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scattering for scale invariance and instabilities
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Landau Fermi liquid theory is a fixed-point theory of metals that includes the forward-scattering amplitudes
as exact marginal couplings. However, the fixed-point theory that only includes the strict forward scatterings
is nonlocal in real space. In this paper, we revisit the Fermi liquid theory for charge-neutral fermions using the
field-theoretic functional renormalization group formalism and show how the scale-invariant fixed point emerges
as a local theory, which includes not only the forward scatterings but also nonforward scatterings with small but
nonzero momentum transfers. In the low-energy limit, the near-forward scattering and pairing interactions take
scale-invariant forms if the momentum transfer and the center-of-mass momentum of Cooper pairs, respectively,
are comparable to the energy. The coupling functions fully capture the universal low-energy dynamics of the
collective modes and instabilities of Fermi liquids. A runaway flow of the coupling function in the particle-
hole channel beyond a critical interaction suggests an instability toward an ordered phase with a wave vector
that depends on the interaction strength. At the critical interaction, the instability corresponds to the uniform
Pomeranchuk or Stoner instability, but the momentum of the leading instability becomes nonzero for stronger
attractive interaction. In the particle-particle channel, the coupling function reveals the dynamics of the unstable
mode associated with the BCS instability. When an unstable normal metal evolves into the superconducting
state, there exists a period in which a superconducting state with spatially nonuniform phase appears due to the

presence of unstable Cooperon modes with nonzero momenta.
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I. INTRODUCTION

As one of the most prevalent phases of matter, metals and
their phase transitions contain a rich physics that is central
to our understanding of quantum materials. Thus the Landau
Fermi liquid theory of metals has been one of the main pil-
lars of modern condensed matter physics [1-4]. Introduced
initially as a phenomenological model, it only keeps the
strict forward-scattering amplitudes as interactions between
quasiparticles. Despite its immediate success as a phenomeno-
logical theory, it took more than 30 years to theoretically
justify the validity of the theory [5—10]. From the renormal-
ization group (RG) point of view, Landau Fermi liquid theory
represents a low-energy fixed point. Being a fixed-point theory
valid strictly at zero energy, it is rightly nonlocal in real space
at any finite length scale. On the other hand, it is desirable to
have an effective field theory of Fermi liquids valid below a
small but nonzero energy scale. Such an effective field theory
must be local at length scales larger than the inverse of the
energy scale. It will allow one to use the powerful machinery
of local field theory in describing the emergence of Fermi
liquids and their instabilities from a midinfrared energy scale
down to the zero-energy limit. A complete understanding
of Fermi liquids beyond the zero-energy limit is crucial for
extracting scaling behaviors of physical observables at finite
energies [11-14]. It will also serve as a solid reference point
for theories of non-Fermi liquids [15-57]. For recent progress
toward this goal that uses bosonization, see Refs. [S8—60].
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In this paper, we use the field-theoretic functional renor-
malization group scheme to describe Landau Fermi liquid and
its instabilities within the framework of renormalizable local
effective field theory [61]. The key ingredient of our work
is the nonforward scatterings. A local effective field theory
must include nonforward scatterings because, at any nonzero
energy scale, fermions can exchange nonzero momenta while
staying close to the Fermi surface within a thin energy shell.
Let )‘Zigi represent the coupling function that describes the
scattering of two low-energy fermions from angles (64, 63)
to (01, 6;) (Fig. 1). While Landau Fermi liquid theory only
includes the strict forward-scattering amplitude (AZ:Z;), the
full coupling function does depend on 6; — 6, and 6, — 65
nontrivially. At a nonzero energy scale u, the coupling func-
tion changes smoothly but significantly as the differences in
angles change by . /kr, where kg is the Fermi momentum. If a
UV theory is within the basin of attraction of the Fermi liquid
fixed point, the coupling function flows to a scale-invariant
form in the low-energy limit. The scale invariance becomes
manifest once the transferred momentum is scaled along with
the energy scale.

