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Doping a conventional ferroelectric insulator can yield intriguing changes in its electronic transport properties,
in particular when a polar-to-nonpolar transition occurs. In this work, we study the effect of electron doping on
the resistivity and Seebeck coefficient of the prototypical ferroelectric BaTiO3, which undergoes a tetragonal-
to-cubic second-order phase transition at a critical doping concentration. The transport properties are computed
using two first-principles methods: (1) The constant relaxation time approximation and (2) the fully ab initio
variational approach considering explicitly electron-phonon coupling. We show that the doping effect on the
transport properties is manifold, via upshift of the Fermi level, variation of the band structure (tetragonal towards
cubic), and phonon softening around the transition point, which causes nonmonotonic changes of the resistivity
and Seebeck coefficient, especially the anomalies close to the transition point. Results of the two methods are
compared, and the effect of temperature is also discussed.
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I. INTRODUCTION

Polar metal is a concept put forth by Anderson and Blount
in 1965 [1] in which metallicity coexists with polar atomic
displacements that break the centrosymmetry. Since polar
metals share many similarities with good thermoelectric ma-
terials, such as the level of carrier concentration, good electric
conductivity, and large Seebeck coefficient, they have good
potentials for thermoelectric applications [2,3]. In particular,
doping a conventional ferroelectric material constitutes an
extrinsic approach to generating a polar metal, and this allows
fine-tuning of the thermoelectric properties by controlling the
doping concentration.

Electrical transport properties, such as the resistivity and
Seebeck coefficient, are fundamental attributes of a metal
that can be conveniently measured. Besides their relevance
to many important applications, e.g., providing desirable
conductivity (or resistivity) and waste-heat recovery, they
may exhibit fascinating characteristic changes and involve
rich physics when a structural phase transition occurs. For
instance, a first-order structural transformation is usually ac-
companied by abrupt changes of the transport properties,
e.g., in Co [4,5], CaFe2As2 [6], Fe1.11Te [7], and Cu2Se [8],
whereas for second-order structural transitions the change in
transport properties can be more intriguing, e.g., being con-
tinuous in RCo2 compounds (R=rare earth) [9] or showing
anomalies in Sr3Ir4Sn13 [10], Sr3Rh4Sn13 [11], Ce3Rh4Sn13

[12], and IV–VI compounds likely due to scattering of elec-
trons with softening phonon modes [13]. In particular, among
these examples, very small structural variation across the
phase transition can often result in significant changes of the
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transport properties, such that these measurements can be used
to characterize the phase transition.

BaTiO3 is the prototype of perovskite ferroelectric oxide,
and its thermoelectric transport coefficients were theoretically
studied with electron doping in the high-symmetry cubic
phase (C phase, space group: Pm3̄m) [14]. However, the cubic
phase is only stable at high temperature or with high electron
doping. The most stable structure of BaTiO3 around room
temperature is the polar tetragonal phase (T phase, space
group: P4mm), and upon heating the ferroelectric T phase
transits into the paraelectric C phase at 403 K [15], which is
of first order in nature. With electron doping, e.g., via oxygen
vacancies as in of BaTiO3−δ , it has been demonstrated that the
T phase can be retained upon electron doping below a critical
concentration, whereas above a doping level of approximately
∼1021 cm−3 the T phase transforms into the nonpolar C phase,
according to several theoretical [16–19] and experimental
studies [20,21]. The tetragonal-to-cubic (T-to-C) transition
temperature strongly decreases with doping concentration
[20,22]. In doped samples, the measured resistivity as a func-
tion of temperature was found to show a small hysteresis
loop near the phase transition temperature [20], while the
Seebeck coefficient varies without apparent anomaly across
the transition point [23]. However, it is interesting to note that
in contrast to the temperature-induced T-to-C transition, the
same transition induced by electron doping is predicted to be
a second-order transition by density-functional theory (DFT)
[16–19], associated with continuous variations of the struc-
tural parameters. And, more interestingly, soft polar phonons
and strong electron-phonon coupling were found around the
critical concentration according to first-principles calculations
[19]. It is thereupon a natural question whether the strong cou-
pling between the electrons and the soft phonons can lead to
anomalies in the transport properties near the doping-induced
T-to-C transition, which so far has not been explored yet.
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In this paper, we investigate the effect of electron doping
on the electronic transport properties, including resistivity
and Seebeck coefficient, using two computational approaches
within the framework of Boltzmann’s transport theory: (1)
The widely adopted constant relaxation time approximation
(CRTA) and (2) the variational approach (VA) based on fully
ab initio electron-phonon coupling. Their variations as a func-
tion of doping concentration are discussed in detail, and a
particular focus is given to the critical behavior around the
transition point, where the two methods yield distinctly dif-
ferent results, i.e., no anomaly from CRTA and a critical
enhancement from VA. The temperature effect on the trans-
port properties is also reported.

