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Topological superconductors harbor, at their boundaries and vortex cores, zero-energy Majorana bound states,
which can be the building blocks in fault-tolerant topological quantum computing. Planar Josephson junctions
host such topological superconducting phases, highly tunable by an external magnetic field or phase difference
between the superconducting leads. Despite many theoretical and experimental studies, the signatures of the
transition to a topological superconducting phase, based on minima in the critical supercurrent /. flowing across
the junction, the 0-7 transition in the ground state junction phase and their anisotropic magnetic-field response
have remained unsettled. Using rigorous numerical calculations with several experimentally relevant parameter
settings, we show that /. and ¢gs cannot indicate unambiguously a topological transition in any realistic planar
junctions. Furthermore, the anisotropic variations of I. and ¢gs with an in-plane magnetic field appear in
junctions that are undoubtedly in a trivial superconducting phase, raising concerns on the effectiveness of these
probes in identifying topological transitions in planar junctions. We discuss possible strategies to confirm a

topological superconducting phase in these platforms.

DOI: 10.1103/PhysRevB.109.054515

I. INTRODUCTION

Conclusive identification of a topological superconducting
phase hosting zero-energy Majorana bound states (MBS) is
currently one of the central problems in condensed matter
physics. The MBS, because of their non-Abelian statistics,
are promising for building qubits for fault-tolerant topological
quantum computing [1-5]. Extensive efforts in the past years
in various geometries with strong Rashba spin-orbit coupling
(RSOC), including semiconductor-superconductor nanowires
[6-12], magnetic adatom-superconductor interfaces [13-17],
topological insulator-superconductor interfaces [18-20], and
oxide heterostructures [21,22], revealed a zero-bias conduc-
tance peak (ZBCP) signature to support the presence of the
MBS. However, the challenge has been the disentanglement
of the MBS from other low-energy quasiparticles, primarily
Andreev bound states and impurity-induced states [23-32].
Therefore, to achieve the sought-after braiding of the MBS,
and to overcome the inherent instabilities in one-dimensional
nanowire networks, two-dimensional platforms such as the
planar Josephson junctions were introduced [33-39].

A planar Josephson junction consists of a two-dimensional
electron gas (2DEG), proximity coupled to two supercon-
ducting leads [shown schematically in Fig. 1(a)]. It has the
additional advantage that the induced topological supercon-
ductivity can be easily controlled by the phase difference
between the superconducting leads (tunable externally by
applying a perpendicular magnetic field). The transition to
a topological superconducting phase in these junctions, re-
vealed by the emergence of the zero-energy MBS, appears at
a critical value of an in-plane magnetic field, applied along
the length of the nonsuperconducting channel when the phase
difference between the superconducting leads is close to &
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[34,40]. This topological superconducting transition has been
suggested to be accompanied in general by a minimum in the
critical supercurrent /., and a jump from nearly O to nearly &
in the ground state phase ¢gs [34]. Following this theoretical
proposal, successive experiments reported the ZBCP signa-
ture of the MBS within a range of magnetic fields, predicted
by the minima in /. [41,42]. Further theoretical work sug-
gested that for narrow superconducting leads (Wsc < &, where
& is the superconducting coherence length), as used in the
experiments, the minima in /, do not necessarily indicate topo-
logical phase transitions [43]. However, a subsequent study,
with joint experimental and theoretical efforts, concluded a
7 phase jump in the junction phase and a simultaneous min-
imum in /. at a critical magnetic field to be a signature of
a topological superconducting transition [44]. The conclu-
sions were further supported by the evidence of anisotropic
response of /. and ¢gs with respect to the in-plane magnetic
field. Despite intensive analyses to exclude possible nontopo-
logical origins, it remains unclear whether the correspondence
between these critical fields can be generalized for different
junction dimensions and realistic parameters such as RSOC
strength. Moreover, these conflicting results created confusion
regarding the viability of these quantities (I, and ¢gs) as
reliable indicators of a topological superconducting transition
in these planar Josephson junctions.

In this paper, we show that the observables 1., ¢gs, and
their anisotropic magnetic-field response cannot predict a
topological superconducting transition in any realistic pla-
nar Josephson junction, irrespective of Wsc < & or Wsc > &.
We confirm these findings using the presence (absence) of
the zero-energy MBS as the direct indicator of the topologi-
cal (trivial) phase, in our numerical calculations which were
performed using various experimentally relevant parameter
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FIG. 1. (a) A schematic of the planar Josephson junction, created
by placing two superconducting leads on top of a 2DEG based on a
semiconducting quantum well. Red markers show the regions in the
metallic channel where MBS are localized in the topological phase.
(b) Energy eigenvalues vs their index n at B=15T, ¢ = m, and
= —0.4 meV, showing two eigenvalues at zero energy (in red),
protected from the other states by an energy gap. (c) Local density of
states profile (normalized) for the lowest positive energy eigenstate,
revealing the localization of the two MBS at the ends of the metallic
channel (shown by the gray lines). (d), (e) Profiles of charge density
of states at B = 1.5 T (MBS present) and at B = 0.5 T (MBS absent),
showing partial charge neutrality in the presence of MBS [color-bar
scales show two orders of magnitude reduction in the charge density
in (d)]. The junction parameters are L, = 0.5um, L, = 2 um, and
W = 0.04 um.

