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scattering for scale invariance and instabilities
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Landau Fermi liquid theory is a fixed-point theory of metals that includes the forward-scattering amplitudes
as exact marginal couplings. However, the fixed-point theory that only includes the strict forward scatterings
is nonlocal in real space. In this paper, we revisit the Fermi liquid theory for charge-neutral fermions using the
field-theoretic functional renormalization group formalism and show how the scale-invariant fixed point emerges
as a local theory, which includes not only the forward scatterings but also nonforward scatterings with small but
nonzero momentum transfers. In the low-energy limit, the near-forward scattering and pairing interactions take
scale-invariant forms if the momentum transfer and the center-of-mass momentum of Cooper pairs, respectively,
are comparable to the energy. The coupling functions fully capture the universal low-energy dynamics of the
collective modes and instabilities of Fermi liquids. A runaway flow of the coupling function in the particle-
hole channel beyond a critical interaction suggests an instability toward an ordered phase with a wave vector
that depends on the interaction strength. At the critical interaction, the instability corresponds to the uniform
Pomeranchuk or Stoner instability, but the momentum of the leading instability becomes nonzero for stronger
attractive interaction. In the particle-particle channel, the coupling function reveals the dynamics of the unstable
mode associated with the BCS instability. When an unstable normal metal evolves into the superconducting
state, there exists a period in which a superconducting state with spatially nonuniform phase appears due to the
presence of unstable Cooperon modes with nonzero momenta.
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I. INTRODUCTION

As one of the most prevalent phases of matter, metals and
their phase transitions contain a rich physics that is central
to our understanding of quantum materials. Thus the Landau
Fermi liquid theory of metals has been one of the main pil-
lars of modern condensed matter physics [1–4]. Introduced
initially as a phenomenological model, it only keeps the
strict forward-scattering amplitudes as interactions between
quasiparticles. Despite its immediate success as a phenomeno-
logical theory, it took more than 30 years to theoretically
justify the validity of the theory [5–10]. From the renormal-
ization group (RG) point of view, Landau Fermi liquid theory
represents a low-energy fixed point. Being a fixed-point theory
valid strictly at zero energy, it is rightly nonlocal in real space
at any finite length scale. On the other hand, it is desirable to
have an effective field theory of Fermi liquids valid below a
small but nonzero energy scale. Such an effective field theory
must be local at length scales larger than the inverse of the
energy scale. It will allow one to use the powerful machinery
of local field theory in describing the emergence of Fermi
liquids and their instabilities from a midinfrared energy scale
down to the zero-energy limit. A complete understanding
of Fermi liquids beyond the zero-energy limit is crucial for
extracting scaling behaviors of physical observables at finite
energies [11–14]. It will also serve as a solid reference point
for theories of non-Fermi liquids [15–57]. For recent progress
toward this goal that uses bosonization, see Refs. [58–60].

In this paper, we use the field-theoretic functional renor-
malization group scheme to describe Landau Fermi liquid and
its instabilities within the framework of renormalizable local
effective field theory [61]. The key ingredient of our work
is the nonforward scatterings. A local effective field theory
must include nonforward scatterings because, at any nonzero
energy scale, fermions can exchange nonzero momenta while
staying close to the Fermi surface within a thin energy shell.
Let λ

θ1θ2
θ4θ3

represent the coupling function that describes the
scattering of two low-energy fermions from angles (θ4, θ3)
to (θ1, θ2) (Fig. 1). While Landau Fermi liquid theory only
includes the strict forward-scattering amplitude (λθ1θ2

θ1θ2
), the

full coupling function does depend on θ1 − θ4 and θ2 − θ3

nontrivially. At a nonzero energy scale μ, the coupling func-
tion changes smoothly but significantly as the differences in
angles change by μ/kF , where kF is the Fermi momentum. If a
UV theory is within the basin of attraction of the Fermi liquid
fixed point, the coupling function flows to a scale-invariant
form in the low-energy limit. The scale invariance becomes
manifest once the transferred momentum is scaled along with
the energy scale.

While the strict forward-scattering amplitude is exactly
marginal [8], the nonforward-scattering amplitude does re-
ceive quantum corrections. The nontrivial RG flow of the
general quartic coupling function can drive instabilities in
particle-hole channels. If the UV theory has a sufficiently
strong attractive interaction, the coupling function exhibits a
runaway RG flow to the strong-coupling region due to the
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FIG. 1. At energy scale μ, two fermions within the energy shell
of thickness μ can undergo nonforward scatterings by exchanging
small but nonzero momentum �q ∼ μ. General scattering processes
are captured by coupling functions that depend on four angles. Alter-
natively, it can be viewed as a function of two angles for the incoming
fermions and momentum transfer �q. At low energies, the coupling
function acquires a nontrivial dependence on �q/μ.

nontrivial renormalization of the nonforward scatterings. This
implies that the general coupling function is a part of the
low-energy data that should be kept within the low-energy ef-
fective theory with a small but nonzero energy cutoff. Within
the local effective field theory, one should also consider gen-
eral scattering processes in the particle-particle channel by
including interactions of Cooper pairs with small but nonzero
center-of-mass momenta. A scaling relation emerges in the
general pairing interaction once the center-of-mass momen-
tum is scaled along with the energy scale. In this paper, we
focus on the charge-neutral Fermi liquids.

The rest of the paper is organized in the following way. In
Sec. II, we introduce the local effective field theory for Fermi
liquids. Section III discusses the effect of nonforward scat-
tering in the near-forward-scattering channels. In Sec. III A,
we present the scale-invariant coupling function that emerges
at Fermi liquid fixed points. Section III B discusses the in-
stability toward symmetry-broken states driven by the flow of
nonforward-scattering amplitudes. The scaling behavior of the
general pairing interaction is discussed in Sec. IV. In Sec. V,
we discuss the experimental implications of the momentum-
dependent coupling functions. We show that the coupling
functions fully encode the universal low-energy dynamics of
both stable and unstable collective modes of Fermi liquids.
Besides reproducing known results on the zero-sound mode,
we make predictions on instabilities in both particle-hole and
particle-particle channels. Finally, Sec. VI summarizes the
work.

II. LOCAL EFFECTIVE FIELD THEORY

We consider a circular Fermi surface of spinful fermions
that are subject to short-range interactions in two space dimen-
sions. The following discussion can be generalized to higher
dimensions in a straightforward way. The partition function is
written as Z = ∫ Dψ†Dψ e−S , and the action reads

S =
∑
σ=±

∫
dV2

(2π )3
ψ†

σ (ω, �k)(−iω + ε�k )ψσ (ω, �k)

+ 1

4

∫
dV4

(2π )9

∑
σ1,2,3,4=±

(λ)
�k+ �q

2 ,σ1; �p− �q
2 ,σ2

�k− �q
2 ,σ4; �p+ �q

2 ,σ3

× ψ†
σ1

(
	 + ω

2
, �k + �q

2

)
ψ†

σ2

(
	′ − ω

2
, �p − �q

2

)

× ψσ3

(
	′ + ω

2
, �p + �q

2

)
ψσ4

(
	 − ω

2
, �k − �q

2

)
, (1)

where dV2 = dωd2�k and dV4 = dωd	d	′d2�k d2 �p d2 �q are
the integral measures of the quadratic and quartic terms.
ψσ (ω, �k) denotes the fermionic field of spin σ , momentum
�k, and frequency ω. The bare dispersion is written as ε�k =
1

2m (k2 − k2
F ), where kF is the Fermi momentum. λ is the

four-fermion coupling, which is a function of momenta of the
incoming and outgoing fermions.

At low energies, we focus on fermions that are close to
the Fermi surface. In defining the low-energy scaling limit
of the theory, it is convenient to use polar coordinates, where
the two-dimensional momentum of a fermion is written as
�k = (kF + κ )(cos θ, sin θ ). κ denotes the deviation of |�k|
from kF , and θ is the polar angle. Accordingly, the fermion
field is written as ψσ ;θ (ω, κ ) ≡ ψσ (ω, �k). Low-energy
effective field theories for a finite number of low-energy
fields are characterized by a small number of coupling
constants. In metals, Fermi surfaces support infinitely many
gapless modes as the angle around the Fermi surface plays
the role of a continuous flavor. Accordingly, the coupling
constants are promoted to coupling functions that depend on
angles. In the strict zero-energy limit, only two channels of
interactions are allowed by the momentum conservation. The
first is the forward scatterings, and the other is the pairing
interactions. Those interactions involve pairs of fermions
with zero center-of-mass momentum in the particle-hole
and particle-particle channels, respectively. However, the
interaction that only includes the strict forward scattering and
the BCS interaction is nonlocal in the real space. At small but
nonzero energies, the locality forces us to include interactions
in which fermion pairs have small but nonzero center-of-mass
momenta. This leads to the local low-energy effective action,

S = kF

∫
dV̄2

(2π )3

∑
σ=±

ψ
†
σ ;θ (ω, κ )(−iω + vF κ )ψσ ;θ (ω, κ ) + k2

F

4

∫
dV̄ (0)

4

(2π )9

∑
σ1,2,3,4=±

(λ0)
θ−ϑS

θ ,σ1; θ ′+ϑS
θ ′ ,σ2

θ+ϑS
θ ,σ4; θ ′−ϑS

θ ′ ,σ3

× ψ
†
σ1;θ−ϑS

θ

[
	 + ω

2
, κ + kF ϑC

θ

]
ψ

†
σ2;θ ′+ϑS

θ ′

[
	′ − ω

2
, ρ − kF ϑC

θ ′

]
ψσ3;θ ′−ϑS

θ ′

[
	′ + ω

2
, ρ + kF ϑC

θ ′

]
ψσ4;θ+ϑS

θ

[
	 − ω

2
, κ − kF ϑC

θ

]
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+ k2
F

4

∫
dV̄ (1)

4

(2π )9

∑
σ1,2,3,4=±

(λ1)
θ ′−ϕS

θ ′ ,σ1; θ ′+ϕS
θ ′ +π,σ2

θ−ϕS
θ ,σ4; θ+ϕS

θ +π,σ3
ψ

†
σ1;θ ′−ϕS

θ ′

[
	′ + ω

2
, ρ + kF ϕC

θ ′

]
ψ

†
σ2;θ ′+ϕS

θ ′ +π

[
−	′ + ω

2
, ρ − kF ϕC

θ ′

]