The remainder of the paper is organized as follows. A de-
scription of the computational methods is provided in Sec. II.
Section III reports and discusses the evolution of structure and
band structure upon electron doping, the transport properties
calculated with the CRTA and VA methods, and the effect
of temperature at selected doping concentrations with VA.
Finally, we summarize the study in Sec. IV.

II. COMPUTATIONAL DETAILS

All the first-principles calculations were performed using
density-functional theory and density-functional perturba-
tion theory (DFPT), as implemented in the ABINIT package
[24,25]. We used the Teter “extended norm-conserving” pseu-
dopotentials with local-density approximation (LDA) as the
exchange and correlation functionals, which can yield the
doping-induced T-to-C phase transition. Note that we numeri-
cally found that such transition is absent with other LDA pseu-
dopotentials such as Troullier-Martins, Fritz-Haber-Institute,
Hartwigsen-Goedecker-Hutter, and generalized gradient ap-
proximation and the Perdew-Burke-Ernzerhof functional type
including the norm-conserving ones on PSEUDODOJO [26],
Hartwigsen-Goedecker-Hutter, and OPIUM-generated pseu-
dopotentials. To ensure convergence, a plane-wave basis set
with a cutoff energy of 45 hartrees was used. Both the cell
parameters and internal coordinates were optimized with a
force tolerance of 5 × 10−11 hartree/bohr. An unshifted k-
point grid of 18 × 18 × 18 was employed in structural
relaxation, which was found to yield converged results. To
compensate the volume underestimation due to LDA, we ap-
plied a negative pressure of −5 GPa during relaxation, which
then yielded similar critical doping for the T-to-C transition
compared with previous works [16–19]. The electron doping
in BaTiO3 is achieved by adding extra electrons to the system
and compensating with uniform positive background charges.
For the DFPT calculations of the electron-phonon coupling
matrix, the Brillouin-zone integration was performed over an
unshifted 18 × 18 × 18 grid with direction calculations on
the same k-point grid and 6 × 6 × 6 q-point grid to obtain
reasonably converged transport properties.

For comparison, the transport coefficients were calculated
using two approaches, viz., the constant relaxation time ap-
proximation and variational approach, both being within the
frame of Boltzmann’s transport theory. The CRTA, as im-
plemented in the BOLTZTRAP code [27,28], has been widely
adopted in theoretical studies of thermoelectric properties,
which only requires the computation of electronic band

structures. Here, an unshifted 24 × 24 × 24 k-point grid
was employed in the direct DFT calculations, then further
interpolated to a 192 × 192 × 192 k-grid in BOLTZTRAP.
The electrical conductivity and Seebeck coefficient within
CRTA can be expressed as

σαβ =
∫

σαβ (ε)

(
−∂ f

∂ε

)
dε, (1)

Sαβ = 1

eT

∫ σαβ (ε)(ε − εF)
(− ∂ f

∂ε

)
dε

∫ σαβ (ε)
(− ∂ f

∂ε

)
dε

, (2)

where e is the magnitude of the charge of an electron,
T is temperature, εF is the Fermi energy, f is the elec-
tron’s probability distribution function, and σαβ (ε) is the
energy-dependent conductivity tensor defined as σαβ (ε) =
Nse2τ

∑
k vα (k)vβ (k)δ(ε − εk ), with Ns being a spin factor of

2 for the spin degenerate case, τ being the constant relaxation
time, and vα being the α component of the electron velocity.

