
PHYSICAL REVIEW B 109, 075108 (2024)

Anomalous thermal relaxation and pump-probe spectroscopy of two-dimensional
topologically ordered systems

Max McGinley ,1,2 Michele Fava ,1,3 and S. A. Parameswaran 1

1Rudolf Peierls Centre for Theoretical Physics, Clarendon Laboratory, Parks Road, Oxford OX1 3PU, United Kingdom
2T.C.M. Group, Cavendish Laboratory, JJ Thomson Avenue, Cambridge CB3 0HE, United Kingdom

3Philippe Meyer Institute, Physics Department, École Normale Supérieure (ENS),
Université PSL, 24 rue Lhomond, F-75231 Paris, France

(Received 17 March 2023; revised 30 October 2023; accepted 5 January 2024; published 6 February 2024)

We study the behavior of linear and nonlinear spectroscopic quantities in two-dimensional topologically or-
dered systems, which host anyonic excitations exhibiting fractional statistics. We highlight the role that braiding
phases between anyons have on the dynamics of such quasiparticles, which as we show dictates the behavior of
both linear response coefficients at finite temperatures, as well as nonlinear pump-probe response coefficients.
These quantities, which act as probes of temporal correlations in the system, are shown to obey distinctive
universal forms at sufficiently long timescales. As well as providing an experimentally measurable fingerprint
of anyonic statistics, the universal behavior that we find also demonstrates anomalously fast thermal relaxation:
correlation functions decay as a “squished exponential” C(t ) ∼ exp(−[t/τ ]3/2) at long times. We attribute this
unusual asymptotic form to the nonlocal nature of interactions between anyons, which allows relaxation to
occur much faster than in systems with quasiparticles interacting via local, nonstatistical interactions. While our
results apply to any Abelian or non-Abelian topological phase in two-dimensions, we discuss in particular the
implications for candidate quantum spin liquid materials, wherein the relevant quantities can be measured using
pre-existing time-resolved terahertz-domain spectroscopic techniques.
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I. INTRODUCTION

Strongly correlated many-body systems in two spatial
dimensions can host a remarkably rich variety of novel macro-
scopic quantum phenomena. Perhaps one of the most striking
examples is the existence of emergent excitations that exhibit
unconventional statistics—so-called “anyons” [1,2]. These
quasiparticles are neither bosonic nor fermionic; rather, they
possess nontrivial braiding statistics, meaning that the global
wavefunction changes when one anyon moves along a path
that encircles another. Remarkably, the wavefunction changes
in the same way regardless of how far apart the anyons are
throughout this process, which points to an effectively non-
local interaction between excitations. This is only possible
in systems whose ground states possess particular patterns
of long-ranged entanglement; namely, in 2D topologically
ordered phases [3,4].

Over the last several decades, a great deal of progress has
been made in understanding the physics of anyons and the
topological phases that host them. By now, there are a num-
ber of well-known phenomena that are established as being
universal to 2D systems possessing excitations with fractional
statistics: to name a few, ground state degeneracies appear
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on surfaces with nonzero genus [5]; quantum numbers can
fractionalize [6,7]; and the entanglement entropy of large sub-
regions contains a quantized topological contribution [8,9].
These discoveries each provide important theoretical insight
into the nature of topological order, and in some cases also
serve as an experimental fingerprint of a given phase of matter.

In addition to the aforementioned properties, which pertain
to equilibrium physics, one can also ask about the dynamics of
systems with anyons. Besides transport measurements (which
are challenging in systems with electrically neutral quasi-
particles such as quantum spin liquids), the primary means
of probing dynamics in solid-state systems is spectroscopy.
Theoretical investigations into the behavior of spectroscopic
quantities in topologically ordered systems have begun com-
paratively recently, and for the most part the focus has been
on linear spectroscopy, i.e., one analyzes the signal using
linear response theory. For instance, the spin structure factor
in quantum spin liquids shows signatures of fractionalization
[10–17], where excitations must be created in groups of at
least two at a time. Similarly, it has been shown how fractional
exclusion statistics (a consequence of anyonic statistics, gen-
eralizing Pauli’s exclusion principle) can imprint themselves
in absorption spectra [18]. While these works provide useful
insight into the nature of anyon creation and/or annihilation,
there is only so much that can be learned about dynamics from
linear response functions, which capture “near-equilibrium”
physics.

In this paper, we reveal universal dynamical phenomena
associated with the braiding statistics of quasiparticles in

2469-9950/2024/109(7)/075108(25) 075108-1 Published by the American Physical Society

https://orcid.org/0000-0003-3122-2207
https://orcid.org/0000-0002-9583-618X
https://orcid.org/0000-0002-5055-5528
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.109.075108&domain=pdf&date_stamp=2024-02-06
https://doi.org/10.1103/PhysRevB.109.075108
https://creativecommons.org/licenses/by/4.0/


MCGINLEY, FAVA, AND PARAMESWARAN PHYSICAL REVIEW B 109, 075108 (2024)

topologically ordered systems, as witnessed by linear and
nonlinear spectroscopic quantities. Our primary focus is on
pump-probe spectroscopy, where the system is perturbed by
a series of two pulses, each of which excite quasiparticles. In
particular, we highlight the significance of processes where
anyons that were created at different times braid with one
another—a possibility that does not arise in linear spec-
troscopy at zero temperature. As explained in a short paper
that serves as a companion to this one [19], such processes
dominate the late-time behavior of the pump-probe response
function, and the resulting signal takes a universal form
[Eq. (4)], which constitutes an experimentally measurable
signature of anyonic statistics.

One of our aims here is to present concrete calculations
that support and generalize the results reported in Ref. [19],
which were justified using more intuitive arguments, most
of the time making reference to Z2 quantum spin liquids. In
brief, by considering the kinematics of those anyons generated
by the sequence of pulses, we can compute the probability
that their trajectories link in a way that leads to a nonzero
braiding phase. Any such process gives a contribution to the
pump-probe response coefficient, and this is responsible for
the universal form Eq. (4). Importantly, since anyons can braid
without ever coming close to one another, the probability
of braiding is always asymptotically higher than a scattering
event due to short-ranged interactions between quasiparticles;
therefore, as we shall argue, our result is robust against the in-
clusion of nonuniversal local interactions between excitations.

The pump-probe response coefficient is a particularly use-
ful quantity in this context, since it allows one to isolate
the effect that a single additional quasiparticles has on the
motion of others. The insight we gain from studying pump-
probe spectroscopy is then applied to reveal salient features
of linear response functions at finite temperature. Namely,
we can consider the probability that anyons created by the
time-dependent perturbation braid with thermally activated
quasiparticles. Again we find that these processes occur much
more often than scattering does, which leads to an anoma-
lously fast decay of the response function in the time domain:
a squished exponential form is seen C(t ) ∼ exp(−[t/τ ]3/2),
for some temperature-dependent timescale τ [see Eq. (33)].
This should be contrasted with the ordinary exponential decay
that would be expected from local interactions. Since linear
response functions serve as a quantifier of temporal correla-
tions in the system, we conclude that topologically ordered
systems exhibit much faster thermal relaxation that systems
with quasiparticles having conventional statistics.

While we are not the first to study nonlinear spectroscopy
in QSLs and other quantum magnets [20–23], previous works
have focused on resolving the homogeneously broadened
continuum of fractionalized excitations associated with the
creation of multiple excitations, rather than detecting braiding
statistics themselves. We also note that fractional exclusion
statistics (a consequence of anyonic statistics, generalizing
Pauli’s exclusion principle) can imprint itself in absorption
spectra even in the linear response regime, as discussed in
Ref. [18]. However, the the signal studied in this manuscript
probes the braiding of excitations around one another, rather
than the physics of their creation. Moreover, given that the
pump-probe response coefficient involves the subtraction of

two signals, one with a pump pulse and one without [see
Eq. (3)], our approach has the advantage that the universal
late-time behavior can be disentangled from nonuniversal
short-distance effects and background contributions, leading
to a sharper signal.

Before embarking on any rigorous calculations, we begin
our paper by specifying the systems and spectroscopic quan-
tities that are to be studied in this work, and provide intuitive
explanation of how the presence of anyonic excitations affects
the signal measured in a pump-probe experiment.

A. Setup and key results

In this paper, we are concerned with gapped two-
dimensional systems, where quasiparticle excitations above
the ground state can exhibit generalized statistics: indis-
tinguishable particles can acquire exchange phases that
interpolate between fermionic and bosonic, and mutual statis-
tics can even be defined between distinguishable particles.
We wish to study the dynamical response of these systems
to external probes in regimes beyond linear response, and
to understand how the mutual statistics of the lowest energy
quasiparticles affects the relevant response coefficients. Pri-
marily, we have in mind both mesoscopic systems in the
quantum Hall regime and spin systems that are in (or prox-
imate to) a spin liquid phase.

Our particular focus will be on the response of these sys-
tems to pulses of electromagnetic waves. In either of the
aforementioned systems, the relevant energy scales corre-
spond to a wavelength of light much greater than any realistic
system size. Therefore we restrict ourselves to external probes
that are spatially homogeneous at zero wave vector k = 0–that
is, the operators to which the external electromagnetic fields
couple are of the form

Â =
∫

d2�rÂ(�r), (1)

where Â(�r) is a Hermitian operator density. (On a lattice,
the integral over space can be replaced by a sum over sites.)
Later on, we comment on the possibility of accessing spatially
resolved signatures either using inelastic neutron scattering
rather than electron spin resonance, or moving to experimental
platforms beyond solid state, e.g., ultracold atoms.

We mainly focus on a particular nonlinear response pro-
tocol known as pump-probe spectroscopy. Starting from the
ground state (i.e., the quasiparticle vacuum) of the unper-
turbed Hamiltonian Ĥ0, ρ0 = |VAC〉〈VAC|, at time t = 0 the
system is illuminated by a short, intense, “pump” pulse of
light which brings the state of the system out of equilibrium.
Denoting the operator to which this pulse couples as Â0, this
results in an effectively instantaneous unitary rotation of ρ0

ρ0 −−−−−→
pump pulse

e−iκÂ0ρ0eiκÂ0 (2)

for some constant κ controlling the strength of the pulse. After
a time t1, a second ‘probe’ pulse is applied, whose purpose
is to extract properties of the time-evolved nonequilibrium
state. Deferring a proper treatment of the probe pulse and the
relevant detection schemes to Sec. VI, for the time being we
take it as given that the probe pulse allows one to extract the
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real part of the dynamical correlator 〈Â2(t1 + t2)Â1(t1)〉pert,
where the expectation value 〈 · 〉pert is taken with respect to
the perturbed state in Eq. (2), and we work in the interaction
picture with respect to Ĥ0, i.e., Â1(t1) = eiĤ0t1 Â1e−iĤ0t1 . The
same experiment can be executed without the pump pulse and
the results are subtracted to obtain a signal

χPP(t1, t2) = L−2[〈Â2(t1 + t2)Â1(t1)〉pert

− 〈Â2(t1 + t2)Â1(t1)〉0], (3)

where the second expectation value is with respect to the
original equilibrium state, which is independent of t1, and
we have divided by the volume of the system L−2 such that
χPP is intensive. It is common practice in nonlinear spec-
troscopy to expand the signal in powers of κ; following
standard nomenclature, we write χPP = ∑∞

n=1 κnχ
(n+1)
PP . The

coefficients χ
(n+1)
PP are nonlinear response functions of second

order and higher. In particular, in the present setting the lowest
order terms will turn out to be proportional to κ2, and therefore
we write χPP = κ2χ

(3)
PP + O(κ3).

Exact computations of χ
(3)
PP that are valid at all times are

prohibitively hard, and will depend on the details of the mi-
croscopic model in question. Nevertheless, here we argue that
in systems where some excitations possess nontrivial braiding
statistics, in the long-time limit t1,2 → ∞, the response func-
tion χ

(3)
PP follows a universal behavior. In particular, we will

show that

χ
(3)
PP (t1, t2) = cPPχ

(1)(t2)
[
t3/2
2 + o

(
t3/2
2

)]
, (4)

where χ (1)(t ) = L−2Tr(Â2(t )Â1(0)ρ0) denotes the linear re-
sponse function, and cPP is a coefficient which depends on the
details of the model and can generally be hard to explicitly
compute. The relationship (4)—which is our main result—is a
general feature of 2D systems whose excitations possess non-
trivial braiding statistics, and therefore provides a powerful
diagnostic tool to characterize fractional statistics using only
pulses of light. The magnitude of the subleading term sets a
timescale τtr beyond which the transient effects represented
by the o(t3/2

2 ) term can be safely neglected and the ratio
χ

(3)
PP /χ (1) takes its universal form = cPPt3/2

2 ; this timescale will
be characterised in later sections, see also Table I.

Most of the manuscript is dedicated to demonstrating the
validity of Eq. (4), but first we find it instructive to review the
following intuitive argument explaining this behavior, which
we reported in Ref. [19]. In the following, and for most of our
calculations, we will make explicit reference to systems where
all anyons are Abelian, however the non-Abelian case can be
treated in much the same way, as we show in Sec. IV E.

Due to their topological nature, quasiparticle excitations
with nontrivial mutual statistics can only be created in mul-
tiplets of N > 1 particles by local operators. Let us focus on
N = 2 for simplicity, and start by considering the behavior
of the unperturbed two-point function: the second term in
Eq. (3). Since the expectation value is taken with respect
to the quasiparticle vacuum, Â1 must create a quasiparticle
pair at time t1 and some position �ri, which will later be
annihilated by Â2 at time t1 + t2, position �r f [both �ri and
�r f are to be integrated over according to Eq. (1)]. Adopt-
ing a path integral formalism for this process, we must

TABLE I. Summary of timescales that are relevant to pump-
probe spectroscopy, when nonperturbative effects, short-ranged
interactions, and finite temperatures are included. Here, T is the
temperature, κ is the strength of the pump pulse [Eq. (2)], v∗ is
the maximum group velocity of quasiparticles, σ is the scattering
cross section (having dimensions of length in 2D), and � is the gap
to excitations. The universal form of the finite-temperature linear
response function, Eq. (33), can be seen when τscat,th 	 τth 	 τtr ,
which occurs at sufficiently low temperatures. Because thermal ef-
fects influence the pump-probe and linear response coefficients in
the same way, their ratio remains unchanged; thus to see the universal
form (30), we require only τscat,p 	 τtr [see Eq. (31)], which occurs
at sufficiently weak pump magnitude.

Timescale Scaling Reference

Transient effects τtr 1/m(v∗)2 Sec. II
Non-perturbative τnonpert (cPPκ

2)−2/3 Eq. (30)
Pump scattering τscat,p (v∗σκ2)−1 Eq. (31)
Thermal braiding τth e2�/3T Eqs. (33) and (34)
Thermal scattering τscat,th (v∗σ )−1e�/T Sec. IV B

integrate over all possible trajectories of these particles �r1(t ),
�r2(t ) for t ∈ [t1, t1 + t2], weighted by an appropriate action
eiS[�r1(t ),�r2(t )]; these are drawn as blue lines in Fig. 1. Supposing
for now that the quasiparticles are free bosons S[�ra(t )] =
(m/2)

∫
dt (d�ra/dt )2, then the amplitude can be evaluated

exactly, and the result is proportional to e−2i�t2t−1
2 . The fre-

quency of the oscillatory factor 2� is the energy required to
excite two anyons relative to the quasiparticle vacuum, while
the algebraic decay t−1

2 reflects the decreasing likelihood of
finding two quasiparticles at the same point in space, which is
necessary for them to be annihilated.