× ψσ3;θ+ϕS
θ +π

[
−	 + ω

2
, κ − kF ϕC

θ

]
ψσ4;θ−ϕS

θ

[
	 + ω

2
, κ + kF ϕC

θ

]
. (2)

Here, dV̄2 = dωdκdθ denotes the integral measure
associated with a unit length along the Fermi surface.
The quartic interaction has been divided into the
forward and BCS channels, whose integral measures
are dV̄ (0)

4 = dωd	d	′dqqdκdρdφdθdθ ′ and dV̄ (1)
4 =

dωd	d	′dQQdκdρd�dθdθ ′, respectively. Here, λ0 and
λ1 are the local coupling functions that include the forward
and BCS scatterings [62]. They allow the total momenta of
particle-hole and particle-particle pairs, denoted as �q and �Q,
respectively, to be nonzero. �q and �Q are also written in polar
coordinates as �q = q(cos φ, sin φ), �Q = Q(cos �, sin �),
where these momenta are not measured relative to the Fermi
momentum unlike the momenta of fermions. In order for the
fermions to stay close to the Fermi surface, the magnitudes of
�q and �Q must to bounded by μ at energy scale μ. However,
it is crucial to allow the momentum transfer to be flexible
within that range in order to keep the locality of the effective
theory. ϑS

θ = q
2kF

sin(θ − φ) and ϕS
θ = Q

2kF
sin(θ − �)

denote the deviation of the angles away from the the strict
forward-scattering and BCS-scattering channels, respectively.
Similarly, ϑC

θ = q
2kF

cos(θ − φ) and ϕC
θ = Q

2kF
cos(θ − �)

determine the shift of the fermion energy caused by nonzero
q and Q in the near-forward-scattering and BCS-scattering
channels, respectively. The theory is specified by two
parameters, kF and vF , and two coupling functions, λ0 and λ1.

Under the scale transformation,

ωs = ω/s, 	s = 	/s, 	′
s = 	′/s,

κs = κ/s, ρs = ρ/s, qs = q/s,

Qs = Q/s, ψs;σ ;θ (ωs, κs) = s2ψσ ;θ (ω, κ ), (3)

which leaves angles unchanged, the coupling constants (vF ,
kF ) and coupling functions (λ0, λ1) are transformed as

ks;F = kF /s, vs;F = vF ,

ϑA
s;θ = qs

2ks;F
A(θ − φ) = ϑA

θ ,

ϕA
s;θ = Qs

2ks;F
A(θ − �) = ϕA

θ , (4)

with A = S,C and A = sin, cos

(λs;0 )
θ−ϑS

θ ,σ1;θ ′+ϑS
θ ′ ,σ2

θ+ϑS
θ ,σ4;θ ′−ϑS

θ ′ ,σ3
= s(λ0)

θ−ϑS
θ ,σ1;θ ′+ϑS

θ ′ ,σ2

θ+ϑS
θ ,σ4;θ ′−ϑS

θ ′ ,σ3
,

(λs;1 )
θ ′−ϕS

s,θ ′ ,σ1;θ ′+ϕS
s,θ ′ +π,σ2

θ−ϕS
s,θ ,σ4;θ+ϕS

s,θ +π,σ3
= s(λ1)

θ ′−ϕS
θ ′ ,σ1;θ ′+ϕS

θ ′ +π,σ2

θ−ϕS
θ ,σ4;θ+ϕS

θ +π,σ3
.

A few comments on the tree-level scaling are in order.
First, the four-fermion couplings have scaling dimension
−1. Nonetheless, the low-energy effective field theory must
include them because they can give rise to infrared (IR) sin-
gularity. In metals, the degree of IR singularity that a coupling
can create does not necessarily match its scaling dimension
because of the scale associated with the Fermi momentum.
Consequently, the notion of renormalizable field theory needs
to be generalized for metals [61]. Second, kF has scaling di-
mension 1 and runs toward infinity in the low-energy (s → 0)
limit. This is because the size of the Fermi surface measured
in the unit of the floating energy scale increases as the low-
energy limit is taken. Here, kF plays the role of a metric that
controls the “proper” size of the Fermi surface [63]. Third, the
action has scaling dimension 1 rather than 0 under this scale
transformation [64]. This is an unusual choice in that action
is regarded as dimensionless in most field theories. However,
this is natural for theories with continuously many gapless
modes where the manifold that supports gapless modes comes
with a momentum scale. The fact that the low-energy ef-
fective action has a positive dimension reflects the fact that
the number of patches connected by nonforward scattering
increases with decreasing energy [65]. At low energies, the
magnitude of typical momentum transfer �q in the nonforward
scattering decreases, which makes the number of decoupled
patches increase at low energies.

Now, we consider quantum corrections that renormalize
the couplings. We first define the couplings in terms of phys-
ical observables. kF does not receive quantum corrections
due to Luttinger’s theorem. vF and the coupling functions
are defined through the two-point and the four-point vertex
functions through

∂

∂κ
ReΓ(2)(k

∗) = vF + F1,

i
∂

∂ω
ImΓ(2)(k

∗) = 1 + F2, (5)

(Γ(4) )
k∗

1 ,σ1;k∗
2 ,σ2

k∗
4 ,σ4;k∗

3 ,σ3
= (λ0)

θ−ϑS
θ ,σ1;θ ′+ϑS

θ ′ ,σ2

θ+ϑS
θ ,σ4;θ ′−ϑS

θ ′ ,σ3
+ F3, (6)

(Γ(4) )
p∗

1,σ1;p∗
2,σ2

p∗
4,σ4;p∗

3,σ3
= (λ1)

θ ′−ϕS
θ ′ ,σ1;θ ′+ϕS

θ ′ +π,σ2

θ−ϕS
θ ,σ4;θ+ϕS

θ +π,σ3
+ F4. (7)

Here, Γ(2) and Γ(4) represent the two-point and four-point
vertex functions, respectively. The energy-momentum vectors
used to impose the RG condition are chosen to be

k∗ = (μ, kF cos θ, kF sin θ ), k∗
1 =

(
3μ, kF cos θ + q

2
cos φ, kF sin θ + q

2
sin φ

)
,

k∗
2 =

(
−μ, kF cos θ ′ − q

2
cos φ, kF sin θ ′ − q

2
sin φ

)
, k∗

3 =
(
μ, kF cos θ ′ + q

2
cos φ, kF sin θ ′ + q

2
sin φ

)
,
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k∗
4 =

(
μ, kF cos θ − q

2
cos φ, kF sin θ − q

2
sin φ

)
, p∗

1 =
(

3μ, kF cos θ ′ + Q

2
cos �, kF sin θ ′ + Q

2
sin �

)
,

p∗
2 =

(
−μ,−kF cos θ ′ + Q

2
cos �,−kF sin θ ′ + Q

2
sin �

)
, p∗

3 =
(
μ,−kF cos θ + Q

2
cos �,−kF sin θ + Q

2
sin �

)
,

and p∗
4 =

(
μ, kF cos θ + Q

2
cos �, kF sin θ + Q

2
sin �

)
.

The frequencies, which are of the order of the floating energy scale μ, are chosen such that infrared divergences are cut off
by μ in all particle-particle and particle-hole channels. The spatial momenta lie on the Fermi surface when �q and �Q vanish. Fi

are RG-scheme-dependent corrections that are regular in the small μ limit. The local counterterms needed to enforce the RG
conditions are written as

SCT = kF

∫
dV̄2

(2π )3

∑
σ=±

ψ
†
σ ;θ (ω, κ )(−iδ1ω + δ2vF κ )ψσ ;θ (ω, κ ) + k2

F

4

∫
dV̄ (0)

4

(2π )9

∑
σ1,2,3,4=±

(
Aλ

0λ0
)θ−ϑS

θ ,σ1; θ ′+ϑS
θ ′ ,σ2

θ+ϑS
θ ,σ4; θ ′−ϑS

θ ′ ,σ3
ψ

†
σ1;θ−ϑS

θ

×
[
	 + ω

2
, κ + kF ϑC

θ

]
ψ

†
σ2;θ ′+ϑS

θ ′

[
	′ − ω

2
, ρ − kF ϑC

θ ′

]
ψσ3;θ ′−ϑS

θ ′

[
	′ + ω

2
, ρ + kF ϑC

θ ′

]
ψσ4;θ+ϑS

θ

[
	 − ω

2
, κ − kF ϑC

θ

]

+ k2
F

4

∫
dV̄ (1)

4

(2π )9

∑
σ1,2,3,4=±

(
Aλ

1λ1
)θ ′−ϕS

θ ′ ,σ1; θ ′+ϕS
θ ′ +π,σ2

θ−ϕS
θ ,σ4; θ+ϕS

θ +π,σ3
ψ

†
σ1;θ ′−ϕS

θ ′

[
	′ + ω

2
, ρ + kF ϕC

θ ′

]
ψ

†
σ2;θ ′+ϕS

θ ′ +π

[
−	′ + ω

2
, ρ − kF ϕC

θ ′

]

× ψσ3;θ+ϕS
θ +π

[
−	 + ω

2
, κ − kF ϕC

θ

]
ψσ4;θ−ϕS

θ

[
	 + ω

2
, κ + kF ϕC

θ

]
. (8)

Because the effective field theory is local, the RG condition can be enforced with local counterterms. The bare action becomes

SB = kF ;B

∫
dV̄2;B

(2π )3

∑
σ=±

ψ
†
B;σ ;θ (ωB, κ )(−iωB + vF κ )ψB;σ ;θ (ωB, κ ) + k2

F ;B

4

∫ dV̄ (0)
4;B

(2π )9

∑
σ1,2,3,4=±

(λ0;B)
θ−ϑS

θ ;B,σ1; θ ′+ϑS
θ ′ ;B,σ2

θ+ϑS
θ ;B,σ4; θ ′−ϑS

θ ′ ;B,σ3

× ψ
†
B;σ1;θ−ϑS

θ ;B

[
	B + ωB

2
, κ + kF ϑC

θ ;B

]
ψ

†
B;σ2;θ ′+ϑS

θ ′ ;B

[
	′

B − ωB

2
, ρ − kF ϑC

θ ′;B

]
ψB;σ3;θ ′−ϑS

θ ′ ;B

[
	′

B + ωB

2
, ρ + kF ϑC

θ ′;B

]

