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Electrostatic environment and Majorana bound states in full-shell topological insulator nanowires
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The combination of a superconductor (SC) and a topological insulator (TI) nanowire was proposed as a
potential candidate for realizing Majorana zero modes (MZMs). In this study, we adopt the Schrodinger-Poisson
formalism to incorporate the electrostatic environment inside the nanowire and systematically explore its
topological properties. Our calculations reveal that the proximity to the SC induces a band bending effect,
leading to a nonuniform potential across the TI nanowire. As a consequence, there is an upward shift of the
Fermi level within the conduction band. This gives rise to the coexistence of surface and bulk states, localized in
an accumulation layer adjacent to the TI-SC interface. When magnetic flux is applied, these occupied states have
different flux-penetration areas, suppressing the superconducting gap. However, this impact can be mitigated by
increasing the radius of the nanowire. Finally, we demonstrate that MZMs can be achieved across a wide range
of parameters centered around one applied flux quantum, ¢9 = h/2e. Within this regime, MZMs can be realized
even in the presence of conduction bands. Moreover, the realization of MZMs is not affected by the band bending
effect. These findings provide valuable insights into the practical realization of MZMs in TI nanowire-based

devices, especially in the presence of a complicated electrostatic environment.

DOI: 10.1103/PhysRevB.109.075408

I. INTRODUCTION

Majorana zero modes (MZMs), as quasiparticles at topo-
logical superconductor boundaries, have been extensively
studied because of their potential applications in topological
quantum computations [1-3]. The most heavily investigated
experimental systems to search for MZMs are semiconduc-
tor (SM)-superconductor (SC) devices [4—6]. Despite various
experimental progress reported [7-11], the conclusive obser-
vation of MZMs is still lacking. A significant reason is that
some trivial mechanisms can also produce similar experi-
mental signatures [12-21], which significantly complicated
the search for MZMs. To overcome this issue, two main
directions have been pursued. The first approach involves
utilizing alternative detection methods providing signals that
can hardly be mimicked by non-Majorana states [22-26].
One such method is nonlocal conductance measurements in
three-terminal devices [27-35], which can directly detect the
bulk gap closing and reopening. The second approach focuses
on finding materials with high quality and unique proper-
ties that are conducive to the formation and manipulation
of MZMs [36—44]. For instance, materials like topological
insulator (TI) nanowires have been identified as potential
candidates [36-38]. When a TI is made into a nanowire,
quantum confinement gives rise to peculiar one-dimensional
Dirac subbands whose energy dispersion can be manipulated
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by external fields. In contrast to semiconductor-based systems
where the Fermi level needs to be finely tuned within a narrow
gap opened by the Zeeman effect, TI nanowires offer a topo-
logical region that can extend throughout the entire bulk gap
[36,37].

In the past few years, substantial progress in the growth
of TI nanowire devices have been reported [45-48]. These
advancements enabled the fabrication of high-quality TI
nanowires with well-controlled properties [49-51]. Recently,
proximity-induced superconductivity in TI nanowires has
been experimentally reported [S1-53], but the deterministic
evidence of the MZMs in TI nanowire is still lacking. Mean-
while, the previous theoretical works [36-38] treat chemical
potential and induced superconducting (SC) gap as inde-
pendently adjustable parameters. However, the unavoidable
electrostatic effects and band bending effect at the TI-SC
interface can greatly complicate the Majorana physics in the
TI-SC system, as they did in the SM-SC system [54-56]. For
instance, in experiments where TI are grown with SC films,
the process induces charge doping from the SC to the TI,
resulting in a shift of the Fermi level into the conduction
band [57,58]. This effect is undesirable since the realization
of MZMs requires TIs to be bulk insulating [36,37,59]. Fur-
thermore, the band bending effect near the SC can suppress
the tunability of surface states through gating [60], further
complicating the control of electronic properties in TI-SC
hybrid devices. These challenges and limitations motivate
us to develop more realistic calculations that can accurately
describe the electrostatic environment and band structures
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FIG. 1. TI nanowire is covered by a full superconducting shell.
The magnetic field is applied along the nanowire (z direction). The
radius of the TI nanowire is Ry.
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of TI nanowires, leading to a better understanding of their
topological properties.

In this work, we investigate the properties of a TI nanowire
covered by a full-shell SC. To account for the electrostatic
environment of the system, we employ the self-consistent
Schrodinger-Poisson (SP) methods to calculate the electro-
static potential inside the TI nanowire. Our analysis reveals
that the band bending effect at the TI-SC interface leads to
a shift of the Fermi level into the conduction band, consis-
tent with experimental observations [57,58]. Consequently,
the surface states and bulk states coexist in the system and
they are confined to an accumulation region near the TI-SC
interface. Moreover, these occupied states have different flux-
penetration areas, leading to a suppression of the SC gap under
the application of a magnetic field. To address this issue, we
propose to use a TI nanowire with a larger radius. Finally, we
give a topological phase diagram and demonstrate that MZMs
can be achieved over a wide range of parameters near one
applied flux quantum, ¢y = h/2e. In this case, the presence
of MZM:s is independent of the strength of the band bending,
eliminating the need for fine-tuning of the Fermi level. These
findings provide valuable insights into the phase diagram and
practical realization of MZMs in TI nanowire-based devices.