What changes when the pump pulse is applied beforehand?
The post-pump state (2) contains additional quasiparticles,
which we refer to as “pump” quasiparticles, to distinguish
them from the “probe” excitations created by the probe pulse
at time t1. In the absence of interactions (statistical or other-
wise), the dynamics of the probe excitations are unchanged
by the presence of these pump particles, and so the two terms
in (3) exactly cancel. Now, suppose that the pump particles
have nontrivial braiding statistics with respect to the probe
particles. In this case, the action eiS[�r1(t ),�r2(t )] must be multi-
plied by an extra statistical phase, equal to e2π iα whenever
a pump anyon passes through the spacetime loop formed by
�r1,2(t ) (see Fig. 1). Only trajectories that link in this way will
contribute to χPP, since the statistical phase prevents total can-
cellation of the two terms in (3); this is represented pictorially
in the top right inset of Fig. 1. Therefore, to compute χPP, we
must integrate over �r1,2(t ) as before, but now weighted by the
probability that one of the excess pump anyons created by the
pump pulse braids with the paths of the probe particles.

Working to leading order in κ , only a single pair of pump
anyons will be created, with the quasiparticles being formed
in wave packets having opposite (crystal) momenta �k, −�k
and being centered around some position �xi, which again
is to be integrated over according to Eq. (1). These wave
packets propagate away from one another ballistically at their
group velocities ±�v = ±�∇kε(�k), where ε(�k) is the single

075108-3



MCGINLEY, FAVA, AND PARAMESWARAN PHYSICAL REVIEW B 109, 075108 (2024)

FIG. 1. Schematic illustration of the processes contributing to
the pump-probe response coefficient (3) in a (2 + 1)-dimensional
spacetime, using a path integral picture. At time t = 0, the pump
pulse generates a pair of pump anyons at position �xi, which in a
semiclassical approximation propagate away from one another along
trajectories with opposing velocities ±�v (red lines). [We omit the
backwards-time trajectory in this drawing, which brings these anyons
back to their original position �xi; see Eq. (11).] A pair of probe
anyons is created by the operator Â1 at time t1, position �ri, which are
later annihilated by Â2 at time t1 + t2, position �r f . In a path integral
formalism, the trajectories of the probe anyons are denoted �r1,2(t ),
and are drawn as blue lines. Statistical interactions between pump
and probe anyons give rise to a phase e2π iα whenever a pump anyon
passes through the loop formed by the probe anyon trajectories.
For a fixed �r1,2(t ), we can integrate over all �xi such that the paths
link. All other contributions cancel upon subtracting the terms in
(3), as represented pictorially by the equation in the top right. For
trajectories that contribute most to the path integral, the region of �xi

satisfying this condition (light blue shaded region, dashed outline)
has an area that scales as A ∼ t3/2

2 (see main text). This results in the
asymptotic relation (4), valid in the limit of large t1,2.

quasiparticle dispersion [24]. The precise distribution of �k and
the dispersion ε(�k) will depend on the microscopic model in
question and details of Â0, but this will not be relevant here;
instead we can consider some fixed �v for now, and leave the
averaging over �v at the end.

Now we must integrate over �xi. Since the free action is
independent of �xi, this gives a factor equal to the spatial area
spanned by those initial positions for which the paths link
(blue shaded region in Fig. 1). The component of �xi perpendic-
ular to �v will be varied over a range of the order of the typical
spatial separation of the two probe anyons ∼|�r1(t ) − �r2(t )|.
By inspecting the free particle action, we see that for typi-
cal paths (those for which the phase does not oscillate too
rapidly), this distance scales as ∼√

t2/m in the long time limit.
In the direction parallel to �v, a shift of �xi has the same effect as
shifting the spacetime trajectory of the pump anyon upwards
in the time direction (see Fig. 1). Therefore this component
should be varied over a range ∼|�v|t2. Evidently, the space of

initial positions �xi that yield linking trajectories has an area
that asymptotically grows in time as t3/2

2 . It is this factor,
coming from the integral over initial positions of the pump
anyon, that leads to the universal form quoted in Eq. (4).
Note that the average over �v does not have any bearing on the
overall time-dependence; this simply controls the behavior of
the nonuniversal constant of proportionality cPP.

In the particular case, we were considering, where N = 2
and there are no braiding statistics between the pairs of parti-
cles that are created at the same moment in time, we already
saw that χ (1)(t2) ∝ t−1

2 up to an oscillatory phase factor, where
the decay is due to the decreasing likelihood of anyon recom-
bination. Hence, we have

|χPP(t1, t2)| ∝ 1

t2︸︷︷︸
recombination

× t3/2
2︸︷︷︸

spatial integral

= t1/2
2 . (5)

More generally, if anyons are created in multiplets of N > 2
particles, or if there are nontrivial statistics between particles
in a given multiplet, then the recombination factor will be
modified—see Secs. II and IV D. Nevertheless, the t3/2

2 factor,
which has a purely geometric origin, coming from the integral
over �xi, remains the same. Thus the relationship (4) is quite
general.

While a number of assumptions have been made in this
intuitive argument, these are not necessary for the relationship
(4) to hold. Most notably, we have so far neglected nonstatis-
tical interactions between quasiparticles, and assumed that the
system is at exactly zero temperature. In Sec. IV, we will con-
sider the effects of interactions and finite temperatures more
quantitatively, but one can also understand the robustness of
our result to such factors at the level of the above argument.
Assuming that interactions are sufficiently short-ranged (those
decaying faster than ∼|�r1 − �r2|−α at large separations, with
α > 2 [25]), the presence of pump anyons can only appre-
ciably affect the trajectories of the probe particles when the
excitations are closer than some interaction radius rint. Using
the same geometric approach as before, where one integrates
over the initial coordinates of the pump particles keeping
the probe anyons’ trajectories fixed, the probability of these
local scattering processes scales with the perimeter of the loop
formed by �r1,2(t ) [26]. This gives a correction that is sublead-
ing compared to the long-ranged statistical interactions, where
the relevant probability scales with the area (t3/2

2 versus t2).
At finite temperature, the presence of thermally excited

quasiparticles (in addition to those created by the pump pulse)
modifies the linear response coefficient χ (1)(t ), since braiding
between the trajectories of the probe anyons and the thermal
excitations leads to an effective dephasing of the two-point
correlator 〈Â2(t )Â1(0)〉. However, the pump-probe response
function will be modified in exactly the same way. While
scattering between thermal and pump quasiparticles may alter
the effective distribution of velocities, this only changes cPP,
and so Eq. (4) continues to hold. This is shown explicitly later
[Eqs. (33, 34)].

This concludes our overview of the universal behavior of
the pump-probe response function. In summary, the-late time
form of χPP obeys a universal relationship Eq. (4), which
can be understood as described above using a semiclassical
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picture. The structure of the remainder of our paper is as
follows: to justify our intuitive arguments, in Sec. II we
compute the main quantity of interest, namely the leading
order contribution to χPP(t1, t2) [Eq. (3)], using an effective
low-energy theory for a system with anyonic excitations. In
Sec. III, we go beyond time-dependent perturbation theory
to obtain the full response coefficient at all orders; doing so
resolves an apparent paradox that the leading order contribu-
tion has an unphysical divergence in the long time limit. In
Sec. IV, we discuss other effects that could not be included
in our rigorous calculation, focusing on nonstatistical interac-
tions, finite temperatures, and non-Abelian statistics. To make
connection between the low-energy theory used before and
concrete microscopic models, in Sec. V, we apply our results
to the toric code model in a weak magnetic field, allowing
us to connect phenomenological parameters with microscopic
quantities. Finally, we discuss how the signal can be measured
experimentally in Sec. VI, before concluding in Sec. VII.

II. CALCULATION OF NONLINEAR
RESPONSE FUNCTION

A. Effective low-energy theory

To begin a calculation of the pump-probe response coeffi-
cient, we will require a more detailed characterization of the
operators Â0,1,2 appearing in Eqs. (2) and (3), which create
and annihilate anyons, as well as a description of how anyons
propagate once generated. For the systems, we consider in
this paper, the lowest-energy excitations are deconfined quasi-
particles, which are separated from the ground state by a
finite energy gap �n > 0, where the label n is used to dis-
tinguish different quasiparticle species. Assuming translation
invariance, we can specify a dispersion for each quasiparticle
εn(k). For the time being, we assume that the only interactions
between anyons come through their braiding phases: the wave
function acquires a phase of e2π iαnn′ when a particle of type n
completes a loop that encircles a particle of type n′ once in
an anticlockwise direction. Later we will include the effect of
additional short-range interactions, which do not modify the
qualitative form of the response coefficients.

Our analysis applies to 2D topological phases in general,
but it will often be helpful to make reference to a particular
phase of matter as an example. For this purpose, we consider
the phase of matter in which the toric code lies [27,28]. Sys-
tems in this universality class possess two types of excitations,
known as electric and magnetic anyons (e and m respectively).
While the electric-electric and magnetic-magnetic braiding
phases are trivial αee = αmm = 0, these particles are mutual
semions with respect to one another αem = αme = 1/2. The
toric code Hamiltonian is an exactly solvable model with
these kind of excitations. At this fine-tuned point, anyons
are motionless once created, meaning the dispersion is flat
ε(k) = 0. However, perturbations that are weak compared to
the excitation gap generically induce some dispersion, which
endows these excitations with dynamics. In Sec. V, we will
consider a specific perturbed toric code model, allowing us to
relate our universal results to microscopic parameters.

In general, local operators can only excite quasiparticles in
multiplets N := {n1, . . . , nN } that are statistically neutral with

respect to all excitations when considered as a composite (i.e.,∑N
j=1 αn j n′ ∈ Z for all n′). For example, in the toric code the

pairs {e, e} and {m, m} can be created locally, since braiding
two electric anyons around a magnetic anyon gives a trivial
phase of 2π . However, individual electric anyons {e} cannot
be created locally, since they are not neutral with respect
to the magnetic anyon. We can associate a threshold energy
�N = ∑N

j=1 �n j to each valid N , which is the minimum
energy required to create all the particles in the multiplet.
For simplicity, we will assume that different multiplets have
threshold energies that are well-separated, although we expect
that the existence of energetically degenerate multiplets will
not wash out the universal signal that we derive here.

The external probes we consider here will have frequencies
that are close to these quasiparticle creation thresholds �N .
More formally, writing the microscopic light-matter coupling
as a term in the Hamiltonian f (t )Âmicro, we take f (t ) =
�e−iω0t f0(t ), where |ω0 − �N | � �N , and the function f0(t )
varies on a timescale much longer than ω−1

0 . While the micro-
scopic operator Âmicro could in principle connect the ground
state to complicated states with a larger number of quasipar-
ticles, these components oscillate quickly in the interaction
picture, and hence can be ignored (provided one is interested
in dynamics on timescales longer than �−1

n ). After discarding
these rapidly oscillating terms, the resulting Hamiltonian only
contains operators Â0,1,2 that couple quasiparticle sectors dif-
fering by the creation/annihilation of the relevant multiplets.
Furthermore, the discrepancy (ω0 − �N ) sets an amount of
excess kinetic energy that the quasiparticles will have once
created. We will assume that this energy is small enough such
that the quasiparticle dispersions can be expanded to quadratic
order about the band minimum

εn(�k) = 1
2mn

�k2 + O(k3). (6)

(Anisotropy in the dispersion can also be accounted for in
principle, however this will simply result in a rescaling of the
pump-probe response function.) We make the above choices
in order to progress with our analytical calculation, but we
stress that the universal physics discussed here does not de-
pend on the restrictions that we presently impose on the
frequency profile of the pump pulse. Indeed, the response to
a pulse with a broader range of frequencies will still include
the signal we derive here, in addition to nonuniversal transient
effects coming from other mechanisms. In this section, the
only interactions between quasiparticles will be due to braid-
ing phases only, and the effect of nonstatistical interactions
will be treated in Sec. IV A.

Deferring a discussion of the effects of finite temperatures
to Sec. IV B, we assume that the system is in its ground
state ρ0 = |VAC〉 〈VAC| before any of the pulses have arrived,
i.e., there are no quasiparticles present. Acting with one of
the operators Â0,1,2 on the quasiparticle vacuum, we obtain
a perturbed state |�N 〉 = Â0 |VAC〉, where |�N 〉 is some
translationally invariant wave function in the excitation sector
with a single multiplet N . For the time being, we will add
one additional restriction, namely that the particles within
the multiplets N created by Â0,1,2 are statistically neutral
with respect to one another. This does not preclude nontrivial
braiding between excitations in different multiplets N , N ′.
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For example, in the context of the toric code, we can consider
N = {e, e} and N ′ = {m, m}. (It will be useful to keep this
example in mind in the following.) The reason we make this
assumption is that when particles within the set N possess
mutual braiding phases, a short-distance regulator for the op-
erator density A(�r) appearing in Eq. (1) must be introduced,
since such particles cannot be at the same point in space
(otherwise the wave function would be ill-defined). There is
some freedom in choosing this regulator, and nonuniversal
features of the initial N-particle wave packet may affect the
subsequent dynamics. We address the more general case in
Sec. IV D, but for now we can choose a simple form for |�N 〉,
where the N pump particles begin in wave packets localized
at the same point in space, i.e.,

|�N 〉 := Â0 |VAC〉 ∝
∫

d2�x |�x〉 ⊗ · · · ⊗ |�x〉 (7)

In reality, anyons will not be perfectly pointlike but will have
some characteristic size ξ that acts as an ultraviolet cutoff. We
will eventually need to invoke this lengthscale to regularize
divergent integrals in momentum space, but for now we can
assume that anyons generated by each of the perturbing oper-
ators Â0,1,2 will be created and annihilated at the same point
in space.

The post-pump state takes the form given in Eq. (7) for
typical zero-momentum operators Â0 [Eq. (1)]. However, one
should bear in mind that in certain scenarios there may be
selection rules that further constrain how the system is per-
turbed by the external pulses, besides those imposed by the
fusion rules associated with the underlying topological order.
For example, in a spin-half system with unbroken SU(2)
spin-rotation invariance, the only translation invariant oper-
ators made up of single-site terms are the total magnetization
operators M̂α := ∑

j Ŝα
j , where Ŝα

j is the spin operators for
lattice site j along the quantization axis α; indeed, in electron
spin resonance experiments this is the most natural operator
to which light will couple. However, since M̂α generates the
symmetry group, the ground state |VAC〉 will be unperturbed
by the pulse and no signal would be seen.1 In this specific
case, one must either account for the small nonzero wave vec-
tor of the light pulse, or identify other microscopic operators
to which light couples; for instance, the coupling operator
describing Raman scattering at q = 0 is a spin bilinear, and
hence not a symmetry generator [10,29]. (For smaller symme-
try groups, one can always find a polarization of light α such
that excited states (7) are created by M̂α .) From hereon, we
will assume that non-symmetry-generating coupling operators
Â0,1,2 have been identified, for which the selection rules are
not so stringent so as to prevent creation of anyons; thus
Eq. (7) can be used.

Having specified the action of the operators Â0,1,2 within
our low-energy effective description, we are now in a position
to explicitly calculate response functions, starting with the
simplest case, namely linear response.

1We thank John Chalker for pointing this out to us.

B. Warm-up: linear response

Before embarking on our calculation of the pump-probe
response coefficient, it is useful to consider the behavior of the
second term in Eq. (3), i.e., the two-time correlation function
in the absence of a pump pulse. This is effectively the lin-
ear response coefficient χ (1)(t ) := 〈Â2(t )Â1(0)〉. A common
approach to calculating linear response quantities is to first
calculate the Fourier transform of χ (1)(t ) using a spectral rep-
resentation. In the present setting, the excitations that can be
created and annihilated by the operators Â1,2 [which have zero
momentum; Eq. (1)] form a N-particle continuum spanned
by plane wave states |�k1, . . . , �kN 〉, subject to the condition∑N

j=1
�k j = �0 that is imposed due to conservation of momen-

tum. The spectral density of these states exhibits nonanalytic
behavior at a frequency equal to the gap �N . In the simplest
case N = 2, a stepwise discontinuity appears, and this same
kind of discontinuity will generically be present in the Fourier
transformed linear response function. Transforming back to
the time domain, this behavior dictates that the late-time form
of χ (1)(t ) is proportional to e−i�N t t−1, as quoted in Sec. I A.