× ψB;σ4;θ+ϑS
θ ;B

[
	B − ωB

2
, κ − kF ϑC

θ ;B

]
+ k2

F ;B

4

∫ dV̄ (1)
4;B

(2π )9

∑
σ1,2,3,4=±

(λ1;B)
θ ′−ϕS

θ ′ ;B,σ1; θ ′+ϕS
θ ′ ;B+π,σ2

θ−ϕS
θ ;B,σ4; θ+ϕS

θ ;B+π,σ3

× ψ
†
B;σ1;θ ′−ϕS

θ ′ ;B

[
	′

B + ωB

2
, ρ + kF ϕC

θ ′;B

]
ψ

†
B;σ2;θ ′+ϕS

θ ′ ;B+π

[
−	′

B + ωB

2
, ρ − kF ϕC

θ ′;B

]

× ψB;σ3;θ+ϕS
θ ;B+π

[
−	B + ωB

2
, κ − kF ϕC

θ ;B

]
ψB;σ4;θ−ϕS

θ ;B

[
	B + ωB

2
, κ + kF ϕC

θ ;B

]
. (9)

The bare variables [66] are related to the renormalized vari-
ables through the multiplicative renormalization factors, Zi =
1 + δi, (Zλ

i )θ1,θ2
θ4,θ3

= 1 + (Aλ
i )θ1,θ2

θ4,θ3
for i = 1, 2,

ωB = Z1

Z2
ω, ψB =

√
Z2

2

Z1
ψ,

(λi;B)θ1,θ2
θ4,θ3

= (Zλ
i )θ1,θ2

θ4,θ3
μ−1(λ̃i )

θ1,θ2
θ4,θ3

Z1Z2
,

kB;F = μk̃F . (10)

Here, we use the scheme in which vF is fixed. (λ̃i )
θ1,θ2
θ4,θ3

=
μ(λi )

θ1,θ2
θ4,θ3

and k̃F = μ−1kF represent dimensionless objects
that are measured in units of the floating energy scale. The
beta functionals for the coupling functions are obtained by
keeping λi;B fixed while varying the floating energy. This leads

to the beta functionals

d (λ̃i )
θ1,θ2
θ4,θ3

dl
=
⎡
⎣−1 − 3(z − 1) − 4ηψ +

d ln
(
Zλ

i

)θ1,θ2

θ4,θ3

d ln μ

⎤
⎦

× (λ̃i)
θ1,θ2
θ4,θ3

. (11)

Here l = ln(�/μ) is the logarithmic length scale with �

being a UV cutoff. z = d ln Z1/Z2

d ln μ
is the dynamical critical

exponent, and ηψ = d ln
√

Z2
2 /Z1

d ln μ
is the anomalous dimension

of the fermion. The dimensionless Fermi momentum obeys
dk̃F
dl = k̃F .

045143-4



FERMI LIQUIDS BEYOND THE FORWARD-SCATTERING … PHYSICAL REVIEW B 109, 045143 (2024)

At the one-loop order, only the following diagrams con-
tribute to the beta functionals:

(12)

z = 1 and ηψ = 0. The first diagram contributes to the near-
forward scatterings. The third diagram contributes the pairing
interaction. In the following sections, we compute the beta
functionals in the two channels for general �q and �Q.

III. NEARLY FORWARD SCATTERING

At the one-loop order, only the first diagram in Eq. (12)
contributes to the quantum correction of the near-forward-
scattering processes. The counterterm reads(

Aλ
0λ0
)θ−ϑS

θ ,σ1;θ ′+ϑS
θ ′ ,σ2

θ+ϑS
θ ,σ4;θ ′−ϑS

θ ′ ,σ3

= − 1

2μ

kF

μ

∫
dθ ′′dκ ′′

(2π )2

d	′′

2π

∑
σ ′,σ ′′

(λ̃0)
θ−ϑS

θ ,σ1;θ ′′+ϑS
θ ′′ ,σ ′′

θ+ϑS
θ ,σ4;θ ′′−ϑS

θ ′′ ,σ ′

× (λ̃0)
θ ′′−ϑS

θ ′′ ,σ ′;θ ′+ϑS
θ ′ ,σ2

θ ′′+ϑS
θ ′′ ,σ ′′;θ ′−ϑS

θ ′ ,σ3

× Re

[
1

−i	′′ + vF
[
κ ′′ − q

2 cos(θ ′′ − φ)
]

× 1

−i(μ + 	′′) + vF
[
κ ′′ + q

2 cos(θ ′′ − φ)
]
]
. (13)

The integrations over κ ′′ and 	′′ can be readily performed.
Apart from the overall factor of 1/μ determined from the
dimension of the quartic coupling, the counterterm is pro-
portional to kF /μ. This reflects the fact that the phase space
of the virtual particle-hole pairs is proportional to kF . The
phase space measured in the unit μ increases with decreas-
ing μ. This extensive phase space is what promotes the
quartic coupling to the marginal coupling although it has
scaling dimension −1 [61]. One can incorporate the phase
space to define a new dimensionless coupling function as

[Fθ,θ ′ (q, φ)]σ1;σ2
σ4;σ3

= kF
μ

(λ̃0)
θ−ϑS

θ ,σ1;θ ′+ϑS
θ ′ ,σ2

θ+ϑS
θ ,σ4;θ ′−ϑS

θ ′ ,σ3
. The beta functional

for F becomes independent of kF ,

dF r
θ1,θ2

(q, φ)

dl
= − 1

4π2vF

∫ 2π

0
dθ F r

θ1,θ
(q, φ)F r

θ,θ2
(q, φ)

× μ2v2
F q2 cos2(θ − φ)[

μ2 + v2
F q2 cos2(θ − φ)

]2 . (14)

Here, r = s or a. F s
θ1,θ2

(q, φ) and F a
θ1,θ2

(q, φ) represent the
projections of [Fθ,θ ′ (q, φ)]σ1;σ2

σ4;σ3
to the singlet and adjoint rep-

resentations of a particle-hole pair for the SU(2) group,
respectively,

[Fθ1,θ2 ]σ1;σ2
σ4;σ3

= Sσ1,σ2
σ4,σ3

F s
θ1,θ2

+ Aσ1,σ2
σ4,σ3

F a
θ1,θ2

, (15)

where Sσ1,σ2
σ4,σ3

= 1
2δσ1

σ4
δσ2
σ3

and Aσ1,σ2
σ4,σ3

= δσ1
σ3

δσ2
σ4

− 1
2δσ1

σ4
δσ2
σ3

. From
now on, we omit the superscript r because the following anal-

ysis holds for both channels. Note that the kernel in Eq. (14)
is the contribution of the one-loop particle-hole bubble that
renormalizes the vertex function [3].

The beta functional in Eq. (14) vanishes at q = 0 for any
nonzero μ. This is consistent with the fact that the strict
forward-scattering amplitude is exactly marginal. However,
for any nonzero μ, the beta functional is nontrivial for q 	= 0.
This has interesting consequences. First, when the theory
flows to a fixed point in the low-energy limit, the full cou-
pling function of the local effective field theory exhibits a
scale invariance when the momentum transfer is comparable
to the energy scale. Second, the nontrivial renormalization
group flow of the nonforward-scattering amplitude can create
instabilities if the bare coupling is sufficiently negative. In the
following, we discuss these consequences in detail.

For a fixed momentum transfer, we can view the coupling
F as a matrix of two angles that play the role of continuous
indices. Here, the product of two matrices is given by (A ·
B)θ1,θ2 = ∫ dθ

2π
Aθ1θBθθ1 , and M−1 denotes the inverse of ma-

trix M. Then, Eq. (14) can be cast into dF
dl = −F · D · F, where

Dθ,θ ′ = − 1
vF

μ2v2
F q2 cos2(θ−φ)

[μ2+v2
F q2 cos2(θ−φ)]2 δ(θ − θ ′). Multiplying F−1 on

both sides of Eq. (14), we obtain

d[F(q, φ)]−1
θ,θ ′

dl
= δ(θ − θ ′)

vF

μ2v2
F q2 cos2(θ − φ)[

μ2 + v2
F q2 cos2(θ − φ)

]2 .

(16)

At scale μ, the beta functional is largest for q cos(θ − φ) ∼ μ.
For θ − φ ∼ π/2, the phase space of q is largest because
virtual particle-hole pairs with momentum �q cost the least
energy in the region of the Fermi surface where �q is tangential
to the Fermi surface. The solution of Eq. (16) is given by

[F(q, φ; μ)]−1
θ,θ ′

= δ(θ − θ ′)
2vF

[
v2

F q2 cos2(θ − φ)

μ2 + v2
F q2 cos2(θ − φ)

− v2
F q2 cos2(θ − φ)

�2 + v2
F q2 cos2(θ − φ)

]
+ [F(q, φ; �)]−1

θ,θ ′ , (17)

where F(q, φ; �) is the coupling function at the UV cutoff,
�. One can combine the last two terms to define the coupling
function at μ = ∞ to simplify the solution as

[F(q, φ; μ)]−1
θ,θ ′ = 1

2vF
δ(θ − θ ′)

v2
F q2 cos2(θ − φ)

μ2 + v2
F q2 cos2(θ − φ)

+ [F(q, φ; ∞)]−1
θ,θ ′ . (18)

A. Scale invariance of Fermi liquid fixed points

Let us first consider the case in which no eigenvalue of F
diverges at any μ. In this case, the theory is expected to flow
to a Fermi liquid fixed point in the low-energy limit if the
interaction is repulsive in the pairing channel. It is noted that
the μ → 0 limit and the q → 0 limit do not commute. In the
strict forward-scattering limit (q = 0), the coupling function
does not depend on μ at all. On the other hand, if one takes
the μ → 0 limit for a fixed q 	= 0, the coupling function sat-
urates to [F(q, φ; 0)]−1