The paper is organized as follows. In Sec. II, we construct
a model Hamiltonian in the cylinder coordinate. In Sec. III,
we calculate the electrostatic potential using the Schrodinger-
Poisson approach. In Sec. IV, we discuss the topological
properties of the TI nanowire. Finally, we draw a discussion
and conclusion in Sec. V.

II. MODEL HAMILTONIAN

We consider a topological insulator (TT) nanowire coated
by a full superconducting shell, as illustrated in Fig. 1.
The system is exposed to a magnetic field B oriented
along the nanowire’s direction. To maintain the system’s
rotational symmetry, we adopt the electromagnetic vector
potential A = %(B x r). Subsequently, we formulate the elec-
tronic Hamiltonian of the TI in cylindrical coordinates as
follows (see Appendix B):

He = Hr1 + Hy — ep(r), (D
where

Hry = M(r, 0, 2)so0; + D(r, 8, 2)s000 + A1 (—id;)s,0x
+ArP_gs 0, + ArPrgs_oy. 2)

The Pauli matrices s and o act on spin and orbital
space, respectively. r, 6, and z are the cylindrical coordi-
nates. We define s+ = (sy £isy)/2, 59 = cosOs, — sinbs,,
M(r,0,2) = mg — B10? — By(20, + 07 + £33), D(r,0,2) =
Co— D102 — Dy(19, + 92 + £932), and Prg=—ie*" (5,41 p).
The parameters myg, Cy, B;, A;, and D; with i =1,2 are
model parameters from ab initio calculations [61]. The elec-
trostatic potential ¢(r) arises due to the band bending effect
at the interface between the TI and SC, which can be self-
consistently calculated through the SP method, as we will
show in Sec. III. Hy, is the magnetic flux-induced term and
takes the form (see Appendix B)

Ay @(r)

Hyg = 2 102() + 2iB, D) oo 5000, )
where ®(r) = Br?/®, represents the normalized magnetic
flux with respect to the flux quantum ®y = h/e.

Notably, the electronic angular momentum operator fze
commutes with H., where ff = —idy + %sz have the eigen-
values j. =7 + % The angular dependence of H, can be
eliminated using a unitary transformation U = exp[—i(j, —
%sZ)G], namely H =UHU". Consequently, H, becomes
block diagonal, expressed as

H. = P HE (. k). )
Jeok

while taking the periodic boundary condition along the z di-
rection. The explicit form of H%; (r, k) is given in Appendix B.
When the electrostatic potential is absent, i.e., ¢(r) = 0, the
energy spectrum of the surface states can be approximated by
the formula [62,63]

o — D(Ro)\*
Ej = \/A%kg +A§<]TO) . (5)

In the absence of a magnetic field, the branches Ey_ ;| are
doubly degenerate due to time reversal symmetry. Upon appli-
cation of a magnetic field, the degeneracy is lifted by a finite
gap of 26 = ZA%O(R‘)) between bands with £, due to the flux
effect. For Ry = 50 nm, the surface level spacing is estimated
to be 8.2 meV at half flux quantum, i.e., ®(Ry) = 1/2. Here,
we neglect the Zeeman splitting because its energy scale £, =
0.056 meV (taking g factor g ~ 4 for Bi,Ses [64]), which is
much smaller than the energy scale we are interested in.

III. ELECTROSTATIC POTENTIAL

To compute the electrostatic potential ¢(r) self-
consistently, we begin by solving the Schrédinger equation:

HE (k) () = B il (1) ©)

in each j block with given k; in the basis of Bessel functions
(see Appendix C). Here, n, is the index of the transverse
modes. It is important to note that we solve the Schrédinger
equation only within the TI region. This is due to the fact that
the superconductor screens the electric field due to its metallic
nature. As a result, throughout the self-consistent procedure,
we treat the SC shell solely as a boundary condition with a
band offset W at the TI-SC interface. Then the charge density
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FIG. 2. Profiles of (a) the electrostatic potential —e¢(r) and
(b) the charge density p(r) are depicted along the radial direction
of the nanowire for three distinct band bending strengths W.

with the profile ¢(r) is obtained

—e 4
PN = Z / dk[|vl, O fr = pa]. D

Nz, Je

where fr =1/ (e Erwe 4 1) represents the Fermi distribution
with temperature 7 = 10 meV. Notably, the first term on the
right-hand side of Eq. (7) accounts for the charge density
originating from all occupied states. To obtain the charge
density of free electrons or holes, the density from the entire
valence band py, () needs to be subtracted [60]; see details in
Appendix D. Finally, the electrostatic potential is determined

by solving the Poisson equation in radial coordinates:

Lo+ 2 = - 20 ®)
r €0€Ey

where ¢, is the relative dielectric constant of TI. The SP
method is to solve Eqs. (6) and (8) self-consistently (see
Appendix E for details).