While the strict forward-scattering amplitude is exactly
marginal [8], the nonforward-scattering amplitude does re-
ceive quantum corrections. The nontrivial RG flow of the
general quartic coupling function can drive instabilities in
particle-hole channels. If the UV theory has a sufficiently
strong attractive interaction, the coupling function exhibits a
runaway RG flow to the strong-coupling region due to the
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FIG. 1. At energy scale u, two fermions within the energy shell
of thickness p can undergo nonforward scatterings by exchanging
small but nonzero momentum g ~ . General scattering processes
are captured by coupling functions that depend on four angles. Alter-
natively, it can be viewed as a function of two angles for the incoming
fermions and momentum transfer g. At low energies, the coupling
function acquires a nontrivial dependence on g/ .

nontrivial renormalization of the nonforward scatterings. This
implies that the general coupling function is a part of the
low-energy data that should be kept within the low-energy ef-
fective theory with a small but nonzero energy cutoff. Within
the local effective field theory, one should also consider gen-
eral scattering processes in the particle-particle channel by
including interactions of Cooper pairs with small but nonzero
center-of-mass momenta. A scaling relation emerges in the
general pairing interaction once the center-of-mass momen-
tum is scaled along with the energy scale. In this paper, we
focus on the charge-neutral Fermi liquids.

The rest of the paper is organized in the following way. In
Sec. II, we introduce the local effective field theory for Fermi
liquids. Section III discusses the effect of nonforward scat-
tering in the near-forward-scattering channels. In Sec. IIT A,
we present the scale-invariant coupling function that emerges
at Fermi liquid fixed points. Section III B discusses the in-
stability toward symmetry-broken states driven by the flow of
nonforward-scattering amplitudes. The scaling behavior of the
general pairing interaction is discussed in Sec. IV. In Sec. V,
we discuss the experimental implications of the momentum-
dependent coupling functions. We show that the coupling
functions fully encode the universal low-energy dynamics of
both stable and unstable collective modes of Fermi liquids.
Besides reproducing known results on the zero-sound mode,
we make predictions on instabilities in both particle-hole and
particle-particle channels. Finally, Sec. VI summarizes the
work.
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II. LOCAL EFFECTIVE FIELD THEORY

We consider a circular Fermi surface of spinful fermions
that are subject to short-range interactions in two space dimen-
sions. The following discussion can be generalized to higher
dimensions in a straightforward way. The partition function is
written as Z = f Dy Dy ¢S, and the action reads
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the integral measures of the quadratic and quartic terms.
wg (w, I?) denotes the fermionic field of spin o, momentum
k, and frequency w. The bare dispersion is written as & =
5—(k* — k7), where kp is the Fermi momentum. X is the
four-fermion coupling, which is a function of momenta of the
incoming and outgoing fermions.

At low energies, we focus on fermions that are close to
the Fermi surface. In defining the low-energy scaling limit
of the theory, it is convenient to use polar coordinates, where
the two-dimensional momentum of a fermion is written as
k = (kg + «)(cosB,sinf). k denotes the deviation of |k|
from kr, and 6 is the polar angle. Accordingly, the fermion
field is written as VYyg(w, k) = Y, (o, %). Low-energy
effective field theories for a finite number of low-energy
fields are characterized by a small number of coupling
constants. In metals, Fermi surfaces support infinitely many
gapless modes as the angle around the Fermi surface plays
the role of a continuous flavor. Accordingly, the coupling
constants are promoted to coupling functions that depend on
angles. In the strict zero-energy limit, only two channels of
interactions are allowed by the momentum conservation. The
first is the forward scatterings, and the other is the pairing
interactions. Those interactions involve pairs of fermions
with zero center-of-mass momentum in the particle-hole
and particle-particle channels, respectively. However, the
interaction that only includes the strict forward scattering and
the BCS interaction is nonlocal in the real space. At small but
nonzero energies, the locality forces us to include interactions
in which fermion pairs have small but nonzero center-of-mass
momenta. This leads to the local low-energy effective action,
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Here, dV; =dwdxd6 denotes the integral measure A few comments on the tree-level scaling are in order.