settings and device geometries. Under realistic conditions,
¢gs exhibits a smooth monotonic variation with an in-plane
magnetic field rather than a sharp jump. Even though the
critical fields for the minima in /. may coincidentally match
with the critical field for the topological superconducting
transition, we could not establish a general correspondence
between the two critical fields. We also find that the anisotropy
in I, and ¢gs with respect to the in-plane magnetic field cannot
conclusively distinguish a topological superconducting phase
from a trivial one. We discuss a possible braiding realization
of MBS as a prerequisite to conclude topological supercon-
ductivity in a multiterminal planar junction.

II. THEORETICAL MODEL

The planar Josephson junction devices used in the ex-
periments [41,42,44] are made of a 2DEG, created at an

InAs/HgTe quantum well, and Al superconducting leads.
To describe such a 2DEG with proximity-induced supercon-
ductivity underneath the superconducting leads, we use the
Hamiltonian below,
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where t = 7i*/2m*a? is the hopping energy, m* is the effective
mass of the electrons, a is unit spacing of the considered
square lattice grid, i and j represent lattice site indices, o and
o' are indices for spins (1, |), u is the chemical potential, A;
is the superconducting pairing (conventional s wave) ampli-
tude at site i, ug is the Bohr magneton, g* is the effective g
factor of the electrons, B is the magnetic field applied along
the length of the metallic channel [y direction, in the chosen
axes description, as shown in Fig. 1(a)], o represents the
Pauli matrices, « is the RSOC strength, i is the imaginary
number, and d;; denotes the unit vector from site i to j.
The pairing amplitude is zero in the metallic channel and
of constant magnitude on the two superconducting regions,
but it has a phase difference of ¢ between the supercon-
ducting regions. We use open boundary conditions and the
following parameters, m* = 0.026m (m( being the rest mass
of electrons), g* = 10, A = 0.2 meV, and ¢ = 30 meV nm,
typical for Al/InAs systems [45-47]. We use the lattice grid
spacing a = 10 nm in our calculations throughout. The eigen-
values and eigenvectors of the Hamiltonian (1) were obtained
by diagonalizing it using the unitary transformation c¢;, =
LU Y+ vy, where ull (vm) represents quasiparticle
(quasihole) amplitudes, and y, (y,) represents the fermionic
annihilation (creation) operator of the Bogoliubov—de Gennes
quasiparticles corresponding to the nth eigenstate.

III. RESULTS
A. Appearance of MBS

Zero-energy MBS appear at the two ends of the mid-
dle metallic channel of the planar Josephson junction when
the phase difference ¢ between the superconducting leads is
nearly 7, and the length of the channel L, is sufficiently large,
so that the overlap between the two MBS appearing at its
ends is minimized. Other essential requirements are (i) the
RSOC strength needs to be greater than a critical value, which
we found to be nearly 20 meV nm, and (ii) the magnetic-
field strength B and chemical potential u need to be chosen
suitably within a range. The quasiparticle energy spectrum
for our considered geometry (L, = 2um, transverse length
L, = 0.5 um, channel width W = 0.04 um, and superconduct-
ing lead width Wsc = 230 nm [less than the coherence length
& = hvp/(r A) =~ 885nm]), shown in Fig. 1(b), reveals the
presence of a pair of topologically protected zero-energy
MBS at p =7, B=15 T, and u = —0.4 meV. These
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FIG. 2. Variation with the applied magnetic field B of the critical supercurrent /. (normalized) and the ground state phase ¢gs (top row)
and quasiparticle energy spectrum (bottom row) for three different cases: (a) a long planar Josephson junction (L, = 0.5 um, L, = 2 um, and
W = 0.04 um) with RSOC strength ¢ = 30 meV nm, (b) the same junction as in (a) but with @ = 0, and (c) a relatively shorter junction
(Ly =0.3um, L, = 0.15um, and W = 0.1 um) with & = 0. The chemical potential in (a) and (b) is © = —0.4 meV and thatin (c¢) is u = 0.5
meV; the phase difference between the superconducting leads in all three cases is ¢ = 7. MBS do not appear in the quasiparticle energy spectra
in (b) and (c), but /. exhibits zeros at some critical fields and simultaneously sharp transitions in ¢gs. In case (a), MBS appear (shown by the
red lines near zero energy within the grayed range of B), I. shows a minimum at around B = 2.5 T, and ¢gs increases gradually from zero
toward 7 with increasing B; however, the critical field for the minimum in /. is different from the critical field at which MBS emerge.