In Fig. 2, we present the distribution of the self-consistent
potential ¢(r) and charge density p(r) for various values of
W. Notably, the potential gradually increases from the bound-
ary to the interior of the TI due to the charge screening effect.
The contact between the TI nanowire and the SC shell induces
charge doping from the SC to the TI, resulting in an upward
shift of the Fermi level, which is evident in the band struc-
ture shown in Figs. 3(a)-3(c). When W is relatively small,
the Fermi level remains within the bulk band gap, leading
to the occupation of only surface states [Fig. 3(a)]. As W
increases up to 0.2 and 0.3 eV, the Fermi level moves into
the conduction band [Figs. 3(b) and 3(c)]. Recent ab initio
calculations suggest that W ~ 0.3eV in Bi,Te;-Nb hybrid
systems [65]. This implies that most TI-SC nanowires natu-
rally exhibit a Fermi level pinned within the conduction band,
as demonstrated in Fig. 3(c). Furthermore, the distributions
of the density of states (DOS) of the wave functions at the
Fermi level are shown in Figs. 3(d)-3(f). Remarkably, both
the occupied surface states and bulk states are confined to a
narrow accumulation region near the TI-SC interface [66,67],
characterized by a width of about 30 nm. The remaining
part of the nanowire remains relatively insulating in the bulk.
Moreover, it is observed that the surface states and bulk
states exhibit distinct localizations near the TI-SC interface, as
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FIG. 3. (a)—(c) Left to right: the band structure of TI nanowire with inhomogeneous potential ¢(r) when W = 0.1, 0.2, 0.3 eV, respectively.
The blue (black) lines correspond to surface states (bulk states). The red dashed line represents the Fermi level. Notably, the absence of a
magnetic flux maintains the doubly degenerate nature of all bands due to time reversal symmetry. (d)—(e) The density distribution of occupied

states at the Fermi level in panels (a)—(c).
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FIG. 4. Schematic of the superconducting pairing sectors of the
surface states for n = 0 in panel (a) and n = 1 in panel (b). The pair-
ing potential occurs between two surface states whose total angular
momentum satisfies j.; + je = n, as indicated by the blue dashed
box. The red upward (downward) arrows signify surface states with
negative (positive) angular momentum j,.

indicated by the blue and black lines in Figs. 2(e) and 2(f).
This confinement of the surface states and bulk states within
the accumulation region is a significant consequence arising
from the electrostatic environment of the system, which has
not been considered in previous works [36—38].

IV. TOPOLOGICAL PROPERTY

In the presence of the superconductor, the system is de-
scribed by the Bogoliubov—de Gennes (BdG) Hamiltonian,
which takes the form

isyA(r)ei”Q) . ©)

a —isyA(r)e’[”(’ —H;

We use a spatial dependence of the pairing amplitude in such
a setup, which is given by A(r < Ry) = Agexp[(r — Ry)/&]
[68]; & is the superconducting coherence length in the TI. n
is the superconducting phase winding number. In this work,
we choose n = [¢qux + 0.5], where the square brackets indi-
cate taking the closest integer smaller than it. ¢aux = BR% /®o
represents the penetrated magnetic flux normalized by the
superconducting flux quanta, ¢g = h/2e. The BdG Hamil-
tonian H satisfies [J,, H] = 0 with J, = —idy + %szrZ - 3T
and j is the eigenvalue of the total angular momentum J.
Consequently, the BAG Hamiltonian can be block diagonal as

H= @Hf(r, k.), (10)
ik
with
. H: isyA(r)
Hi— TI R 11
(—isyA(r) —(H;;ﬁ’)*) an

In Fig. 4, a schematic representation of the superconducting
pairing sectors for the surface states is provided, characterized
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FIG. 5. Minimal gap A, of all the occupied states as a func-
tion of the magnetic field with (a) different band bend strength W
and (b) different radius Ry. In panel (a), Ry is fixed to 50 nm. In
panel (b), the band bending is fixed to 0.3 eV. The abscissa below
panel (b) corresponds to the case with Ry = 70 nm. We choose the
parameters Ay = 1.6 meV [68] and & = 25 nm [68].

by the electronic angular momentum j,. Notably, the pairing
potential occurs between the two surface states whose total
angular momentum satisfies je; + jeo = 1, as indicated by the
blue dashed box.