associated with a unit length along the Fermi surface.
The quartic interaction has been divided into the
forward and BCS channels, whose integral measures
are  dV\” = dwdQd2dqqdidpdpdfdd’ and dVi" =
dwdQd2'dQQdxdpd®dOdO’, respectively. Here, Ay and
A are the local coupling functions that include the forward
and BCS scatterings [62]. They allow the total momenta of
particle-hole and particle-particle pairs, denoted as § and O,
respectively, to be nonzero. g and O are also written in polar
coordinates as g = g(cos¢, sin¢), 0 = O(cos @, sin D),
where these momenta are not measured relative to the Fermi
momentum unlike the momenta of fermions. In order for the
fermions to stay close to the Fermi surface, the magnitudes of
G and O must to bounded by w at energy scale ;. However,
it is crucial to allow the momentum transfer to be flexible
within that range in order to keep the locality of the effective
theory. 95 = 5i-sin(@ — ¢)  and 0 = % sin(6 — ®)
denote the deviation of the angles away from the the strict
forward-scattering and BCS-scattering channels, respectively.
Similarly, 9§ = 5i-cos(d — ¢) and o5 = % cos(d — d)
determine the shift of the fermion energy caused by nonzero
g and Q in the near-forward-scattering and BCS-scattering
channels, respectively. The theory is specified by two
parameters, kr and vg, and two coupling functions, Ao and A;.
Under the scale transformation,

o, =w/s, Qu=Q/s, Q,=Q/s,
KSZK/Sa pszp/sa qAYZQ/Sa
Qs = Q/S, ws;a;O(a)s’ Ks) = S2w0;9(a)7 K), (3)

which leaves angles unchanged, the coupling constants (vg,
kr) and coupling functions (Ao, A1) are transformed as
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First, the four-fermion couplings have scaling dimension
—1. Nonetheless, the low-energy effective field theory must
include them because they can give rise to infrared (IR) sin-
gularity. In metals, the degree of IR singularity that a coupling
can create does not necessarily match its scaling dimension
because of the scale associated with the Fermi momentum.
Consequently, the notion of renormalizable field theory needs
to be generalized for metals [61]. Second, kr has scaling di-
mension 1 and runs toward infinity in the low-energy (s — 0)
limit. This is because the size of the Fermi surface measured
in the unit of the floating energy scale increases as the low-
energy limit is taken. Here, kr plays the role of a metric that
controls the “proper” size of the Fermi surface [63]. Third, the
action has scaling dimension 1 rather than O under this scale
transformation [64]. This is an unusual choice in that action
is regarded as dimensionless in most field theories. However,
this is natural for theories with continuously many gapless
modes where the manifold that supports gapless modes comes
with a momentum scale. The fact that the low-energy ef-
fective action has a positive dimension reflects the fact that
the number of patches connected by nonforward scattering
increases with decreasing energy [65]. At low energies, the
magnitude of typical momentum transfer g in the nonforward
scattering decreases, which makes the number of decoupled
patches increase at low energies.

Now, we consider quantum corrections that renormalize
the couplings. We first define the couplings in terms of phys-
ical observables. kr does not receive quantum corrections
due to Luttinger’s theorem. vy and the coupling functions
are defined through the two-point and the four-point vertex
functions through
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Here, I5) and I4 represent the two-point and four-point
vertex functions, respectively. The energy-momentum vectors
used to impose the RG condition are chosen to be

k* = (u, kpcos@, kpsind), ki = (3/L, kr cos9 + gcos ¢, kp sin6 + g sin ¢),

k= (—M’ kp cos@’ — %cosqﬁ, kp sin@’ — gsinqb), K = (,u, kp cosf’ + gcosqb, kpsin@’ + g sinq)),
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ki = (/,L,kp cosf — gcosqﬁ,kp sinf — gsinqﬁ), Py = (3#, kp cos6' + %COS(D,ICF sinf’ + %sind)),

D (—u, —kp cos@’ + %cos ®, —kp sinf’ + %sin d)), Py = (/,L, —kp cos 8 + %cos ®, —kp sinf + %sin d)),

and p; = (M,k}? cos O + %COSCD,]CF sin 6 + %sinCID).

