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Ideal hourglass-type charge-three Weyl fermions in spinless systems
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Hourglass-type Weyl fermions with the maximally topological charge of |C| = 3, namely hourglass-type
charge-three Weyl fermions (CTWFs), have seldom been reported due to the nonnegligible spin-orbit coupling
effect and Pauli exclusion principles. Here, based on symmetry arguments and the low-energy effective k - p
model, we confirm that two chiral space groups (SGs), i.e., SG P63 (No. 173) and SG P6522 (No. 182), can
host ideal hourglass-type CTWFs in spinless systems. Moreover, we take Li,CO,4 as a concrete example to
show the ideal hourglass-type CTWFs, which possess ultralong sextuple- and triple-helicoid Fermi arcs, making
them easier to be detected by experiments. Our work not only offers an avenue to search for ideal hourglass-
type CTWFs but also provides a promising platform for experiments to verify this kind of unconventional
quasiparticles with the ultralong sextuple- and triple-helicoid surface arcs.
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I. INTRODUCTION

Hourglass-type Weyl fermions (WFs) have been theo-
retically proposed for many years [1-3]. This new class
of WFs was originally predicted on the (010) surface of
nonsymmorphic crystal materials KHgX (X = As, Sb, Bi)
[1] and then observed in experiments via angle-resolved
photoemission spectroscopy [4,5]. Subsequently, it was ex-
tended to a series of nonmagnetic (magnetic) space groups
(SGs) by the compatibility relations [6,7] and widely found
in the electronic structures of nonsymmorphic material, in-
cluding three-dimensional (3D) ReO; [8], Ag,BiOs [9,10],
AgF, [11], and Mg,VO, [12], as well as two-dimensional
(2D) Bi/CISiC(111) [13] and GaTel [14]. Furthermore,
various hourglass-type fermions have been proposed succes-
sively, such as hourglass-type Weyl/Dirac points [6,13,15—
17], hourglass-type Weyl/Dirac loops [11,14,17], hourglass-
type Weyl/Dirac chains [8,18], and beyond [10,12].

Among these hourglass-type WFs mentioned above, one of
the most important members is hourglass-type charge-three
WFs (CTWFs), which possess the maximally topological
charge of |C| = 3 [19]. This hourglass-type crossing owns
the nonlinear dispersion in the plane and the linear disper-
sion out of the plane [see Figs. 1(a) and 1(b)], leading to
fancy physical properties, such as multiple and longer Fermi
arcs [20-26], larger quantized circular photogalvanic effect
(CPGE) [27-29], non-Fermi-liquid interaction effects [30,31],
and quantum criticality and phase transition [32,33], etc.
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Recently, in bosonic systems, the hourglass-type charge-three
Weyl phonons have been revealed [34,35]. However, unlike
bosons, the fermion-type quasiparticles are restrained by the
Pauli exclusion principles, and the well-known spin-orbit
coupling (SOC) mechanism would break or shift the band
crossings of hourglass-type CTWFs. For example, due to the
SOC effect, the intercalated transition metal dichalcogenides
form two hourglass-type WFs above and below the Fermi
level [36], whose topological surface states (TSSs) entangle
with the bulk states and depend on the strength of SOC. There-
fore, it is necessary to realize ideal hourglass-type CTWFs in
spinless systems.

Fortunately, there are indeed two cases that can be con-
sidered as the ideal platforms for realizing hourglass-type
CTWFs in spinless systems. One case is a fully spin-polarized
magnetic system, in which hourglass CTWFs can occur in a
spin channel with 100% spin polarization. It has been pro-
posed in crystal materials P6322-type XNilOg (X = Ba, Sr)
[37,38]. However, in such magnetic systems, it is not easy
to determine magnetic ground states and Hubbard-Coulomb
interaction U-values. Besides, such systems usually also in-
volve heavy atoms with strong SOC, which would break
hourglass-type CTWFs. Another case is nonmagnetic systems
with negligible SOC. There are different kinds of light-
atom-composed crystals to achieve various topological states
[39-54] because SU(2) symmetry is conserved [55]. Thus,
these ultralightweight materials are promising platforms to
realize ideal hourglass-type CTWFs.