As illustrated in Fig. 3(f), the occupied surface states and
bulk states exhibit distinct localizations near the TI-SC inter-
face. Consequently, these states exhibit different magnitudes
of the induced superconducting gaps. To quantitatively assess
this phenomenon, we define the minimum gap A, among
all occupied states. In Fig. 5(a), A, is plotted as a function
of the magnetic field for various band bending strengths W.
When W = 0.1eV (blue lines), A, is largest, displaying a
typical Little-Parks oscillation behavior. Notably, the maxi-
mum of An, occurs when the flux ¢ slightly exceeds the
integer superconducting flux quantum. This is due to the fact
that the actual flux-penetration area of the states is slightly
smaller than the nanowire’s cross-sectional area. Furthermore,
we observe a significant decrease in A, as W increases, as
depicted by the red and black lines in Fig. 5(a). This behavior
can be elucidated as follows: as W rises to 0.2 eV, both
surface states and bulk states become occupied [Fig. 3(b)].
In general, the SC gap of bulk states is smaller than that
of the surface states [60]. Additionally, their difference in
the flux-penetration area, AApyys, introduces a phase uncer-
tainty 8¢ = 2 (AApnysB/¢0), which suppresses the Apyin as
the magnetic field increases. As shown by the red (black)
lines in Fig. 5(a), the third (second) Little-Parks oscillation
peak disappears when W = 0.2 (0.3) eV. Thus, in comparison
to the scenario where the TI nanowire is solely occupied
by surface states, a significant reduction in A, is observed
when the Fermi level resides within the bulk bands. To address
this challenge, we propose employing a TI nanowire with a
larger radius. As illustrated in Fig. 5(b), the SC gap shows an
upward trend with an increase in the nanowire’s radius. This
trend appears to be unexpected in the context of an intuitive
understanding of the proximity effect in TI-SC slab systems,
in which the induced gap in the TI typically decreases with
increasing thickness [57,69]. However, there are two key fac-
tors at play. First, the presence of a full SC shell confines
the occupied states to an accumulation layer near the TI-SC
interface. The thickness of the accumulation layer determines
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the coupling strength between the TI and the SC. Notably, this
accumulation layer maintains a nearly consistent thickness of
approximately 30 nm, regardless of the specific radius of the
TI nanowire (see Appendix F). Secondly, as the radius of the
nanowire’s cross-sectional area increases, the ratio between
the accumulation layer and the nanowire’s sectional area can
be effectively reduced. As a consequence, this leads to an
enhancement of A .

To characterize the topology of the TI nanowire, we calcu-
late the Pfaffian topological invariant v, also called the Kitaev
or Majorana number [70]. A unitary transformation is used to
express the Hamiltonian H in the Majorana basis Hy;, which
is also block diagonal as

Hyj(k, = 0,7) = @ Hyj (k. = 0, 7). (12)
J

Then the topological invariant v can be calculated in each j
block, which takes the form [71]

PI[Hj;(k, = 0)]
o Sg“{ L e e =m)

J
:sgn{nvj}. (13)
J

As depicted in Fig. 4, the configuration of the supercon-
ducting pairing depends on the parity of the winding number
n. This feature engenders different topological properties of
the TI nanowire, contingent on whether # is an even or odd
integer. For the sake of clarity, let us first consider the even-n
scenario, as illustrated in Fig. 4(a). The surface states with £,
exhibit an energy splitting which plays a similar role to the
Zeeman splitting in the Rashba nanowire system. Therefore,
the realization of MZMs requires the fine-tuning of the Fermi
level. However, since the TI nanowire is fully surrounded
by the SC shell, the strong screening effect in the SC shell
makes it difficult to tune the Fermi level by the gate voltage.
Although Fermi level control can be equivalently achieved by
altering the magnitude of W, it is essential to note that, in
practical experiments, W is a nonadjustable parameter that is
determined by work function imbalance at the TI-SC interface
[72]. Considering these intricate factors, the realization of
MZMs with even-n appears to be difficult in our proposed
framework.

In the scenario where 7 is an odd integer, such as the case
of n =1, distinct behavior emerges. Here, the presence of
a solitary j, = 1/2 surface subband [Fig. 4(b)] violates the
fermion doubling theorem, leading to a topological invari-
ant vj—o = —1 [70]. Consequently, the topological conditions
require that the remaining blocks (j # 0) should be topolog-
ically trivial. For the j # O blocks, the energy splitting 28’
between the j, and 1 — j, subbands is given by ;}—;H — Dfiux|-
When a magnetic flux of ¢ayx = 1 is applied, the j, and
1 — j. subbands become perfectly degenerate. The fermion
doubling theorem implies the topological invariant v;.o = 1,
indicating a topologically nontrivial system regardless of the
Fermi level’s position within the bulk gap of the TI nanowire
[36,37]. Remarkably, we find that the system always remains
topologically nontrivial even when the Fermi level is deep

within the conduction band [Fig. 6(a)]. This finding seems
to contrast with previous works that neglected the electro-
static environment and posited that achieving MZMs requires
the Fermi level within the bulk gaps [36-38]. To grasp this
distinction intuitively, one can apprehend it as the follow-
ing. The Fermi levels in the previous works are tuned by
the phenomenal parameters, i.e., the homogeneous chemical
potential ©. When u is inside the conduction band, the bulk
of the nanowire becomes metallic and the topological surface
states disappear [36,37,59]. However, in this work, the up-
ward shift of the Fermi level is caused by the band bending
effect at the TI-SC interface, described by the electrostatic
potential. Although the surface states and bulk states are both
occupied, they are confined to an accumulation layer adjacent
to the TI- SC interface. Remarkably, the confinement of the
electrostatic potential protects the surface states, especially
for j, = 1/2 surface subbands, from hybridization with the
conduction bands [Fig. 3(f)]. This finding is our central result,
as it demonstrates that MZMs can be realized even in the
presence of conduction bands. Moreover, the realization of
MZMs is not affected by the band bending effect. Notably,
our results require that the primary TI nanowire (without the
effect of electrostatic potential) be bulk insulating, which is
consistent with the previous work.