The frequencies, which are of the order of the floating energy scale w, are chosen such that infrared divergences are cut off
by w in all particle-particle and particle-hole channels. The spatial momenta lie on the Fermi surface when § and Q vanish. F;
are RG-scheme-dependent corrections that are regular in the small p limit. The local counterterms needed to enforce the RG
conditions are written as
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Because the effective field theory is local, the RG condition can be enforced with local counterterms. The bare action becomes
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The bare variables [66] are related to the renormalized vari- to the beta functionals
ables through the multiplicative renormalization factors, Z; =
L+ 8, (ZM)g g =1+ (Ab)gg fori= 1,2,

7 1010 0162
Z " Z%W dRidoye, _ =3z 1)—dny + dIn (Z)s,s,
wp = —w, B = —=, =
Z Z dl din
61,62, —1(5 01,0 -
01,0, (Z,‘)L)gi,eiﬂ l(ki)giqgi X ()Li)g]'zz. (11
()\'i'B)g 0, — , 4,03
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) ] ) - o Here [ = In(A/w) is the logarithmic length scale with A
Here, we use t~he scheme in which v is fixed. (Ai)5 0 =  being a UV cutoff. z = —dg‘i‘fz is the dynamical critical
(A5 and kp = pu~'kp represent dimensionless objects inZT . ' '
that are measured in units of the floating energy scale. The ~ €xponent, and ny = —Z3=— is the anomalous dimension

beta functionals for the coupling functions are obtained by of the fermion. The dimensionless Fermi momentum obeys

keeping A;.5 fixed while varying the floating energy. This leads % = kp.
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At the one-loop order, only the following diagrams con-
tribute to the beta functionals:

1 2 1 2 1 2
4 3 3 4 3 4
(12)

z =1 and ny = 0. The first diagram contributes to the near-
forward scatterings. The third diagram contributes the pairing
interaction. In the following sections, we compute the beta
functionals in the two channels for general § and Q.

III. NEARLY FORWARD SCATTERING

At the one-loop order, only the first diagram in Eq. (12)
contributes to the quantum correction of the near-forward-
scattering processes. The counterterm reads

2 071‘/‘65,01;0'+193,,(72
(A0A0)0+19{§,04;0’—193},63
1 kF do"dk"” d" Z (}: )9—1965.0];9”-&-195/,.0”
=g N 0 s -9 N ’
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1
NG
© i+ @) + e+ Seos(0 — M] "

The integrations over k" and Q" can be readily performed.
Apart from the overall factor of 1/u determined from the
dimension of the quartic coupling, the counterterm is pro-
portional to kr /. This reflects the fact that the phase space
of the virtual particle-hole pairs is proportional to kr. The
phase space measured in the unit p increases with decreas-
ing w. This extensive phase space is what promotes the
quartic coupling to the marginal coupling although it has
scaling dimension —1 [61]. One can incorporate the phase

space to define a new dimensionless coupling function as
. o~ 005,010 +95 0
o100 _ ke 5:013 502 .
[Foo(q. $)I = : (k0)9+03,04;9,_195”03. The beta functional

for F becomes independent of kr,

dFj 4,(q:¢) | )
Ol’edkl - 47-[2UF L do thg(q, ¢)F9,02(qv ®)
o w2 g* cos* (6 — ¢) 1

[142 + vig? cos* (0 — ¢)]2.

Here, r = s or a. FQSI,Q2 (q, ¢) and FG?,GQ (g, ¢) represent the
projections of [Fp ¢/(g, ¢)]7::22 to the singlet and adjoint rep-

04503

resentations of a particle-hole pair for the SU(2) group,
respectively,

[F91,92]Gl 0y 60’1,(721:93;!92 + le,(rngt:’gz, (15)

04303 04,03 04,03

01,00 — 101502 01,00 _ §018§02 _ 1 g01502
where &7102 = 5471872 and U772 = 71577 871622, From

3 2704 703"
now on, we omit the superscript r because the following anal-

ysis holds for both channels. Note that the kernel in Eq. (14)
is the contribution of the one-loop particle-hole bubble that
renormalizes the vertex function [3].

The beta functional in Eq. (14) vanishes at ¢ = 0 for any
nonzero . This is consistent with the fact that the strict
forward-scattering amplitude is exactly marginal. However,
for any nonzero p, the beta functional is nontrivial for g # 0.
This has interesting consequences. First, when the theory
flows to a fixed point in the low-energy limit, the full cou-
pling function of the local effective field theory exhibits a
scale invariance when the momentum transfer is comparable
to the energy scale. Second, the nontrivial renormalization
group flow of the nonforward-scattering amplitude can create
instabilities if the bare coupling is sufficiently negative. In the
following, we discuss these consequences in detail.