Alternatively, the Boltzmann transport equation can be
solved by the variational method with the lowest-order varia-
tional approximation (LOVA) considering the main scattering
mechanism due to electron-phonon coupling [29–31], as first
derived by Allen [29]. The Eliashberg spectral function which
measures the electron-phonon coupling (EPC) contribution
of electrons at the Fermi level scattered by phonons with
frequency ω can be written as [30]

α2F (ω) = 1

2πN (εF)

∑
qν

γqν

ωqν

δ(ω − ωqν ), (3)

where the mode-resolved phonon linewidth γqν according to
the Fermi “golden rule” is

γqν = 2πωqν

∑
k+q j′,k j

∣∣gqν

k+q j′,k j

∣∣2
δ(εk j − εF)δ(εk+q j′ − εF),

(4)

with gqν

k+q,k = �ηqν/
√

2Mωqν〈ψk+q|δV qν |ψk〉 being the EPC
matrix. And the EPC strength (or EPC constant) λ can be
defined as

λ = 2
∫ ∞

0
dω

α2F (ω)

ω

=
∑

k+q j′,k j

|gqν

k+q j′,k j
|

h̄ωqν

2

δ(εk j − εF)δ(εk+q j′ − εF)∑
k j δ(εk j − εF)

, (5)

Note that in special cases with slightly soft phonon modes,
a minimum frequency of 10−6 hartrees is adopted to prevent
divergent result.

For electrical resistivity, we adopt the elastic LOVA ap-
proach, where the Fermi-smearing effect is neglected. The
associated EPC transport spectral function is defined as

α2
trFαβ (ω) = 1

N (εF)

∑
qν

∑
k+q j′,k j

ηk+q j′,k j

∣∣gqν

k+q j′,k j

∣∣2

× δ(εk j − εF)δ(εk+q j′ − εF)δ(ω − ωqν ), (6)

with an efficiency factor [30]

ηk+q j′,k j = vα (k j) · vβ (k j) − vα (k + q j′) · vβ (k j)

〈vα〉〈vβ〉 , (7)
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which quantifies the preferential weight of the backscattering
process. Here, vα (k j) is the α component of electron ve-
locity in state |ψk j >, with 〈vα〉 being the average of the α

component of the Fermi velocity. The transport EPC constant
can be defined as λtr (α, β ) = 2 ∫∞

0 dωα2
trFαβ (ω)/ω, and the

diagonal term in full reads

λtr (α, α) =
∑

k+q j′,k j

(vα (k+q j′ )−vα (k j))2|gqν

k+q j′,k j
|

h̄ωqν

2

δ(εk j − εF)δ(εk+q j′ − εF)∑
k j vα (k j)2δ(εk j − εF)

. (8)

In elastic LOVA, the electrical resistivity can be expressed in terms of α2
trF (ω) as follows:

ραβ (T ) = πVcellkBT

N (εF)

∫ ∞

0

dω

ω

x2

sinh2x
α2

trFαβ (ω), (9)

where x is h̄ω/(2kBT ), and Vcell is the volume of the unit cell.
To calculate the Seebeck coefficient, Fermi smearing has to be considered explicitly; hence, we adopt the inelastic LOVA

[31]:

S = − πkB√
3e

(
Q−1

01

)
αβ(

Q−1
00

)
αβ

≈ πkB√
3e

∑
γ

(Q01)αγ

(
Q−1

11

)
γ β

, (10)

where (Qnn′ )αβ is the scattering operator involving electron-phonon scattering with absorption and emission of phonons:

(Qnn′ )αβ = 2πVcellN (εF)

h̄kBT

∫
dεdε′dω

∑
s,s′=±1

f (ε)[1 − f (ε′)]{[n(ω) + 1]δ(ε − ε′ − h̄ω) + n(ω)δ(ε − ε′ + h̄ω)}

× α2
AllenF (s, s′, α, β, ε, ε′, ω) × J (s, s′, n, n′, ε, ε′), (11)

where h̄ is the reduced Planck constant, n is the Bose-Einstein distribution, ω is the phonon frequency, and J is the joint energy
polynomial. The transport spectral function here is defined as