θ,θ ′ = 1
8π2vF

δ(θ − θ ′) + [F(q, φ; ∞)]−1
θ,θ ′
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in the low-energy limit. The nontrivial crossover between
these two limits can be captured by the scale-invariant cou-
pling function defined by [F̃(q̃, φ; μ)]θ,θ ′ ≡ [F(μq̃, φ; μ)]θ,θ ′ ,
where q̃ = q/μ corresponds to the dimensionless momentum
transfer measured in units of μ. This allows us to probe the
kinematic region with small but nonzero momentum transfers.
By taking the μ → 0 limit with fixed q̃, the coupling function
becomes

lim
μ→0

[F̃(q̃, φ; μ)]−1
θ,θ ′ = δ(θ − θ ′)

2vF

v2
F q̃2 cos2(θ − φ)

1 + v2
F q̃2 cos2(θ − φ)

+ [F(0, 0; ∞)]−1
θ,θ ′ . (19)

Here, we use the fact that [F(q, φ; ∞)]θ,θ ′ is an analytic func-
tion of �q. In the μ → 0 limit, only [F(q = 0, φ = 0; ∞)]θ,θ ′

enters in the expression for the fixed-point coupling func-
tion. Equation (19) corresponds to the fixed point of a beta

functional,
d[F̃(q̃,φ)]θ,θ ′

d�
|q̃,θ,θ ′ = d[F(q,φ)]θ,θ ′

d�
|q,θ,θ ′ − q̃

∂[F̃(q̃,φ)]θ,θ ′
∂ q̃ ,

where the second term in the new beta functional corresponds
to a momentum dilatation that “magnifies” the region with
small momentum transfers as the low-energy limit is taken.
It is noted that the scale-invariant coupling function obeys the
z = 1 scaling. The momentum transfer and energy scale in
the same way because the energy of a particle-hole pair with
momentum �q = q(cos φ, sin φ) created near the Fermi surface
at angle θ scales linearly in q as far as θ − φ 	= π/2. Equa-
tion (19) is the central result of our paper. The local coupling
function captures the full extent of the scale-invariant Fermi
liquid fixed point away from the strict forward-scattering
limit. As expected, the only UV information that is kept in
the fixed-point coupling is the forward-scattering amplitude
at �q = 0.

In general, it is not easy to invert Eq. (19) to write down
[F̃(q̃, φ; μ)]θ,θ ′ in a closed form [67]. If the UV coupling
function is nonzero only in one angular momentum channel,
the coupling function in the IR limit can be easily obtained. To
see this, we start by writing Eq. (17) in the space of angular
momentum,

[F(q, φ; μ)]−1
�,�′

=
∫

dθ ei(�−�′ )θ

8π2vF

×
[

v2
F q2 cos2(θ−φ)

μ2 + v2
F q2 cos2(θ−φ)

− v2
F q2 cos2(θ − φ)

�2 + v2
F q2 cos2(θ − φ)

]

+ [F(q, φ; �)]−1
�,�′ , (20)

where � and �′ are conjugate momenta associated with θ

and θ ′, respectively, and M�,�′ = ∫ dθdθ ′
(2π )2 Mθ,θ ′ei(�θ−�′θ ′ ). In the

angular momentum basis, the fixed-point coupling function
can be written as

F(q, φ; μ) = [F(q, φ; �)]([D′(q, φ; μ,�)

× F(q, φ; �)] + I )−1, (21)

where D′
�,�′ (q, φ; μ,�) = ei(�−�′ )φD�,�′ (q; μ,�) with

D�,�′ (q; μ,�) = [D�−�′ (q; μ) − D�−�′ (q; �)] and

D�−�′ (q; μ) =
∫

dθ eiθ (�−�′ )

8π2vF

v2
F q2 cos2(θ )

μ2 + v2
F q2 cos2(θ )

. (22)

D�(q, μ) vanishes for odd �. For � = 0, 2, 4, it takes the form
of

D0(q; μ) = 1

4πvF

⎡
⎢⎣1 − 1√

1 + v2
F q2

μ2

⎤
⎥⎦,

D2(q; μ) = 1

4πvF

μ2

v2
F q2

[√
1 + v2

F q2

μ2
+ 1√

1 + v2
F q2

μ2

− 2

]
,

D4(q; μ) = 1

4πvF

[
4

(
1 + 2μ2

v2
F q2

− 2μ

vF q

√
μ2

v2
F q2

+ 1

)

− μ

vF q

1√
μ2

v2
F q2 + 1

]
. (23)

1. s wave

Let us first consider the case where the forward-scattering
amplitude of the UV coupling is independent of angles,
[F(q, φ; �)]θ,θ ′ = α, where α denotes the strength of the
coupling in the s-wave channel. In the basis of angular mo-
mentum, the UV coupling is written as [F(q, φ; �)]�,�′ =
αδ�,0δ�′,0. Using [D′(q, φ; μ,�)F(q, φ; �)]�,�′ = αD′

�,0(q, φ;
μ,�)δ�′,0, we can write D′(q, φ; μ,�)F(q, φ; �) + I as

D′(q, φ; μ,�)F(q, φ; �) + I

=

⎡
⎢⎢⎢⎢⎢⎣

1 0 αD′
−2(q, φ; μ,�) 0 0

0 1 0 0 0
0 0 1 + αD′

0(q, φ; μ,�) 0 0
0 0 0 1 0
0 0 αD′

2(q, φ; μ,�) 0 1

⎤
⎥⎥⎥⎥⎥⎦, (24)

where the matrix elements are explicitly shown
only in the 5 × 5 block of −2 � �, �′ � 2. This
leads to the isotropic IR quartic coupling function,
F(q, φ; μ) = F(q, φ; �)[D′(q, φ; μ,�)F(q, φ; �) + I]−1 =
δ�,0δ�′,0F (q, φ; μ), where F (q, φ; μ) = α

αD0,0(q;μ,�)+1 =
α{ α

4πvF
[ 1√

1+ v2
F q2

�2

− 1√
1+ v2

F q2

μ2

] + 1}−1. In the space of angles,

we readily obtain

[F(q, φ; μ)]θ,θ ′ = α

α
4πvF

⎡
⎣ 1√

1+ v2
F q2

�2

− 1√
1+ v2

F q2

μ2

⎤
⎦+ 1

. (25)

In the large � limit, it takes a simpler form,

F (q, φ; μ) = α

⎧⎪⎨
⎪⎩

α

4πvF

⎡
⎢⎣1 − 1√

1 + v2
F q2

μ2

⎤
⎥⎦+ 1

⎫⎪⎬
⎪⎭

−1

. (26)
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FIG. 2. RG flow of [F̃(q̃, φ; μ)]θ,θ ′ for a momentum-independent UV coupling function [F(q, φ; �)]θ,θ ′ = α with (a) α = 1 and
(b) α = −1. For both plots, we choose vF = 0.3 and � = 10. For the angle-independent UV coupling function, [F̃(q̃, φ; μ)]θ,θ ′ remains
independent of φ, θ , and θ ′ at all scales. The coupling function in the μ → 0 limit represents the fixed-point profile.

Figure 2 shows the evolution of coupling functions. In the
low-energy limit, the coupling function converges to the fixed-
point profile,

[F̃(q̃, φ; 0)]θ,θ ′ = α

α
4πvF

[
1 − 1√

1+v2
F q̃2

]
+ 1

. (27)

2. d wave

As the next example, let us consider the case where
the UV coupling has only the d-wave component,
[F(q, φ; �)]θ,θ ′ = 2α cos[2(θ − θ ′)]. In the angular
momentum basis, the UV coupling function can be written as
[F(q, φ; �)]�,�′ = α(δ�,−2δ�′,−2 + δ�,2δ�′,2). From

∑
l ′′

D′
�,�′′ (q, φ; μ,�)[F(q, φ; �)]�′′,�′ = α[D′

�,−2(q, φ; μ,�)δ�′,−2 + D′
�,2(q, φ; μ,�)δ�′,2], (28)

we obtain the 5×5 block of D′(q, φ; μ,�)F(q, φ; �) + I for −2 � �, �′ � 2 as

D′(q, φ; μ,�)F(q, φ; �) + I =

⎡
⎢⎢⎢⎢⎢⎣

1 + αD′
0(q, φ; μ,�) 0 0 0 αD′

−4(q, φ; μ,�)
0 1 0 0 0

αD′
2(q, φ; μ,�) 0 1 0 αD′

−2(q, φ; μ,�)
0 0 0 1 0

αD′
4(q, φ; μ,�) 0 0 0 1 + αD′

0(q, φ; μ,�)

⎤
⎥⎥⎥⎥⎥⎦. (29)

The nonzero components of the IR coupling function and its expression in the angle basis are

[F(q, φ; μ)]�,�′ = α
[1 + αD0(q; μ,�)](δ�,2δ�′,2 + δ�,−2δ�,−2) − αD4(q; μ,�)(e4iφδ�,2δ�′,−2 + e−4iφδ�,−2δ�′,2)

1 + 2αD0(q; μ,�) + α2
[
D2

0 (q; μ,�) − D2
4 (q; μ,�)

] , (30)

[F(q, φ; μ)]θ,θ ′ = 2α
[1 + αD0(q; μ,�)] cos[2(θ − θ ′)] − αD4(q; μ,�) cos[2(θ + θ ′) − 4φ]

1 + 2αD0(q; μ,�) + α2
[
D2

0 (q; μ,�) − D2
4 (q; μ,�)

] . (31)

In the μ → 0 limit, with q̃ = q/μ and

D̃0(x) = 1

4πvF

⎡
⎢⎣1 − 1√

1 + v2
F x2

⎤
⎥⎦, D̃4(x) = 1

4πvF

[
− 1√

1 + v2
F x2

+ 4

v2
F x2

(
1 + 2

v2
F x2

− 2

vF x

√
1 + 1

v2
F x2

)]
, (32)

the coupling function takes the universal form given by

[F̃(q̃, φ; 0)]θ,θ ′ = {1 + 2αD̃0(q̃) + α2
[
D̃2

0(q̃) − D̃2
4(q̃)

]}−1
2α
{[

1 + αD̃0(q̃)
]

cos[2(θ − θ ′)] − αD̃4(q̃) cos[2(θ + θ ′) − 4φ]
}
.