For a fixed momentum transfer, we can view the coupling
F as a matrix of two angles that play the role of continuous
indices. Here, the product of two matrices is given by (A -
B)g, 0, = f %AMB@@], and M~! denotes the inverse of ma-
trix M. Then, Eq. (14) can be cast into % = —F - D - F, where

Dy o = LM(S(é’ — 6’). Multiplying F~! on

T up [p2402¢? cost(0—¢)2

both sides of Eq. (14), we obtain
diF(q, ®)lyy 80 —60)  pvig?cos’ (0 — ¢)
dl vF o [u? 4 vig? cos? (0 — ¢)]2'
(16)

At scale u, the beta functional is largest for g cos(6 — ¢) ~ u.
For 6 — ¢ ~ /2, the phase space of g is largest because
virtual particle-hole pairs with momentum g cost the least
energy in the region of the Fermi surface where ¢ is tangential
to the Fermi surface. The solution of Eq. (16) is given by

[F(q. & 11)]5 4
80— 9/)[

21)17

v%q2 cos?(6 — ¢)
12 + vig? cos*(0 — ¢)

v2g? cos*(0 — ¢)
A2+ v2g? cos* (6 — ¢)

} + [F(g, ¢ Mgy (17)

where F(q, ¢; A) is the coupling function at the UV cutoff,
A. One can combine the last two terms to define the coupling
function at u = oo to simplify the solution as

v,%q2 cos?(0 — ¢)
12 4 viq? cos* (6 — )
+ [F(q, ¢ 00)]; - (18)

1
[F(g, ¢3 )]y = EMQ -0

A. Scale invariance of Fermi liquid fixed points

Let us first consider the case in which no eigenvalue of F
diverges at any w. In this case, the theory is expected to flow
to a Fermi liquid fixed point in the low-energy limit if the
interaction is repulsive in the pairing channel. It is noted that
the © — 0 limit and the ¢ — 0 limit do not commute. In the
strict forward-scattering limit (¢ = 0), the coupling function
does not depend on w at all. On the other hand, if one takes
the 4 — O limit for a fixed g # 0, the coupling function sat-
urates to [F(g, ¢;0)]; y = 525-8(0 — 0') + [F(g, ¢300)],
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in the low-energy limit. The nontrivial crossover between
these two limits can be captured by the scale-invariant cou-
pling function defined by [F (g, ¢; i)lp.o = [F(ug, ¢; )lo.e»
where § = g/ corresponds to the dimensionless momentum
transfer measured in units of w. This allows us to probe the
kinematic region with small but nonzero momentum transfers.
By taking the # — 0 limit with fixed g, the coupling function
becomes

8560 —9) v%qz 0052(6 — @)
20p 14 v2G*cos* (0 — @)
+ [F(0, 0;00)], .- (19)

lim [F(g, ;1)1 5 =
u—0

Here, we use the fact that [F(q, ¢; 00)]s ¢ is an analytic func-
tion of g. In the . — 0 limit, only [F(g =0, ¢ = 0;00)]g.¢'
enters in the expression for the fixed-point coupling func-
tion. Equation (19) corresponds to the fixed point of a beta

. dIF(G.$)ser _ dIF(g.9)le ~IF(G.$)oer
functlonal, Thiﬁﬂ’ = TL],@’@/ — qa—q’

where the second term in the new beta functional corresponds
to a momentum dilatation that “magnifies” the region with
small momentum transfers as the low-energy limit is taken.
It is noted that the scale-invariant coupling function obeys the
z =1 scaling. The momentum transfer and energy scale in
the same way because the energy of a particle-hole pair with
momentum § = g(cos ¢, sin ¢) created near the Fermi surface
at angle 6 scales linearly in ¢ as far as 0 — ¢ # 7 /2. Equa-
tion (19) is the central result of our paper. The local coupling
function captures the full extent of the scale-invariant Fermi
liquid fixed point away from the strict forward-scattering
limit. As expected, the only UV information that is kept in
the fixed-point coupling is the forward-scattering amplitude
atg = 0.