Later, we will study the behavior of the pump-probe
response coefficient using a time-domain approach based
on semiclassical trajectories. It is therefore worthwhile re-
deriving the above form using such a real-time picture. The
effect of the operator Â1(0) is to create a pair of quasipar-
ticles in the state (7) at time t = 0. The wave function of
the quasiparticles can be decomposed into wave packets that
have center of mass position �xi and opposing momenta �k and
−�k, where both �xi and �k are to be integrated over [30]. In
the semiclassical limit h̄ → 0, these quasiparticles propagate
away from one another at their group velocity �v = ±�∇kε(�k),
and so their separation grows in time like 2|�v(�k)|t .

If we modelled these wave packets as perfectly pointike (as
we would for classical particles), then we would not find any
signal for large t , since the quasiparticles must be within some
fixed distance of each other to be annihilated by the operator
Â2(0). However, quantum effects lead to a broadening of the
profile of these wave packets: they are not perfectly pointlike,
but rather their width grows as ∼√

h̄t/m (restoring h̄ for
now). Consequently, at any given time t , quasiparticles with
momenta that satisfy 2|�v(�k)|t � √

h̄t/m will have a finite am-
plitude of annihilation, and so contribute to χ (1)(t ). Expanding
�v(�k) ≈ h̄�k/m for small �k, we see that the momenta giving
a non-negligible amplitude have a magnitude �

√
h̄m/t , and

such points occupy an area ∝ 1/t in 2D momentum space. If
the quasiparticles within this multiplet are mutually bosonic,
as in Eq. (7), then the integrand is approximately constant in
this region, and we find χ (1)(t ) ∼ 1/t as quoted before.

While we will assume trivial statistics within multiplets
in the following pump-probe calculation, incidentally we can
also use the above picture to understand the behavior linear
response coefficient when there are nontrivial exchange or
braiding statistics between quasiparticles created at the same
time. In this case, we must be more careful in accounting for
the matrix elements 〈VAC|Â2|�k,−�k〉 〈�k,−�k|Â1|VAC〉, which
controls the distribution of quasiparticle momenta created and
annihilated by Â1,2. If the particles are not mutual bosons,
Pauli exclusion (or its generalization to anyons) prevents
creation of two plane-wave states at the same momentum, and
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so the matrix element must vanish at �k = 0. For fermions, one
readily finds 〈�k,−�k|Â1|VAC〉 ∼ |�k| at small |�k|, and a calcula-
tion analogous to that appearing in Ref. [18] generalizes this to
|�k|α for anyons (subject to certain conditions on the structure
of Â1; see Sec. IV D). This gives χ (1)(t ) ∝ t−1−α , which is
consistent with the results of Ref. [18]. Additionally, if N > 2
mutually bosonic quasiparticles are created at the same time,
then similar arguments can be used to show χ (1)(t ) ∝ t−N+1.
The structure of matrix elements for N > 2 particles with
nontrivial mutual statistics is more complicated; see Ref. [18].

Regardless of the intramultiplet statistics, the key insight
to take from the above is that to properly capture the late-time
behavior of the two-time correlator 〈Â2(t )Â1(0)〉, we must
account for quantum fluctuations about the semiclassical tra-
jectories, i.e., the broadening of wave packets as ∼√

h̄t/m.

C. Pump-probe response

Now we turn to the full pump-probe response coefficient,
Eq. (3), working perturbatively in the strength of the pump
pulse κ . Here, we must distinguish the multiplet N created
by the pump pulse via the operator Â0 from the multiplet
N ′ created by the probe pulse operators Â1,2. We assume
that the pump and probe pulses have frequency profiles over-
lapping with the corresponding threshold energies �N and
�N ′ , which may be different. Accordingly, we can again infer
that each operator either creates or annihilates a multiplet,
and so the leading order contributions come at second order
in κ . Following standard naming conventions for nonlinear
response coefficients [31], we define the perturbative response
coefficient χ

(3)
PP (t1, t2) using this expansion

χPP(t1, t2) = κ2χ
(3)
PP (t1, t2) + O(κ3). (8)

By Taylor expanding the exponentials in Eq. (2), we obtain

χ
(3)
PP (t1, t2) = L−2

(
Tr[Â2(t1 + t2)Â1(t1)Â0(0)ρ0Â0(0)]

− 1
2 Tr[Â2(t1 + t2)Â1(t1){Â0(0)2, ρ0}]

)
. (9)

These low-order contributions dominate the response in the
limit of a weak pump pulse κ → 0, and so we will focus on
them for now. However, it is important to bear in mind that the
weak pulse limit does not commute with the long time limit
t2 → ∞, as will be clear once we derive the divergent growth
χ

(3)
PP ∼ t1/2

2 [Eq. (5)]. We will remedy this issue in Sec. III,
where we calculate an expression for χPP(t1, t2) that includes

contributions at all powers of κ , and thus remains valid as
t2 → ∞.

The quantity (9) describes a process where a multiplet N is
created at time 0, followed by a multiplet N ′ at time t1, which
is then annihilated at t2. This is precisely the process that was
central to our intuitive argument in Sec. I A (see Fig. 1). Using
the form of Â0 given above [Eq. (7)], the response coefficient
can be written as Tr[ζ Â2(t1 + t2)Â1(t1)], where we define

ζ := |�N 〉〈�N | − 〈�N |�N 〉|VAC〉〈VAC|. (10)

Being unnormalized and not positive-definite, the operator ζ

is not itself a valid density matrix; rather, it includes only the
contributions to the pumped state (2) that are second order
in κ . Nevertheless, it is helpful to think of the perturbative re-
sponse coefficient as the expectation value of Â2(t1 + t2)Â1(t1)
with respect to a “state” ζ , as one would if we were calculating
the full response to all orders in κ . The contributions to this
expectation value coming from each of the terms in (10) are
represented pictorially in the top right inset of Fig. 1: in the
first term, pump and probe anyons are both generated, whereas
in the second term, the probe anyons are created on top of
the vacuum, and the pump anyons only appear through the
multiplicative factor 〈�N |�N 〉.

So far, we have not described how the statistical inter-
actions between particles (specifically those between pump
and probe excitations) can be included in our description.
For this purpose, we find it useful to work in a path integral
representation, which we now introduce.

D. Path integral representation of χ
(3)
PP

Using Eq. (7) and the local form of the operators Â1,2

[Eq. (1)], we can express the response coefficient using a
Feynman-Vernon functional integral for the dynamics [32],
where both the forward and backward branches of the time
evolution in (9) are expressed as a sum over paths. We con-
sider all trajectories of the particles in N between times 0 and
t1 + t2, along with those of particles in N ′ between times t1
and t1 + t2. If the only interactions are statistical in nature,
then the action can be written as a sum of the free parti-
cle actions S j[�r j (t )] = (mj/2)

∫
dt ṙ2 plus a topological term

�[{�r(t )}] equal to the cumulative statistical phases associated
with the braiding of probe anyons around pump anyons. An
explicit formula for �[{�r(t )}] will not be necessary, however
we will later use the fact that � only depends on the relative
coordinates between pump and probe anyons. Overall we have

χ
(3)
PP (t1, t2) = 1

L2

∫
d2�x +

i d2�x −
i

⎛
⎝ N ′∏

j=1

d2�x f , j

⎞
⎠ d2�ri d2�r f

∫ x±
j (t1+t2 )=x f , j

x±
j (0)=x±

i

⎛
⎝ N∏

j=1

D�x +
j (t )D�x −

j (t )eiS j [�x+
j ]−iS j [�x−

j ]

⎞
⎠

×
∫ �rk (t1+t2 )=�r f

�rk (t1 )=�ri

N ′∏
k=1

D�rk (t )eiSk [�rk ](ei�[{x+
j (t )−rk (t )} j,k ] − 1). (11)

Here, �x +(t ) and �x −(t ) are the trajectories that describe the for-
ward and backwards time evolution in (9), respectively. (For
clarity, we consistently use �x with appropriate subscripts to

denote coordinates of pump anyons, and �r for probe anyons.)
Note that no probe anyons are present on the backwards
branch, and so the statistical phase � has no dependence on
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�x −
j (t ) and �rk (t ). The above expression is an explicit repre-

sentation of the processes illustrated in Fig. 1 (although the
backwards trajectories are not drawn explicitly). The factor of
(ei� − 1) arises due to the subtraction of the two terms in ζ

[Eq. (10)]; see the pictorial equation in the top right corner of
Fig. 1.

Unfortunately, exact analytical calculations of the dynam-
ics between times t1 and t1 + t2 quickly become intractable as
the number of particles increases. Even in the minimal case
where |N | = |N ′| = 2, the evaluation of the four-body path
integral including the statistical interactions does not admit a
closed-form solution. However, in the limit of long times t1,2,
we can make two simplifications. Firstly, at sufficiently large
t1 we can consider just one of the pump anyons at a time. We
make this approximation on the basis that in the long-time
limit, the pump anyons will typically be separated by a large
distance, and so the amplitude for the probe anyons braiding
around more than one pump anyon is small. The result is that
the statistical factor (ei� − 1) in (11) can be replaced by a sum

(ei� − 1) →
N∑

j=1

(ei�̃ j [{�x +
j (t )−�rk (t )}k ] − 1), (12)

where the new topological term �̃ j[{�rk (t ) − �x j (t )}k] captures
the statistical phase associated with the braiding of probe
anyons around a single pump anyon j [33].

Our second simplification is to invoke a stationary phase
approximation for the trajectories of the pump anyon j. To
be specific, we decompose the path �x+

j (t ) into a classical tra-
jectory �xcl, j (t ) = �x+

i + �vt , where �v j = (�x f , j − �x+
i )/(t1 + t2),

plus a fluctuating part δ�x+
j (t ), and the free part of the ac-

tion then becomes m�v2
j (t1 + t2)/2 + S j[δ�x+

j ]. As we argue in
Appendix A, the dependence of the topological part of the
action on δ�x(t ) can be neglected in the limit of large times,
with relative corrections decaying at least as fast as O(t−1

2 ),
i.e., we can take the trajectory of the pump anyon to be of con-
stant velocity. The fluctuations δ�x+

j (t ) can then be integrated
over, along with the backwards trajectory �x −

j (t ) and its initial
position �x −

i , all of which can be expressed using the Feynman
propagator. This leaves us with a manageable expression for
the pump-probe response function

χ
(3)
PP (t1, t2) ∝

N∑
j=1

∫
d2�v I j (�v, t2), where (13)

I j (�v, t2) :=
∫

d2�xi d2�r f

∫ �rk (t1+t2 )=�r f

�rk (t1 )=0

N ′∏
k=1

D�rk (t )

× eiSk [�rk ](ei�̃ j [{�rk (t )−�vt−�xi}k ] − 1). (14)

Note that in the regime where the above applies, the pump-
probe coefficient has no t1 dependence. This is due to
the constant-velocity nature of the pump anyon trajectories,
meaning that any change of t1 → t1 + �t1 can be thought of
as equivalent to a rigid shift of �xcl, j (t ) → �xcl, j (t ) + �v�t1. This
is borne out in the above since the path integral over δ�x(t ) and
�x −

j (t ) is proportional to (t1 + t2)−2, which cancels with the
factor of (t1 + t2)2 that comes from the change of integration
variables from �x f to �v. Additionally, the classical contribution

to the action m�v2(t1 + t2)/2 cancels with the opposite phase
coming from the backwards trajectory, which is why a factor
of eimv2(t1+t2 )/2 does not appear in (13).

Equation (14) describes the propagator for N ′ probe par-
ticles moving from �0 to �r f in the presence of a pump anyon
whose trajectory is fixed, and given by �rcl(t ) = �vt + �xi. Ob-
serve that we have made a semiclassical approximation for
the path of the pump anyons and not the probe anyons. This is
motivated by the insight gained from Sec. II B, where we saw
that the behavior of two-time correlation functions requires
one to account for fluctuations of the relevant excitations; see
also the discussion of Appendix A.

In Sec. II E, we will directly evaluate I (�v, t2), but for now it
is helpful to briefly make connection with the arguments that
we gave in Sec. I A to justify the scaling form (5). Evidently,
the integral over �xi in (14) is precisely the integral that was
responsible for the factor of t3/2

2 in (5), and we can move it
inside the path integral over �rk (t ). Being a topological term,
�̃ only takes a finite number of distinct discrete values, and so
we can split up the integral

∫
d2�xi(ei�̃ − 1) into patches where

ei�̃ takes different values, to get∫
d2�xi(e

i�̃ − 1) =
∑

c

Ac[�rk (t ) − �vt](ei�̃c − 1), (15)

where c labels the distinct values �̃c that the functional �̃

can take, and Ac is a functional of �rk (t ) − �vt , equal to the
(unsigned) area in the space of coordinates �xi that satisfy
�̃[�rk − �vt − �xi] = �̃c.

While we do not have a closed-form expression for Ac,
the intuitive arguments in Sec. I A indicate that this should
scale as t3/2

2 , and this will be backed up by our exact calcu-
lations. In fact, the scaling of χPP(t1, t2) can be seen fairly
straightforwardly using the geometric interpretation offered
by Eq. (15). First, note that since the only free parameters
in this problem are �v, t2, and the quasiparticle masses mk ,
by dimension counting I (�v, t ) can only depend on velocity
and time through the product |v|√t2. Hence, the long-time
limit is equivalent to the large-velocity limit. When we take
|�v| → ∞, the pump anyon will only ever be in the vicinity
of the probe anyons for a short O(v−1) period of time. The
winding number will then be entirely determined by the lo-
cation of the probe anyons at this instant in time, which we
call τ . In the case N ′ = 2, the trajectories contributing to the
area Ac in Eq. (15) are those where the ray traced by the fast
pump anyon passes between two probe anyons at locations
�r1,2(τ ). Thus the component of �xi perpendicular to �v should
be varied over a distance equal to |r2,⊥(τ ) − r1,⊥(τ )|, where
rk,⊥ is the component of �rk perpendicular to �v, for k = 1, 2.
Varying the component of �xi parallel to �v only changes the
collision time τ , and so I (�v, t ) is given by the path integral
of

∫ t2
0 dτ |r2,⊥(τ ) − r1,⊥(τ )|. By evaluating the integral over

trajectories �rk (τ ), one can show that this quantity is indeed
proportional to t1/2

2 , confirming Eq. (5).
When N ′ > 2, an similar path integral describing the long-

time limit of I (�v, t2) can be constructed, but the expression
becomes more complicated. To determine I (�v, t2) in full
generality, and to remove the need to rely on dimension-
counting arguments, it is more convenient to return to the
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Schrödinger picture, wherein Eq. (14) can be computed
exactly.

E. Evaluating Eq. (14)

Our objective is now to evaluate the function I j (�v, t )
defined in (14). The action describes N ′ probe particles prop-
agating in the presence of the pump anyon j, which moves
along a fixed-velocity trajectory. Since the probe anyons are
mutually noninteracting, we can consider the propagator for a
single probe anyon Gk (t f , �r f ; ti, �ri ) := 〈�r f |Uk (t f ; ti )|�ri〉, where
Uk (t f ; ti ) is the unitary operator describing time evolution of
particle k under the influence of the moving pump anyon from
time ti to t f . In terms of this propagator, we have

I (�v, t ) =
∫

d2�ri d2�r f

⎛
⎝ N ′∏

k=1

Gk (t, �r f ; 0, �ri )

−
N ′∏

k=1

G(0)
k (t, �r f ; 0, �ri )

⎞
⎠, (16)

where G(0)
k (t f , �r f ; ti, �ri ) is the propagator without the pump

anyon.
Naturally, it is helpful to perform a Galilean boost to a

frame moving with velocity �v relative to the laboratory frame.
We have

Gk (t f , �r f ; ti, �ri ) = G̃k (t f , �r f − vt f ; ti, �ri − vti ), (17)

where G̃ is the propagator in the co-moving frame. In this
frame, the pump anyon is static, and so we are free to place it
at the origin. We will adopt polar coordinates (r, φ) with the x
axis in the direction of �v.