Here, based on symmetry arguments and the low-energy
effective model, we identify two chiral SGs (No. 173 and
No. 182) that can possess ideal hourglass-type CTWFs in
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FIG. 1. (a) and (b) The band dispersions of the neck crossing of
the hourglass-type CTWF in the plane and out of the plane, which
show the nonlinear and linear dispersions. (c) and (d) Two modes of
the hourglass-type CTWF along the I'-A path. The I" and A points
possess two natural 2D IRs.

spinless systems. As two CTWFs connected by time-reversal
symmetry (7)) occur along the I'-A direction, it can gener-
ate unique sextuple- and triple-helicoid Fermi arcs on the
(001) and (1010) surface Brillouin zones (BZs). Further-
more, by the first-principles calculations, we take the crystal
material Li,CO4 with SG P63 (No. 173) as an example to
confirm the existence of ideal hourglass-type CTWFs. The
calculated results show that the ultralong sextuple- and triple-
helicoid Fermi arcs do appear on the (001) and (1010) surface
BZs. Our work not only offers an avenue to achieve ideal
hourglass-type CTWFs but also provides a great platform
for exploring unique chirality-dependent physical properties
associated with unconventional quasiparticles.

II. COMPUTATIONAL METHODS

We carry out first-principles calculations within the frame-
work of density functional theory (DFT) [56,57] using the
Vienna ab initio simulation package (VASP) [58,59]. The
exchange-correlation interactions are described by the gener-
alized gradient approximation (GGA) with the Perdew-Burke-
Ernzerhof (PBE) functional [60]. We treat the electron-ion
interactions by the projector-augmented-wave (PAW) poten-
tials [61]. The kinetic energy cutoff of the plane wave is set
to be 550 eV. The first BZ is sampled at a I"-centered k mesh
with 8 x 8 x 5 and 13 x 13 x 8 for structural optimizations
and the self-consistent of total energy, respectively [62]. All
geometric structures fully relax until energy and force con-
verge to 107 eV and 0.01 eV/A. The phonon spectra are
calculated to examine the dynamic stability by using PHONOPY
code [63] through the density functional perturbation theory
(DFPT) approach [64].

III. SYMMETRY ARGUMENTS AND THE LOW-ENERGY
EFFECTIVE MODEL

First, we perform symmetry arguments to search for
all candidate SGs that allow the existence of ideal

hourglass-type CTWFs in spinless systems. For fermionic
systems with 7 symmetry, as shown in previous works
[19,65-67], the CTWFs can occur on the sixfold rotational
axis of chiral SGs (No. 168 ~ 173 and No. 177 ~ 182).
Therefore, it only appears on the Cg-invariant high symmetry
point (HSP) or line (HSL), in which two bands host different
eigenvalues of the sixfold (screw) rotational operator. The
sixfold (screw) rotational symmetry is represented as C‘gz’m =
{C.100%} (n=0,1,...,5; m=0,1,...,5) along the I'-A
direction, whose eigenvalues can be expressed as e2m 5 ek
marked as E), ,,, and the corresponding Bloch states can be
chosen as eigenstates of Cg, ., namely |n, m). These eigen-
values and eigenstates are listed in Table 1. Hence, two bands
with |ny, m) and |n,, m), where n; # n,, can form three types
of WFs, e.g., |C| =1, |C| =2, and |C| = 3 WFs [65]. How-
ever, the CTWFs can only be formed by the two bands with
|n, m) and |n 4+ 3 mod 6, m), of which the ratio of eigenvalues
is —1,1.e., Ey, m/En, m = —1[67]. To form the hourglass-type
CTWFs, the I' and A points must host two doubly degenerate
states, and two of them are switched between the I' and A
points; see the dispersion feature in Figs. 1(c) and 1(d). Let’s
start with the degenerate states of the I point. Under sixfold
rotational symmetry, there are two different 2D irreducible
representations (IRs) due to 7 symmetry with the product of
T2 =1 [15,68,69]. Here, the complex conjugated states are
doubly degenerate, i.e., |e/s , e~ ¢ ) and |¢'% , e~i% ); see the
I' point in Fig. 1(c). Owing to half lattice translation, all of the
doubly degenerate states pick up the phase of +i and evolve
into other two paired complex conjugated states at the A point.
The two doubly degenerated states become |e's, e~'5) and
|ei5?”, e"'%); see the A point in Fig. 1(c). All the eigenval-
ues are summarized in Tables I and SI in the Supplemental
Material (SM) [70]. Since complex conjugated states evolve
into new different degenerated states, it simultaneously forms
an intrinsic crossing point between I" and A. This produces
the symmetry-enforced crossing points, so-called hourglass-
type WFs [Figs. 1(c) and 1(d)]. Besides, the two bands near
the neck crossing are the states, either |1, 3) and |4, 3) [see
Fig. 1(c)] or |2, 3) and |5, 3) [see Fig. 1(d)], indicating that the
neck crossing here must be an hourglass-type CTWE. Thus, it
implies that only two chiral SGs (No. 173 and No. 182) meet
our criterion.