In addition to the topological invariant v = —1, the real-
ization of robust MZMs also requires large Ay;,. Figure 6(b)
shows the topological phase diagram as a function of the
magnetic flux ¢g,x and band bending strength W. A large
topological region with a finite SC gap exits near a sin-
gle flux quantum, ¢g,x = 1. Notably, topological phases are
not dependent upon the precise value of W. This signifies
that achieving MZMs solely demands the application of a
magnetic field near the n = 1 region, thereby obviating the
necessity for finely tuning the Fermi level. To further confirm
the system is exactly in the topological phase under such
conditions, we consider a TI nanowire with finite length L,
in the z direction. Then we calculate the eigenvalues of each
j block, as shown in Fig. 6(c). Analogous to the Caroli—de
Gennes—Matricon (CdGM) states [73], we observe in-gap
states with nearly equal energy separation §E in each j block.
These CdGM analogs are confined to the TI-SC interface
rather than around a vortex core [74,75]. Notably, a pair of
MZMs emerge in the j = 0 blocks because of the particle-
hole symmetry. We further calculate the distribution of the
DOS of MZMs in the L, — r plane [Fig. 6(d)]. As we can
see, MZMs are mostly localized in the center of the top and
bottom surface of the TI nanowire and gradually decay to the
lateral boundary. As previously mentioned, the suppression
of the SC gap can be mitigated by increasing the radius Ry.
Nevertheless, the energy separation §E diminishes with in-
creasing Ry [74]; see the black line in Fig. 6(e). In order to
detect and manipulate MZMs, it is requisite that §E far ex-
ceeds the experimental temperature. Notably, §E still remains
approximately at 0.064 Ayg ~ 0.1 meV when Ry = 100 nm.
Finally, we consider the disorder effect on the TI nanowire.
This is important because present-day bulk insulating TT wires
are relatively dirty [49]. In order to investigate the stability
of MZMs, we use the on-site fluctuations in the potential §¢
that are drawn randomly as ¢ € [—up/2, up/2] in the r — z
plane. The SC gap of the nanowire gradually diminishes with
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FIG. 6. (a) Topological invariant v as a function of the band bending strength W when n = 1. (b) The phase diagram as a function of
magnetic flux and band bending strength. The SC gap is multiplied by the topological invariant v, so the red regions correspond to the gapped
topological phase. (c) The eigenvalues of several lowest j blocks when n = 1. A pair of MZMs exists in the j = 0 block. (d) The distribution
of DOS of MZMs in the L, — r plane. (e) Black line: the average energy separation of the in-gap states E decreases with increasing Ry.
Red line: the minimal gap A, increases with Ry. (f) The average energy of MZMs with 30 different disorder configurations at various
fluctuation strengths uy. E; is the first exited states, representing the SC gap of the nanowire. #, = 0.1V is the hopping magnitude in the z
direction. Parameters used in each panel: (a) Ry = 70 nm and ¢g,x = 1.26. (b) Ry = 70 nm. (¢),(d),(f) Ry = 70 nm, L, = 1000 nm, ¢ = 1.26,

and W =0.3eV. (e) ¢paux = 1.26 and W = 0.3 eV.

increasing disorder [Fig. 6(f)]. However, the energy of the
MZMs remains very close to zero, exhibiting no observable
fluctuations, which is consistent with the results in the previ-
ous work [37].

V. DISCUSSION AND CONCLUSION

We study the topological characteristics of a TI nanowire
covered by a full SC shell. To comprehensively account
for the system’s electrostatic environment, we employ the
self-consistent Schrodinger-Poisson method, enabling us to
compute the internal electrostatic potential within the TI
nanowire. Our analysis unearths a distinctive outcome: the
band bending effect at the interface between the TI and SC
induces a notable shift of the Fermi level into the conduc-
tion band. This shift, in turn, leads to the coexistence of
occupied surface states and bulk states, localized within an
accumulation region proximate to the TI-SC interface. This
accumulation layer maintains a nearly consistent thickness of
approximately 30 nm, regardless of the specific radius of the
TI nanowire. When magnetic flux is applied, the surface states
and bulk states have different flux-penetration areas, which
engenders a suppression on the superconducting gap. To ad-
dress this issue, we propose to use TI nanowires with larger
radii. Finally, we demonstrate that MZMs can be achieved
across a wide spectrum of parameters centered around one
applied flux quantum, ¢y = h/2e. Importantly, within this

regime, MZMs can be realized even in the presence of con-
duction bands.

