 1 2 0
0 0 1 2 1 0 1 0 0 2 1 0 1 1
0 0 1 0 0 1 1 2 0 0 2 1 0 0
2 1 0 0 0 1 0 1 1 1 0 1 0 2
0 0 1 2 1 0 2 0 0 1 1 1 1 0
0 0 1 0 0 1 0 0 2 1 0 0 2 1
0 0 1 0 0 1 0 2 0 1 2 0 0 1
2 1 0 0 0 1 1 1 1 0 0 2 0 1
1 0 0 1 0 0 1 0 0 0 0 1 0 0
1 0 0 1 0 0 1 0 0 0 0 1 0 0
0 1 0 0 1 0 1 0 0 0 0 1 0 0
0 0 1 0 0 1 0 1 1 1 1 0 1 1
0 0 0 0 1 1 0 0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (B1)

We can obtain the matrices Ṽ and �̃ by using Smith decomposition to this EBR matrix M̃. Accordingly, we can determine nω

modulo 2 from symmetry indicators and the value of ξ ,

Ṽ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 −1 0 −1 0 0 0 −1
0 1 0 0 −1 0 −1 0 0 −1 1 0 0 −1
0 0 1 1 0 −1 0 0 −2 −1 −1 0 −2 −1
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 1 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 1 0 −1 0 1
0 0 0 −1 0 0 1 2 −1 2 −2 −1 0 1
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 −1 −2 2 −2 2 1 1 −1
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (B2)

λ1 = λ2 = · · · = λ7 = 1, N = 7. (B3)
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