(33)

The evolution of the coupling function is shown in Fig. 3. In
Fig. 4, the coupling function is shown as a function of angle
at different energy scales.

B. Instabilities of Fermi liquids in the particle-hole channel

So far, we have considered the cases where the theory
flows to the Fermi liquid fixed point in the low-energy limit.
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FIG. 3. RG flow of [F̃(q̃, φ = 0; μ)] π
8 ,0 for a d-wave UV coupling function [F(q, φ; �)]θ,θ ′ = 2α cos[2(θ − θ ′)] for (a) α = 2 and

(b) α = −2. We use vF = 0.3 and � = 10.

If the UV coupling is sufficiently attractive in one or more
angular momentum channels, some eigenvalues of the cou-
pling function can diverge at low energies, signifying potential
instabilities. However, this instability in the particle-hole
channel requires a finite strength of coupling. While the per-
turbative analysis is not expected to be quantitatively valid,
the main point of this analysis is to highlight the importance
of quantum corrections to nonforward scatterings for particle-
hole instabilities.

1. The s-wave channel

Let us first consider the angle-independent UV coupling
function, [F(q, φ; �)]θ,θ ′ = α. For α > −4πvF , eigenvalues
of the coupling function remain finite at all energy scales. The
coupling function that emerges in the μ → 0 limit represents
the scale-invariant Fermi liquid fixed point. The renormaliza-
tion group flow changes qualitatively for sufficiently attractive
interaction with α � −4πvF . For α � −4πvF , the coupling
function at nonzero momenta can diverge at low energies.
As μ is lowered, the divergence arises first at the momen-
tum where the energy of the particle-hole pair peaks. This is
because the quantum correction in the particle-hole channel
vanishes in the strict forward-scattering limit and increases
with increasing energy of the particle-hole pair. The precise
momentum at which the divergence arises at the highest en-
ergy depends on the full band structure. To be concrete, here
we consider the simple case where the particle-hole energy
dispersion is well approximated by the linear dispersion be-
fore it peaks at qc and bends down at larger momenta. In this
case, Eq. (17) holds up to q ∼ qc, and the coupling function

diverges at q = qc as μ approaches a critical energy scale
μc. The divergence of the four-fermion coupling at a nonzero
q can potentially represent a charge or spin density wave
instability, depending on whether the divergence is in the spin-
singlet or spin-triplet channel [68]. If the divergence arises at
qc � μc, however, one needs to be careful in interpreting it as
a sign of instability because the low-energy effective theory
description is not valid at q larger than μ. With this caution-
ary remark, we show the evolution of coupling in the deep
attractive region in Fig. 5. In Fig. 6, we show the evolution of
[F̃(q̃, φ; μc)]θ,θ ′ as the strength of the UV coupling is tuned.

2. The d-wave channel

Next, let us consider the case where the UV coupling
is attractive in the d-wave channel with [F(q, φ; ∞)]θ,θ ′ =
2α cos[2(θ − θ ′)]. In Fig. 7, we plot the evolution of
[F(q, φ = 0; μ)] π

8 ,0 as μ is lowered. For α � αc = −4πvF ,
the coupling function at q = qc diverges as a critical en-
ergy scale μc is approached. Figure 8 shows the angular
dependence of [F(qc, φ = 0; μ)]θ,0 at different μ/�. A
large attractive interaction for particle-hole pairs in the
d-wave channel with a nonzero momentum promotes a
distortion of the Fermi surface with a spatial modulation.
This corresponds to a bond density wave that causes a
spatial modulation in the pattern of rotational symmetry
breaking.

Figure 9 shows the profile of the coupling function that
emerges in the μ → μc limit from the UV coupling func-
tion [F(q, φ; �)]θ,θ ′ = 2α cos[2(θ − θ ′)] for different values
of α. Figure 10 shows how [F(q, φ = 0; μc)]θ,0 evolves as α

1 2 3 4 5 6

-4

-2

2

4

1 2 3 4 5 6

-6
-4
-2

2
4
6

(a) (b)

FIG. 4. [F̃(q̃ = 10, φ = 0; μ)]θ,0 plotted as a function of θ at different values of μ for (a) α = 2 and (b) α = −2. The same UV coupling
function and parameters are used as in Fig. 3.
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FIG. 5. RG flow of [F(q, φ; μ)]θ,θ ′ for an attractive UV coupling function [F(q, φ; �)]θ,θ ′ = α with (a) α = −(4πvF + 1) and (b) α =
−(4πvF + 3). The coupling function diverges at the momentum cutoff, which is chosen to be qc = π , at μc = 0.0198� and μc = 0.046�,
respectively. We use � = 10 and vF = 0.3.

is varied. For α > αc, the coupling function converges to a fixed profile in the low-energy limit. On the other hand, the amplitude
of the coupling function grows without a bound as μ approaches μc for α � αc.

IV. PAIRING CHANNEL

In this section, we discuss the renormalization group flow for the general pairing interaction that includes Cooper pairs with
nonzero center-of-mass momentum. The counterterm from the one-loop vertex correction reads

(Aλ
1λ1)

θ ′−ϕS
θ ′ ,σ1;θ ′+ϕS

θ ′ +π,σ2

θ−ϕS
θ ,σ4;θ+ϕS

θ +π,σ3
= 1

2μ

kF

μ

∫
dθ ′′dκ ′′

(2π )2

d	′′

2π

∑
σ ′,σ ′′

(λ̃1)
θ ′−ϕS

θ ′ ,σ1;θ ′+ϕS
θ ′ +π,σ2

θ ′′−ϕS
θ ′′ ,σ ′;θ ′′+ϕS

θ ′′ +π,σ ′′ (λ̃1)
θ ′′−ϕS

θ ′′ ,σ ′;θ ′′+ϕS
θ ′′ +π,σ ′′

θ−ϕS
θ ,σ4;θ+ϕS

θ +π,σ3

× Re

[
1

−i	′′ + 1
2m

[
2kF κ ′′ + (κ ′′)2 + (kF + κ ′′)Q cos(θ ′′ − �) + Q2

4

]
× 1

−i(μ − 	′′) + 1
2m

[
2kF κ ′′ + (κ ′′)2 − (kF + κ ′′)Q cos(θ ′′ − �) + Q2

4

]
]
. (34)

The factor of kF /μ represents the extensive phase space available for virtual Cooper pairs in the loop. We define a dimensionless

coupling function that incorporates the phase space as [Vθ ′,θ (Q,�)]σ1,σ2
σ4,σ3

≡ kF
μ

(λ̃1)
θ ′−ϕS

θ ′ ,σ1;θ ′+ϕS
θ ′ +π,σ2

θ−ϕS
θ ,σ4;θ+ϕS

θ +π,σ3
. The beta functional for this

new coupling is given by

dV r
θ1,θ2

(Q,�)

dl
= − 1

8π2vF

∫
dθ V r

θ1,θ
(Q,�)V r

θ,θ2
(Q,�)

[
μ2

μ2 + v2
F Q2 cos2(θ − �)

]
. (35)

Here, r = + or −. V +
θ1,θ2

(Q,�) and V −
θ1,θ2

(Q,�) represent the
pairing interactions in the spin-triplet and spin-singlet chan-
nels, respectively,

[Vθ ′,θ ]σ1,σ2
σ4,σ3

= Sσ1,σ2
σ4,σ3

V +
θ1,θ2

+ Aσ1,σ2
σ4,σ3

V −
θ1,θ2

, (36)

where Sσ1,σ2
σ4,σ3

= 1
2 (δσ1

σ3
δσ2
σ4

+ δσ1
σ4

δσ2
σ3

) and Aσ1,σ2
σ4,σ3

= 1
2 (δσ1

σ4
δσ2
σ3

−
δσ1
σ3

δσ2
σ4

). From now on, we focus on one spin chan-
nel and omit the superscript r in V . For Cooper pairs
with zero center-of-mass momentum, we set Q = 0 to re-
produce the well-known beta functional [8],

dVθ1 ,θ2 (0,0)
dl =

− 1
8π2vF

∫
dθVθ1,θ (0, 0)Vθ,θ2 (0, 0).

For general Q, the solution of the beta functional is written
as

[V(Q,�; μ)]−1
θ,θ ′ = δ(θ − θ ′)

4vF
ln

×
[
�2 + v2

F Q2 cos2(θ − �)

μ2 + v2
F Q2 cos2(θ − �)

]

+ [V(Q,�; �)]−1
θ,θ ′ , (37)

where [V(Q,�; �)]θ,θ ′ denotes the pairing interaction at UV
cutoff �. The most important aspect of Eq. (37) is the log-
arithmic singularity that is present at Q = 0 and μ = 0. If
[V(Q,�; �)]θ,θ ′ is repulsive in all angular momentum chan-
nels, the coupling function flows to zero logarithmically. On
the other hand, the coupling function at Q = 0 diverges at a
critical energy scale if [V(Q,�; �)]θ,θ ′ has any channel with
a negative eigenvalue. This is the well-known BCS instability.
Here, we focus on the scaling behavior of the coupling func-
tion at nonzero Q. To remove the logarithmic divergence, we
consider the difference of Eq. (37) at two momenta, Q and Q∗.
In the μ → 0 limit with fixed Q̃ = Q/μ and Q̃∗ = Q∗/μ, the
difference becomes

lim
μ→0

(
[Ṽ(Q̃,�; μ)]−1

θ,θ ′ − [Ṽ(Q̃∗,�; μ)]−1
θ,θ ′
)

= δ(θ − θ ′)
4vF

ln

[
1 + v2

F Q̃2
∗ cos2(θ − �)

1 + v2
F Q̃2 cos2(θ − �)

]
, (38)

where [Ṽ(Q̃,�; μ)]θ,θ ′ = [V(μQ̃,�; μ)]θ,θ ′ .
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FIG. 6. The profile of the coupling function that emerges in the
μ → μc limit from the UV coupling function [F(q, φ; �)]θ,θ ′ =
α for different values of α. For stable Fermi liquids, with α >

−4πvF

√
1 + v2

F
q2

�2 , μc = 0. For unstable cases, the critical energy
scales are given by μc = 0.580, μc = 0.995, and μc = 1.288 for
α = −8, α = −14, and α = −20, respectively, for the choice of
vF = 0.3 and � = 10.