α2
AllenF (s, s′, α, β, ε, ε′, ω) = 1

2N (εF)

∑
k,k+q

∣∣gqν

k+q,k

∣∣2
δ(εk − ε)δ(εk+q − ε′)δ(ω − ωq)

×[Fα (k) − sFα (k′)][Fβ (k) − s′Fβ (k′)]. (12)

More details about the VA method of a nonmagnetic metal
can be found in Refs. [29,31].

III. RESULTS AND DISCUSSION

A. Doping-induced tetragonal-to-cubic transition

First, let us examine the structural evolution in the T phase
of BaTiO3 upon electron doping. Without introduction of
electrons, we obtain an in-plane lattice constant a of 3.962
Å and c/a ratio of 1.018 for the T phase. These values are in
good agreement with experimental measurements, i.e., 3.986
Å and 1.010, respectively [32]. As illustrated in Fig. 1(a),
in the T phase, the Ti4+ ion shifts upwards from its high-
symmetry position, while the elongated oxygen octahedron
moves downwards relative to the Ba2+ ions. The calculated
Ti offset from the equatorial OI plane zTi − zOI is 0.120 Å,
which is consistent with previous reports [16–19].

With electron doping, BaTiO3 becomes metallic and the
polarization is ill-defined since long-range Coulomb inter-
actions are screened by itinerant electrons [33,34]. Hence,
we analyze the changes in structural parameters, i.e., atomic
displacements and the c/a ratio, to characterize the phase
transition. As the electron concentration increases, the tetrag-
onality, characterized by the c/a ratio and fractional atomic
displacements, initially remains stable (Fig. 1) until a

concentration of ∼ 0.06 e/f.u. (or 9.36 × 1020cm−3), which
we can refer to as the first critical doping concentration nc1.
Nevertheless, the additional electrons within this doping range
introduce a volumetric effect, which increases linearly. Upon
further increment of doping, the c/a ratio gradually decreases
to unity at a critical doping concentration of nc2 = 0.115
e/f.u. (or 1.79 × 1021cm−3), and the polar displacements
reduce concomitantly to zero, i.e., all atoms adopt their high-
symmetry positions, indicating that the structure transforms
into the cubic phase. Interestingly, the volume change upon
doping is nonmonotonic, showing a slight shrinkage following
the initial linear increase and a rapid growth within the cubic
phase, which is due to the linearly increasing a and the vari-
ation of c/a. These doping-induced structural changes agree
with previous calculations [16–19]. Moreover, the critical
doping concentration for the transition from tetragonal-to-
cubic phase closely matches the experimental value of 1.9 ×
1021cm−3 in oxygen-deficient BaTiO3−δ [20,23].

B. Transport properties vs doping with CRTA

The doping-induced structural variation—-albeit continu-
ous and seemingly rather minute—-can lead to significant
changes in the electronic band structure, phonon disper-
sion, EPC, and consequently the transport properties. In the
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FIG. 1. DFT-predicted structural evolution of BaTiO3 as a func-
tion of electron-doping concentration. (a) Tetragonality (c/a ratio)
and volume of the unit cell. The inset shows the unit-cell structure of
the T phase. (b) Atomic positions taking Ba as reference.

following, we begin with the CRTA approach, where the
relaxation time is treated as a constant and the transport prop-
erties depend solely on the electron band structure. Note that
only σαβ/τ (or ραβτ ) can be computed by CRTA, rather than
the conductivity (or resistivity). To assess the doping effect
on the transport properties, let us consider a representative
temperature of 300 K; the CRTA results are shown in Fig. 2.
As expected, the resistivity decreases with electron doping,
and in particular, the in-plane component ρxxτ decreases
monotonically with a decreasing slope, while the out-of-plane
component ρzzτ is large at low doping but shows a fast de-
crease for doping above nc1 = 0.06 e/f.u. Subsequently, the
in-plane and out-of-plane components become identical be-
yond nc2 = 0.115 e/f.u., indicating a transition to the cubic
phase.