In our calculations, we have retained the rotational sym-
metry of the TI nanowire. This strategic choice reduces the
computational cost and facilitates the treatment of the fully
three-dimensional system [76]. Importantly, the topological
properties of TI nanowires remain insensitive to the specific
shape of the cross section [71]. References [54-56] proposed
that the electrostatic environment in Rashba semiconductors
has a significant effect on their topological proprieties. This
prompts our inquiry into the electrostatic influences within TI
nanowires. Indeed, in the context of TI nanowires, the role of
the electrostatic effect also remains essential. Compared with
bulk states in Rashba semiconductors, the surface states are
more localized near the TI-SC interface, so they are more sen-
sitive to the band bending effect. Building upon this insight,
Ref. [60] demonstrated that surface states near the SC nearly
do not respond to gating, thereby constraining the tunability of
the system. As it has been shown theoretically, the geometry
of SC in the TT nanowire-based devices can either be a full
shell [71] or just attaching the SC to several side surfaces
of the TI nanowire [38,77]. The full shell geometry offers
a larger induced SC gap but restricts the tunability of the
Fermi level through the gate voltage. Notably, our results
demonstrate that the presence of MZMs remains independent
of the band bending strength, thereby eliminating the need for
the fine-tuning of the Fermi level. This signifies that achieving
MZMs solely demands the application of a magnetic field
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TABLE 1. Parameters used for the calculations in this work.

a, a, Ao & €,

4

0.5 nm 1 nm 1.6 meV [68] 25 nm [68] 113 [78]

near the ¢g,x = h/2e region, further reducing the difficulties
in experimental control.
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APPENDIX A: PARAMETERS USED IN THIS WORK

The parameters of the k-p Hamiltonian of the
Bi;Se; nanowire in Eq. (2) are adopted from ab initio
calculations [61]: Cy = —0.0068¢eV, my = 0.15eV, D| =
1.3eVA? D, =19.6eVA? B, =10eV A%, B, = 56.6eV
A2 A =22eVA, and A, = 4.1eV A. The other parameters
used in this work are given in Table I. a, and a, are the radial
and longitudinal lattice constant of TI in the tight-binding
calculations. In our calculations, the choice of the SC materiel
is Nb [68].

APPENDIX B: MODEL HAMILTONIAN OF TI
IN CYLINDRICAL COORDINATES

The model Hamiltonian of TI in the Cartesian coordinates
takes the form [61,64]

Ak, 0 Ak
—Mk) Ak 0
(B1)
Aoky M) Ak,
0 Ak, —M(k)

where ki = k, + ik, €9(k) = Co + D1k? + D (k? + k)%), and M (k) = Mo + B\k? + By (k + kyz). To rewrite Eq. (B1) in cylin-

drical coordinates, we can use the relation

Oy cos 6
dy | = | sinf
0, 0

Subsequently, the TT Hamiltonian in cylindrical coordinates takes the form

M(r,0,7)
—iA,0,
0
ArPyg

Hri(r,0,2) =€o(r,0,2) +

where M (r,0,2) = my — Blaf — BgVizn and €(r, 0,z2) = Cy —
D, 812 — DQV?n. Here, Vi% = %B, + 8,2 + :—2802 is the Laplacian
operator in the in-plane coordinates. Pry = —ie™ (9, & Ldp).

Now, consider a magnetic field applied along the nanowire
(z direction) and choose the gauge A = %(B Xr)= Agé with
Ay = %. It is straightforward to demonstrate that the vector
potential affects only dy:

—idg —> —idyg — D(r). (B4)
Here, ®(r) = Br?>/®, represents the normalized magnetic
flux with respect to the flux quantum ®, = h/e. Subsequently,
the TI Hamiltonian changes to

Hyi — Hy1 + Hy, (BS)

—Lsing 07[ o,
Lcos® 0] 3 (B2)
0 1[0
—iA, 0, 0 APy
—M(r,0,2) APy 0
AsPyy M(r,0,2) —iA10; |’ (B3)
0 —iAj9, —M(r,6,2)

(

where Hy, is the additional term originating from the magnetic
flux, taking the form

Ay @(r)

sp0,. (B6)

B
Hy = —[07() + 2iBy (1) lsoo: —
Finally, the TI Hamiltonian with magnetic flux and electro-
static potential in cylindrical coordinates takes the form
He = Hr + Hy — eg(r). B7)
Notably, we have [H, J*]=0 with J® = —idy + 1s5.. Im-
portantly, the angular dependence of H, can be eliminated

using a unitary transformation He~= UH.U", where U =
exp[—i(j. — %sz)e]. Consequently, H. becomes block diago-
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nal, expressed as

A, = (P Hf; (r k). (BS)

jt’ka

Notably, we replace —id, with k, because it is a good quantum
number. Then we can divide the H(r, k;) into three parts as

Hi;(r, k) = HI*(r) + Hyj (r) + H (k). (B9)
J
Mhie—3
. 0
Hl«(r)=¢, —ep(r)+ 0
P,
where ‘= —D2(82+ Ly, — Gutaly Mlﬁil — B+
19, — ety and P = —iAy(0, £ biet 2) Notably, A

Je — <I>(r) which can be regarded as the flux modulated an-
gular momentum. Consequently, the blocks with the 4A;
have the same eigenvalues. For instance, when ®(r) = 1/2,
the surface subbands in the j, = 1/2 (A;, = 0) block are gap-
less nondegenerate bands, while the subbands within j, =
—1/2(Xj, = —1)and j, =3/2(1;, = 1) blocks are degener-
ate with the same eigenvalues.