Now, let us consider a simple case where the UV coupling
function is nonzero only in the s-wave spin-singlet channel.
The beta functional for the coupling in the s-wave channel
becomes

dV0(Q; μ)

dl
= −V 2

0 (Q; μ)

8π2vF

∫
dθ

μ2

μ2 + v2
F Q2 cos2(θ )

, (39)

where V0 represents the coupling in the s-wave channel. The
solution is written as

[V0(Q; μ)]−1 = 1

4πvF
ln

⎡
⎢⎣
√

v2
F Q2 + �2 + �√

v2
F Q2 + μ2 + μ

⎤
⎥⎦

+ [V0(Q; �)]−1, (40)

where V0(Q; �) is the s-wave coupling defined at UV cutoff
scale �. In Fig. 11, we plot the evolution of the coupling func-
tions for different choices of the UV coupling in the s-wave
channel. In this example, the scale invariance is expressed as

lim
μ→0

[Ṽ0(Q̃; μ)]−1 = [Ṽ0(Q̃∗)]−1

+ 1

4πvF
ln

⎡
⎢⎣
√

v2
F Q̃2∗ + 1 + 1√

v2
F Q̃2 + 1 + 1

⎤
⎥⎦

(41)

in the μ → 0 limit with fixed Q̃ and Q̃∗.

V. EXPERIMENTAL CONSEQUENCES

In this section, we discuss how the universal coupling
functions manifest themselves in physical observables. In par-
ticular, we show that our local effective field theory contains
all dynamical information for low-energy collective modes.
This is in contrast to the fact that Landau’s fixed-point theory
and the earlier RG schemes that do not keep track of the
universal momentum dependence of the coupling functions

cannot capture the collective modes and one has to resort
to more microscopic theories to describe them. Below, we
examine the bosonic collective modes with charge 0 and 2,
respectively. The main result of this section is that we can
identify the collective modes of Fermi liquids from the poles
of the coupling functions in the space of frequency. Because
this section is somewhat long, we begin with a brief summary
of the key results.

In the particle-hole channel, Fig. 12 shows the poles of
the coupling functions in the space of frequency for various
choices of UV coupling. For the system with repulsive
interactions, the poles represent well-defined collective
excitations, the zero-sound modes. For attractive interactions,
collective modes becomes damped as they mix with the
particle-hole continuum. Notably, the pole acquires an
imaginary component beyond a critical strength of the
attractive interaction, which represents an instability in
the particle-hole channel. The wave vector at which the
instability is strongest gradually increases from 0 to nonzero
wave vectors as the strength of the attractive interaction
increases beyond the critical value. This indicates that the
system becomes unstable against a density wave state in
charge, spin, or bond for a strong attractive interaction (the
schematic phase diagram is shown in Fig. 14 in Sec. V A).

In the particle-particle channel, poles of the coupling func-
tion capture the dynamics of collective modes with charge 2e.
Our finding is that the nontrivial dispersion of the Cooperon
mode encoded in the momentum-dependent coupling function
has an interesting dynamical consequence. When a supercon-
ducting condensate is nucleated within an unstable normal
state subject to an attractive interaction, the system inevitably
goes through a transient superconducting state in which the
phase of the condensate is inhomogeneous in space (this can
be inferred from the time evolution of the pair-pair correlation
function shown in Fig. 16 in Sec. V B).

A. Collective mode with charge 0: Density-density
correlation function

Collective modes with zero charge and spin can be probed
through the density-density correlation function. In terms of
the Matsubara frequency, it is written as

χph(�q, iωn)

= 1

2

∑
σ,σ ′

∫ ∞

0
dτ eiωnτ

∫
d2�k

(2π )2

d2 �p
(2π )2

×
〈
Tτψ

†
�k+ �q

2 ,σ
(τ )ψ�k− �q

2 ,σ
(τ )ψ†

�p− �q
2 ,σ ′ (0)ψ �p+ �q

2 ,σ ′ (0)
〉
.

(42)

It can be expressed as χph = χ
(0)
ph + χ

(1)
ph , where

χ
(0)
ph (�q, iωn) = kF

4πvF
[1 − 1√

1+ v2
F q2

ω2
n

] is the free-electron

contribution and χ
(1)
ph is the interacting part. The interacting

part is obtained by connecting the electron propagators to the
one-particle irreducible quartic vertex function and summing
over the relative momenta of particle-hole pairs as is shown
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FIG. 7. RG flow of [F(q, φ = 0; μ)] π
8 ,0 for an attractive UV coupling function [F(q, φ; �)]θ,θ ′ = 2α cos[2(θ − θ ′)] with (a) α =

−(4πvF + 1) and (b) α = −(4πvF + 3). The coupling function diverges at the momentum cutoff qc = π at μc = 0.122 and μc = 0.362,
respectively. We use � = 10 and vF = 0.3.

below:

. (43)

The nontrivial dynamics is encoded in the energy and mo-
mentum dependence of the vertex function. In our description,

the coupling functions that depend on the momenta along
the Fermi surface and the renormalization group energy scale
contain that information through Eqs. (6) and (7). In the limit
that the momentum carried by a particle-hole pair is small,
the nearly-forward-scattering processes are most important. In
this case, we can obtain the interacting part of the correlation
function using our renormalized coupling function as

χ
(1)
ph (�q, iωn) = − 1

2β2

∑
σ,σ ′

σ1,σ2,σ3,σ4

∑
iνn,iν ′

n

∫
d2�k

(2π )2

d2 �p
(2π )2

Gσ

(
�k + �q

2
, iωn + iνn

)
Gσ

(
�k − �q

2
, iνn

)

× δσ
σ1

δσ
σ4

δσ ′
σ2

δσ ′
σ3

(λ0)
�k+ �q

2 ,σ1; �p− �q
2 ,σ2

�k− �q
2 ,σ4; �p+ �q

2 ,σ3
Gσ ′

(
�p + �q

2
, iωn + iν ′

n

)
Gσ ′

(
�p − �q

2
, iν ′

n

)

= − kF

(4πvF )2

∫
dθ

2π

dθ ′

2π

[
vF q cos θ

−iωn + vF q cos θ

]
[F(q, φ; ωn)]θ,θ ′

[
vF q cos θ ′

−iωn + vF q cos θ ′

]
. (44)

Below, we focus on the simplest case where the interaction is isotropic. For an interaction that is independent of angles
at a UV scale �, the renormalized coupling function at energy scale μ is given by Eq. (25). In this case, the density-density
correlation function is obtained to be

χph(�q, iωn) = χ
(0)
ph (�q, iωn) + χ

(1)
ph (�q, iωn) = kF

4πvF

⎧⎪⎨
⎪⎩

α

4πvF

⎡
⎢⎣ 1√

1 + v2
F q2

�2

− 1

⎤
⎥⎦+ 1

⎫⎪⎬
⎪⎭

⎡
⎣1 − 1√

1+ v2
F q2

ω2
n

⎤
⎦

α
4πvF

⎡
⎣ 1√

1+ v2
F q2

�2

− 1√
1+ v2

F q2

ω2
n

⎤
⎦+ 1

. (45)

Notice that this observable exhibits a pole structure identical to the coupling function in Eq. (25) for an isotropic UV inter-
action. Therefore, analyzing these poles enables the study of excitations, including the particle-hole continuum and collective
modes, without computing the specific observable explicitly. The retarded Green’s function is obtained through the analytical
continuation iωn → ω + iδ,

χph(�q, ω) = kF

4πvF

⎧⎪⎨
⎪⎩

α

4πvF

⎡
⎢⎣ 1√

1 + v2
F q2

�2

− 1

⎤
⎥⎦+ 1

⎫⎪⎬
⎪⎭

⎡
⎣1 − 1√

1− v2
F q2

ω2

⎤
⎦

α
4πvF

⎡
⎣ 1√

1+ v2
F q2

�2

− 1√
1− v2

F q2

ω2

⎤
⎦+ 1

. (46)
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FIG. 8. [F(q, φ = 0; μ)]θ,0 plotted as a function of θ at qc at different values of μ for (a) α = −(4πvF + 1) and (b) α = −(4πvF + 3).
The critical energy scales correspond to μc = 0.122 and μc = 0.362, respectively. The same UV coupling function and parameters are used
as in Fig. 7.
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FIG. 9. The profile of the coupling function that emerges in the μ → μc limit from the UV coupling function [F(q, φ; �)]θ,θ ′ =
2α cos[2(θ − θ ′)] for different values of α. μc = 0 for stable Fermi liquids with α > −4πvF

√
1 + v2

F
q2

�2 . For unstable cases, the critical
energy scales are given by μc = 0.491, μc = 0.937, and μc = 1.243 for α = −8, α = −14, and α = −20, respectively, for vF = 0.3 and
� = 10.
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FIG. 10. The coupling function at the critical energy scale plotted as a function of θ and q for the UV coupling function [F(q, φ; �)]θ,θ ′ =
2α cos[2(θ − θ ′)]. (a) The coupling function at μ = μc at q = qc for various choices of α. (b) The coupling function at μ = 0 for α = 12.
(c) The coupling function at μ = 0 for α = −2. (d) The coupling function at μc = 0.937 for various choices of momenta for α = −14. � = 10
and vF = 0.3 are used for all plots.
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FIG. 11. The RG evolution of [V(Q, φ; μ)]θ,θ ′ for the UV coupling in the s-wave channel with strength (a) V0(Q; �) = 1 and
(b) V0(Q; �) = −1 with μc = 0.023. (c) The coupling function that emerges in the μ → μc limit for different UV couplings. For repulsive
UV couplings with V0(Q; �) > 0, the coupling function vanishes in the IR limit (μc = 0). For attractive couplings with V0(Q; �) = αV =
−1, −2, −3, −4, the pairing interaction Q = 0 diverges at μc = 0.23, 1.51, 2.84, 3.89, respectively. We use � = 10 and vF = 0.3.