zero-energy states are localized near the metallic channel
ends, as shown by the local density of states profile in
Fig. 1(c), obtained via p; = ZU(|u,'(,|2 + |vis|?) for the low-
est positive-energy eigenstate. The local charge density of
states o = Y., ([tio|* — |vis|?), at two magnetic fields, B =
1.5 T (with MBS) and B = 0.5 T (without MBS) as shown
in Figs. 1(d) and 1(e), respectively, reveals a two orders-of-
magnitude reduction in its value, indicating the realization of
a partial charge neutrality, supporting further the appearance
of the charge-neutral MBS in the junction. The charge density
profile in the presence of MBS shows a density-wave-like
pattern, a feature that generically appears in all geometries
including the nanowire and planar Josephson junction ones,
and is a manifestation of oscillatory MBS wave functions
[48,49]. We use these direct confirmations of MBS to identify
topological superconducting phase in our geometries.

B. Critical supercurrent and ground state phase

The observables of our main interest are the critical su-
percurrent I. and the ground state phase ¢gs, which were
predicted to be natural diagnostics for topological transitions
in these Josephson junctions [34]. We calculate the critical
supercurrent using /., = max{I(¢)}, where the supercurrent as
a function of the phase difference ¢ is given by the thermody-
namic relation [51,52]

2e d F
I() = Ee%, ®)

and the free energy F of the junctions is computed using
quasiparticle energies E, using the relation

F = —2kgT Z In [2 cosh <2]fnT>]’ 3)
B

E,>0

where kp is the Boltzmann constant and 7 is the tempera-
ture. We use kT = 0.43A for the results presented here and
explore the temperature effect in the Supplemental Material
[50]. The ground state phase ¢gs is determined as the phase
difference that minimizes F. We obtain ¢gg within 0 and 7,
by mapping values appearing above 7 to this range.

In Fig. 2(a) (top panel), we show field variations of 1. and
@gs for a long junction of dimension and parameters (with
finite RSOC) as in Fig. 1. We find that /. exhibits a minimum
at B~ 4 T, accompanied by a gradual increase in ¢gs from
0 toward 7 with increasing magnetic field strength B. The
field variation of the quasiparticle energy spectrum [the bot-
tom panel in Fig. 2(a)] reveals the emergence of zero-energy
MBS within the range 1.1 T < B < 1.7 T. Evidently, beyond
B ~ 2.5T, the junction is not in a topological superconducting
phase since MBS are absent. The critical magnetic field B ~
2.5T, given by the first minimum in /., is therefore not consis-
tent with the topological phase boundaries. On the other hand,
@gs does not reveal any sharp transitions in this case with
typical RSOC strengths, available in the discussed 2DEGs,
and hence it is also not a good indicator for topological super-
conducting transitions. Figure 2(b) depicts a B variation of I,
@gs (top panel), and of quasiparticle energy spectrum (bottom
panel) for the same Josephson junction as in Fig. 2(a) but with
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FIG. 3. Magnetic-field variation of critical supercurrent /. (normalized) and ground state phase ¢gs (first and third rows), and corresponding
quasiparticle energy spectrum (second and fourth rows) of a planar Josephson junction of dimension L, = 0.4um, L, = 1.6 um, and W =
0.08 um, at different RSOC strengths « (in units of meV nm). Other parameters used are ¢ = 7 and u© = —0.4 meV. The cyan vertical lines
show quantitative agreement of the critical field for the first minimum in /. with the critical field for the emergence of zero-energy MBS.

zero RSOC. In this case, I. exhibits a zero and ¢gs exhibits a
sharp jump from O to 7 at a critical field B ~ 2.75 T; however,
the junction is in a trivial phase since MBS do not appear for
the entire range of B considered here. We confirm our findings
by calculating . and ¢gs also for relatively shorter junctions;
the results for a short junction of dimension L, = 0.3 um,
Ly, =0.15um, and W = 0.1 um at zero RSOC are shown in
Fig. 2(c). Multiple ranges of B, defined by ¢gs =~ 7, can be
identified clearly in this case, while the junction remains in
a trivial superconducting phase. Because of the mean-field
nature of the adopted formalism and constant pairing gap A,
the critical fields are overestimated, i.e., larger than the actual
critical fields found in experiments.