APPENDIX C: BESSEL EXPANSION

In the main text, we have transformed the Hamiltonian H,
in the block diagonal form according to a unitary transforma-
tion H, = UH,U". Finally, H. is block diagonal which can be
written as

H. = P Hf; (. k). (C1)

.].e“,kf.

For the numerical diagonalization of the Hamiltonian within
each j, block, we have employed the Bessel expansion. The
Bessel functions satisfy the orthogonality relation:

1 Ro r
W‘/O J <Olq/17>.]m<05q RO)rdr—Sqq/,
q

Here, m denotes the orbital angular momentum and o' rep-
resents the gth zero of the m-order Bessel function J,,(x).
The normalized factor is denoted as N;” = %R()Jnl+1(az1).
For convenience, we introduce the normalized Bessel func-
tions |J;) = J(e)' % -)/N,". These normalized functions AN
with the same m but dlfferent zeros constitute a complete or-
thogonal basis, suitable for the expansion of the Hamiltonian
Hi (r, k;). Because |J;;) have an infinite number of zeros, a
truncation is needed. This truncation involves selecting a finite
set of zeros, up to a truncated zero o, . In this context, the
dimension of the discrete Hamiltonian within each j, block
becomes 4 x ny,. When ny, is chosen sufficiently large, this

(C2)

All the &,
as H" (k) = (Co + D1k?)s000 + (mo + B1k2)so0, +

A]kzszax.HA{; (r) is the flux term obtained from the
transformation U Hy, U, which takes the form

terms are included in H,i“(kz), expressed

. ®%(r) 2B, o(r) (. 1
i =5 O, 2201,
Ay @
_2 (r)syax, (B10)
,
and H* (r) is given by
0 0 P;:
—M*ie—3 Pt 0
T o | @1
Je
0 0 —MP"iets

(

truncation introduces minimal error within the low-energy
regime (Fig. 7).

APPENDIX D: CHARGE DENSITY

In our calculations, the Hamiltonian of the topological
insulator (TT) is described by a four-band & - p model, which
includes both conduction and valence bands. In Fig. 8, we
present a schematic diagram of the TI nanowire’s band struc-
ture. We define p,.(r) as the occupied charge density, obtained
by integrating over all occupied eigenstates, while py,(7)
represents the density originating from the entire valence
band. The density of free electrons or holes is given by
P(r) = poc(r) — pyai(r). When the Fermi level is situated at
the neutral point, the TI nanowire behaves as an insulator
and we have p.(r) — pva(r) = 0. However, when the Fermi
level is located within the conduction (valence) bands, we
have poc(r) — pvai(r) > (<)0, indicating electron (hole) dop-
ing. The growth of a TT with SC films induces electron doping

b
-195 \Q/
| —— ngew = 60
z —_— gy = 45
E/ — Ny = 25
=
-230
0.15 -0.015 k.(r) 0 0.015

FIG. 7. (a) Electron band structure of TI nanowire. The green,
blue, and black lines correspond to the case when ng, = 25, 45, 60,
respectively. (b) Zoom view of the region depicted by the red box
in panel (a). It is noted that the band structure converges to sta-
ble values when ng, is sufficiently large. In our calculations, we
choose ny, = 45. Parameters used in this plot: ¢ = 0, W = 0.3, and
R = 50 nm.
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(a) Insulating
Poc (T) - pval(r) =0

Pval (T) pval(r)

(b) Electron doping
poc(r) - pval(r> >0

(c) Hole doping
Poc(r) — pyar(r) <0

Fermi level
/Y

neutral point

Poc(T)

Fermi level

FIG. 8. Schematic diagram of the three typical cases of the band structure of TI nanowire: (a) insulating, (b) electron doping, and (c) hole
doping. The red and gray bands correspond to TI surface states and bulk states, respectively. The blue dash line represents the Fermi level.
Poc(r) is defined as the occupied charge density, which is obtained by integrating over the whole occupied eigenstates. py, (r) is the density
stemming from the whole valence band. The free electrons or holes are obtained by p(7) = poc () — pva (7).

from the SC to the TI, causing an upward shift of the Fermi
level into the conduction band [58,65].

