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Secondary proximity effect in a side-coupled double quantum dot structure
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Semiconductor quantum dots in close proximity to superconductors may provoke localized bound states
within the superconducting energy gap known as the Yu-Shiba-Rusinov state, which is a promising candidate
for constructing Majorana zero modes and topological qubits. Side-coupled double quantum dot systems are
ideal platforms revealing the secondary proximity effect. Numerical renormalization group calculations show
that if the central quantum dot can be treated as a noninteracting resonant level, it acts as a superconducting
medium due to the ordinary proximity effect. The bound state in the side dot behaves as the case of a single
impurity connected to two superconducting leads. The side dot undergoes a quantum phase transition between
a spin-singlet state and a doublet state as the Coulomb repulsion, the interdot coupling strength, or the energy
level sweeps. Phase diagrams indicate that the phase boundaries could be well illustrated by A ~ ¢Tk, in all
cases, where A is the superconducting gap, Tk» is the side Kondo temperature and c is of the order 1.0. These
findings offer valuable insights into the secondary proximity effect, which is a promising approach for realizing
superconducting couplings between quantum dots and reducing the random-disorder potential via quantum
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I. INTRODUCTION

When a semiconductor quantum dot (QD) is attached by
a superconductor electrode, interactions between magnetic
moments in the QD and Cooper pairs in the lead [1,2] may
result in quasiparticle excitations and low-energy bound states
inside the superconducting gap, and the so-called Yu-Shiba-
Rusinov (YSR) bound state, or simply Shiba state, could be
found in the local density of states of the QD [3-5]. Re-
cently, this field has attracted significant attention since it
provides many opportunities for systematic investigations of
Majorana zero modes (MZMs) within which fault-tolerant
quantum computation could be implemented [6-11]. Fur-
thermore, such hybrid superconductor-semiconductor systems
offer unique access to design and construct superconducting
quantum devices, such as topological qubits [12,13], effec-
tive topological superconductor [14-18], thermoelectric en-
gine [19], thermal quantum interference proximity transistor
[20], spin-orbit-coupling semiconductor nanowires [6,21-25],
superconducting-topological insulator hybrids [26-28], su-
perconducting two-dimensional (2D) devices [29-31], and
SO on.

Basically, the YSR state is induced by the proximity ef-
fect [32], where, if a superconducting material is put into
contact with a nonsuperconducting one, the electron pair-
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ing correlations can propagate into the nonsuperconducting
part, inducing superconductinglike properties near the inter-
face [33]. Previous works mainly concentrated on the direct
proximity effect occurring on those architectures which are
connected firsthand to the superconducting material [34—48].
However, it would be quite interesting if one nano-object
(subsystem 1) is separated by a nonsuperconducting object
(subsystem II) from the superconducting part. Little is known
about the physical picture of the related secondary prox-
imity effect, viz., YSR state on subsystem I. Expectantly,
such a secondary proximity effect may show great impor-
tance in realizing superconducting couplings between QDs
[49], which can be used to implement the Bell inequality
test [50,51] and has potential applications in quantum cryp-
tography [52] and quantum teleportation [53]. Furthermore,
such a tripartite structure is expected to reduce the problem
of random-disorder potential in the process of implementing
MZMs via quantum interferences [49,54-57].

II. MODEL AND METHOD

In this work, we consider a side-coupled double quantum
dot (SCDQD) device connected to two superconducting leads
(see Fig. 1), which is the simplest model that may present
the secondary proximity effect. In this system, the central
QD (QD1) is sandwiched between the superconducting source
(S) and drain (D) electrodes, while the side QD (QD2) only
connects directly to QD1 through interdot hopping r.
The related second quantized Hamiltonian is given as

©2024 American Physical Society
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FIG. 1. Schematic illustration of the SCDQD structure con-
nected to the superconducting electrodes. QD1 is the central QD,
while QD2 is the side QD. ¢; and U; are the energy levels and
the on-site Coulomb repulsion of the ith QD, respectively. I' is
the hybridization strength between QD1 and the superconducting
electrodes. ¢ is the interdot hopping integral.