A standard way to describe the effect of the pump anyon
is to introduce an infinitesimally thin flux tube at the ori-
gin, whose strength is chosen such that an Aharonov-Bohm
phase of 2πα jk is acquired every time particle k orbits around
it. Any vector potential describing such a magnetic field
will satisfy

∮
�

d�r · �A(�r) = 2πα jk for any loop � circling the
origin in an anticlockwise sense. It will be useful to start
in the “string gauge,” where �A(�r) is only on the negative
y-axis, specifically �A(�r) = �(−y)δ(x)x̂, where x̂ is a unit
vector in the direction along �v. We can then perform a gauge
transformation ψ (r, φ) → e2π iα jkφψ (r, φ), where we restrict

φ ∈ (−π/2, 3π/2]. This completely eliminates the vector
potential at the expense of introducing twisted boundary con-
ditions for all wave functions. In particular, wave functions
can be assumed to be continuous functions of φ except at
φ = 3π/2, where we have

ψ (r,−π/2 + 0+) = e2π iα j ψ (r, 3π/2). (18)

Since the statistical vector potential vanishes in the chosen
gauge, the boosted Hamiltonian for particle k = 1, . . . , N (in-
dexing the probe anyons) becomes

Hboost,k = 1

2mk

[
(px − mkv)2 + p2

y

] + 1

2
mkv

2. (19)

To calculate the propagator for this Hamiltonian, we first have
to construct all its eigenstates, subject to the boundary condi-
tions imposed by anyonic statistics (18). This is most easily
achieved by using a unitary transformation H ′

j = U †HboostU ,
where U = eimj xv shifts the momentum operator by mkv,
which gives H ′

k = �p2/2mk + mkv
2/2. In polar coordinates,

one obtains H ′
k = p2

r/2mk + L2/2mkr2, where L = −i∂φ is
the angular momentum operator. The boundary condition (18)
imposes that L must take values of � − αk , where � is an inte-
ger (we drop the label for the pump anyon j on all quantities
for the time being). The radial part of the wave function must
then satisfy Bessel’s equation with constant (� − αk )2. The
overall solution is

ψq,�(r, φ) =
√

q

2π
J|�−αk |(qr)ei(�−αk )φ

with energy Eq,� = q2

2mk
+ 1

2
mkv

2, (20)

which, with the normalization given, form a complete set of
states:

∞∑
�=−∞

∫
dq ψ∗

q,�(�r1)ψq,�(�r2) = δ(2)(�r1 − �r2). (21)

The precise structure of these eigenstates stems from our
assumption that the Hamiltonian in the boosted frame is rota-
tionally invariant. This allows us to make analytical progress
in the following, but we wish to highlight that the late-
time form of the response coefficient will be qualitatively
unchanged if rotational symmetry is broken, e.g., due to
anisotropy in the dispersion εn(�k). We now have

G̃k (�r f , t ; �ri, 0) = 〈�r f |Ue−iH ′
ktU †|�ri〉 = eimkv(x f −xi )−imkv

2t/2
∞∑

�=−∞

ei(φ f −φi )(�−αk )

2π

∫ ∞

0
qdqJ|�−αk |(q|r f |)J|�−αk |(q|ri|)e−iq2t/2mk . (22)

The integral over q can be evaluated using the standard integral
∫ ∞

0 xdx e−px2
Jν (ax)Jν (bx) = (2p)−1e−(a2+b2 )/4pIν (ab/2p) [34],

valid for all p ∈ C with �p > 0, upon setting p = it/2mk + 0+.

= imk

2πt
eimkv(x f −xi )−imkv

2t/2 exp

(
− imk

2t + i0+
(
r2

f + r2
i

)) ∞∑
�=−∞

ei(�−αk )(φ f −φi )+iπ |�−αk |/2J|�−αk |

(
mkr f ri

t + i0+

)
. (23)

The infinitesimal constant ensures that this expression remains valid in the limit t → 0, and we have used the identity
Iν (ix + 0+) = eiνπ/2Jν (+x) for real x > 0.
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Using Eqs. (16) and (17), we have

I (v, t2) =
∫

d2�ri

∫
d2�r f

N ′∏
k=1

G̃k (t2, �r f − vt2; t1, �ri ) − (same with αk → 0), (24)

which after substituting Eq. (23) becomes

I (v, t2) = −e−iMv2t2/2 ∏
k (imk )

(2πt2)N

∫ ∞

0
ridri

∫ 2π

0
dφi

∫ ∞

0
r f dr f

∫ 2π

0
dφ f eiMv(r f cos φ f −ri cos φi ) exp

(
− iM

2t2 + i0+
(
r2

f + r2
i

))

×
N ′∏

k=1

∞∑
�k=−∞

ei(�k−αk )(φ f −φi )+iπ |�k−αk |/2J|�−αk |

(
mkr f ri

t2 + i0+

)
− (αk = 0), (25)

where M = ∑
k mk .

Our aim now is to evaluate this integral. As noted previ-
ously, on dimensional grounds I (v, t2) can only depend on
velocity and time through the combination v

√
t2, and so the

late-time limit can be understood by considering the behavior
as v → ∞. More quantitatively, the relevant dimensionless
parameter in the problem is β := mv2t2, and so we expect
the response to take its asymptotic form when β 	 1, i.e.,
t2 	 τtr , where τtr is a timescale on the order of 1/mv2 (see
Table I). In this limit, the integrand becomes a rapidly os-
cillating function of φi, f , which motivates a stationary phase
approximation of these integrals. Points of stationary phase
occur at φi, f = 0, π , and of the four different combinations,
the one that that gives a dominant contribution to I (v, t2) is
φi = 0, φ f = π , i.e., the particles begin far along the positive
x axis and drift at a velocity v until they reach the negative
x axis. Details of the evaluation of this integral are given in
Appendix B, the result of which gives

I (v, t2) ≈ ei(2N−3)π/4

√
π

∏
k mk

16M2(2πt2)N ′−2
ϒ[{αk}]

√
2Mt2v,

(26)

where we have defined a topological quantity

ϒ[{αk}] := 1 − (−1)
∑

k αk
∏

k

cos(παk ). (27)

Performing the necessary integral over v (which should be cut
off at large velocity ∼1/ξm to account for the finite spread
of wave vectors created by the pulse), we obtain a pump-
probe response coefficient χ

(3)
PP (t1, t2) that scales as t1/2−(N ′−2)

2 .
A straightforward calculation gives the linear response co-
efficient χ (1)(t ) ∝ t−N ′+1

2 , and comparing the two, we see
agreement with the form originally stated in Eq. (4).

III. RESPONSE BEYOND PERTURBATION THEORY

As we showed in the previous sections, for the case N ′ = 2
the lowest order contributions to the pump-probe response
coefficient χ

(3)
PP (t1, t2) grow as t1/2

2 in the limit t2 → ∞. The
fact that this quantity diverges at late times indicates that a
perturbative expansion of the system’s response to the external
fields begins to fail. Specifically, if the late-time limit is taken
while holding κ > 0 fixed, then higher order terms in Eq. (9)
cannot be ignored, and the whole series must instead be

resummed. In this section, we derive an expression for the full
response of the system without relying on perturbation theory,
using arguments that generalize those given above. The result,
Eq. (30), remains valid in the long time limit for fixed κ .

When considering higher order contributions to χPP(t1, t2)
[Eq. (3)], the main difference in our analysis is that we must
consider the possibility that the pump pulse creates more than
a single quasiparticle multiplet. Since the frequency of the
pump pulse is tuned close to the threshold energy �N (which
we assume is not close to any other excitation threshold
energy), the terms of order κ2n will involve the creation of
up to n copies of N . For the time being, we will continue
to assume that excitations of the system interact with one
another only through their statistical interactions, and that
there are no nontrivial statistics among particles within either
the pump or probe multiplet (generalizations of this scenario
are addressed in Sec. IV). Therefore, if we work in the path
integral formalism as in Sec. II D, for each trajectory of the
probe anyons we can identify contributions where a particular
number of pump anyons pass through the loop formed by
�r1,2(t ), and an appropriate statistical phase can be assigned
to each contribution. Specifically, we can separate out pro-
cesses where p pump anyons pass through the loop from one
side, and p′ from the opposite side, which yields a phase of
e2π iα(p−p′ ). Our task now is to determine, for each possible
trajectory of the probe anyons �r1,2(t ), the probability that
the pump anyons follow paths such that this linking con-
dition is satisfied. We denote this probability Qp,p′ [�r1,2(t )].
The full nonperturbative response will then be given by the
path integral over the probe anyon trajectories weighted by a
factor of 〈(ei� − 1)〉pr := ∑∞

p,p′=0 e2π iα(p−p′ )Qp,p′ [�r1,2(t )] − 1,
where again the subtraction of unity is due to the unperturbed
correlator in (3). (The angled brackets 〈 · 〉pr indicates that
this averaging is being performed over the paths of the probe
anyons.)

Our previous perturbative calculation informs us that the
probability to generate a single pump anyon that links with
the loop in a particular sense is proportional to κ2A, where A
is the area functional A[�r(t ) − �vt] integrated over velocities
�v, which comes from integrating over the initial positions of
the pump multiplet [see Eq. (15)]. The pump pulse can pro-
duce many pump multiplets which are created and propagate
approximately independently of one another (assuming their
density is low enough), and so the probability that p particles
link in a given sense will follow a Poisson distribution, with
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FIG. 2. Late-time form of the ratio χPP(t1, t2)/χ (1)(t2), where
χPP(t1, t2) is the full nonlinear response coefficient, including con-
tributions at all orders in κ , Eq. (30). We use units where the
nonuniversal constant cPP = 1, and vary κ2 from 0.4 (blue) to 0.1
(orange) in steps of 0.1. Initially, the ratio of the response coefficients
grow as t3/2

2 (dashed line), in agreement with the perturbative expres-
sion derived in previous sections, see Eq. (4). After some timescale
τnp ∝ κ−4/3, nonperturbative effects become important, and we see a
plateau of the ratio.

rate cκ2A for some constant c, i.e.,

Prob(p) = e−cκ2A (cκ2A)p

p!
(28)

Applying the same logic to the paths that link in the oppo-
site sense gives us an expression for Qp,p′ [�r1,2(t )]. Thus the
trajectory of each probe anyon should be weighted by a factor

〈(ei� − 1)〉pr =
∞∑

p,p′=0

e2π iα(p−p′ )e−2cκ2A (cκ2A)p+p′

(p!)(p′!)

= exp(−2cκ2[1 − cos(2πα)]A) − 1. (29)

Recalling that A is a functional of �r1,2(t ), we must now
perform the path integral over the trajectories of the probe
anyons. Our previous arguments can be reapplied here, which
tell us that for typical paths, A ∝ t3/2. The full response co-
efficient is now given by the same path integral expression as
the linear response coefficient χ (1)(t2), but with the additional
weighting of 〈(ei� − 1)〉pr, giving

χPP(t1, t2) = χ (1)(t2)
[
exp

(−cPPκ
2t3/2

2

) − 1
]
, (30)

where the prefactor in the exponent is identified as the same
constant cPP appearing in Eq. (4), to ensure agreement with
our perturbative results upon expanding (30) to leading order
in κ . Note that χ (1)(t2) is bounded in the long-time limit,
and so this nonperturbative expression for the pump-probe
response coefficient does not diverge, in contrast to χ

(3)
PP . Ev-

idently, once short-time transient effects have decayed away,
the ratio χPP/χ

(1) will depend on time only through a univer-
sal function of κ2t3/2

2 , after choosing units where cPP = 1. The
factor inside the square brackets in Eq. (30) is plotted in Fig. 2
for various values of κ .

The linear response coefficient itself is most easily eval-
uated in the case where N ′ = 2, and there are no nontrivial
braiding phases between anyons created in the same multi-
plet (this was the case in the toric code example discussed
in previous sections). There, one has χ (1)(t ) ∝ t−1, and
hence the pump-probe response takes the form χPP(t1, t2) ∝
t−1
2 (e−cPPκ2t3/2

2 − 1). This signal grows as
√

t2 for times much
less than τnonpert ∼ (cPPκ2)−2/3, after which nonperturbative
effects become important. At late times, the pump anyons
have such a strong effect that the phase coherence of the
two-point function is completely lost, and hence the first
term in (3) completely decays away. This leaves only the
second term, which is the unperturbed correlation function,
decaying as t−1

2 . Interestingly, even though the leading order
perturbative response coefficient χ (3)(t1, t2) does not diverge
when N ′ > 2, our analysis shows that higher order terms, e.g.,
χ (5,7,...), will always diverge for times beyond τnonpert; this can
be understood as a consequence of the long-ranged nature of
the interactions between anyons.

To summarize, the picture provided by these arguments
is that the population of anyons produced by the pump
pulse have the effect of dephasing the trajectories of the
probe anyons through their mutual statistical interactions.
This induces a relative suppression of the two-time correlator
compared to its unperturbed value, which leads to a nonzero
response coefficient (3). This interpretation will prove useful
when we discuss the effects of thermally excited quasiparti-
cles in Sec. IV B.

IV. ROBUSTNESS TO OTHER EFFECTS

In our calculation, we have made certain simplifications
that allowed us to directly compute the pump-probe response
coefficient. Here we consider processes and effects that were
neglected above, and demonstrate that the qualitative form of
the ratio χPP/χ

(1) remains universal in the long-time limit.
Specifically, we will discuss the effects of short-ranged in-
teractions (Sec. IV A), finite temperature (Sec. IV B), and
nontrivial braiding statistics between within the multiplets
that are created by each pulse (IV D). We also describe how
our analysis can be generalised to systems with non-Abelian
anyons in Sec. IV E. We will find that a number of timescales
emerge from our analysis, which we summarize in Table I.

A. Short-ranged interactions

So far we have assumed that the only interactions be-
tween quasiparticles are through statistical braiding phases.
However, if nonstatistical interactions are present, as is the
case generically, then the population of quasiparticles created
by the pump pulse can influence the two-point correlator
measured by the probe pulse through these interactions, and
hence modify the response function (3). We argue that when
interactions are sufficiently short-ranged, any such effect will
be subleading compared to the contribution that we have iden-
tified above.

An intuitive way to see this is to employ the path integral
perspective that we have used in the previous sections. The
effects of short-ranged interactions are only felt by trajecto-
ries where a pump anyon comes within some characteristic
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radius rint of one of the probe anyons, and scatters off it. As
before, we can integrate over the initial position of the pump
anyons �xi, keeping all paths otherwise the same [this integral
was responsible for the area functional Ac in Eq. (15)]. The
range of �xi that result in paths where particles come within a
distance rint of one another will scale with the perimeter of
the probe anyon trajectories, rather than the area of the loop
formed by them. The perimeter scales as t2 (see Ref. [26]),
which grows less quickly than the area ∼t3/2

2 ; hence inter-
actions will only modify the subleading contributions to the
response coefficient, represented by the term o(t3/2

2 ) in Eq. (4).
The above argument provides a relatively straightforward

justification of why the late-time form of the perturbative
response function χ (3) should not be altered by short-ranged
interactions, but it is also useful to consider a more quantita-
tive approach that does not rely on a perturbative expansion
of χPP. This is particularly important in light of the re-
sults of Sec. III, where we saw that nonperturbative effects
can become important at late times. Looking at the ideal
form Eq. (30), derived without nonstatistical interactions, we
see that the universal relationship will remain unchanged
if the effects of local scattering between anyons occur on
a timescale much longer than τnonpert := (cPPκ

2)−2/3. This
scattering timescale is defined by the point at which the prob-
ability of a scattering event between a pump and probe anyon
is order unity. This can be calculated in terms of a scattering
cross-section σ , which in 2D is a length scale: using standard
scattering theory, we have τscat,p = σv∗λpu, where λpu is the
density of anyons created by the pump pulse (which scales as
κ−2), and v∗ is a typical velocity of the pump quasiparticles.
Naturally, scattering between pump and probe anyons sup-
presses the two-time correlation function, and so we expect
that the ratio χPP/χ

(1) will follow the form

χPP(t1, t2)

χ (1)(t2)
= exp(−(t2/τnonpert )

3/2 − (t2/τscat,p)) − 1. (31)

This modification to Eq. (30) makes no observable difference
if τscat,p 	 τnonpert, i.e., the statistical interactions alone fully
compromise the phase coherence of the probe anyons before
scattering processes have had time to take any effect. In fact,
as long as τscat,p 	 τtr , then there will be an appropriate win-
dow of time in which the universal behavior (30) can be seen:
after transient effects have washed out, but before scattering
effects have become appreciable. Note that this is always the
case, independently of the system, if the pump pulse is weak
enough, viz. κ is small enough. Alternatively, having weak
interactions or small correlation lengths helps to satisfy this
condition for larger values of κ .