The CRTA-calculated Seebeck coefficient is depicted in
Fig. 2(b), which displays more intricate features than conduc-
tivity. The Seebeck values are negative since electrons are the
charge carriers. With increasing doping, the magnitude of Sxx

first declines, reaches a minimum at nc1, then rises slightly,
and decreases again within the cubic phase. On the other hand,
|Szz| exhibits more significant nonmonotonic variations, first
decreasing with an upturning point at 0.02 e/f.u., followed by
a rapid increase with a downturning point at nc1, after which
a continuous decrease follows. It is interesting to note that
the largest difference between the in-plane and out-of-plane
components occurs at nc1, and it gradually diminishes with
further doping until the anisotropy disappears at nc2 = 0.115
e/f.u., where the T-to-C transition occurs. The overall Seebeck

FIG. 2. CRTA-calculated transport properties of BaTiO3 as a
function of electron-doping concentration at room temperature
(300 K). The in-plane, out-of-plane, and diagonal-average of (a) the
electrical conductivity divided by a constant relaxation time, and (b)
the Seebeck coefficient; (c) Electronic density of states (DOS) N and
(d) derivative of ln N (ε) with respect to energy at the Fermi level.

coefficient Sav (blue solid line) obtained by averaging the
trace of Sαβ is also plotted, showing a qualitatively similar
trend to that of Szz. The experimental data for the tetragonal
phase of doped BaTiO3 at 300 K are −401 µV/K [23] with
an electron concentration of 2.0 × 1020 cm−3, which is signif-
icantly larger than our CRTA value of −93 µV/K at the same
concentration. On the other hand, our predicted magnitudes
are similar to previous CRTA calculated values [18], and the
discrepancy (within 20%) is likely due to the difference in
computational details, such as the pseudopotential types and
in consequence the lattice constants.

The abovementioned doping dependence of the Seebeck
coefficient can be easily understood by the Mott relation
[18,35,36]:

S = −π2k2
BT

3e

[
d ln σ (ε)

dε

]
ε=εF

= −π2k2
BT

3e

[
∂ ln N (ε)

∂ε
+ ∂ ln v2(ε)

∂ε
+ ∂ ln τ (ε)

∂ε

]
ε=εF

,

(13)

where v(ε) is the average electron velocity at a certain en-
ergy. Assuming a relatively weak energy dependence of the
velocity v(ε) and relaxation time τ (ε), the variation of S is
dominated by the energy derivative of density of states (DOS),
i.e., 1/N (ε)(∂N (ε)/∂ε). Both the DOS at the Fermi level and
1/N (ε)(∂N (ε)/∂ε) as a function of doping concentration are
shown in Figs. 2(c) and 2(d), respectively. Although electron
doping yields a monotonically increasing DOS, the energy
derivative is nonmonotonic and the doping dependency well
resembles that of the average Seebeck coefficient [blue line in
Fig. 2(b)].

To understand the nature of the turning points in the
Seebeck coefficient, we plot the band structure and the cor-
responding Fermi surface in Fig. 3. In the T phase, the three

054114-4



CRITICAL ENHANCEMENT OF THERMOELECTRIC … PHYSICAL REVIEW B 109, 054114 (2024)

FIG. 3. Calculated electronic band structure and the corresponding Fermi surface of BaTiO3 at electron-doping concentrations of (a) 0.02
e/f.u., (b) 0.06 e/f.u., and (c) 0.12 e/f.u. Zero energy is set at the bottom of the conduction band. The red dashed line denotes the Fermi energy.