APPENDIX E: SCHRODINGER-POISSON METHOD

To obtain the electrostatic potential ¢(r), we employ the
Schrodinger-Poisson method. Initially, we introduce an initial
potential ¢o(r) = 0.1eV into the Hamiltonian H;(r, k;) and
solve the Schrodinger equation within each j, block:

Hs(r ke (1) = EJ g, (). (El)

This yields a set of eigenenergies E}fk and eigenstates

,{f’ . (r). Here, n; denotes the index of transverse modes.
The charge density p; with potential ¢o(7) is obtained by
integrating over the occupied eigenstates:

—e
(27 )? Z/dkz[
n’.}b’

Finally, a new potential ¢(r) is determined by solving the
Poisson equation:

S O fr = pa(n)]. (E2)

p1(r) =

1
L) + 0201 (r) = =21
r €0€,

(E3)

It is worth noting that ¢;(r) generally deviates from the
initial potential ¢o(7). The discrepancy is quantified by the
error:

_ Xalb1m) = do(rn)?
= N i

(E4)

Here, o) is indexed by the iteration number, m denotes
the site index, and N,, is the number of sites. The SP
problem necessitates a self-consistent solution involving the
iterative equations, Egs. (E1) and (E3), until the error of
the ith iteration o; becomes smaller than the critical value
o.. The output ¢;(r) after convergence is the final self-
consistent potential. In our approach, we utilize the linear
iteration. The input potential at each iteration is a mixture
of the input and output potentials from the previous iteration

[38,56]:

$i"(r) = kp (1) + (1 = )G, (7). (ES)
In our calculations, we set x = 0.1 and o, = 1073 eV. The
iteration error o; significantly diminishes as the number of
iterations increases [Fig. 9(a)]. The potential convergence is

observable after approximately 40 iterations, as illustrated by
the black solid and dashed lines [Fig. 9(b)].

APPENDIX F: ACCUMULATION LAYER

The band bending effect-induced electrostatic potential
confines the bulk states and surface states to an accumulation
layer near the TI-SC interface, with a characteristic width
of approximately 30 nm. Consequently, the TI nanowire can
be approximately divided into two regions: the accumulation
layer and the insulating core. Remarkably, we find that the ac-
cumulation layer has a fixed thickness of approximately 30 nm
and does not increase with the radius of the TI nanowire.
This can be explained by the distribution of the confinement

a

(2) . (b)
1072

—~ -4 —

S 10 =

I =02

51076 = iteration number

E S 110 _20

_ I - -
1078 —40 == 60
1010 3
1 20 40 60 80 _0'30 10 20 30 40 50

number of iterations Ro (nm)

FIG. 9. (a) Error of Schrodinger-Poisson equations as a function
of the number of iterations. (b) The distribution of the electrostatic
energy —e¢(r) as the number of iterations increases. The conver-
gence occurs when the iterations number i > 40 with the error
o < 1077 eV; see the black solid and dashed lines.
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(a) (b)

(©) (d)

-0.1

max{ max/] max|
~30 nm ~30 nm ~30 nm,
Z "
< . n
— 0ol ®) o
QI) — Ry =50
— Ry = 60
— Ry =170
-0.3 ——— 4 — — el
0 10 20 70 9§ 20 50 00 30 60 0 40 70
Ry (nm) Ry (nm) Ry (nm) Ro (nm)

FIG. 10. (a) Distribution of the electrostatic energy —e¢(r) with different Ry. The black, red, and blue lines correspond to Ry = 50, 60,
70 nm, respectively. For the convenience of comparison, we align the three different ¢(r) at the boundary of the nanowire, i.e., at the point r =
Ro. The distribution of the three potentials near the boundary (r = Ry) is nearly identical, ensuring a consistent thickness for the accumulation
layer. (b)—(d) The density distribution of the occupied states at the Fermi level with Ry = 50, 60, 70 nm, respectively. The blue (black) lines
correspond to surface states (bulk states). The accumulation layer has a fixed thickness of approximately 30 nm, as indicated by the red dashed

line.

potential [Fig. 10(a)]. For the convenience of comparison,
we align the three different radii ¢(r) at the boundary of
the nanowire, i.e., at the point » = Ry. It is evident that the
distribution of the three potentials near the boundary (r = Ry)
is nearly identical, ensuring a consistent thickness for the ac-
cumulation layer [Fig. 10(b)]. Enlarging the nanowire radius
will primarily increase the size of the insulating core region.
Within this region, due to the absence of charge carriers, the
potential remains notably flat.

In a TI-SC hybrid system, a thinner accumulation layer im-
plies a stronger coupling between the TI and the SC, thereby

resulting in a more significant proximity effect. Since the
thickness of the accumulation layer remains constant irre-
spective of the radius Ry, this property offers an advantage
in terms of flexibility in fabricating nanowires under various
conditions. Furthermore, in the presence of magnetic flux, the
differing flux-penetration areas between the bulk states and
surface states induce a notable reduction in A, [Fig. 5(a)].
By increasing the value of Ry, the relative area between the
accumulation layer and the nanowire can be effectively re-
duced. As a consequence, this leads to an enhancement of
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