Its imaginary part, which describes the spectral function for the neutral bosonic excitations, has a branch cut at ω = vF q
associated with the particle-hole continuum,

Imχph(�q, ω) =

⎧⎪⎨
⎪⎩

kF
4πvF

(A − 1)2[A2 − 1]−
3
2 δ
[

ω
vF q − A√

A2−1

]
for ω > vF q and α > 0

kF
4πvF

(A − 1)2
√

v2
F q2

ω2 − 1
{
A2
[

v2
F q2

ω2 − 1
]

+ 1
}−1

for ω < vF q,

(47)

where A = 4πvF
α

+ 1√
1+ v2

F q2

�2

.

For a repulsive interaction (α > 0), the spectral function supports a delta-function peak outside the particle-hole continuum,

ω

vF q
= A√

A2 − 1
=

⎡
⎢⎣1 + α

4πvF

1√
1 + v2

F q2

�2

⎤
⎥⎦
⎡
⎢⎢⎣
⎛
⎜⎝1 + α

4πvF

1√
1 + v2

F q2

�2

⎞
⎟⎠

2

−
(

α

4πvF

)2

⎤
⎥⎥⎦

− 1
2

. (48)

In the � → ∞ limit, the dispersion of the collective mode

can be written in a closed form as ω
vF q = 1+ α

4πvF√
1+ 2α

4πvF

. This cor-

responds to the zero-sound mode. The spectral weight of the
mode increases linearly in the forward-scattering amplitude in
the weak-coupling limit. Besides the zero-sound mode, there
also exists a broad peak inside the particle-hole continuum.
The dispersion of the incoherent mode becomes

ω

vF q
=

(
1 + α

4πvF

)
√

1 + 2 α
4πvF

(
1 + α

4πvF

) < 1 (49)

in the � → ∞ limit. In the strong-coupling limit, the velocity
of this mode becomes ω

vF q = 1√
2
. The height of the peak is

Max[Imχ ] = kF
4πvF

1
2( |α|

4πvF
)(1+ α

4πvF
)
, and the width at half maxi-

mum is given by

�ω

vF q
=

√√√√√√
(

1 + α
4πvF

)2

1 + 2 α
4πvF

+ 4(2 − √
3)
(

α
4πvF

)2

−

√√√√√√
(

1 + α
4πvF

)2

1 + 2 α
4πvF

+ 4(2 + √
3)
(

α
4πvF

)2 . (50)

At weak coupling, the width scales with the coupling as �ω ≈
4
√

3( α
4πvF

)2vF q. In the large α limit, the width becomes

�ω ≈ 1√
2
vF q. In the presence of an attractive interaction, the

zero-sound mode is no longer sharply defined as the speed of
the mode goes below the Fermi velocity, and the zero-sound
mode merges with the incoherent mode [69]. The spectral
function plotted as a function of ω/(vF q) is shown in Fig. 12
for different interaction strengths.

For sufficiently strong attractive interaction with
α < αc = −4πvF , there exists a pole in the upper half
plane of complex frequency at ω

vF q = i A√
1−A2 . In the plane

of q and ωn ≡ −iω, the locations of the poles are shown for
various values of the bare coupling in Fig. 13. At α = αc,
the spectral function exhibits a pole only at q = 0 and
ωn = 0. In the channel in which the particle-hole pair carries
spin 1, this corresponds to the Stoner instability associated
with the ferromagnetic instability. For more general UV
interactions, the instability can arise in channels with nonzero
angular momenta in either the spin-singlet or spin-triplet
channels associated with the Pomeranchuk instability. For
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α < αc, the spectral function exhibits a band of poles within
0 � ωn � ωnc(α), where ωnc(α) corresponds to the largest
imaginary frequency and the momentum associated with the
pole is determined through α

4πvF
= −1

1√
1+ v2

F q2

�2

− 1√√√√1+ v2
F q2

ω2
n

. If the

imaginary frequency is lowered at a fixed α < αc, the spectral
function encounters the first pole at ωnc(α) with momentum

qc(α) = �

√√√√2

√
4
(

α
4πvF

)2
− 1

(√
4
(

α
4πvF

)2
− 1 − √

3

)
(√

4
(

α
4πvF

)2
− 1 + √

3

)

for α < αc. (51)

The unstable modes with nonzero momenta correspond
to density wave instabilities associated with charge, spin,
or nematicity depending on the quantum number of the
particle-hole pair. It is interesting to note that the strongest
instability arises at q 	= 0 for α < αc. ωnc(α) can be
viewed as a rough estimate of the transition temperature
of the spontaneous symmetry breaking triggered by the
instability. In Fig. 14, we illustrate the phase diagram that
indicates the transition temperature as a function of the
interaction.

B. Collective mode with charge 2: Pair-pair correlation function

The dynamics of charge 2 collective modes can be stud-
ied through the pair-pair correlation function. The correlation
function in the s-wave channel reads

(χpp)σ1,σ2
σ4,σ3

( �Q, iωn) =
∫ ∞

0
dτ eiωnτ

∫
d2�k

(2π )2

d2�k′

(2π )2

〈
Tτψ�k+ �Q

2 ,σ4
(τ )ψ−�k+ �Q

2 ,σ3
(τ )ψ†

−�k′+ �Q
2 ,σ2

(0)ψ†
�k′+ �Q

2 ,σ1

(0)

〉

=
∫

d2�k
(2π )2

d2�k′

(2π )2

∫ �ω dω′

2π

d	

2π

d	′

2π

〈
ψ�k+ �Q

2 ,σ4
(ωn − ω′)ψ−�k+ �Q

2 ,σ3
(ω′)ψ†

−�k′+ �Q
2 ,σ2

(	)ψ†
�k′+ �Q

2 ,σ1

(	′)
〉
, (52)

where �Q and ωn denote the center-of-mass momentum and energy of Cooper pairs. It can be written as χpp = χ (0)
pp + χ (1)

pp , where

χ (0)
pp is the disconnected free-electron contribution and (χ (1)

pp )σ1,σ2
σ4,σ3

( �Q, iωn) is the connected correlation function. For ωn > 0, the
free-electron part is written as

(
χ (0)

pp

)σ1,σ2

σ4,σ3
( �Q, iωn) = −Aσ1,σ2

σ4,σ3

kF

πvF
ln

ωn

4�ω

⎛
⎝1 +

√
1 + v2

F Q2

ω2
n

⎞
⎠, (53)

where Aσ1,σ2
σ4,σ3

= 1
2 (δσ1

σ4
δσ2
σ3

− δσ1
σ3

δσ2
σ4

). Using Eqs. (6) and (7), one can express the connected correlation function in terms of the
renormalized coupling function as

(
χ (1)

pp

)σ1,σ2

σ4,σ3
( �Q, iωn) = − 1

2

∫
d2�k1

(2π )2

d2�k2

(2π )2

[
(λ1)

�k2+ �Q
2 ,σ1;−�k2+ �Q

2 ,σ2

�k1+ �Q
2 ,σ4;−�k1+ �Q

2 ,σ3

− (λ1)
�k2+ �Q

2 ,σ1;−�k2+ �Q
2 ,σ2

−�k1+ �Q
2 ,σ3;�k1+ �Q

2 ,σ4

] ∫ �ω dω′

2π

d	

2π

× G

(
�k1 + �Q

2
, ωn − ω′

)
G

(
−�k1 + �Q

2
, ω′
)

G

(
−�k2 + �Q

2
,	

)
G

(
�k2 + �Q

2
, ωn − 	

)
. (54)

Let us consider an isotropic UV interaction that is momentum independent: V0(Q,�) = αV , where � is the UV energy scale at
which the bare coupling is defined. In this case, the connected correlation function becomes

(
χ (1)

pp

)σ1,σ2

σ4,σ3
( �Q, iωn) = − 1

4kF
Aσ1,σ2

σ4,σ3
V0(Q; ωn)

⎛
⎝ kF

πvF
ln

⎡
⎣ ωn

4�ω

(
1 +

√
1 + v2

F Q2

ω2
n

)⎤⎦
⎞
⎠

2

, (55)

where �ω is the frequency cutoff. The precise value of the
cutoff does not affect the low-energy physics. The correlation
function in the spin-singlet channel can be singled out as
(χpp)σ1,σ2

σ4,σ3
( �Q, iωn) = Aσ1,σ2

σ4,σ3
χa

pp( �Q, iωn), where

χa
pp( �Q, iωn) = kF

πvF

[
1 + αV

4πvF
ln

�

2�ω

]
4πvF

αV

×

⎧⎪⎨
⎪⎩1 +

1 + αV
4πvF

ln �
2�ω

αV
4πvF

ln
√

v2
F Q2+ω2

n+ωn

2�
− 1

⎫⎪⎬
⎪⎭. (56)

To obtain the pair Green’s function in real frequency, we use
the analytic continuation and define χa

pp( �Q, ω + i0+). In the

complex plane of ω, χa
pp( �Q, ω + i0+) has a pole at ω = iωQ

with

ωQ = −e− 4πvF
αV

v2
F Q2

4�
+ e

4πvF
αV � (57)

and branch cuts slightly below the real axis with |ω| >

vF Q. For a repulsive interaction (αV > 0), the pole and the
branch cut are all in the lower half plane for any Q 
 �/vF

[for Q > �/vF , Eq. (56) is not valid]. For an attractive
interaction (αV < 0), the pole lies in the upper half plane
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for Q < Q∗, where Q∗ = 2�
vF

e
4πvF
αV . This represents modes

that grow exponentially in time associated with the super-
conducting instability. While all modes with center-of-mass
momentum less than Q∗ become unstable, the Q = 0 mode
exhibits the fastest growth (the largest imaginary frequency in
the upper half plane).