To understand exactly what kinds of interactions count as
sufficiently short-ranged, we can revisit the calculation that
we described in Sec. II. Rotationally symmetric power-law
interactions between pump and probe anyons can be included
directly into the boosted Hamiltonian (19), and we sup-
pose that at long distances these will decay as V (�r j − �rk ) →
V0|�r j − �rk|−γ for some exponent γ . In this case, the angular
part of the eigenstates (20) will remain unchanged, but the
part of the Hamiltonian describing radial motion is now

Hrad = −1

2mk

d2

dr2
+ (� − α)2

2mkr2
+ V (r). (32)

If γ > 2, then by applying dimensional analysis to the above
differential operator, we can identify a crossover radius rint ∼
(V0/2m)1/(γ−2) outside of which eigenstates are only weakly
modified by the power-law interactions. (This length is not
to be confused with the cross section σ , which would have
to be computed via alternative means, e.g., through solving
the appropriate Lippmann-Schwinger equation [35].) This ra-
dius is small for weak interactions, whereas the divergent
contributions to the response coefficient are due to processes
occurring at large distances r � vt2. Hence, for γ > 2 these
interactions will not qualitatively affect the late-time behavior
of the response function.

We do not directly address longer-ranged interactions
γ � 2 here, since in this case the assumption that quasipar-
ticles separated by large distances propagate independently
is not necessarily true. Indeed, there is no small length scale
that can separate the regimes of small and large separation
of quasiparticles, and so the key assumptions that went into
our argument would be invalidated. It would be interesting to
investigate such scenarios in future work, in particular, in the
context of the fractional quantum Hall effect, where anyons
interact via long-ranged Coulomb forces γ = 1.

B. Finite temperature

Another assumption that has been made so far is that the
system is in its ground state before the pump pulse arrives.
In practice, with the system at finite temperature T , a popula-
tion of thermally excited quasiparticles will be present, which
themselves can affect the response of the system to external
fields. In the regime T � �, which we will focus on, the
density of this population will be exponentially small ∼e−�/T ,
and so we can safely model the thermal excitations as a dilute
gas of weakly interacting quasiparticles.

Firstly, let us neglect nonstatistical interactions and, as a
warm-up, consider the linear response coefficient, i.e., the
two-time correlator χlin(t ) = 〈Â2(t )Â1(0)〉. Focussing on the
toric code for concreteness, as before we choose Â1,2 such
that a pair of magnetic anyons are create at time 0 and an-
nihilated at time t . The effect of thermal quasiparticles on
χlin(t ) can then be understood using a picture analogous to
that presented in Sec. III. For each trajectory of the magnetic
anyons �r1,2(t ), we can define a probability distribution for how
many electric anyons pass through the loop (since e and m
and mutual semions, we do not need to distinguish different
linking orientations). The difference here is that the electric
anyons are thermally activated, instead of being created out of
the vacuum by the pump pulse, as before.

Thanks to the diluteness of the quasiparticle gas (the
density λth = ∫

d2k/(2π )2e−ε(k)/T scales as e−�/T � 1), the
dynamics of the thermal electric anyons can be safely treated
semiclassically [36]. Accordingly, we describe the trajec-
tories of the quasiparticles as straight lines with velocities
independently distributed with probability density P(�v), de-
termined by the Boltzmann distribution. Since the electric
anyons propagate independently, we can use the same logic
as in Sec. III to argue that the probability of having p elec-
tric anyons linking with the loop formed by �r1,2(t ) follows
a Poisson distribution, and in this case the rate is given by
s = λth

∫
d2�v P(�v)A[�r1,2(t ) − �vt], with A the area functional
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in (15), arising due to the integration over all initial positions
of the electric anyons. Thus each trajectory in the path integral
over magnetic anyon trajectories �r1,2(t ) should be weighted by
a factor e−s

∑
p(−1)psp/p! = e−2s, where s depends on �r1,2(t )

through the area functional.
As usual, for typical trajectories the area functional scales

as t3/2 at late times, while the density follows an Arrhenius
law λth ∼ e−�/T . Hence, comparing the finite- and zero-
temperature response coefficients, we expect to find

χ (1)(t ) = χ
(1)
T =0(t ) exp(−c e−�/T t3/2) (33)

for some constant c. This allows us to define a new timescale
τth = (ce−�/T )−2/3 that describes how quickly the braiding
phases between thermal and probe anyons degrades two-
point functions; see Table I. The prefactor may depend on
how many anyons are created at a time by the probe pulse,
among other factors, but will generally decay algebraically
(as t−1 for the simple N ′ = 2 case considered in previous
sections). We see that at small finite temperatures, two-time
correlation functions will decay via a characteristic “squished
exponential” form e−(t/τth )3/2

. Although this unusual form of
broadening could in principle serve as a witness of nontrivial
braiding even at linear response level, it is likely to be chal-
lenging to disentangle from other types of broadening, and as
we will see there are constraints on the range of temperatures
in which this decay mechanism will be the dominant one. This
is why we propose measuring the pump-probe signal, where
surplus anyons can be created in a controlled fashion using
the pump pulse, and any background signals can be subtracted
away according to Eq. (3).

With the above understood, we can determine the late-time
behavior of the pump-probe response coefficient χPP(t1, t2) at
finite temperature by accounting for both thermal and pump-
induced quasiparticles. The perturbed two-point function [the
first term in Eq. (3)] is suppressed due to dephasing from both
sources of quasiparticles, whereas the unperturbed correlator
that is subtracted off has the same form as (33). The result is

χPP(t1, t2) = χ
(1)
T =0(t ) exp

( − c e−�/T t3/2
2

)
[e−cPPκ2t3/2

2 − 1].
(34)

Comparing (33) and (34), we see that the universal form of
the ratio (30) [which encompasses the perturbative result (4)]
continues to hold at finite temperatures, since the linear and
pump-probe response coefficients are modulated by the same
decaying function. Of course, given the finite sensitivity of de-
tectors in experiments, one wishes to work in a regime where
τth is large enough such that the individual signals χPP and χ (1)

do not become smaller than the experimental resolution before
transient effects have worn off. Provided that temperatures can
be lowered below �, this should be achievable thanks to the
exponential dependence of τth on 1/T .

It is interesting to note parallels between these semiclas-
sical arguments and an analogous derivation of the finite-
temperature relaxational dynamics of the one-dimensional
Ising chain in a transverse field, as studied in Ref. [36]. In
that context, quasiparticles are domain walls of separating
domains of opposite magnetization, and so the two-time spin
correlator C(t ) = 〈Ẑ j (t )Ẑ j (0)〉 (Ẑ j is a Pauli spin operator on
some site j) acquires a phase of −1 each time a thermal

excitation moves across site j. In the dilute-gas regime, when
T is much less than the gap to excitations, C(t ) is approx-
imately equal its zero zero-temperature value multiplied by
a decaying envelope ∼e−t/τ that accounts for this dephasing
due to thermal quasiparticles, which propagate with effec-
tively random trajectories that are governed by the Boltzmann
distribution. This multiplicative dephasing factor also arises
in our results [(33) and (34)], with the difference that the
mechanism of dephasing is nonlocal statistical interactions,
rather than local scattering phases. This nonlocal mechanism
gives rise to an envelope has with a different universal form:
exp(−(t/τth )3/2) instead of an ordinary exponential decay, for
some timescale τth ∝ e2�/3T .

One additional effect that has not yet been accounted for is
scattering between the probe anyons and the gas of thermal
quasiparticles due to short-range nonstatistical interactions.
As we saw in the previous section, these scattering processes
can lead to a further degradation of the phase coherence
of the probe anyons, resulting in additional suppression of
the two-time correlators. Assuming that the nonstatistical in-
teractions are short-ranged (decaying faster than an inverse
square law, as in Sec. IV A), this will result in an ordinary
exponential decay e−t2/τscat,th , where in analogy to τscat,th, the
characteristic time is given by τscat,th = (v∗σλth )−1, where
again σ is the scattering cross-section, and λth is the density of
thermal quasiparticles. In the dilute gas regime, (low enough
temperature and small enough κ), this envelope should affect
the linear and pump-probe response coefficients equally, and
hence the ratio χPP/χ

(1) should remain unchanged. Moreover,
since the ratio τscat,th/τth grows as T is decreased, at suffi-
ciently low temperatures we will have τscat,th 	 τth, and hence
the squished exponential form (33) will also be unaffected.

In addition, the combination of nonstatistical interactions
and finite temperatures provides a mechanism for the pump
anyons to relax towards equilibrium, and this leads to a slow
decay of the pump-probe signal with t1. The timescale for this
to occur is again very slow due to the diluteness of the thermal
excitations, on the order of τscat,th, and hence it should be
possible to find a suitable time delay t1 that is large enough
to see the asymptotic form of the response coefficient, but
smaller than this thermalization timescale.

Finally, we remark on the possibility that the quasiparticles
themselves may not be stable even at zero temperature, which
occurs if the system in question is not actually in a topological
phase, but only proximate to one, e.g., when anyons are
weakly confined. In this case, the response coefficient will
be altered nontrivially for times (t1 + t2) that exceed some
cutoff, which is set by either the finite lifetime of quasiparticle
excitations (which now remains finite even as T → 0), or
the confinement lengthscale, whichever is reached first. (Note
that this affects both the t1 and t2 dependence of χPP, since
the motion of pump anyons is also affected by such effects.)
This cutoff diverges as one approaches the transition into the
topological phase, and so if the system is proximate enough
to a QSL, it will still be possible to observe the universal form
described above.

C. Scattering from impurities

Realistic samples inevitably feature some amount of dis-
order. This can have two main effects for the dynamics of
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anyons: (a) impurities or defects can lead to elastic scattering
of anyons, and, in certain cases, (b) disorder can generate and
trap topological defects (see, e.g., Ref. [37]), which have non-
trivial braiding properties with the dynamical anyons. In this
section, we discuss the consequences of these two impurity
effects on the relaxation of linear and pump-probe response
function.

Scattering effects. Although impurities in the sample are
static, rather than mobile and dynamic, we can understand
the effect of disorder at an approximate level in much the
same way as scattering off thermally generated anyons. The
impurities realize a short-ranged potential which is felt by the
quasiparticles, and can scatter their momenta elastically. We
can define an impurity scattering time τimp = (v∗σλimp)−1,
with λimp the density of impurities and σ the impurity scat-
tering cross-section. This gives us a typical time scale after
which the momentum of a quasiparticle will be appreciably
scattered.

Scattering of the probe anyons off impurities will degrade
the amplitude for creation and re-annihilation, which will lead
to a decay of the pump-probe signal. However, this effect is
exactly reproduced in the linear response signal, and hence
the ratio χPP/χ

(1) will remain unaffected. However, scattering
of the pump anyons between times t1 and t1 + t2 may modify
the pump-probe signal in a way that is not counterbalanced
by χ (1). While a detailed calculation of the pump-probe re-
sponse coefficient in the presence of quenched disorder is
beyond the scope of this work, we anticipate that these scat-
tering events will make braiding between pump and probe
anyons marginally less likely, since the straight-line trajecto-
ries shown in Fig. 1 will have to be modified. The universal
signal we describe here will still be observable provided that
the timescale τimp is longer than the timescale for t2 beyond
which transient effects have subsided and the relation (4)
becomes valid. Indeed, converting τimp to a corresponding
mean free path �imp, we expect such a window of time to
exist provided that disorder is not so strong such that �imp ∼ a
where a is the lattice spacing. This is certainly true in any
“weak-disorder” regime.

Braiding effects. The consequences on χ (1)(t ) of defects
with nontrivial braiding can be understood along the lines of
the argument provided in Sec. IV B for thermal, i.e., dynam-
ical, anyonic quasiparticles. However, since these topological
defects are static, the average number of defects that braids
with the anyon pair grows like (

√
t/m)2—to be compared

with the vt × √
t/m when the thermal excitation have av-

erage velocity v—since
√

t spreading of the one-particle
propagator is now the only contribution to braiding. Conse-
quently, these effects produce a further exponential relaxation
of χ (1)(t ) scaling like exp(−t/τan.imp.) on top of the faster-
than-exponential thermal suppression in Eq. (33). Therefore
this extra contribution will be subleading for small concentra-
tion of impurities.

Instead, regarding the ratio χPP/χ
(1), the braiding does not

affect the pump anyons: the leading semiclassical contribution
is obtained when their trajectories are the same in the forward
and backward time evolution, so they cannot braid with the
defects. Therefore, following the lines of the arguments in
paragraph (a), we see that braiding effects do not impact the
ratio χPP/χ

(1).

D. Statistical interactions within multiplets

So far, we have considered response functions for pertur-
bations that create multiplets of excitations within which all
particles are mutually bosonic. An example that we regularly
referred back to was the creation of a pair of electric anyons in
the toric code, which have no nontrivial braiding or exchange
statistics as a pair, despite being semionic with respect to
magnetic excitations. Here we consider what happens if the
multiplets created by the pump and/or probe pulses contain
excitations that are not bosonic with respect to one another.
One example of such a multiplet—again in the context of
the toric code—is a pair of electric-magnetic (em) composite
particles, which are fermionic with respect to one another.

As previously mentioned, an important consequence of
nonbosonic statistics within a multiplet is that the constituent
excitations cannot exist at the same point in space—a gen-
eralization of Pauli’s exclusion principle. Thus we cannot
use wave functions of the form (7) as a sensible low-energy
description of the state of the system immediately after the
pulse. Since the wave function must vanish at points where
particles coincide, one must invoke a regulator that specifies
the limiting behavior of |�N 〉 at small separations.

The effect of this generalized exclusion principle can al-
ready be seen in linear response functions, as was shown in
Ref. [18]. In brief, the authors of that work calculated the
dynamical structure factor (the Fourier transform of a two-
time correlator 〈VAC|Â2(t )Â2(0)|VAC〉) using a low-energy
effective theory describing the dynamics of a pair of anyons
between times 0 and t . Motivated by lattice models such as the
toric code, the regularization of the post-pulse state Â2 |VAC〉
that they chose was a rotationally symmetric wave function
where the two anyons are separated by a finite exclusion
radius a, i.e., |�N 〉 = ∫

d2 �R ∫ 2π

0 dφ | �R, a, φ〉, where | �R, a, φ〉
is the two-anyon state with center of mass �R, and relative
displacement (a, φ) in polar coordinates. Converting their
frequency-space results into real time, the late-time behavior
of the correlator follows a power law t−1−α , where α is the
statistical parameter as before. The same time-dependence
can be shown to arise for any uniform state |�N 〉 where
the initial distance between the two anyons does not exceed
some fixed microscopic lengthscale a [38]. With the exception
of α = 0 (bosons), this clearly differs from the t−1 linear
response behavior that we argued for in Sec. I A, which is
simply the amplitude for two free particles to recombine [the
first factor in Eq. (5)].