Now, we further construct the two-band low-energy ef-
fective k- p model near the neck crossing to prove such
hourglass-type WF with the topological charge of |C| = 3. It
usually possesses the following form:

H(k) = h(K)o, + h* (K)o + g(k)o, ey

where o1 = (0, £ i0y)/2, 0x(y,;) are three Pauli matrices, and
h(k) and g(k) represent the complex and real functions, re-
spectively. According to our above analysis, the two states
[1,3) and |4, 3) between I' and A are symmetry enforced
to form the CTWF in hourglass-type CTWF systems; we
thus select them as the basis of two-band Hamiltonian [see
Fig. 1(c)]. The eigenvalues are e™/3¢~/2 and "m/3e~ik:/2,
denoted by E; 3 and E4 3. Hence, matrix representation of Ce; 3
is given by

Bo ] @

D(Ce.3) = |: 0 Eis
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TABLE I. The generators of SGs (No. 168~173 and No. 177 ~ 182), the high symmetry point (HSP) or line (HSL), eigenstates |n, m),

and eigenvalues ¢2"6e %% (n =0,1,...,5;m=0,1,...,5).

Generators HSP(or HSL) 10, m) |1, m) |2, m) |3, m) |4, m) |5, m)
{Ce.1002}, T r o2 8 e s g o2 d o273
{Ce.1002) r-A 01278 p=ik: 27§ p—ik: } o2 E =ik} o272 =ik o278 p—ik: B o273 p—ik: }
{Cﬁzlo()%}’ T A el % e—im 2 27 % e~ i 2 o2 % e—im g ei2m % e—im 2 27 % e~ 2 2 % e—im g

The effective Hamiltonian under the constraint of the 561,3—
invariant symmetry is expressed as

D(Ce,3)H(K)D ™ (Ce, 3) = H(Ce, 3K). 3)

Thus, the Hamiltonian around the neck crossing expanded up
to leading order reads

H(K) = [(a1k] + ark® Yo + Hee.]
+ [b1k+k— + bsz]O'Z, (4’)

where o) and by denote complex and real parameters
depending on realistic materials, and ki = k, & ik,. In this
Hamiltonian, the band splittings are nonlinear in the k.-k,
plane and linear out of this plane, as shown in Fig. S1 in
the SM [70]. The unique nonlinear dispersions may lead
to striking non-Fermi-liquid behaviors [71,72]. However, the
topological charge is only decided by the leading order in the
ky-ky plane, indicating the presence of a |C| =3 WF. Then,
we employ the Wilson-loop method to calculate the Wannier
charge centers (WCCs) of this effective model [73], which
shows that it is exactly an hourglass-type CTWF with C = 3
(see Fig. S1 in the SM [70]). The results are also suitable for
|2, 3) and |5, 3) eigenstates, as shown in Fig. 1(d).

IV. MATERIAL REALIZATION WITH ABUNDANT
REAL CANDIDATES

Symmetry arguments and the low-energy effective model
based on Egs. (1)—-(4) present a fundamental theoretical strat-
egy to search for ideal hourglass-type CTWFs in two chiral
SGs (No. 173 and No. 182). Then, high-throughput calcula-
tions are performed to search for the new materials, in which
SGs are fixed to two chiral SGs (No. 173 and No. 182) and
the occupied electrons are fixed to 4N + 2. Herein, we only
take a realistic crystal material Li,CO4 as an example to
identify the existence of hourglass-type CTWFs. More ma-
terial candidates are included in the SM [70]. As illustrated in
Figs. 2(a) and 2(b), the crystal structure possesses 14 atoms
in a unit cell, which crystallizes in SG P63 (No. 173). The
Li, C, and O atoms are denoted by blue, black, and red balls,
respectively. The Li atom locates at 2a (0, 0, 0.363) and 2b
(0.333, 0.667, 0.305) Wyckoff positions, respectively. The C
atom is at 2b (0.333, 0.667, 0.242) Wyckoff position. The O
atom is located at 2b (0.333, 0.667, 0.059) and 6¢ (0.319,
0.396, 0.292) Wyckoft positions, respectively. The optimized
lattice parameters satisfy |a] = |b] = 5.01 A and |¢| = 7.54
A. Here, we also provide evidence of energetical, mechanical,
and dynamical stability in the SM [70].

