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Non-Boltzmann thermoelectric transport in minimally twisted bilayer graphene
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The electronic bands formed in moiré systems with twisted bilayer graphene (tBLG) have emerged as a tunable
platform for studying many novel concepts of condensed matter physics due to new interaction and topological
effects. In particular, the multitude of closely packed flat bands and a sequence of van Hove singularities (vHSs)
in minimally tBLG can not only lead to nontrivial topological transport but also the breakdown of conventional
Boltzmann transport formalism due to the competition between the scales of energy variation within the system
and that of the external parameters such as temperature or electric field. Here, we demonstrate the violation of
the semiclassical Mott relation in small-angle tBLG (θ ∼ 0.45◦) even at room temperature, which we associate
to a narrow diverging density of states. We also show the emergence of nonlinear effects in thermovoltage by
exploiting vertical thermoelectric transport in an atomically thin tBLG device. Our results not only point towards
the fundamental limitations of the applicability of the semiclassical Boltzmann approach in small-angle tBLG
but also outline an experimental approach that can lead to the discovery of different broken-symmetry states.
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I. INTRODUCTION

The semiclassical Boltzmann transport approach (BTA)
and relaxation time approximation are central to the under-
standing of transport properties in most conventional metals
and semiconductors [1]. Within this framework, the transport
properties can be described by assuming that the density of
states (DOS) near the Fermi energy (EF ) varies slowly on the
scale of thermal energy (kBT ), where only a fixed population
of electrons within the energy range of a few kBT around
EF contribute to both charge and heat transport. However,
when the DOS changes rapidly with energy at EF , changes
in temperature can modify the effective number of charge
carriers and the scattering probability. This effect, commonly
known as Mott-Fermi thermal smearing of energy levels,
can lead to distinctive transport properties [2–5]. In addi-
tion, the divergent DOS at van Hove singularities (vHSs), in
many cases, drives the onset of correlated electronic phases,
such as superconductivity [6], magnetism [7,8], and density
waves [9,10]. Owing to the presence of a multitude of closely
packed flat bands and a sequence of vHSs [11,12], the mini-
mally twisted bilayer graphene (tBLG) not only provides an
ideal platform to test the validity of semiclassical BTA but
the many-body phases that can arise due to diverging DOS
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can also be explored. However, it requires a measurement
technique that is extremely sensitive to the variation of the
DOS.

In this paper, we have performed electrical and thermo-
electric measurements in small-angle tBLG (θ ∼ 0.45◦), both
in in-plane and vertical device geometry. We use the depen-
dence of thermal voltage on the carrier density (n), T , and
temperature gradient (�T ) as a sensitive probe for the low-
energy features in the band structure. In degenerate metals and
semiconductors (T � TF, where TF is the Fermi temperature),
the electric and thermoelectric transport coefficients can be
related through the Mott relation (MR), obtained within the
semiclassical Boltzmann framework

SMott = π2k2
BT

3|e|
d ln R(E )

dE

∣
∣
∣
∣
EF

, (1)

where R and e are the resistance and electronic charge, re-
spectively. MR effectively arises from the assumption that the
thermal energy of the conduction electrons is much smaller
than the scale of any structure in the electronic DOS near
the Fermi energy. Although the validity of the MR has been
verified experimentally for many decades in various materials,
such as metals/semiconductors [13,14], graphene [15,16], and
topological insulators [17], it can be violated due to Mott-
Fermi smearing in systems having sharp features in DOS such
as transition and rare earth metals [2,3,18]. Thus, the validity
of MR provides a sensitive probe to the energy distribution of
the charge carriers near the Fermi surface. Furthermore, the
thermal response of the system also allows us to probe the
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FIG. 1. Device structure and electrical transport in device D1.
(a) Schematic of a type-1 device (in-plane geometry), showing the
tBLG channel, monolayer part (heater), and the top gate (dotted
red rectangle). (b) ρ as a function of n at various temperatures.
The inset shows the optical micrograph of the device. (c) Electronic
band structure and density of states (DOS) of tBLG (0.5◦) calculated
using tight-binding model. (d) ρ as a function of T at a few selected
densities [marked by arrows in (b)]. The inset shows the linear fits to
the data in the metallic regime.

nonlinear effects that can arise due to the divergent DOS and
electronic correlations [19–22].