In general, it is not easy to invert Eq. (19) to write down
[F(c], ¢;1)lp.e in a closed form [67]. If the UV coupling
function is nonzero only in one angular momentum channel,
the coupling function in the IR limit can be easily obtained. To
see this, we start by writing Eq. (17) in the space of angular
momentum,

[F(q. ¢ 1)y

40 et
- / C8nlup
y [ v2g? cos* (0 —¢) B v2g? cos’(0 — ¢) }
2+ vigtcos* (0—¢) A2+ vig?cos* (0 — ¢)
+ [F(q. ¢: M),y (20)

where ¢ and ¢’ are conjugate momenta associated with 6
and 0', respectively, and My o = [ %Mg,grei(w_”’). In the
angular momentum basis, the fixed-point coupling function
can be written as

F(g, ¢; 1) =[F(q, ¢; MI[D'(q, ¢ 11, A)
x Fg, ¢; M1+ D)7, 21

where D) ,(q, ¢; 11, A) = "Dy (g3, A)  with
Do v (q; ity A) = [De_p(q; ) — De—p(q; A)] and

do ei@(éfk’)

8m2up

vlzpq2 cos?()
u? + vig* cos*(6)
Dy (g, i) vanishes for odd ¢. For £ = 0, 2, 4, it takes the form
of

De-v(gip) = / 22)

1

1
Do(g; ) = 1—-
4 vp v2q?
,/1+%
1 2 2.2 1
D2(q;li)=m%|:‘/1+ UFZ + — —2:|,
F Vpq " 1+ ;‘21
1 2u® 2u | p?
Dy(g;p)=—|4[14+ 55— — — +1
4(q; 1) 471vp|: ( v%qz Vrq v%qz
1
_L_}_ 03

v w?
Fq‘/w-i-l

1. s wave

Let us first consider the case where the forward-scattering
amplitude of the UV coupling is independent of angles,
[F(g, ¢; A)]p.o = o, where o denotes the strength of the
coupling in the s-wave channel. In the basis of angular mo-
mentum, the UV coupling is written as [F(q, ¢; Ao =
a8¢.08¢ 0. Using [D'(q, ¢; 1, MF(q, ¢; Moo = aDéqo(q, ¢b;
w, A8y o, we can write D'(q, ¢; u, ANF(q, ¢; A) + 1 as

D'(q, ¢ 1, MF(q, $: A) + 1

1 0 oD (g, ¢;u, A) 0 0
0 1 0 0 0
=0 0 1+4+aDyg.¢;u,A) O 0, (24
0 0 0 1 0
0 0 aDy(q, d; ., A) 0 1
where the matrix elements are explicitly shown

only in the 5x5 block of —2<¢,¢ <2. This

leads to the isotropic IR quartic coupling function,

F(q, ;1) = F(q, 9; MDID'(q, s i1, MF (g, ¢35 A) +117" =

Se.08e.0F (9, ¢311),  where  F(q, ;1) = s =

a{ﬁ[ 12 = — 12 =]+ 137!, In the space of angles,
i Jod

A2 n
we readily obtain

(F(q, ;)]0 = = - (25)
_a 1 — 1 +1

Amvp W2 42 22
Eq Vi
R

In the large A limit, it takes a simpler form,

Flg.¢om)=al 21— 14 . 6
47TUF
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[F(q, ¢ 1)]o.0r
1.00
0.95!
0.90}
0.85 2 4 6 5l

[F(@ (Z5§ /0]9,6’

2 4 6 8

FIG. 2. RG flow of [F‘(q,d:;u)]g_g/ for a momentum-independent UV coupling function [F(q, ¢; A)lpe =« with (a) « =1 and
(b) & = —1. For both plots, we choose vy = 0.3 and A = 10. For the angle-independent UV coupling function, [F(g, ¢; 1t)]s¢ remains
independent of ¢, 6, and 0’ at all scales. The coupling function in the ; — 0 limit represents the fixed-point profile.

Figure 2 shows the evolution of coupling functions. In the
low-energy limit, the coupling function converges to the fixed-
point profile,

[F(G. :0)]p.0 = °‘

(27)
-2 I
A vp |:1 /1+u,%q*2i| + 1

J

Iz

we obtain the 5x35 block of D'(q, ¢; u, A)F(q, ¢; A) + I for —2

2. d wave

As the next example, let us consider the case where
the UV coupling has only the d-wave component,
[F(g, ¢; M)lgo =2ccos[2(60 —6')]. In the angular
momentum basis, the UV coupling function can be written as
[F(q, ¢; Moo = a(S¢,—28¢.—2 + 8,280 2). From