In Fig. 2(c), we show the bulk BZ and projected on the
(001) and (1010) surface BZs, in which the associated HSPs

are also marked. The SOC effect in Li,COy is negligible (see
Fig. S1 in the SM [70]), which can be treated as an ideal spin-
less system. The bulk band structure along high-symmetry
paths is shown in Fig. 3(a), which is pretty clean. There are
three nonequivalent Weyl points (WPs), namely WF;, WF,,
and WFj3. By carefully scanning energy differences between
the lowest conduction and the highest valence bands, we find
that there are eight WPs over the whole BZ, including two
hourglass-type CTWFs (WF;) along the I'-A path, related
by 7 symmetry, two WPs (WF;) located at K, and other
four WPs (WF3) along the K-H direction [see Fig. 2(c)].
The detailed information is shown in Table II, including the
corresponding energies, positions, topological charges, and
multiplicities.

In this work, we mainly focus on hourglass-type CTWFs.
Thus, we only plot the corresponding 3D representation in the
ky-k, plane [see the inset of Fig. 3(a)] and the enlarged draw-
ing of the energy dispersion along the I'-A path [Fig. 3(b)].
It indicates that this CTWF possesses the nonlinear dispersion
in the plane and the linear dispersion out of the plane, which is
consistent with our model. Then, we also mark the IRs of point
group (PG) Cs. The related symbols of IRs are listed in Table
SII in the SM [70,74]. One can find that there exist one-to-one

QL O CO
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1010) o=

FIG. 2. (a) Top and (b) Side views of the crystal material Li, COj.
(c) The bulk BZ and projected on the (001) and (1010) surface BZs.
The red lines of the (001) and (1010) surface BZs represent the
probable Fermi arcs. The marked circles in blue and red are the WPs
with topological charges of —3 and +1, respectively.
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TABLE II. The corresponding energies, positions, topological charges, and multiplicities of the inequivalent WPs in Li,COj.

Material WP E-Er (meV) Coordinate (ki, k>, k3) Charge Multiplicity
WF, 7.2 0, 0, £0.116) -3 2

Li,CO, WEF, 9.1 +(0.333, 0.333, 0) +1 2
WF; 18.5 +(0.333, 0.333, £0.359) +1 4

corresponding relations in Tables I and SII, i.e., I', — |1, 3),
I's - |5,3), I's > |[4,3), and T'¢ — |2, 3), for the sixfold
screw rotational operation Cy ;. Hence, the Hamiltonian of
this hourglass-type CTWF should satisfy Eq. (4), which leads
to the topological charge of C = —3, as displayed in Fig. S1
in the SM [70]. Besides, it is worth noting that some materials
may occur in another case, as shown in Fig. 3(c).

Then, we further examine the topological charges of each
type of WPs in Li,CO,4 by the first-principles calculations.
To proceed with this, we constructed a tight-binding (TB)
Hamiltonian by projecting the Bloch states into maximally
localized Wannier functions using the WANNIER9(0 package
[75,76]. As illustrated in Fig. 4(a), the calculated evolution
of WCCs also shows that the WF; possesses a topological
charge of C = —3, confirming an hourglass-type CTWF. This
is consistent with the effective model. In Figs. 4(b) and 4(c),
it exhibits that the WF, and WF3 have a topological charge
of C = +1. The sum of the topological charges in the whole
BZ obeys the no-go theorem [77,78]. The Berry curvature
distributions of the (001) and (1010) surface BZs show that the
WF, and WF; as the “source” flow into the “sink” generated
by the WF; [Figs. 4(d) and 4(e)], which is consistent with
the associated topological charges. As drawn in Fig. 2(c),
the marked dots in red and blue in the BZ are the WPs
with positive and negative topological charges, respectively.
The red lines of the (001) and (1010) surface BZs represent
the probable Fermi arcs, which indicates the hourglass-type
CTWFs should possess the unique nontrivial sextuple- and
triple-helicoid surface arcs [Fig. 2(c)]. To prove this, we
further calculate the local density of states (LDOSs) and Fermi
arcs by employing the iterative Green’s function method with
the WANNIERTOOLS package [79-81]. The LDOSs of the semi-
infinite (001) and (1010) surface BZs are shown in Figs. 5(a)
and 5(e). Three branches of the visible TSSs start at the pro-
jection of CTWFs (WF)) and terminate at the other WPs (WF,
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FIG. 3. (a) The bulk band structure of crystal material Li,CO,
along high-symmetry paths. The band crossings near the Fermi level
are marked by WF,, WF,, and WF3, respectively. The inset is a 3D
representation. (b) The enlarged drawings of energy dispersion along
the I'-A path and relevant IRs with PG Cg. (c) Another possible mode
of energy dispersion along the I'-A path.