While it is clear that individual response functions—linear
or otherwise—will be modified by statistical interactions be-
tween multiplets, the central quantity in our work is the ratio
of the pump-probe and linear response coefficients, which as
we argue will continue to follow the universal form derived
before Eqs. (4) and (30). Firstly, the effect of statistical in-
teractions within the pump multiplet will only give rise to a
quantitative modification of the distribution of quasiparticle
velocities created by the pump pulse: once these quasiparticles
are created, they will still propagate ballistically. This only
leaves interactions within the probe multiplet. Even with these
included, we can still use the path integral representation of
the dynamics of probe anyons, described in Secs. I A and II,
which tells us that each trajectory of the probe anyons should
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be weighted by a factor of the area functional Ac, equal to
the size of the space of initial pump coordinates �xi that lead
to nontrivial braiding [Eq. (15)]. Crucially even when probe
anyons are not mutually bosonic, as was the case considered
before, for typical paths this area functional continues to
follow the same late-time asymptotic form Ac ∝ t3/2

2 . Accord-
ingly, we still expect Eqs. (4) and (30) to hold, even though
the individual response functions χ (1), χPP are modified. On
the basis of the results of Ref. [18], in the case where two
probe anyons are created at a time N ′ = 2, we expect to
see the perturbative pump-probe response coefficient scaling
as χ

(3)
PP (t1, t2) ∝ t

1/2−αpr

2 , where the braiding phase between
probe anyons is given by 2παpr.

The scaling of Ac can be argued for solely using the
dimension-counting arguments given at the end of Sec. II D,
where the late-time limit is equated to the limit where the
velocity of the pump anyon is taken to be large. At large ve-
locities, the area must scale linearly with v, and since the only
velocity-independent length scale in the problem is

√
t2/m,

and the only dimensionless parameter is v
√

mt2, this fixes
Ac ∝ (t2/m) × v

√
mt2 ∝ t3/2

2 . We present a more concrete
calculation that confirms this scaling of Ac in Appendix C.

At the end of this section, we wish to highlight a difference
between the results of Ref. [18], where the effects of particle
statistics on linear response coefficients is studied, versus the
effect we study in this paper, which shows up only beyond
linear response. The former will be seen in systems that pos-
sesses fermionic excitations, which have nontrivial exchange
statistics, but trivial braiding statistics. In contrast, the univer-
sal late time behavior of the pump-probe response coefficient
is a reflection of nontrivial braiding statistics: the phase ei� is
determined by the linking of paths in spacetime, rather than an
exchange of identical particles. Because of this, pump-probe
spectroscopy serves as an identifier of topological excitations
with braiding statistics, rather than just nontrivial exchange
statistics, which arise in nontopological fermionic systems.

E. Non-Abelian statistics

Until now, we had only made explicit reference to systems
with Abelian anyons, where the effect of braiding is to induce
a complex phase in the wave function. However, our analysis
also applies to topological phases whose excitations possess
non-Abelian statistics. In such systems, excited states exhibit
a topological degeneracy, meaning that an extra discrete quan-
tum degree of freedom is required to fully specify the state of
the system, in addition to the positions of the anyons [39].
Braiding of excitations results in the application of a unitary
rotation acting on this degenerate space.

These non-Abelian statistical interactions can be incor-
porated into a path integral language in a similar way to
before. In place of the phase ei� in Eq. (11), we should
instead substitute a matrix element of the unitary operator
associated with the braid carried out by the trajectories �x +

j (t ),

�rk (t ). Specifically, we make the replacement (ei� − 1) →
〈χ f |(U [�x +

j (t ), �r +
j (t )]] − 1)|χi〉, where U is a functional of the

trajectories, depending only on their braiding properties, and
|χi, f 〉 are discrete wave functions in the discrete space, which
are set by the specifics of the operators Â1,2 to which the probe
pulse couples (see, e.g., Ref. [39], Sec. III C).

With the exception of this difference, all our arguments can
be applied in exactly the same way as before. In particular, the
decomposition of the path integral into topologically distinct
contributions [Eq. (15)] still applies, just with the non-Abelian
matrix element in place of the complex phase. The functionals
Ac depend only on the geometry of the trajectories, and the
free part of the action is as before. Thus the late-time form of
the response coefficient should continue to obey the relation-
ship (4).

V. APPLICATION TO PERTURBED TORIC CODE

In this section, we study a microscopic Hamiltonian that
possesses anyonic excitations, which allows us to apply our
general results to a more concrete setup. We are also able to
relate the phenomenological parameters used in Sec. II (mass
m, length scale ξ , etc.) to properties of the Hamiltonian.

The specific microscopic model that we consider is the
toric code perturbed by a magnetic field. In the toric code,
qubits are located at the edges j of a square lattice, which
we describe using Pauli operators Xj , Yj , Zj . The unperturbed
Hamiltonian is a sum of four-body terms located at the ver-
tices v and plaquettes p of the lattice [27,28]

Ĥ0 = −JA

∑
v

Âv − JB

∑
p

B̂p, (35)

where the star operators Âv = ∏
j∈v X̂e act on all edges around

the vertex v, and the plaquette operators B̂p = ∏
j∈p Ẑp act on

all edges around a plaquette p.
The ground state of Ĥ0 is the wave function sta-

bilized by all star and plaquette operators, Av |GS〉
= + |GS〉, Bp |GS〉 = + |GS〉. Starting from the ground state
and acting with Ẑe on some edge creates a pair of excitations
each of energy JA—one for each of the star operators Âv

that act nontrivially on e and hence anticommute with Ẑ j .
Similarly, acting with X̂ j creates a pair of excitations on the
two plaquettes shared by j, each with energy JB. These two
types of excitation are referred to as electric (e) and magnetic
(m) anyons respectively. The fact that they are semions with
respect to one another can be seen by acting successively with
operators Ẑ j in a way that moves the electric particle around
a path that encircles a magnetic particle (see Ref. [28] for
details). Since these excited states are exact eigenstates of
Ĥ0, the anyons do not move once created in the absence of
any external perturbation. The immobility of the excitations
is reflected in the lack of dispersion in the spectrum of Ĥ0:
eigenstates come in highly degenerate multiplets with discrete
energies nAJA + nBJB, where nA, nB are the number of electric
and magnetic anyons, respectively.

To endow the anyonic excitations with a dispersion, we
introduce a magnetic field, which for simplicity we place in
the x-z plane. The full Hamiltonian that we consider in this
section is

Ĥ = Ĥ0 − hx
∑

j

X̂ j − hz
∑

j

Ẑ j . (36)

We work in the limit JA,B 	 hx,z. In this limit, we can neglect
hybridization of eigenstates with different numbers of mag-
netic and electric anyons, and the main effect of the magnetic
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fields is to lift the degeneracy within each excitation number-
sector. The x-magnetic field generates hopping of magnetic
anyons in the dual lattice, and similarly the z-magnetic field
allows electric anyons to hop in the original lattice. The dis-
persion of a single electric or magnetic anyon then becomes

ε (e)(k) = 2hz[cos(kxa) + cos(kya)], (37a)

ε (m)(k) = 2hx[cos(kxa) + cos(kya)], (37b)

where (kx, ky ) is the quasimomentum, and a is the lattice
spacing. We have written these dispersions relative to the band
minima, which are at energies �e = JA − 4hz and �m = JB −
4hx (using the same notation for the threshold energies as in
Sec. II A).

In a pump-probe experiment, the incoming pulses of light
will naturally couple to the microscopic spins. We can choose
the polarization of the incoming fields such that the pump
pulse couples to the X component of the spins, and the probe
pulse couples to the Z component. This way, assuming that
the wavelength of the radiation is long compared to the sample
size, the time-dependent fields experienced by the system are
uniform in space

V̂ (t ) = Bpump(t )
∑

j

X̂ j + Bprobe(t )
∑

j

Ẑ j . (38)

We take the pump pulse to be a Gaussian wave packet arriving
at t = 0, centered around a frequency 2�e + δ1, where δ1 is a
detuning much smaller than JB, with a width of frequencies
1/τ1 � JA,B

Bpump(t ) = 1
2 B1e−i(2�e+δ1 )t−t2/2τ 2

1 + c.c. (39)

Due to its frequency profile, the pump pulse can only excite a
pair of electric anyons, assuming JA and JB are separated by
a gap larger than τ1. We can therefore write down the wave
function of the system at times 0 < t < t1

|�e,e(t )〉 = − i
∫ t

−∞
dt ′Bpump(t ′)

×
∑

j

∑
b̂=x̂,ŷ

e−iĤe,e(t−t ′ ) | j, j + b̂〉e,e + O
(
B2

1

)
,

(40)

where | j, j′〉e,e is an excited state with electric anyons at
lattice sites j, j′, and Ĥe,e is the Hamiltonian in the relevant
excitation number-sector. Thanks to the lack of statistical
interactions between these two particles, we can compute
the time evolution by transforming to plane wave states
|�kn〉e = M−1 ∑

j ei�k·�r j | j〉e and using the single-particle disper-
sion (37). Here, �r j is the real space coordinate for site j, M
is the number of sites in the lattice, and the discrete set of
wave vectors satisfying periodic boundary conditions are �kn =
(2πnx/L, 2πny/L), with nx, ny ∈ {−M/2 + 1, . . . , M/2}. We
then have

|�e,e(t )〉 =−iB1

2

∫ t

−∞
dt ′ e−i(2�e+δ1 )t ′−(t ′ )2/2τ 2

1

× M
∑

n

f (�kn)e−2i[�e+ε (e) (kn )](t−t ′ ) |�kn,−�kn〉e,e ,

(41)

where the two particle state |�kn,−�kn〉e,e is the wave func-
tion of a pair of electric anyons in plane wave states with
opposing quasimomenta �kn and −�kn, and we have defined
f (�k) := cos(kxa) + cos(kya). (In performing the time evolu-
tion, we have neglected the effective hard-core constraint that
two electric anyons cannot reside on the same vertex; however
the effect of this is negligible in the regime of interest, as
we will see.) The upper limit of the integral over t ′ can be
extended to +∞ for times t 	 τ1, which gives

|�e,e(t )〉 = −i
√

2πB1τ1

2
M

∑
n

e−τ 2
1 (2ε (e) (kn )−δ1 )2/2

× f (�kn)e−2it[�e+ε (e) (kn )] |�kn,−�kn〉e,e . (42)

From this wave function, we can read off the distribution of
quasimomenta of the electric anyons created by the pump
pulse. While various different hierarchies of energy scales can
in principle be considered, for convenience, we will work in a
regime where δ1 � τ−1

1 � hz, in which case this distribution
is peaked near the bottom of the band, allowing us to expand
(37) to quadratic order in kx,y. We can therefore consider
quadratically dispersing electric anyons with isotropic mass

me = 1

2hza2
. (43)

The distribution of quasimomenta is then approximately pro-
portional to e−ξ 4

e k4/2, where the length scale is

ξe = a
√

2τ1hz. (44)

By transforming back to real space, we find that the wave
function describes pairs of electric anyons in wave packets of
size ξe centered around the same point. This provides a proper
UV regularization of the wave function (7) that we employed
previously. We observe that ξe can be identified as the typical
propagation length of the electric anyons over the time win-
dow τ1 during which they are created. Note also that in the
regime τ−1

1 � hz, we know that ξe is much greater than the lat-
tice spacing, which allows us to approximate f (�k) ≈ 2. This
also justifies our choice to neglect the hard-core constraint on
electric anyons in (41), since components of the wave function
where two anyons are located at the same vertex are small.

The wave function (42) can be used in place of |�N 〉 in the
operator ζ defined in Eq. (10). As in Sec. II, we will employ an
approximation where we ignore the influence of the magnetic
anyons generated by the probe pulse on the trajectories of the
original electric anyons. Because of this, when the trace in (9)
is taken, only contributions where the wave vector on the ket
and bra parts of ζ coincide will survive. We then have

ζ = 2πτ 2
1 B2

1M2
∑

n

e−ξ 4
e k4

n |�kn,−�kn〉〈�kn,−�kn|e,e

+ (terms annihilated by trace). (45)

The probe pulse allows us to measure the two-time corre-
lator appearing in Eq. (3) (see Sec. VI for details on how this
is achieved). In our case, this pulse is polarized along the x
axis, which means that the operators Â1,2 are simply

∑
j X̂ j .

To isolate contributions coming from processes involving two
magnetic anyons, the incoming waveform can be frequency-
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matched to the magnetic anyon pair threshold of 2�m, i.e., the
pulse only contains frequency components near this energy.
Because of this, we can again expand the magnetic anyon
dispersion to quadratic order about the band minimum, and
we identify the mass mm = (2hxa2)−1. While this assumption
is useful for calculations, we expect to see the same qualitative
results even if the range of frequencies is broader.

For each term in the sum in (45), we must compute
the two-time correlator 〈Â2(t1 + t2)Â1(t1)〉 of these magnetic
anyons in the presence of electric anyons that propagate at
the group velocity v(�kn) = ∂kε

(e)(�kn) ≈ �vn := �kn/me. The fre-
quency profile of the probe pulse ensures that Â1 excites a
magnetic anyon pair which is de-excited by Â2. The amplitude
for this is precisely the propagator I (�vn, t2) that we computed
in Sec. II E. Putting everything together, and using the normal-
ization 〈�kn,−�kn|�kn,−�kn〉 = M−2, the long-time limit of the
perturbative pump-probe response coefficient becomes

χ
(3)
PP (t1, t2) = 2π (B1τ1)2

L2

∑
n

e−ξ 4
e k4

n I (�vn, t2)e−2i�mt2

= 2π (B1τ1)2m2
e

×
∫

d2v

(2π )2
e−ξ 4

e m4
ev

4
I (�v, t2)e−2i�mt2 . (46)

Using the expression (26), and restoring the original micro-
scopic quantities using (43) and (44), we get

χ
(3)
PP (t1, t2) = 1

a2

√
π �(3/4)

256
B2

1e−2i�mt2

√
τ1t2
hxhz

, (47)

where the factor of a−2 arises due to the normalization of χ

by the volume L2, rather than the number of sites M. This
calculation demonstrates how the universal t1/2

2 divergence
emerges starting within a specific microscopic model.

To derive this result, we have made certain assumptions
about hierarchies of energy scales, namely that the fields
hx,z should be weak enough such that hybridization be-
tween different anyon sectors is negligible, and that the pulse
frequencies are close enough to threshold δ1 � hz. While
deviations from these assumptions may affect the scaling of
the prefactor, in general we expect the dependence on t2 to
be a universal feature of systems whose excitations possess
nontrivial braiding statistics.

VI. EXPERIMENTAL CONSIDERATIONS

Having studied the behavior of the pump-probe response
coefficient in detail, we now provide a general discussion of
the ingredients necessary to measure this quantity in experi-
ment. For most of this section, our focus will be on putative
solid-state realizations of quantum spin liquids, for which bulk
probes are particularly useful. We comment on other settings
later on, namely quantum Hall systems, ultracold atoms and
Rydberg atom arrays.

The dynamics of spins in solid state systems typically
occur on timescales of order ∼1 ps. As an example, in the
candidate material α-RuCl3, for which there is evidence of a
field-induced non-Abelian QSL phase [40–43], the magnetic
couplings are estimated to be in the range 70–90 K [44],
corresponding to a frequency of ∼1.5 THz. Recent techni-

cal advances have facilitated the generation of high-intensity
THz-domain pulses with short time resolution [45,46], which
have already been applied to study ultrafast magnetization
dynamics in systems with spontaneous macroscopic spin or-
dering [47–50]. Here, in analogy with standard pump-probe
setups familiar from other kinds of nonlinear spectroscopy
[31], we will describe a sequence of pulses which allows
one to measure the particular response coefficient χPP(t1, t2)
[Eq. (3)] in a candidate quantum spin liquid. In fact, this
particular sequence has already been used in previous exper-
iments, where the aim was to demonstrate coherent control
of spin precessional motion [47]. Thus the effect we describe
in this paper should be detectable using currently existing
experimental techniques.