(F(g, d; W)lee =

[F(g, ¢; 1))g 9 = 2a

In the & — O limit, with § = ¢/ and

Dy(x) =

drvp

Z D, (g, ¢s i, MIF(q, 3 M)erw = a[Dy (g, ¢ it M) -2 + Dy 5(q. @3 1, M)y 2], (28)
<L, <2as
0 1 0 O 0
D'(q, ;. MF(q, p; A)+1=| aDi(q. s, A) 0 1 0 oD (g, ¢35, A) (29)
0 0 0 1 0
aDi(g, ¢, A) 0 0 0 1+aDyg, ;s p, A)
The nonzero components of the IR coupling function and its expression in the angle basis are
[1 + aDo(g; p, A (8e2802 + 80,280, —2) — aDalqs i, M) (Y8280, 5 + €498, 284 5) (30)
14 2aDy(g; p, A) + @[ Di(g; i1, A) — Di(q; 1, A)] ’
[1 + aDo(g; e, A)]cos[2(0 — 0")] — aD4(g; ., A)cos[2(0 + 6') — 4¢] 31
14 2aDo(g; . A) + @2[Di(g; i, A) — Di(q; i1, A)] '
! Dy(x) ! ! + 4 1+ 2 2 1+ ! (32)
S— W(x) = _ . L
/1 + UIZ,—)CZ 4 vg /1 + v%xz UIZ;X2 v%x2 VFX v%x2

the coupling function takes the universal form given by

[F@G, ¢; 000 = {1+ 2aDo(@) + 2[D3(@) — DA} 2a{[1 + aDo(§)] cos[2(6 — 6')] — aDa(§) cos[2(6 + ') — 4¢1}.

The evolution of the coupling function is shown in Fig. 3. In
Fig. 4, the coupling function is shown as a function of angle
at different energy scales.

(33)

B. Instabilities of Fermi liquids in the particle-hole channel

So far, we have considered the cases where the theory
flows to the Fermi liquid fixed point in the low-energy limit.
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[F(G, ¢ =0;1)]z.0

28p

2.6

24

22

2.0 5 10 15

FIG. 3. RG flow of [F(G, ¢ = O;,u)]%,o for a d-wave UV coupling function [F(q, ¢; A)lp.e = 20 cos[2(0 — 6')] for (a) « =2 and

(b)) = —2. Weuse vp = 0.3 and A = 10.

If the UV coupling is sufficiently attractive in one or more
angular momentum channels, some eigenvalues of the cou-
pling function can diverge at low energies, signifying potential
instabilities. However, this instability in the particle-hole
channel requires a finite strength of coupling. While the per-
turbative analysis is not expected to be quantitatively valid,
the main point of this analysis is to highlight the importance
of quantum corrections to nonforward scatterings for particle-
hole instabilities.

1. The s-wave channel

Let us first consider the angle-independent UV coupling
function, [F(q, ¢; A)lp.¢ = «. For @ > —4mvp, eigenvalues
of the coupling function remain finite at all energy scales. The
coupling function that emerges in the  — O limit represents
the scale-invariant Fermi liquid fixed point. The renormaliza-
tion group flow changes qualitatively for sufficiently attractive
interaction with o < —4mwvp. For @« < —4mvp, the coupling
function at nonzero momenta can diverge at low energies.
As u is lowered, the divergence arises first at the momen-
tum where the energy of the particle-hole pair peaks. This is
because the quantum correction in the particle-hole channel
vanishes in the strict forward-scattering limit and increases
with increasing energy of the particle-hole pair. The precise
momentum at which the divergence arises at the highest en-
ergy depends on the full band structure. To be concrete, here
we consider the simple case where the particle-hole energy
dispersion is well approximated by the linear dispersion be-
fore it peaks at ¢, and bends down at larger momenta. In this
case, Eq. (17) holds up to g ~ ¢., and the coupling function

[F(G = 10,6 = 0; 11)]g,0

diverges at g = g. as u approaches a critical energy scale
We. The divergence of the four-fermion coupling at a nonzero
g can potentially represent a charge or spin density wave
instability, depending on whether the divergence is in the spin-
singlet or spin-triplet channel [68]. If the divergence arises at
qc > I, however, one needs to be careful in interpreting it as
a sign of instability because the low-energy effective theory
description is not valid at g larger than p. With this caution-
ary remark, we show the evolution of coupling in the deep
attractive region in Fig. 5. In Fig. 6, we show the evolution of
[F(c], @; ue)]p o as the strength of the UV coupling is tuned.