Now, let us understand the dynamics of the unstable modes
in more detail. To be concrete, we consider the following
experimental setup. A metal, whose ground state is a super-
conductor with a small gap, is initially kept from becoming
a superconductor by an external magnetic field. At t = 0, the
magnetic field is turned off, and at the same time a supercon-
ducting tip is brought close to the system for a short period of
time. The superconducting tip, which is a source of coherent
Cooper pairs that can tunnel into the system, acts as a small
pairing field hp applied to the system at �r = 0 and t = 0.
This will trigger an avalanche of unstable modes, driving the
system to the superconducting ground state. With other super-
conducting tips that are located at finite distances away from
the initial superconducting tip, one can probe the spatial and
temporal profile that arises from the real-time evolution of the

(a)

(b)

FIG. 12. Imχph( �q, ω) as a function of ω

vF q (horizontal axis) at
various (a) positive α

4πvF
and (b) negative α

4πvF
. The zero-sound

modes correspond to the sharp peaks at ω

vF q � 1. The damped
modes correspond to the broad peaks at ω

vF q < 1. � = 40 and
δ = 0.0001

FIG. 13. The location of poles in the particle-hole spectral func-
tion as a function of q and ωn ≡ −iω for different choices of α

4πvF
,

where α denotes the bare interaction in the s-wave channel that is mo-
mentum independent at energy scale � = 40. Black dots represent
(ωnc(α), qc(α)) that correspond to the pole with the largest imaginary
frequency at each α.

condensate. Within the period of the initial growth when the
amplitude of the pair condensate is small, the linear response
theory is valid, and the condensate of momentum �Q at time t
is written as

P( �Q, t ) = hpGpp( �Q, t ), (58)

where hp is the pairing field applied at t = 0 and �r = 0 and
Gpp( �Q, t ) is the regarded Green’s function that satisfies the
boundary condition Gpp( �Q, t ) = 0 for t < 0.

However, χa
pp( �Q, ω + i0+) itself does not give the retarded

Green’s function because it has poles in the upper half plane.
The Fourier transformation of χa

pp( �Q, ω + i0+) along the real
axis of ω gives

Gpp( �Q, t ) = �(−t )G (0)
pp ( �Q, t ) + �(t )G (1)

pp ( �Q, t ), (59)

where

G (0)
pp ( �Q, t ) = − kF

πvF

(
4πvF

αV

)2

�(Q∗ − | �Q|)eωQt

×
[

e− 4πvF
αV

v2
F Q2

4�
+ e

4πvF
αV �

]
,

G (1)
pp ( �Q, t ) =

∫
dω

2π
e−iωt χa

pp( �Q, ω + iη). (60)

G (0)
pp ( �Q, t ) is the contribution of the pole located in the upper

half plane for Q < Q∗, which can be picked up by extending
the frequency integration of χa

pp( �Q, ω + iη) along the real axis
with the infinite semicircle in the upper half plane at t < 0.
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FIG. 14. Phase diagram of the two-dimensional Fermi liquids
in the plane of bare interaction α and temperature T suggested
from the one-loop renormalized coupling function. Here, we use
ωnc(α) as the proxy for the transition temperature. The regions above
and below the curve represent the symmetric Fermi liquid and a
symmetry-broken state, respectively. The color changing along the
phase boundary represents evolution of the ordering wave vector,
qc(α). As α decreases below αc, qc(α) gradually increases from zero
following Eq. (51). The black dot at (−1.0, 0.0) denotes the uniform
Stoner instability.

The hard cutoff Q∗ for the momentum integration reflects the
fact that the Cooper pair mode is unstable only for Q < Q∗.
G (1)

pp ( �Q, t ) represents the contributions of the poles in the lower
half plane.

Gpp( �Q, t ) is nonzero at all t and decays exponentially in
the |t | → ∞ limit because G (0)

pp ( �Q, t ) and G (1)
pp ( �Q, t ) decay

at large negative and positive t , respectively, as is shown in
Fig. 15. What Eq. (59) describes is the evolution of a pair
condensate that existed even before the pair field is applied at
t = 0, where its amplitude gradually increases from zero to a
finite value as t increases from −∞ to 0. While the condensate
would have kept growing in t > 0, the field applied at t = 0

FIG. 15. −G (0)
pp ( �Q∗ − 0.1, −t ) and G (1)

pp ( �Q∗ ± 0.1, t ) plotted as a
function of t > 0 for η = 0.001, � = 6, �ω = 100, and αV

4πvF
=

−0.5. G (1)
pp ( �Q, t ) has been numerically evaluated with m = kF

vF
= π

and vF = 1.

FIG. 16. Gpp( �Q, t ) − Gpp(0, t ) plotted as a function of Q for
0.2 � t � 1.4 with η = 0.001, � = 6, αV

4πvF
= −0.5, and �ω = 100.

The red dashed line denotes the location of Q∗.

alters the condensate into G (1)
pp (�r, t ) in t > 0 [70]. To describe

the situation in which the condensate amplitude is zero in
t < 0, one has to add a time-dependent condensate that exists
without the external source and cancels Eq. (59) in t < 0.
Therefore the retarded Green’s function becomes

Gpp( �Q, t ) = Gpp( �Q, t ) − G (0)
pp ( �Q, t ). (61)

Equation (61) satisfies the desired boundary condition,
Gpp( �Q, t < 0) = 0. Furthermore, G (0)

pp ( �Q, t ) now captures the
exponentially growing condensate in t > 0.

We plot Gpp( �Q, t ) as a function of Q in Fig. 16. In the
small t limit, Gpp(Q, t ) is independent of Q. This gives a
delta function in real space, which describes a localized pair
condensate created by the local pair field applied at t = 0.
With increasing t , Gpp(Q, t ) develops a nontrivial profile as
condensates with different momenta grow at different rates.
The mode with Q = 0 grows at the fastest rate, but all modes
with Q < Q∗ grow independently as long as the amplitude of
the condensate is small enough that the interaction between
Cooper pairs can be ignored. This gives rise to a spatial
inhomogeneity in the phase of the condensate. To see this,
we consider t � �/(vF Q∗)2 but small enough that the am-
plitude of condensate is small. In this case, G (0)

pp ( �Q, t ) gives
the dominant contribution, and the Green’s function is well
approximated by

Gpp(�r, t ) ≈ − G (0)
pp (�r, t )

= kF

πvF

vF Q∗

2π

(
4πvF

αV

)2

× v2
Ft (2 + vF Q∗t ) − vF Q∗r2

2v2
Ft3

e
− vF Q∗r2

2v2
F t

+ vF Q∗
2 t

.

(62)

Equation (62) describes a diffusive behavior of the expo-
nentially growing pair condensate. It is interesting to note

that G (0)
pp (�r, t ) is positive for r < rc with rc =

√
vF t (2+vF Q∗t )

Q∗

while it becomes negative for r > rc. At rmin =
√

vF t (4+vF Q∗t )
Q∗ ,

the condensate becomes most negative, and its magnitude
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decreases algebraically in t : G (0)
pp (�rmin, t )=− kF

πvF
( 4πvF

αV
)2 vF Q∗

2πe2t2 .
The inclusion of G (1)

pp (�rmin, t ), which is exponentially small at
large t , will modify the precise location of rc but will not
remove the region of the condensate with phase difference
π . The appearance of the inverted condensate in r > rc is a
consequence of the unstable modes with nonzero momenta.
The exponentially growing modes with nonzero Q cause a
destructive interference at rc and the inverted condensate in
r > rc. With increasing time, the in-phase condensate near
�r = 0 pushes the inverted condensate to the region outside
radius rc ∼ vFt as the modes with nonzero Q grow more
slowly than the uniform condensate. In the ultimate long-time
limit, the interaction between Cooper pairs kicks in to stabilize
the uniform superconducting state. However, the appearance
of the transient superconducting condensate with phase shift
π is unavoidable in the initial time period when the amplitude
of the condensate is still small.

The results discussed in this section can in principle be
obtained by computing the density-density and pair-pair cor-
relation functions directly from a microscopic model that
includes short-ranged interactions. Then, what is the merit
of using this low-energy effective theory? First, our local
effective field theory keeps all universal information and ex-
plains low-energy phenomena such as the collective modes
in a self-contained manner. This is in contrast to Landau’s
fixed-point theory, which cannot describe the collective modes
without including certain “high-energy” information which
is not part of the fixed-point theory [71]. Second, the ef-
fective field theory makes the universal nature of physical
predictions manifest. The relations between low-energy ob-
servables that are determined from the fixed-point coupling
functions are guaranteed to be universal because the cou-
pling functions depend only on the universal low-energy
data of the fixed point. Finally, the present framework of
local low-energy effective field theory can be readily gen-
eralized to non-Fermi liquids for which critical nonforward
scatterings play even more important roles than in Fermi
liquids [61].

In this paper, we considered neutral Fermi liquids. For
charged Fermi liquids, the long-range Coulomb interaction
is expected to qualitatively modify the functional renormal-
ization group flow and the nature of the collective modes.
However, the theoretical formalism developed in this paper
can be readily applied to charged Fermi liquids. We defer
the full discussion of the charged Fermi liquid to a follow-up
paper.

VI. SUMMARY

In summary, we study the Landau Fermi liquid and its
instabilities within the low-energy effective field theory that
is valid beyond the strict zero-energy limit. The local effec-
tive field theory should include general coupling functions
that include nonforward scatterings and pairing interactions
with nonzero center-of-mass momenta. At low energies, the
coupling functions exhibit universal scaling behaviors when
the momentum transfer and the center-of-mass momentum
are comparable to the energy scale. The scaling behavior of
the general coupling functions determines various physical
observables at low energies [11–13,72]. In particular, the dy-
namics of the low-energy collective modes is fully encoded
within the momentum-dependent coupling functions. This al-
lows us to understand all low-energy physics of Fermi liquids
within the low-energy effective field theory without resorting
to microscopic theories. We reproduce universal dynamics of
the zero-sound mode from the momentum-dependent cou-
pling function in the particle-hole channel. The coupling
functions also contain the dynamical information about the
unstable modes in the presence of instabilities. As an unsta-
ble normal Fermi liquid evolves toward the superconducting
ground state, we predict that it inevitably goes through a pe-
riod of inhomogeneous superconductivity with a local phase
inversion in the superconducting condensate due to the uni-
versal momentum dependence of the renormalized coupling
function in the particle-particle channel. The local low-energy
effective field theory valid away from the strict zero-energy
limit also reveals alternative types of instabilities of Fermi
liquids. Unlike the forward-scattering amplitude, which is
exactly marginal, the nonforward-scattering amplitudes are
subject to nontrivial quantum corrections. If the strength of
the bare attractive interaction exceeds a critical strength, it can
drive instabilities toward symmetry-broken states in particle-
hole channels. The momentum-dependent coupling functions
can also be tested more directly through double photoemission
spectroscopy [73].
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