To be specific, we propose to first illuminate the sam-
ple with a short intense pump pulse whose frequency range
overlaps with the creation threshold energy for a given quasi-
particle multiplet (a pair of electric anyons, say). Since the
wavelength of THz light is large, the incoming radiation
couples directly to the total magnetization M̂α , where the
component α is set by the polarization of the magnetic field of
the radiation (i.e., we neglect the momentum of the photons).
After waiting for a time t1, a second weaker pulse is applied,
which for now we model as infinitely short-lived, giving a
magnetic field Bpr (t ) = B0δ(t − t1) along a different direction
β. This perturbation modifies the state of the electron spins
at later times, and the resulting time-dependent magnetiza-
tion M̂γ (t ) in turn leads to emission of radiation due to free
induction decay (FID). The amplitude of the emitted FID
radiation can be measured along a chosen polarization γ in a
time-resolved fashion using, e.g., electro-optic sampling [51],
which allows one to infer the time-dependent magnetization
〈M̂(t1 + t2)〉.

We have already discussed the effect of the pump pulse in
Secs. I A and V: the state of the system immediately after the
pulse can be described using the right hand side of (2), where
Â0 includes components of the magnetization operator M̂ that
oscillate at frequencies within the frequency range of the
pulse. As for the probe pulse, since this is weak and infinitesi-
mally short-lived, we can expand to lowest order in B0. If ρpert

is the post-pump state, then immediately after the probe pulse
the system is in the state ρ̂pert − iB0[M̂(t1), ρ̂pert] + O(B2

0)
(we continue to work in the Heisenberg picture, where M̂ =
eiĤt M̂e−iĤt ). Then, the expectation value of the magnetization
at time (t1 + t2) is given by

〈M̂γ (t1 + t2)〉B0
= 〈M̂γ (t1 + t2)〉B0=0

− iB0Tr(M̂γ (t1 + t2)[M̂β (t1), ρ̂pert])

= 〈M̂γ (t1 + t2)〉B0=0

+ B0�〈M̂γ (t1 + t2)M̂β (t1)〉pert. (48)

Therefore, by extracting the linear-in-B0 part of the magne-
tization, and subtracting the same quantity without the probe
pulse, we obtain the imaginary part of the desired response
coefficient (3).

The above procedure is conceptually straightforward and
achievable using currently available techniques. Nevertheless,
it is also worth contemplating alternative setups that measure
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the response coefficient directly in the frequency domain,
more akin to standard spectroscopic measurements. Rather
than using electro-optic sampling to detect the emitted field,
one can alternatively perform an absorption measurement,
with the detector downstream of the probe pulse, such that the
field being detected is a superposition of the probe pulse field
and the FID signal Epr (t ) + EFID(t ). Using a spectrometer, the
power spectrum I (ω) = |Epr (ω) + EFID(ω)|2 can be obtained,
and since the signal field is weak the signal will be found in
the cross-term 2�[Epr (ω)∗EFID(ω)], since the quadratic term
|EFID(ω)|2 can be neglected. This measurement scheme con-
stitutes an intrinsic heterodyne detection of the FID field, with
the probe pulse serving as a local oscillator (see Ref. [31]).
Due to the short probe pulse, Epr (ω) is approximately constant
in ω, and so this gives us access to the one-sided Fourier
transform of the imaginary part of the response coefficient
χ̃PP(t1, ω) = ∫ ∞

0 dt2eiωt2�[χPP(t1, t2)], where t1 is set by the
time interval between the pump and probe pulses. Since the
emitted FID field is π/2 out of phase with the magnetization
[31], such an experiment would give us direct access to the
imaginary part �χ̃PP(t1, ω), and the real part could be recon-
structed using the Kramers-Kronig relations.

Given that there may be scenarios where the measured data
are in the frequency domain, let us consider how the uni-
versal relationship between linear and pump-probe response
coefficients manifests itself in Fourier space. Since Eq. (4) is
valid in the limit of late times, we expect that the relationship
will be most stark at frequencies that are close to the non-
analytic points of χ̃ (1)(ω). In particular, recall from Sec. II B
that the imaginary part of χ̃ (1)(ω)—which is proportional to
the spectral function of the magnetization operator—exhibits
nonanalytic behavior at the threshold frequency �N ′ , the
minimum energy required to create excitations above the
quasiparticle vacuum. The nature of the edge singularity in
χ̃ (1)(ω) will determine the form of nonanalytic behavior seen
in χ̃

(3)
PP (t1, ω) via the relationship (4). The simplest case, which

applies to all the cases that we have studied in this work, is a
power-law singularity, where the linear response coefficient
in the time domain follows χ (1)(t ) ∼ it−ηe−i�N ′ t , where the
exponent η depends on the number of anyons that can be
created at a time by the probe pulse, and the statistical phases
between them. In frequency space, this gives us

�χ̃ (1)(ω) ∝ sgn(ω)�(|ω| − �N ′ )||ω| − �N ′ |η−1, (49)

where the above is expected to hold for |ω| sufficiently close to
�N ′ . Our time-domain results can be employed to determine
the late-time form of the pump-probe response coefficient,
which upon Fourier transforming gives

�χ̃
(3)
PP (t1, ω) ∼ sgn(ω)�(|ω| − �N ′ )||ω| − �N ′ |η−5/2. (50)

We see a more drastic singularity in the pump-probe re-
sponse coefficient by virtue of the fact that the ratio
χ

(3)
PP (t1, t2)/χ (1)(t2) grows with t2. If χ (1)(ω) exhibits more

complicated nonanalytic behavior (i.e., different from a power
law), then one can instead use the convolution theorem to
determine the corresponding form for χ̃

(3)
PP (t1, ω)

χ̃
(3)
PP (t1, ω) ∝

∫ ∞

−∞

dω′

2π
|ω′|−5/2χ̃ (1)(ω − ω′). (51)

TABLE II. Summary of the relationships between the linear and
pump-probe response coefficients in the time and frequency domain;
see Eqs. (4) and (51). Fourier transforms at frequency ω are taken
with respect to the time t in linear response, and t2 in pump-probe
response. We define δω := ω − �N ′ as the frequency relative to the
energy threshold for creation of excitations, and the function f̃ (y) is
the Fourier transform of exp(−|x|3/2) with respect to x, and ∗ denotes
a convolution. These results are valid in the limit of long times t , t2,
or sufficiently close to threshold, i.e., small δω, as appropriate. The
exponent η depends on the particulars of how anyons are created and
annihilated (see Sec. IV D), but the ratio of the linear and pump-
probe response coefficients in both the frequency and time domain is
universal.

Time domain Frequency domain

Linear response (T = 0) t−ηe−i�t |δω|η−1�(δω)
Linear response (T > 0) χ

(1)
T =0(t )e−(t/τth )3/2

χ̃
(1)
T =0(ω) ∗ f̃ (ωτth )

Pump probe t−η+3/2
2 e−i�t |δω|η−5/2�(δω)

To properly capture the short-time behavior of χ
(3)
PP , before

the universal signal (4) is dominant, the factor of |ω′|−5/2

should in principle be altered for values of ω′ much larger
than τ−1

tr . However this will not impact the qualitative form of
χ̃

(3)
PP (t1, ω) near threshold.

As discussed in Secs. III and IV, at very long times the
response functions may be modulated by a decaying envelope
due to either nonperturbative effects or suppression due to
scattering and/or finite temperatures. In the frequency do-
main, this results in a ‘smoothing out’ of any nonanalytic
behavior over frequency scales on the order τ−1, where τ

is the appropriate timescale (see Table I). For example, at
finite temperatures, the linear and pump-probe response co-
efficients are modulated by a factor f (t/τth ), where we define
f (x) := exp(−|x|3/2). Thus χ̃ (1)(ω) will be the convolution of
the zero-temperature response function with f̃ (ωτth ), where
f̃ (y) is the Fourier transform of f (x), being a smooth function
of y that peaks at y = 0 and has a width of order unity. In
practice, given that such timescales are typically very large (at
least for low temperatures and weak pump pulses), it is likely
that the measurement apparatus will not be able to resolve
these effects, and the formally divergent expressions given
above can be used instead. These results are summarised in
Table II.

We finally remark on some aspects of the generation of
the pump anyons. Firstly, in pump-probe spectroscopy, the
initial pulse is typically highly intense, with the aim to bring
the system strongly out of equilibrium. In this case, assuming
that the relevant matrix element for anyon generation [i.e.,
the coefficient of proportionality in Eq. (7)] is not small,
then the density of pump anyons npump will be fairly high.
The pump anyon density can be related to the pulse strength
factor κ discussed in Sec. III as npump ∝ κ2, and hence the
intensity of the pump pulse controls how long it takes for the
nonperturbative regime to set in. We note that our analysis and
prediction of the universal form (30) remains valid for finite
pump densities, but begins to break down as npump approaches
1/a2 where a is the lattice spacing, i.e., one pump anyon per
unit cell. This regime is unlikely to be reached in practice.
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Another possibility is that the key physics described in
this work might still be detectable even if the pump anyons
are generated incoherently. Indeed, in Sec. IV B, we saw
how thermally generated anyons can modify the linear re-
sponse coefficient. In a sufficiently low temperature regime
e−�/T � 1, such that the scattering time τscat is much longer
than the dephasing time τth, we expect to see a characteristic
linear response coefficient following Eq. (33). Thus, rather
than using a pump pulse as a means of generating excess
quasiparticles, an increase in temperature could be used. The
temperature dependence of frequency-resolved THz absorp-
tion measurements at low temperatures could therefore also
provide a signature of nontrivial braiding statistics.

We conclude this section by addressing other systems
that may host topological phases with anyonic excitations.
Two-dimensional electron gases in the fractional quantum
Hall regime can host Abelian and/or non-Abelian anyons
[52]; however in practice performing spectroscopy on
these systems may be challenging due to the presence of
signals coming from other layers of the semiconductor
heterostructure devices that are required to realize the
electron gas. (In these systems, one can instead use novel
device geometries to guide the motion of anyons through
edge modes; this approach has recently been employed to
detect braiding statistics [53,54].) Moreover, since anyons are
charged and a magnetic field is present, our analysis would
only remain valid up to a timescale set by the cyclotron
frequency (see Ref. [24]). Outside of the solid state, proposals
have been put forward to realize topologically ordered phases
in ultracold atomic gases [55–59], and more recently in arrays
of Rydberg atoms in optical tweezers [60], which have since
been implemented in Ref. [61]. Light-based probes are natural
in these settings, and thanks to the high levels of isolation
from the environment and the lack of extraneous degrees of
freedom, one expects to see clean spectroscopic signatures.
Whether the signal we derive here can be seen in this context
depends on the system sizes that can be reached, but with
large enough samples, nonlinear spectroscopic probes could
prove to be a useful probe of anyonic statistics, particularly
in platforms where individual atoms cannot be addressed and
measured in a spatially resolved way.

VII. CONCLUSION AND OUTLOOK

We have studied pump-probe spectroscopy of two-
dimensional systems that possess excitations with unconven-
tional statistics. Our key result is a universal relationship
dictating the late-time behavior of the response coefficient.
The origin of this behavior can be intuitively understood using
a path integral description for the dynamics of quasiparticles:
the factor of t3/2

2 in Eq. (4) arises when one calculates the
probability that an anyon created by the pump pulse links
with the trajectories of anyons created by the probe pulse, see
Fig. 1.

After confirming this result through an explicit calculation
of χPP(t1, t2), we considered the effects of nonstatistical short-
ranged interactions and finite temperatures, and argued that
our result should remain valid even after these effects are
included. Accordingly, the relationship between the linear and
pump-probe response coefficients (4) serves as a robust fin-

gerprint of anyonic statistics. While our rigorous calculations
were performed using a low-energy effective theory for the
dynamics of anyons, it is possible to make quantitative con-
nections to specific microscopic models, as we demonstrated
for the perturbed toric code. We finally discussed how the
relevant signals can be measured using current THz-domain
spectroscopic techniques.

Given that the experimental methods necessary to measure
the relevant signal are already available, we anticipate that
nonlinear spectroscopy could be used to obtain more infor-
mation about the nature of magnetism in materials that are
candidate quantum spin liquids. One of the most actively
explored materials in this context is α-RuCl3, and neutron
scattering and electron spin resonance data provide evidence
that under certain applied magnetic fields this system is in or
proximate to a QSL phase [43,62–65]. It would therefore be
of great interest to investigate the behavior of the pump-probe
response coefficient in microscopic models that are thought
to describe the spin dynamics in this material, as well as its
close relatives [66]. This would allow useful comparison with
potential nonlinear spectroscopic experiments on this class of
materials. Already, our results indicate that for such a proxi-
mate spin liquid, the pump-probe response coefficient should
behave in the way discussed above, up to some characteris-
tic timescale dictating the lifetime of quasiparticles, which
should diverge close to the transition into a QSL.

In addition, our work suggests that universal relationships
between linear and nonlinear response coefficients may arise
in more general topologically ordered systems. For example,
in three spatial dimensions excitations can be pointlike or
looplike, and mutual statistics between particles and loops can
be defined in analogy to the 2D case [67–70]. Understand-
ing how statistical phases between these excitations manifest
themselves in nonlinear response will form an interesting di-
rection for future work, which may prove to be useful in the
search for topologically ordered materials in higher dimension
e.g., Coulomb spin liquids [71].
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APPENDIX A: VALIDITY OF THE STATIONARY PHASE
APPROXIMATION

During our calculation of the pump-probe response coeffi-
cient in Sec. II, we performed a stationary phase approxima-
tion for the trajectory of the pump anyon �r j (t ), which led to
the expression (13). In this Appendix, we provide a concrete
justification of this approximation, allowing us to quantify its
accuracy.
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To begin with, it is helpful to separate out classical paths
and fluctuations for the trajectories of all particles, i.e., we
write �rk (t ) = �v ′t + �ri + δ�rk (t ) for all probe anyons k, as well
as the trajectories of the pump particles x j (t ) [here, �v ′ =
(�r f − �ri )/t2]. Using the decomposition of the path integral into
topologically distinct sectors, as in Eq. (15), we have

χPP(t1, t2) ∝
∫

d2�v d2�v ′eiv′2t2
∑

k mk/2
∫

D(δ�x(t ))

×
∫ ⎛

⎝ N ′∏
k=1

D
(
δ�rk (t )

)
eiS0[δ�rk (t )]

⎞
⎠eiS0[δ�x(t )]

×
∑

c

(ei�̃c − 1)Ac[�v ′′t + δ�rk (t ) − δ�x(t )], (A1)

where �v ′′ = �v ′ − �v and Ac is a functional of N ′ trajectories
�rk (t ), equal to the area in the space of coordinates �xi that sat-
isfy �̃[�rk (t ) − �xi] = �̃c (see the main text). We are interested
in the limit of large times t1,2, and so it is useful to con-
sider the response coefficient at rescaled times χPP(λt1, λt2),
where λ > 0 is a dimensionless constant that will be made
large. The path integral for this quantity involves trajectories
δ�x(s) and δ�rk (s), where the new time coordinate s runs over
s ∈ [0, λ(t1 + t2)] and [λt1, λ(t1 + t2)], respectively. For any
such trajectory δ�x(s), we can define a corresponding trajectory
δ�x ′(t ) in the original time window t ∈ [0, t1 + t2], which takes
the form

δ�x ′(t ) = 1√
λ

δ�x(λt ). (A2)

A similar transformation for for δ�rk (s) can be made. Cru-
cially, this transformation respects the boundary conditions
of the path integral, and leaves the free part of the action S0

invariant, since

m

2

∫ t2

0
dt

(
d

dt
δ�x ′(t )