II. RESULTS AND DISCUSSION

The tBLG devices in this study consist of two graphene
layers stacked at θ [in-plane geometry, type 1, Fig. 1(a)]
or θ + 60 [vertical geometry, type 2, Fig. 3(a)], where θ is
the twist angle. We study three different devices with θ ≈
0.45◦ (D1), θ ∼ 5◦(D3) fabricated in type-1 geometry, and
θ ≈ 0.43◦ (D2) in type-2 geometry. We have used Raman
spectroscopy to estimate the twist angle for device D3 [see
Supplemental Material (SM) [23]], whereas thermoelectric
(electrical and thermoelectric) transport is used to calculate
the twist angle for device D1 (D2). A type-1 device is etched
into a standard Hall bar geometry and consists of both mono-
layer graphene (MLG) and tBLG regions. A local top gate is
used to tune the n in the overlap region [inset of Fig. 1(b)]. The
MLG channel outside the top-gated region is used as a heater
to set up a �T across the tBLG channel for thermoelectric
measurements. The details on the type-2 device are presented
later.

We first focus on transport in the in-plane direction (de-
vice D1). Figure 1(b) shows the density-dependent resistivity
ρ measured at various temperatures. We observe resistance
maxima only at the charge neutrality point (CNP) with no
sign of resistive feature corresponding to the vHSs or full
filling (ν = ±4) of the lowest bands. The observed behav-
ior is in agreement with the tight-binding calculation for the
electronic band structure, which shows the absence of a band
gap between the first and second moiré bands and renders
it hard to observe any feature in the range of T investigated

(a)

(b)

(c)

(d)

FIG. 2. Thermoelectric transport in device D1: (a) Schematic
showing the variation of DOS as a function of n. (b) V2ω as a
function of n for different Iω at 85 K. The shaded bars indicate the
observed Lifshitz transitions. (c) V2ω normalized with I2

ω. The right
axis shows (1/R)dR/dn for comparison. (d) V2ω/V2ωmax as a function
of n measured at six different temperatures. The dotted line indicates
the zero crossing in thermopower at ν = −4.

[Fig. 1(c)]. The T dependence of ρ shows a clear metallic
behavior down to 30 K, except in the immediate vicinity of
the CNP [Fig. 1(d)]. The ρ starts to saturate around 20 K,
followed by a slight increase as the sample is cooled to 10 K.
We believe that the slight increase in ρ could be due to the
weak localization (WL) effect, leading to an enhancement of
resistivity as the T decreases. However, there are insufficient
data points at low temperatures to make any quantitative esti-
mation about WL effects.

To get further insights into the electronic structure, we
have performed thermoelectric measurements in the same de-
vice. A sinusoidal current (Iω) is passed through the MLG
region, which sets up a �T across the tBLG. The resulting
second-harmonic thermovoltage (V2ω) is measured across the
tBLG region as a function of n and Iω [15,24]. �T was not
measured for this device, and only qualitative features in V2ω

are discussed.
V2ω exhibits multiple sign reversals as EF is tuned to either

side of the CNP at 85 K [Fig. 2(b)]. While the sign reversal
near the CNP is due to the change in quasiparticle excitations,
those near n = ±0.18×1012 cm−2 are a manifestation of a
topological Lifshitz transition, which represents a transition
from a holelike (electronlike) system to an electronlike (hole-
like) system when EF is tuned across the vHSs, as shown
schematically in Fig. 2(a) [25,26].

Figure 2(c) shows a uniform current scaling of V2ω, thereby
ensuring the thermal origin. Additionally, for hole doping
as the EF is tuned into the next band, we observe a weak
sign inversion in V2ω as T is reduced below 45 K [dotted
line in Fig. 2(d)], which corresponds to the ν = −4 and
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FIG. 3. Vertical transport in device D2: (a) The cross-sectional view of a type-2 device. (b) Scanning microscope image of the device.
(c) Resistance as a function of n at various temperatures ranging from 85 to 245 K. (d) V2ω as a function of n for different values of Iω at 105 K.
The shaded bar indicates the Lifshitz transition on the hole doping and the dotted lines show the position of ν = ±4. The right axis shows
(1/R)dR/dn for comparison. (e) S as a function of n at different temperatures. The right panel shows the T dependence of S at various band
fillings marked with arrows. The black line shows the linear-T dependence as a guide for eye.

thus allows us to calculate the angle. Notably, we do not
find any feature associated with ν = +4, clearly indicating
particle-hole asymmetry. Remarkably, no corresponding fea-
tures were observed in resistance at ν = ±4, as discussed
already in Fig. 1(b), which indicates the extreme sensitivity
of thermopower to the fine details of the band structure.