t2g bands of Ti split into a low-lying single dxy band and
two high-lying dxz and dyz bands being degenerate at the �

point. We numerically find that interestingly, adding electrons
below the level of nc1 mainly causes the Fermi level to rise
with negligible effect on the band structure, while above nc1

the tetragonality starts to decrease and the splitting of the t2g

bands shrinks until they coalesce at nc2. This is consistent
with the structural change shown in Fig. 1(a). At the doping
concentration of 0.02 e/f.u., although no obvious structural
change occurs, it is a special doping that the Fermi surface
nearly reaches the Brillouin-zone boundary Z point, and the
corresponding DOS has a kink dividing two different slopes.
It is the asymmetry of DOS across the Fermi energy at this
critical doping which yields the upturn of the Seebeck coef-
ficient. At nc1 of 0.06 e/f.u., the Fermi surface grows larger
and forms tubes along the z direction, and more importantly,
it is a critical level that the Fermi level reaches the bottom
of the high-lying t2g bands. Another kink can be seen in the
DOS at this doping, above which the DOS shows a rapid
increase and such asymmetry causes S to decrease. With
more electrons above nc1, two spherically shaped inner Fermi
surfaces (not visible in Fig. 3) emerge and the outer Fermi
surface changes into a “star” shape that becomes isotropic
at nc2.

For comparison, we also examine scenarios without struc-
tural relaxation, in which the structure of T-phase BaTiO3

remains fixed. This approach is commonly adopted in com-
putational studies of thermoelectric properties where the band
structure is frozen and the only doping effect is the shift
of the Fermi level. Both the σαβ/τ and Sαβ exhibit similar
behaviors to those of the relaxed structures, whereas the main
difference is the persistent anisotropy due to the absence of
T-to-C transition. The details are shown in Fig. S1 of the
Supplemental Material [37].

When the doping concentration approaches the critical
doping of nc2, the DOS is close to another kink [Fig. 3(c)
and Fig. S2], which indeed cause a change of slope in both
the conductivity and Seebeck coefficient (Fig. 2). However,
near the T-to-C transition point, both the CRTA conductivity
and Seebeck coefficient vary smoothly with respect to the
change of doping without showing critical behaviors. This is
in contrast to the expectation from the strong electron-phonon
coupling in this region [19], which is not considered explicitly
in the CRTA approach.

C. Transport properties vs doping with explicit
electron-phonon coupling

In the following, we take the fully ab initio EPC into
account via the VA method. The calculated phonon-dispersion
curves with linewidths at four representative doping concen-
trations are shown in Fig. 4. In agreement with Ref. [19],
while most of the phonon branches show relatively small
changes upon doping, we also find three softening polar
optical phonon modes (blue markers in Fig. 4, two being
degenerate in the T phase and three being degenerate in the
C phase) at the � point with their minima around the T-to-C
transition point, suggesting that the phase transition is driven
by the instability of these softening modes. It should be noted
that small imaginary frequencies near the � point tend to
occur for doping concentration close to the T-to-C transition.
We numerically find that this minor soft phonon is computa-
tionally difficult to avoid, which is believed to be related to the
instability in maintaining the tetragonal structure. The phonon
linewidths indicate that strong electron-phonon coupling is
concentrated around the softening modes of the � point and
a high-lying optical branch between � and Z points. The
most significant change in EPC occurs only to the �-point
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FIG. 4. Calculated phonon-dispersion curves and phonon
linewidths of BaTiO3 at doping concentrations of (a) 0.06 e/f.u., (b)
0.09 e/f.u., (c) 0.10 e/f.u., and (d) 0.12 e/f.u. The red broadening
shows the phonon linewidths and the blue dots denote the softening
optical modes at � point.

softening modes, which are much strengthened near the T-to-
C transition. For doping levels away from the transition point,
e.g., below 0.06 e/f.u. of the T phase or beyond 0.12 e/f.u. of
the C phase, the phonon linewidth decreases to a much lower
level. The enhancement of phonon linewidths of the �-point
softening modes above 0.06 e/f.u. doping is correlated to the
increase of the Fermi nesting factor at the � point, as shown
in Fig. S3 of the Supplemental Material [37].