H = > _spHy + Hins + Huy. Here, H, illustrates
the superconducting electrodes: H, = Zka 8vk0cqucvkg —
A Zk(c,tTcT_kl + H.c.), where ¢,;, is the energy level with

respect to the Fermi level, c:kg (¢vko ) 18 the creation (annihi-
lation) operator for electrons with wave vector k, spin o (=1
or |), and A is the isotropic superconducting gap parameter.
H,, is for electrons on the SCDQD,

Hyois = ZSid,Ld,-g + Z Uinipniy

io io

—t ) (df,dx + diod},), M

where ¢; and U; are the single-electron energy and the on-site
Coulomb repulsion on the ith (i = 1, 2) dot, respectively. d;
(dis) creates (annihilates) a local electron on dot i. n;, =
d;adi(, is the spin — o number operator and ¢ is the inter-
dot hopping integral. Finally, Hjy, describes the coupling
between QD1 and the superconducting electrodes: Hyyp, =
T kaa (czkadh, + H.c.). Here, t is the tunneling strength,
which is assumed to be k and o independent, and is symmetric
with respect to the S and D electrodes.

We use the Wilson’s numerical renormalization group
(NRG) method [58-61] to solve the model Hamiltonian .
The NRG method is an unbiased nonperturbative method that
works perfectly at both zero and finite temperatures, and is
a quantitatively reliable technique making a close connec-
tion between theoretical and experimental studies [62,63]. In
our NRG calculations, we assume the density of states of
a wide flat conduction band py = 1/(2D), where D is the
half bandwidth. The hybridization function between QD1 and
the electrodes could be written as I' = w pgt2. We take the
logarithmic discretization parameter of the leads to be A = 3,
and keep nearly 3000 low-lying states within each iteration
step. At temperature 7', the local density of states (LDOS) of
each QD can be defined as

1
Ai(w, T) = ——ImG;(w + i8). 2)
b4
Here, G;(w + i§) = ({dis; diT(,))eri(; is the Green’s function. In

the following, we abbreviate A;(w, T') at zero temperature as
Ai(w).
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FIG. 2. (a) The LDOS of electrons in QD2 at nearly zero tem-
perature A,(w) in the gap region [—A, A] for various U,. (b) The
energies Ehi and (c) weights W of YSR peaks as functions of U,. Ebi
are scaled by A. (d) The expectation value of superconducting order
in QD2 (d»1+d>;)/A. (e) Phase diagram of the singlet and doublet
states as a function of U, and A. The empty square describes the
critical points U,. for fixed A. The red line indicates the fitting
function given by Eq. (5). The other parameters are given by U; = 0,
t =0.002,T" =0.01, A =0.0001, and &; = —U,/2.

III. RESULTS AND DISCUSSIONS

In Fig. 2(a), we show the LDOS of QD2 A,(w) in the gap
regime [—A, A] for fixed U; = 0,1 = 0.002, A = 0.0001 and
various U,. Here, we have chosen D as the energy unit. For
U; = 0, there exists an obvious gap in A;(w), with its edges
located at =A. Meanwhile, a pair of symmetric YSR peaks
could be found in A, (w) for different U,. As U, increases, the
YSR peaks, viz., the energies of the YSR bound state E b* and
E, ", move closer to the Fermi surface first if Uy < Uy, then
toward the gap edge when U, > U,.. Correspondingly, the
weights of the YSR peaks W increase until Uy, and then they
decrease gradually. The whole pictures of Eb:t and W varying
with U, are plotted in Figs. 2(b) and 2(c), respectively.

The above phenomenon indicates a quantum phase tran-
sition (QPT) at the critical point U,. &~ 0.0028, which finds
its counterpart in the expectation value of superconducting
order of QD2 (dy4d>) shown in Fig. 2(d). It is seen that
[{da1d>, )| is large for U, < U, since the YSR state can be
considered as a linear combination of the empty and doubly
occupied states [64]. When U, exceeds Uy, [{d21d>)| drops
to a smaller value, for U, favors the singly occupied state in
QD2, and hence the superconductivity of QD2 is suppressed.
It is noticed that |(d>1d>, )| can be hundreds or even thousands
of times of A in the original superconductivity, showing that
the strength of the secondary proximity effect is significantly
high. This behavior may be greatly helpful for achieving topo-
logical superconductivity and MZMs.
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One can naturally interpret the evolution of the above YSR
bound state by considering the energy difference between the
ground state and the low excited states of the whole SCDQD
system. However, we highlight that since QD1 acts as another
new superconducting medium with an energy gap A con-
nected directly to QD2 due to the original proximity effect
from the S and D electrodes, the above QPT could then be
attributed to the competition between superconducting state
and side Kondo behavior [65,66] on QD2. The relevant energy
scales are the isotropic superconducting gap A and the side
Kondo temperature of QD2 Tk,. Here Tk, can be captured by
[25,66,67]