Next, in order to connect resistance and thermopower, we
employ MR and rewrite Eq. (1) as

SMott = π2k2
BT

3|e|
1

R

dR

dVtg

dVtg

dn

dn

dE

∣
∣
∣
∣
EF

, (2)

where (1/R)dR/dVtg is measured experimentally and deter-
mines the sign of the Mott thermopower. dn/dE is the DOS.
(dVtg/dn = e/ChBN, where ChBN is the top-gate capacitance
per unit area.) The difficulty in accurately estimating the DOS
for low-angle tBLG prohibits us from accurately calculating
the SMott and we focus on the qualitative comparison between
the measured V2ω and α = (1/R)dR/dn. We find that α quali-
tatively captures the thermopower behavior near the CNP, but
fails to predict the sign reversal in V2ω at the Lifshitz transition
and hence leads to an apparent violation of the MR [Fig. 2(c)].
For reference, we present the results from device D3 in Sec.
I A in the Supplemental Material [23]. We find that V2ω

matches qualitatively with SMott over the experimental range
of n, thereby confirming the validity of MR at large angles.

In order to confirm the generality of the correlation be-
tween transport and the unique band structure in minimally
tBLG, we have complemented the in-plane measurements
with electrical and thermoelectric probing in the out-of-plane
vertical geometry [Fig. 3(a)]. Device D2 consists of a cross
junction of two graphene layers with a microfabricated heater
on the top of the twisted region [Fig. 3(b)], which is used

to create a �T perpendicular to the plane of tBLG and the
resultant V2ω is measured across two graphene layers. We
find that, unlike device D1, device D2 shows broad peaks
on either side of the CNP [Fig. 3(c)], which we identify as
ν = ±4 (as verified by thermoelectric measurements shown
later). The peaks at the CNP show an insulating behavior
throughout the measured T range, whereas shoulder peaks
at ν = ±4 show weak insulating behavior and start vanishing
above T ∼ 145 K.

Similar to device D1, we observe a Lifshitz transition as
well as the breakdown of MR on either side of the CNP
[Fig. 3(d)]. In addition, for hole doping, as the EF is tuned into
the next band, we observe a weak sign inversion in V2ω [dotted
line in Fig. 3(d)], which corresponds to ν = −4. In contrast,
for the electron side, thermal broadening leads to a single sign
reversal (light-blue-shaded region). Using the �T calculated
from the resistance thermometry (for additional details, see
Supplemental Material [23]), we plot the n dependence of
S = V2ω/�T for different temperatures [left panel, Fig. 3(e)].
We observe that the sign inversion at the Lifshitz transition
persists up to 300 K, whereas thermal broadening smears
the sign inversion at ν = −4 at T � 145 K. The observation
of weak resistive peaks at ν = ±4, Lifshitz transitions, and
sign reversal at ν = −4 in thermopower, even at elevated T ,
suggests that the vertical transport is more sensitive to the
band structure than the in-plane transport, presumably due to
reduced disorder (and angle inhomogeneity)-induced broad-
ening as the effective “length” of the sample is significantly
smaller in the vertical geometry. Further, S exhibits a linear
dependence on T at all dopings except in the vicinity of vHSs
[right panel, Fig. 3(e)]. The S ∝ T behavior is expected in
semimetals and metals within the semiclassical framework
and has been verified for MLG [15] as well as tBLG at larger
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θ (2◦ � θ � 5◦) [27]. Close to vHSs, however, we find an un-
usual nonmonotonic T dependence of S, which points towards
a departure from the semiclassical approach. We want to note
that, although the observed sign reversal at vHs and full filling
of the band can also be observed within the semiclassical
Boltzmann formalism, the temperature scales do not match
at all (see Fig. S6 in the Supplemental Material [23], and see
also Refs. [28–31] for calculation details).

The sign reversal in V2ω at the Lifshitz transition and
nonmonotonic T dependence of S in the vicinity of vHSs
indicate the breakdown of the MR. Although the MR has
been verified in a range of graphene-based devices [15,16],
recent reports suggest an emergent breakdown of this for-
malism near/at the magic angle [32,33] and in marginally
tBLG [34], though at lower temperatures (T < 40 K) when
strong correlation effects become important. The observed
discrepancy from the MR can be discussed by scrutinizing
the assumptions made in deriving Eq. (2). First, it relies on
the Sommerfeld approximation, which in principle should be
valid for T � TF . Theoretical calculations suggest a band-
width of ∼10–12 meV [Fig. 1(c)], leading to TF ∼ 100 K,
which satisfies the condition T � TF for the lowest tempera-
ture (∼30 K) used in the experiments. Further, as discussed
earlier, MR assumes that the electronic spectrum near EF

does not vary appreciably on the thermal energy scale. How-
ever, theoretical calculations suggest that DOS near vHSs
vary sharply on the scale of ∼1 meV [right panel, Fig. 1(c)]
and can lead to the smearing of the Fermi function in the
vicinity of the Fermi energy and higher-order temperature-
dependent corrections in thermopower cannot be neglected.
This smearing of the Fermi function is likely to lead to
a Mott violation in small-angle tBLG. Another intriguing
possibility is the appearance of non-Fermi-liquid (NFL) be-
havior in the presence of the vHS [35,36]. The key signature
of the NFL is logarithmically diverging S/T at low T .
Although our data suggest a nonmonotonic temperature de-
pendence of S near the vHSs, there is not enough experimental
resolution at this point to investigate S/T behavior quan-
titatively and requires further experiments in a wide range
of T .