)2

= m

2

∫ λt2

0
ds

(
d

ds
δ�x(s)

)2

. (A3)

Using the reparametrization (A2), the time-rescaled response
coefficient χPP(λt1, λt2) can be brought into a form identical
to the original expression (A1), but with the argument of the
functional Ac changed to �v ′′s + √

λ[δ�r ′
k (s/λ) − �x ′(s/λ)]. In

terms of the time coordinate t ≡ s/λ, this becomes (λ�v ′′)t +√
λ[δ�r ′

k (t ) − �x ′(t )]. Now, using the fact that Ac is an area
measuring the space of initial coordinates �xi that yield a given
topological action �̃c, we have A[κ�rk (t )] = κ2A[�rk] for any
constant κ > 0, on geometric grounds. Applying this to the
above with κ = 1/λ, we see that the effect of scaling t1,2 →
λt1,2 is the same as making the replacement

Ac[�v ′′t + δ�rk (t ) − δ�x(t )]

→ const. × Ac

[
�v ′′t + 1√

λ

(
δ�rk (t ) − δ�x(t )

)]
. (A4)

Therefore, expanding Ac as a series in the fluctuations δ�x(t ),
�rk (t ) becomes an increasingly good approximation as the
times t1,2 are increased. Specifically, the ratio of the contri-
butions at successive orders is enhanced by a factor of λ−1/2

under a scaling of time coordinates t1,2 → λt1,2.
If we perform this formal expansion in powers of δ�x(t ) and

δ�rk (t ) separately, then all terms that are zeroth order in δ�rk (t )
will vanish. This is because such contributions represent pro-
cesses where all probe anyons move along the same path, and
since the probe anyons are statistically neutral as a composite
there can be no statistical phase acquired in this case. The
leading order term in this expansion will be second order in
δ�rk (t ) and zeroth order in δ�x(t ) (since δ�rk (t ) → −�rk (t ) is a
symmetry of the action). In practice, since we do not have
a closed form for Ac, it is easier to treat the fluctuations δ�rk

exactly, and to set δ�x(t ) to zero by hand. This is precisely the
stationary phase approximation that we made in the main text
to obtain the expression (14). Thanks to inversion symmetry,
the leading order corrections to this expression will also come
at second order in δ�x(t ), and will hence be O(t−1

1,2 ).
Finally, we wish to remark that in deriving the above scal-

ing relation, we have been careful to keep the velocities �v, �v ′
fixed, even though they are related to real space coordinates
�xi, f , �ri, f in terms of the times t1,2 themselves. We keep veloci-
ties rather than positions fixed because the upper limits of the
velocity integrals will eventually be cut off by a nonuniversal
UV scale vcutoff ∼ 1/ξm, where ξ is set by either the lattice
constant or the size of the anyon wave packet, and vcutoff

should remain invariant under the scaling transformation.

APPENDIX B: EVALUATION OF EQ. (25)

In this Appendix, we detail how the integral (25) is evaluated in the limit v → ∞ by means of a stationary phase approx-
imation. We start by transforming to dimensionless integration variables ui, f = √

M/2t2ri, f and defining the dimensionless
parameters β = √

2t2Mv, γk = mk/M

=
(

i

2πt2

)N−2 e−iMv2t2/2 ∏
k mk

π2M2

∫ ∞

0
uidui

∫ 2π

0
dφi

∫ ∞

0
u f du f

∫ 2π

0
dφ f eiβ(u f cos φ f −ui cos φi )−i(u2

i +u2
f )

×
N ′∏

k=1

∞∑
�k=−∞

ei(�k−αk )(φ f −φi )+iπ |�k−αk |/2J|�−αk |(2γkuiu f ) − (αk = 0). (B1)

As long as v �= 0, the large-t limit of the above can be extracted by taking the limit β → ∞. If v = 0 then all t2 dependence
drops out, and we obtain a contribution that is constant in t2. This contribution we ignore for now. From here on we assume
v �= 0, and take the long time limit via β → ∞; this is valid for t2 	 1/v2M. Additionally, since the statistical parameters αk

are only defined modulo an integer, we can without loss of generality choose αk ∈ [0, 1).
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Since β is large, the angular integrals can be evaluated using a stationary phase approximation, with stationary points at
φi, f = 0, π . This gives(

i

2πt2

)N−2 2e−iMv2t2/2 ∏
k mk

πβM2

∫ ∞

0
u1/2

i dui

∫ ∞

0
u1/2

f du f e−i(u2
i +u2

f )
∑

σi,σ f =±1

e−iπ (σ f −σi )/4eiβ(x f σ f −xiσi )

[∏
k

A(αk )
k −

∏
k

A(0)
k

]

where A(αk )
k := e−iπαk (σi−σ f )/2

∞∑
�=1

(σiσ f )�

× [eiπ (�−αk )/2J�−αk (2γkuiu f ) + σeiπ (�−[1−αk ])/2J�−[1−αk ](2γkuiu f )]. (B2)

The sums over σi, f are for the different stationary points at φi, f = 0, π , and we have split up the sums over � into separate parts
where �k − αk is either positive or negative. Now we evaluate the sums using Ref. [72], Eq. 5.7.5.1, which can be manipulated
to give

∞∑
l=1

(iσ )l Jl−α (z) = 1

2

∫ z

0
du[iσJμ(z − u)J−μ−α (u) − Jμ(z − u)J1−μ−α (u)], (B3)

where μ can be any real value satisfying −1 < μ < 1 − α.
Now, we note that the integrand in (B2) is a fast-oscillating function of u f and ui, and hence will be dominated by contributions

at large u f , ui � β, where the Bessel functions oscillate equally quickly. Therefore we can take the large-z limit of (B3), which
simplifies using the asymptotic form Jμ(u) ≈ √

2/πu cos(u − μπ/2 − π/4), valid for large real positive u:

1

2

∫ z

0
du[iσJμ(z − u)J−μ−α (u) − Jμ(z − u)J1−μ−α (u)]

≈ 1

π

∫ z

0

du√
u(z − u)

[
iσ cos

(
z − u − μπ

2
− π

4

)
cos

(
u + (μ + α)π

2
− π

4

)
− cos

(
z − u − μπ

2
− π

4

)

× cos

(
u + (μ + α − 1)π

2
− π

4

)]
≈ 1

2π

[
iσ cos

(
z − π (1 − α)

2

)
− cos

(
z − π (2 − α)

2

)]

×
∫ z

0

du√
u(z − u)

= 1

2
eiσ (z+πα/2), (B4)

where terms that integrate quickly with u have been dropped. We thus obtain (recalling that
∑

k αk is an integer and
∑

k γk = 1)

∏
k

A(αk )
k ≈ e2iσiσ f uiu f (σiσ f )

∑
k αk

∏
k

cos

(
παk

1 − σiσ f

2

)
. (B5)

The above is now manifestly invariant under shifts of αk → αk + n, with n ∈ Z, as we would expect. Note that when σi = σ f ,
A(αk )

k becomes completely independent of αk , and so the difference of products in (B2) will vanish, leaving only the σi = −σ f

terms, whereupon we can set
∏

k A(αk )
k = (−1)

∑
k αk e−2iuiu f

∏
k cos(παk ). We now have

I (v, t2) ≈ −
(

i

2πt2

)N−2 2e−iMv2t2/2 ∏
k mk

πβM2
ϒ[{αk}]

∫ ∞

0
u1/2

i dui

∫ ∞

0
u1/2

f du f e−i(u2
i +u2

f )
∑

σi=±1

eiπσi/2e−iσiβ(x f +xi )e−2iuiu f , (B6)

where the topological quantity ϒ[{αk}] is given in Eq. (27)
Now we make the transformation to variables X = ui + u f and x = u f − ui, giving

= −
(

i

2πt2

)N−2 e−iMv2t2/2 ∏
k mk

2πβM2
ϒ[{αk}]

∑
σ=±1

(iσ )
∫ ∞

0
dX

∫ X

−X
dx

√
X 2 − x2e−iX 2−iβσX

= − i

(
i

2πt2

)N−2 e−iMv2t2/2 ∏
k mk

4βM2
ϒ[{αk}]

∫ ∞

0
dX X 2e−iX 2

[e−iβX − eiβX ]. (B7)

The above can be evaluated by defining

J (a, β ) :=
∫ ∞

0
dXe−iaX 2

e−iβX = eiβ2/4a

√
a

[C(∞) − C(β/2
√

a) − iS(∞) + iS(β/2
√

a)], (B8)
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where C(x), S(x) are the Fresnel integrals. This allows us to express the integral in question as i × ∂/∂a[J (a, β ) − J (a,−β )]|a=1,
which evaluates to

−eiβ2/4

2
[(β2 − 2i)(C(β/2) − iS(β/2)) − iβe−iβ2/4]

β→∞−−−→ −eiβ2/4 e−iπ/4√πβ2

4
. (B9)

Substituting the above into Eq. (B7), and restoring the original dimensionful quantities, we finally obtain Eq. (26).

APPENDIX C: SCALING OF THE AVERAGE DISTANCE
FOR PARTICLES WITH MUTUAL ANYONIC STATISTICS

In this Appendix, following on from the discussion of
Sec. IV D, we provide a more detailed proof that the area
functional Ac appearing Eq. (15) scales as t3/2

2 even when there
are nontrivial braiding phases between anyons created by the
probe pulse. This confirms that the pump-probe response co-
efficient χ

(3)
PP , which we calculated explicitly in the absence of

intramultiplet interactions, continues to follow the universal
relationship (4) in this more general case.

First, independently of α, using the same geometric argu-
ments as in Sec. II D, we always expect a scaling relation of
the form

Ac ∼ |�v|
∫ t2

0
dτ 〈|r2,⊥(τ ) − r1,⊥(τ )|〉 (C1)

with �v denoting the velocity of the pump anyon and r j,⊥
( j = 1, 2) the component of the position of the jth anyon
along the direction perpendicular to �v. Here the angled brack-
ets are a shorthand for the average over all paths �r j (t ) that
contribute to the two-time correlation function, i.e., 〈C〉 :=
(
∫
Dr j (t )eiSC)/(

∫
Dr j (t )eiS ) for any functional C. (Note that

this is not necessarily a real quantity, but we are interested
in the typical magnitude of Ac, and will therefore take an
absolute value at the end.) The relation above was argued for
in Sec. II D only based on the ballistic trajectory of the pump
anyon, and the argument carries over to the case where anyons
within a multiple have nontrivial mutual statistics.

To compute the above, we will adopt the model of
Ref. [18], where the local operator A(�r) creates the two
anyons at a microscopic distance a from one another. Specif-
ically, |�N ′ 〉 = ∫

d2 �R ∫
dφ | �R, a, φ〉N ′ where | �R, a, φ〉N ′ is

a two-particle state with center-of-mass coordinate �R and
relative separation (a, φ) in polar coordinates. Here a is a
UV length scale, which is required to regularize the state
of the quasiparticles created by the operators Â1,2 without
violating the exclusion principle [previously given by Eq. (7)].
By dimensional analysis, the final result will be proportional
to t3/2

2 multiplied by a function of the dimensionless ratio
a
√

m/t2. The behavior of this function at small arguments will
determine the late-time scaling behavior of Ac; the following
calculation will demonstrate that this function tends to a con-
stant as a → 0, i.e., the lengthscale a falls out of the problem
at late enough times.

By translation invariance, the center-of-mass coordinate
and the relative coordinate decouple, and the statistical phases
depend only on the latter. In fact, the part of the Hamiltonian
controlling the motion of the relative coordinate is precisely
the same as the transformed Hamiltonian Ĥ ′

k appearing in
Sec. II E, which describes a single particle orbiting around a
flux tube of strength 2πα at the origin. The eigenstates of this

Hamiltonian are given in Eq. (20), and since the initial state
|�N ′ 〉 is rotationally invariant we need only consider the zero
angular momentum sector, � = 0. We have

χ (1)(t2)〈|r2,⊥(τ ) − r1,⊥(τ )|〉

=
∫ ∞

0
(r̃d r̃)

∫ π

−π

dφ|r̃ cos φ|〈a, l = 0|e−i(t2−τ )H |r̃, l = 0〉

× 〈r̃, l = 0|e−iτH |a, l = 0〉. (C2)

To compute the necessary matrix elements, we require the
expression for the eigenstates of Ĥ , Eq. (20), along with the
standard integral given in Ref. [34]∫ ∞

0
xdxe−ipx2

Jν (bx)Jν (cx)

= −i

2p
e−i(b2+c2 )/4pe−iπν/2Jν

(
bc

2p

)
, �p < 0. (C3)

By setting p = τ/2m − i0+ in the above, we find (leaving the
infinitesimal imaginary shift implicit for convenience)

〈r̃, l = 0|e−iτH |a, l = 0〉

= −im

τ
eim(r̃2+a2 )/2τ e−iπα/2Jα

(
mar̃

τ

)
. (C4)

This can be substituted into (C2), and after evaluating the
integral over the polar angle

∫ π

−π
dφ| cos φ| = 4, we find

〈Ac〉 = 1

χ (1)(t2)

∫ t2

0
dτ

−4m2e−iαπ

τ (t2 − τ )

∫ ∞

0
r̃2dr̃

× eim(r̃2+a2 )(τ−1+(t2−τ )−1 )/2Jα

(
mar̃

τ

)
Jα

(
mar̃

t2 − τ

)
.

(C5)

Notice that the integral over τ is unchanged upon making
the transformation τ → t2 − τ ; we can thus change the upper
limit to t2/2, and multiply the expression by 2. Defining the
dimensionless parameter γ := ma2/t2, we now transform to
new integration variables u = t2/τ , s = γ r̃/a, giving

〈Ac〉χ (1)(t2) = − 8
√

mt2γ
−3/2

∫ 2

1
du

e−iαπ

u − 1

∫ ∞

0
s2ds

× eiγ −1(γ 2+s2 )u2/(u−1)Jα

(
s

u

u − 1

)
Jα (su).

(C6)

We are interested in the behavior of this expression in the
limit of small γ � 1. In this limit, the integrand is a fast-
oscillating function of s, and so the integral will be dominated
by contributions where s � γ 1/2. Since u lies in the interval
[1,2], we can safely expand the second Bessel function for
small arguments Jα (su) ≈ (su/2)α/�(α + 1). (Note that the
argument of the first Bessel function is large for u close to 1,
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and therefore should not be expanded.) The integral over s can
be evaluated using another standard result [72]∫ ∞

0
dx xμ−1Jα (bx)e−px2 = (b/2)α

2p(α+μ)/2

�((α + μ)/2)

�(α + 1)

× 1F1

(
α + μ

2
; α + 1;

−b2

4p

)
,

(C7)

where 1F1(a; b; z) is the confluent hypergeometric function.
Setting μ = 3 + α, b = u/(u − 1), and p = −iγ −1u2/(u −
1), we find

〈Ac〉 χ (1)(t2) = − 4
√

mt2γ
α e−iαπ/2+3iπ/4�(α + 3/2)

22α�(α + 1)2

×
∫ 2

1
du

√
u − 1

u3
eiγ u2/(u−1)

× 1F1

(
α + 3

2
; α + 1;

−iγ

(u − 1)

)
. (C8)

Since 1F1(a, b,−ix) = 1 + O(x) for small x, and√
u − 11F1(a + 1/2, a,−iγ /(u − 1)) is bounded as u → 1

for any a, the integral in the above converges to the constant
π/16 as one takes the limit γ → 0. Thus we can read
the time dependence off as 〈Ac〉 χ (1)(t2) ∝ t1/2−α

2 . A simple
calculation using Eq. (C4) gives the linear response coefficient
as χ (1)(t2) ∝ t−1−α

2 . Taking the ratio of these expressions, we
see 〈Ac〉 ∼ t3/2

2 as claimed.
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