To explore the role of RSOC and variation in the width
of the metallic channel in the agreement of the critical fields,
we perform similar analyses at different RSOC strengths for
a junction with a relatively wider metallic channel (dimension
L, =04um,L, =1.6pum, W = 0.08 um, and Wsc = 160 nm
< &). From the results, shown in Fig. 3, we note the following:
(i) 1. at the first minimum and at the first maximum increases
with increasing RSOC strength « until & &~ 30 meV nm,
above which it decreases again; such a nonmonotonic field
dependence exists also for shorter junctions [50]; (ii) sharp

transitions in @gs appear only for small values of « for which
the Josephson junction is in a trivial phase always; the gradual
increase in ¢gs with B was also found in Ref. [44]; and (iii) the
second critical field for the second minimum of /. or drop in
@gs increases with increasing «. Therefore, for typical « val-
ues, available in the discussed 2DEGs, the second critical field
will be beyond the usually realizable values. The near-zero-
energy MBS start to appear above « ~ 20 meV nm with a
well-defined energy gap, and the critical field for the first min-
imum in /. appears near the critical field for the topological
superconducting transition. Coincidentally, the critical fields
are in better agreement for the case of « = 30 meV nm for this
junction than the result presented in Fig. 2(a) for a junction
with a narrower metallic channel. This comparison indicates
that the agreement is better for junctions with a wider metallic
region. However, there is no general correspondence among
these critical fields, particularly for the long junctions con-
sidered in the experiments [41,42,44]. With increasing «, the
critical field for the emergence of MBS decreases, compatible
with RSOC-driven topological superconducting transitions.
We also investigate the in-plane magnetic field anisotropy
in I, a signature used in Ref. [44] in support of the topological
phase transition. We rotate the in-plane magnetic field angle 0
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FIG. 4. Variation of I, ¢gs, and the quasiparticle energy spec-
trum with in-plane magnetic field angle 6 at ¢ =7 (u in units
of meV, « in units of meV nm, and B in T) for two cases: (a) a
topological phase at 6 = 0, and (b) a nontopological phase at 8 = 0.
The system’s dimensions are the same as in Fig. 3. Parameters are
shown in the insets of the top panels.

(measured with respect to the 4y direction, along the length
of the channel) from 6 =0 to 8 = &, and plot /., ¢gs, and
the energy spectrum in Fig. 4. We show two cases: (a) B =
1.5 T (a topological phase at & = 0 as shown in Fig. 3) and (b)
B = 4T (a nontopological phase at 6 = 0 as shown in Fig. 3),
at a fixed RSOC strength ¢ = 30 meV nm. It is evident that
the magnetic anisotropy in /. and @gs exists in both cases.
There is no noticeable difference in the field variation of /. and
¢as (see also Fig. S3 in Supplemental Material [50]). Hence,
further evidence such as a demonstration of the non-Abelian
characters of the MBS is required, in addition to the signatures
in I, and ¢gs, in order to unambiguously detect a topological
superconducting transition in these planar junctions.

IV. DISCUSSION AND OUTLOOK

To generalize our findings, we performed similar calcu-
lations of /. and ¢gs, as presented above for various other
scenarios: (i) planar junctions with wider superconducting
leads, i.e., Wsc > & and wider channels, (ii) a magnetic field
applied only in the metallic channel region, and (iii) a nonuni-
form g factor [50]. Based on these extensive analyses of
different parameters and device geometries, we conclude that,

with realizable device dimensions and realistic parameters, I,
and ¢gs cannot identify topological superconducting transi-
tions in planar Josephson junctions.

Other observables used in previous experiments include
(1) the fractional ac Josephson effect and missing Shapiro
steps due to the 47 periodic current-phase relation [53-58],
(i) the ZBCP signature [41,42,59,60], (iii) the bulk gap
closing signature [59,60], (iv) local and nonlocal transport
spectroscopy [59], and (v) negative conductance curvature at
zero bias (32G/dV?)|y—o [42]. These signatures likely cannot
confirm topological superconductivity separately due to the
presence of non-Majorana states [61,62], but together may
constitute a procedure for the detection of the topological
superconductivity.

To look forward, it is intuitively appealing to explore
more complicated geometries such as multiterminal planar
Josephson junctions [63,64] for realizing Majorana fusion
and non-Abelian Majorana braiding [40,65-69]. These com-
plicated geometries may come with new challenges, one of
them clearly being the issue of fixing the direction of the
in-plane magnetic field which is required to be along the
metallic channel length. This particular problem can be over-
come by placing underneath the Josephson junction a chiral
magnetic texture such as a skyrmion crystal which can pro-
vide a gauge field and create a two-dimensional topological
superconductivity in the entire 2DEG [48,70]. Nonetheless,
these planar Josephson junctions provide a versatile two-
dimensional platform, capable of manipulating MBS with
more efficient control knobs [71-75], and it is possible to
realize even more exotic states [76,77].
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