We finally focus on the anomalous dependence of V2ω on
Iω in device D2 in the hole-doped regime. We plot V2ω nor-
malized with I2 in Fig. 4(a), which shows a uniform scaling
except in the density range near vHS and ν = −4 (sky-blue-
shaded region). Interestingly, the nonlinearity onsets at 85 K,
becomes prominent at 105 and 125 K, and nearly vanishes
when the temperature is increased above 145 K. The nonlinear
thermoelectric response only in a specific n and T range is
intriguing and suggests a departure from the conventional
semiclassical description. The nonlinearity, in general, can
arise due to �T -induced renormalization effects, resulting in
a transmission function 	(E ,�T ) [37–39] or due to the varia-
tion of 	(E ) with E on the energy scale kB�T [38]. However,
the appearance of nonlinearity only in a narrow intermediate
T range rules out the above two scenarios. Further, the posi-
tion of sign reversal at ν = −4 shifts gradually to higher hole
doping as Iω is increased, whereas the position of vHS first
shifts to lower n and then moves to higher doping as shown
in Figs. 4(b) and 4(c). We characterize the effective shift in
sign reversals by calculating �n [Fig. 4(c)], which gives the

(a) (b)

(c) (d)

FIG. 4. Nonlinear thermoelectric transport in device D2: (a) V2ω

normalized with I2
ω as a function of n at four different temperatures.

V2ω shows a uniform current scaling except in the density range
near vHS and ν = −4 (sky-blue-shaded region) in the intermediate
T range and vanishes as the temperature is increased to 145 K.
(b) V2ω/I2

ω zoomed in near vHS and ν = −4, showing the shift in the
position of sign reversal at vHS and ν = −4 as the heating current is
increased. (c) Shift in the position of vHS and ν = −4 as a function
of Iω, where �n defines the difference between the position of vHS
and ν = −4 at maximum Iω. (d) Variation of �n/�nmin as a function
of T , where �nmin corresponds to difference in position of vHS and
ν = −4 at 145 K. Shaded regions indicate the possible pinned and
depinned charge density wave (CDW) phases.

difference in the position of vHS and ν = −4 at maximum
current (∼500 µA). The magnitude of �n becomes maximum
at 105 K and approaches the low current value (difference
in the position of vHS and ν = −4 at 100 µA) as the T is
raised to 145 K [Fig. 4(d)]. The observed shift in the density
corresponding to vHS and ν = −4 indicates the malleability
of the low-energy bands, which, although not uncommon in
tBLG, has been observed only with respect to the tuning of
EF across the lowest-energy bands [40,41]. Previous experi-
ments in magic-angle tBLG have revealed broken-symmetry
states at half-integer band fillings, which could arise from
a spin or charge density wave (CDW) ground state at zero
magnetic field [41]. We speculate that the nonlinear response
can also arise from the depinning of an underlying phase
associated with CDW formation, as seen previously in electri-
cal transport in NbSe3 [22,42,43] and other one-dimensional
organic conductors [44,45]. Our findings suggest that the
application of a thermal stimulus leads to the depinning of
the CDW, similar to the depinning of CDW by the electric
field in NbSe3 [22] and other systems [44,46]. However,
the nature of the CDW phase (if any) in our experiments
is not very clear at this point, and more experiments in-
volving frequency-dependent transport measurements, along
with theoretical studies, are required for a better understand-
ing. Alternatively, entropy-driven phase transitions, in which
the system develops finite isospin polarization even at high
temperatures (∼4–80 K) [47–49], can also lead to observed
shifts in sign reversals and nonlinear thermopower, but a com-
plete understanding requires further studies.
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III. CONCLUSION

In summary, we have measured the resistivity and ther-
mopower in small-angle tBLG in two different geometries.
We have demonstrated the extreme sensitivity of thermopower
to low-energy features in tBLG, with clear signatures of
a Lifshitz transition persisting up to room temperature. At
θ ∼ 0.45◦, irrespective of device geometry, our experimental
results show a breakdown of the semiclassical MR near vHSs,
which is attributed to the Mott-Fermi smearing due to the
presence of sharp features in the DOS. In addition, we also
show a nonlinear thermoelectric response in vertical transport,
which appears to arise due to a new symmetry-broken phase,

but requires further understanding. Our results point towards
the fundamental shortcomings of the applicability of the semi-
classical Boltzmann approach in such systems.
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