The synergy of low phonon frequencies and strong EPC
(large linewidths) of the softening modes gives rise to a
much enhanced EPC constant, since the mode-resolved EPC
constant λqν is proportional to γqν/ω

2
qν , which is strongly

influenced by the softening polar phonons and the enhanced
Fermi nesting [38]. The calculated total EPC constant λ is
plotted in Fig. 5(a) (black line) for doping concentrations
between 0.06 and 0.14 e/f.u., and note that the VA method is

FIG. 5. VA-calculated transport-related properties of BaTiO3 as
a function of doping concentration. (a) EPC strength λ (black solid
line) and the overall transport EPC strength λtr (red solid line). (b)
The in-plane, out-of-plane, and diagonal-average of the transport
EPC strength λtr, (c) the electrical resistivity, and (d) the Seebeck
coefficient.

not applicable to systems with insufficient amount of charge
carriers; in other words, it may fail to yield quantitative re-
sults for low doping cases if the Fermi level is close to the
conduction-band edge. The calculated λ exhibits a strong in-
crease with doping and peaks in the vicinity of the critical
concentration nc2 in the T phase, then falls dramatically after
transforming into the cubic phase. Below 0.07 e/f.u. in the
tetragonal phase or above 0.11 e/f.u. in the cubic phase, the
magnitudes of our predicted λ are very close to the values
reported in Ref. [19]. In the vicinity of the transition point, our
prediction appears larger, but the general trend is consistent
between both works. The discrepancy is related to the fact that
the softening phonons at the � point have a strong influence
on the EPC constant [see Eq. (5)], given that these frequencies
are rather sensitive to the computational details.

In Figs. 5(a) and 5(b), we also plot the overall transport
EPC constant λtr = 2 ∫∞

0 dωα2Ftr (ω)/ω and its in-plane and
out-of-plane components, respectively. In the T phase, the in-
plane transport EPC constant is numerically found to be larger
than the out-of-plane component. And, it is interesting to note
that λtr is consistently lower than λ in the T phase, while in
the C phase λtr is larger than λ. The key distinction between λ

and λtr lies in the weight of spectral function α2
trF (ω) by the

Fermi velocities compared to α2F (ω) in Eq. (5) and Eq. (8),
respectively (see Fig. S4 in the Supplemental Material [37] ).
A likely explanation for the reduced λtr is that the strongly
nested EPC associated with the �-point softening phonons is
partially suppressed by the z component of the (vk j − vk+q j′ )2

term in α2
trF (ω) (see Eq. (8) and Ref. [38]), since the

Fermi surface has the square-like shape and the Fermi ve-
locities in the dxy band connected by small q vectors are
nearly equal.

The VA-calculated electrical resistivity ρ contributed by
EPC is shown in Fig. 5(c), which exhibits a qualitatively
similar doping dependence as λtr . Below 0.08 e/f.u., the gen-
eral trend is consistent with the CRTA results [Fig. 2(a)]
that the out-of-plane component of resistivity is larger than
the in-plane component, but a remarkable distinction can be
seen when the doping concentration approaches the transition
point: The overall ρ shows an obvious peak around 0.11 e/f.u.
with VA, which is missing in the ρ computed by the CRTA
method. In particular, the in-plane component ρxx shows a sig-
nificant enhancement between 0.10 and 0.12 e/f.u., whereas
the out-of-plane component ρzz has a critical decrease in this
doing range. For doping levels beyond 0.12 e/f.u., BaTiO3
transforms into the cubic structure and the resistivity tensor
becomes isotropic with reduced values. According to Eq. (9)
and the fact that both N (εF ) and 〈vα〉 change smoothly across
the T-to-C phase transition, the substantial increases in elec-
trical resistivity in both directions are evidently due to the
corresponding increase in the transport EPC constant λtr , as
illustrated in Fig. 5(b). The average resistivity ρav of 2.86 ×
10−4 and 1.83 × 10−4 � cm with the electron concentration
of 0.07 and 0.14 e/f.u.(1.1 × 1021 and 2.2 × 1021 cm−3), re-
spectively, agree reasonably with the experimental value of
2.99 × 10−4 � cm in BaTiO3−δ [20,23] extrapolated to the
same concentration and 2.33 × 10−4 � cm with electron con-
centration of 4.6 × 1021 cm−3 in BaNb0.5Ti0.5O3 thin film
[39]. The discrepancy can be partly ascribed to the residual
resistivity from impurity scatterings which is neglected in the
calculations.
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FIG. 6. VA-calculated transport properties as a function of tem-
perature of BaTiO3 for selected doping concentrations near the
T-to-C transition, i.e., 0.10 e/f.u., 0.11 e/f.u., and 0.12 e/f.u. The
in-plane and out-of-plane components of (a) the electrical resistivity
and (b) the Seebeck coefficient.