Txz = Usy/ploe™ /PP, (3

with pJ, = 81'._;/m U, the effective Kondo coupling between
QD1 and QD2. The depiction of T, resembles to the con-
sideration of second-order perturbation theory, as well as the
slave-boson mean-field approximation [25]. For parameters
given in our present model, the effective hybridization func-
tion I'._; between two dots can be expressed as [66] ['._; =
7AY(w)t*. Here, A(w) is the LDOS of QD1 with # = 0 and
normal conduction leads. With the aid of the Green’s function,
A(l) (w) could be written as
r

ml(w—e)* +1?]
When U, is small, such that Tx, > A, we have a singlet
ground state of QD2 (S, = 0). Whereas if U, is large enough
with Tk, < A, the ground state is a spin doublet (S, = 1/2).

Summarizing the behavior for different superconducting
gaps A, we then obtain a phase diagram for the singlet and
doublet states in Fig. 2(e). It is found that the ground state
of QD2 is always a singlet state when U, is small. As U,
increases, it becomes a doublet state. The critical value U,
increases gradually with decreasing A. Quite interestingly, in
the strong interaction region, the phase boundary relationship
between the singlet and doublet ground states could be given
by

AY(w) =

“

A = 0.7Tx>. &)

That is, for Tx>/A > 0.7, we have a singlet ground state,
while for Tx>/A < 0.7, the ground state is a doublet. How-
ever, for smaller U,, the estimated line deviates from the
numerical results, similar to those for the single-impurity case
[64,68].

In the aforementioned case, we mainly analyze the sec-
ondary proximity effect in QD2 affected by U,. Now we turn
to the case by varying ¢, with fixed U; = 0, U, = 0.01 and
A = 0.0001 in most instances. From the LDOS of QD2 A, (w)
in Fig. 3(a), it can be seen that the YSR peak first moves away
from the gap edge to the Fermi surface as ¢ sweeps upwards,
and reapproaches the gap edge afterwards. This behavior is
well illustrated by Fig. 3(b). For small ¢, the YSR peaks are
located at the edge of the gap. Then they move gradually
towards the center if ¢ turns up. Close to the critical value
t., the ground state switches from a doublet state (S, = 1/2)
to a singlet state (S, = 0); EbJr and E, cross at t = .. When
t is further increased, the YSR peaks move towards the gap
edge again and gradually hold there. In Fig. 3(c), we can
observe that the weight of the YSR peak shows a tendency
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FIG. 3. (a) Az(w) in the gap region [—A, A] for various ¢ with
U, =0.01 and A = 0.0001. (b) Ef/A, (c) W, and (d) (dnday)/A
as functions of . (e) Phase diagram of the singlet and doublet states
in the A — ¢ plane. The empty squares describe the critical points
t. for fixed A. The red line indicates the fitting function given by
Eq. (5). The other parameters are given the same as in Fig. 2 unless
specifically stated.

to increase and then decrease with the increasing ¢, which
reaches a maximum at ¢, ~ 0.00328.

Figure 3(d) depicts (d»1d>,)/A as a function of 7. It is seen
that |(dx4d>, )| gradually strengthens as t increases. Because
if ¢ is applied, the particle-hole (p-h) symmetry of both dots
is broken, and the probability of the empty or fully occupied
states on QD2 increases. When ¢ exceeds ., (d»1d>, ) changes
abruptly to a negative value, with [(d>1d>})|/A enhanced. In
this process, J, grows progressively with increasing ¢, result-
ing in an enlargement of the side Kondo temperature Tk, as
per Eq. (3). If Tk, overwhelms A, the binding energy of the
Kondo singlet between QD2 and QD1 is favored. So the side
Kondo behavior is dominant with the ground state turns to be
the singlet S, = 0 from the doublet S, = 1/2.