and WF3). Additionally, it does occur cubic dispersion in the
kx-ky plane. This is also consistent with the effective model.
To clearly show their connections, the two isoenergy contours
(Ecut; = 0 meV and Ecut, = —3 meV) are projected on the
(001) and (1010) surface BZs, respectively. As two CTWFs
with C = —3 and three WPs with C = +1 are projected at the
I and K points of the (001) surface BZ, there are two types
of topological nontrivial Fermi arcs, i.e., the sextuple-helicoid
surface arcs around the I point and the triple-helicoid surface
arcs around the K point, as illustrated in Fig. 5(b). To visualize
the helicoidal surface states, we calculate the surface LDOSs
along two clockwise loops (loop; and loop,) centered at "
and K [Figs. 5(c) and 5(d)]. For the loop,, the six left-moving
chiral edge modes appear inside the band gap, since loop,
encompasses the three right-moving chiral edge modes. This
hints they have opposite chirality. However, it only occurs
in the triple-helicoid surface arcs on the (1010) surface BZ,
as shown in Fig. 5(f). The calculated surface LDOSs along
anticlockwise loop; and clockwise loop, show that the three
left-moving and right-moving chiral edge modes appear inside
the band gap [Figs. 5(g) and 5(h)]. The Li,CO4 hosts the
ultralong Fermi arcs, which makes it easier to be detected by
experiments.
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FIG. 4. (a)-(c) The evolutions of WCCs for WF;, WF,, and
WF;. Here, ¢ € [0, ] is the polar angle, and 8 € [0, 2 ] represents
the evolution of the WCCs. The WPs are characterized by topological
charges of —3, +1, and +1, respectively. (d) and (e) The Berry
curvature distributions of the (001) and (1010) surface BZs. The WF,
and WF; with C = +1 as the “source” flow into the “sink” generated
by WF; with C = 3.

075160-4



IDEAL HOURGLASS-TYPE CHARGE-THREE WEYL ...

PHYSICAL REVIEW B 109, 075160 (2024)

(a)o.0s (b) 10

-0.3 0.0 0.3
k,(2n/a)

~
<)

~
<

0.6

(d) s

> 5 >
() [
E £
& &
| I E
m 3 m =
-10
i -30 loop,
(g) 4 (h) 40
Y = 5
[0} [} -
& £
I3 [£3)
0 T
40 40

-80
loop,

loop,

FIG. 5. (a) The LDOS along M-I"-K-M on the (001) surface BZ, where TSSs denote topological surface states. The black dashed line
represents the isoenergy contours at the energy cut; (Ecut; = 0 meV). (b) The corresponding Fermi arcs at Ecut; = 0 meV and the positions of
the WPs with the associated topological charges. (c) and (d) The surface LDOSs along two white clockwise loops (loop, and loop,) centered
at I and K in (b). The black dashed lines are the reference line. It occurs in sextuple- and triple-helicoid TSSs, respectively. (e) The LDOS
along M-T'-A on the (1010) surface BZ. The black dashed line represents the isoenergy contours at the energy cut, (Ecut, = —3 meV). (f) The
corresponding Fermi arcs at Ecut, = —3 meV and the positions of the WPs with the associated topological charges. (g) and (h) The surface
LDOSs along the white anticlockwise loop (loops) and clockwise loop (loop,) centered at WF, in (f). It only occurs in triple-helicoid TSSs.

V. SUMMARY

In summary, based on symmetry arguments and the low-
energy effective model, we identify that two chiral SGs (No.
173 and No. 182) can hold ideal hourglass-type CTWFs along
the I'-A path. Then, we take an ideal candidate Li,CQO4 as an
example, which possesses two CTWFs and six WPs, leading
to sextuple- and triple-helicoid surface arcs on the (001) and
(1010) surface BZs, respectively. In addition, unlike spin-
ful systems, in which the TSSs depend on the strength of
SOC, the sextuple- and triple-helicoid surface arcs in spinless
systems are distinct and well-separated, making them easier
to be detected by experiments. Our work not only offers a
method to search for twofold unconventional hourglass-type
quasiparticles with nonlinear dispersion in 230 SGs but also

provides a platform to explore novel properties of unconven-
tional quasiparticles in realistic materials. Furthermore, the
large topological charge of CTWFs can lead to intriguing
responses, such as significant quantized CPGE, which makes
it a promising avenue for potential applications.
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