Figure 5(d) illustrates the VA-calculated Seebeck coeffi-
cient of BaTiO3 upon doping. Comparing the S computed
from CRTA and VA, below 0.10 e/f.u. the general trends
of decreasing magnitude with doping and Szz being much
larger than Sxx are in good agreement, but between 0.10
and 0.12 e/f.u., i.e., near the critical concentration of the
phase transition, both components of VA-calculated S show
substantial changes that were not observed in the CRTA
result [see Fig. 2(b)]. Therefore, explicit consideration of
electron-phonon coupling in VA can yield critical enhance-
ments of both the resistivity and Seebeck coefficient near
the T-to-C transition point, whereas the CRTA method,
which neglects specific scattering mechanisms, especially the
electron-phonon scattering with strong doping dependence of
the phonon dispersion and EPC, fails qualitatively to predict
the transport properties in this regime.

D. Temperature effect on the transport properties

Finally, we further explore the temperature effect on the
transport coefficients near the transition point, i.e., between
0.10 and 0.12 e/f.u., which are shown in Fig. 6. However,
note that any possible phase transition(s) purely induced by
temperature is not considered here. For all the selected doping
concentrations, both ρxx and ρzz increase linearly with tem-
perature [see Fig. 6(a)], which is a typical behavior for metals

at elevated temperatures. And interestingly, the temperature
dependence of resistivity is found to be proportional to its
magnitude, i.e., larger ραβ shows a larger slope with respect
to temperature.

The temperature dependence of the Seebeck coefficient is
monotonic in the cubic phase [see the red curves in Fig. 6(b)],
whose magnitude decreases with increasing temperature. In
the tetragonal phase, however, S exhibits a more complex
behavior. Sxx decreases monotonously but shows a reversed
sign (negative to positive) at about 320 K, indicating that the
charge carriers dominating the thermoelectric effect change
from electrons to holes in the in-plane direction. In the z
direction, Szz generally increases with temperature, with a few
positive values at low temperature for the doping of 0.10 e/f.u.
Nevertheless, we demonstrate that the critical enhancement of
the transport properties can be more prominent by increasing
the temperature.

However, it is worth noting that temperature can have man-
ifold influences in reality, for instance the phase transitions,
the finite-temperature phonons, the thermal expansion, etc.
It was known that the doping concentration of the T-to-C
transition decreases at increased temperature [20,22], so that
the critical behavior can be achieved at a lower dopant level;
e.g., it was reported that the T-to-C transition occurs with only
about 3.6 × 1020cm−3 at 300 K [20,40]. Moreover, strain
engineering in BaTiO3 thin films is also an effective tool
to further tune the transition point and hence the transport
properties [41,42].

IV. SUMMARY

In summary, we have studied the effect of electron doping
on the electronic transport properties of BaTiO3 using density-
functional theory and density-functional perturbation theory
within the frame of Boltzmann’s transport theory. The elec-
trical resistivity and Seebeck coefficient are computed with
two methods, viz., the constant relaxation time approxima-
tion and the variational approach considering electron-phonon
coupling. For low-doping concentrations, where the structure
remains tetragonal, the smooth variations of the transport
coefficients can be well explained by the evolution of the elec-
tronic band structure. But, in the vicinity of doping-induced
tetragonal-to-cubic phase transition, anomalies in the resis-
tivity and Seebeck coefficient are found only with the more
accurate variational approach with explicit consideration of
electron-phonon scatterings, which are due to coupling of
itinerant electrons with soft polar phonon modes. We hope
our predictions will be experimentally checked soon, and it
is desirable to understand the correlation between the nature
of the phase transition and the transport properties along the
phase boundary of the temperature-doping phase diagram of
BaTiO3.
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