The related phase diagram is plotted in Fig. 3(e). For small
t, the ground state of QD2 is always a doublet, whereas if ¢
is large enough, the ground state turns to be a singlet through
a QPT. The critical point 7, increases if A is lifted up. One
observes that 7. could also be well illustrated by Eq. (5);
viz., when A/Tx, > 0.7, the singlet bound state known as
the Cooper pair in the QDI is favored, and the QD2 is in a
localized doublet state. Whereas if A/Tx, < 0.7, the Kondo
singlet between two dots is dominant, the side Kondo behavior
overwhelms, and the ground state of QD2 changes to a spin
singlet.

In Fig. 4(a), we depict the energy dependence of YSR
bound states on g, with U, = 0.01, t = 0.002, and A =0.001.
It is observed that a pair of YSR resonances appears within
the superconducting gap. Due to the p-h symmetry, we only
focus on the case ¢, > —U,/2 in the following discussion.
As & increases, the energy of the bound states |Ebi| first
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FIG. 4. (2) Ef/A and (b) (dy1day)/A as functions of &, with
U, =0.01, r =0.002, and A = 0.001. (c) Phase diagram of the
singlet and doublet states in the A — ¢, plane. The empty squares
describe the critical points in the right side ¢, for fixed A. The
red line indicates the fitting function given by Eq. (6). The other
parameters are given the same as in Fig. 2 unless specifically
stated.

decreases toward zero, then gradually increases, indicating a
QPT at about &, = 0. Such a QPT could also be found in
[{d24d>)|; cf. Fig. 4(b). The underlying physical picture for
the above phenomenon lies in the following. For parameters
given in such a case, and ¢; is in the singly occupied regime
(g2 ~ —U,/2), the ground state of QD2 is a doublet state with
S» = 1/2. When ¢, is increased, the ground state turns to be a
singlet due to QD2 is almost empty.

The phase diagram affected by &, is shown in Fig. 4(c),
with a symmetric one occurring around &, = —U,, but it is
not given here. When ¢, is small, satisfying —U,/2 < & <
&2, the ground state is always a doublet state. However, as ¢;
becomes sufficiently large, the ground state undergoes a QPT
and transfers into a singlet state, where the critical point &;¢
increases for larger A. The boundary between the singlet and
doublet ground states can be described in terms of A and Tk,
which can be fitted by

A =9.5Tx,. Q)

Here, Tx» is described by [67,69]

Ter = v/UrTos exp [M] ™

U2 Fc—s

One finds Eq. (7) is consistent with our numerical results.

IV. CONCLUSION

In summary, we have provided an in-depth investigation of
the YSR states and the QPTs in a SCDQD device. We have
shown that the SCDQD system can be tailored to explore the
secondary proximity effect. If QD1 can be treated as a nonin-
teracting resonant level, it triggers an energy gap whose width
is nearly the same as the superconducting leads. The YSR
peaks could be found in QD2 due to the secondary proximity
effect. In such a case, QD1 could be considered as another
superconducting lead, and the bound state in QD2 behaves
similarly to the case of a single impurity connected to two
superconducting leads. The ground state of QD2 undergoes a
transformation between a singlet state and a doublet state as
the Coulomb repulsion U, the interdot coupling strength f,
or the energy level ¢, sweeps. Phase diagrams in the A — U,
A —t,and A — g; planes have also been demonstrated, show-
ing that the phase boundaries could be well fitted by A =~ ¢Tk»
in all of the above cases, where c is a fitting parameter of order
1.0, similar to the single-impurity case with ¢ = 0.3 [64,68].
These findings may show great importance for the design and
application of superconducting devices and provide new ideas
for further related works. Finally, we stress that in our work,
U, is fixed at zero because the secondary proximity effect is
related to the side Kondo behavior, which is suppressed grad-
ually with increasing U; [65,66]. The side Kondo behavior
refers to the case where the quantum impurity is connected to
a structured nonconstant density of states, differing from the
case of the ordinary Kondo effect. For strong U, the behaviors
may become quite different, which is worthwhile to be studied
in any further works.
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