2. The d-wave channel

Next, let us consider the case where the UV coupling
is attractive in the d-wave channel with [F(g, ¢;00)]g ¢ =
2acos[2(60 — 0")]. In Fig. 7, we plot the evolution of
[F(g, ¢ = O;M)]%,o as u is lowered. For o < o, = —4mvp,
the coupling function at g = g, diverges as a critical en-
ergy scale u. is approached. Figure 8 shows the angular
dependence of [F(g., ¢ =0;u)lpo at different u/A. A
large attractive interaction for particle-hole pairs in the
d-wave channel with a nonzero momentum promotes a
distortion of the Fermi surface with a spatial modulation.
This corresponds to a bond density wave that causes a
spatial modulation in the pattern of rotational symmetry
breaking.

Figure 9 shows the profile of the coupling function that
emerges in the © — . limit from the UV coupling func-
tion [F(q, ¢; A)lp.e = 20cc cos[2(0 — 6)] for different values
of a. Figure 10 shows how [F(q, ¢ = 0; u.)]s.0 evolves as «

(G=10,¢ =0;p)]6,0

[
6
4
) (b)
nw=A
0/~ =0.4A
n=20.2
4 /u —0.1A

FIG. 4. [F(§=10,¢ =0; )]s plotted as a function of 0 at different values of p for (a) « = 2 and (b) « = —2. The same UV coupling

function and parameters are used as in Fig. 3.
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[F(q, d; )]0
05 1.0 1.5 2.0 25 3.0 p=A

774 = 0.026A

200! I~ = 0.023A

' = 0.021A

-400} @) :

-600}

800t i_—p = 0.0198A

[F(q, &5 11)]o,00
05 10 15 20 25 30 /= A
T m—_— 1 = 0.052A
\— 1= 0.048A
-400} )
-600} '
800t ' = 0.046A

FIG. 5. RG flow of [F(gq, ¢; 1t)]g¢ for an attractive UV coupling function [F(q, ¢; A)lpe = @ with (a) @ = —(4mvp + 1) and (b) @ =
—(4mvp + 3). The coupling function diverges at the momentum cutoff, which is chosen to be g, = 7, at . = 0.0198A and u. = 0.046A,

respectively. We use A = 10 and vy = 0.3.

is varied. For & > «, the coupling function converges to a fixed profile in the low-energy limit. On the other hand, the amplitude
of the coupling function grows without a bound as u approaches . for o < ..

IV. PAIRING CHANNEL

In this section, we discuss the renormalization group flow for the general pairing interaction that includes Cooper pairs with
nonzero center-of-mass momentum. The counterterm from the one-loop vertex correction reads

9/_Wg/,0'];9/+§03/+77,02 _ 1 kF

A*ry) - _
( 1 9_(03,(74;9+Wg+77,f73 2"" "

d@//d’(// dQ//
2r)? 2«

~ 0 =93 000 +¢S +m,00 v 0—¢3,.00"+¢5,+m,0"
550130" +5, +71, 0 o+
E (A1) (A1)

0" —5,,0":0" +p3,+7,0 60— ,0430+9; +7,03

o',0"

1

X Re 2
—iQ" + S [2kpk” + (k") + (kp + k")Q cos(0” — @) + ]

x ! —|. (34)
—i( — Q) + 3 [2kpr” + (7 — (ke +K")Qcos(8” — @) + & ]

The factor of kr /i« represents the extensive phase space available for virtual Cooper pairs in the loop. We define a dimensionless

coupling function that incorporates the phase space as [Vy (Q, ®)I5!"5? = ’L—F(Xl)

new coupling is given by
vy, (0. ®) 1

- — /devgj,g(Q,dUVJﬁz(Q,cb)[

dl 8mvE

Here, r = + or —. V', (0, ®) and V., (Q, @) represent the
pairing interactions in the spin-triplet and spin-singlet chan-
nels, respectively,

Vo olgy:0 = SoreiVit o, + A2V o, (36)

04,03 04,03 04,03

where S°0'%2 = %(8"‘8"2 + 8218%2) and A% = %(5“18"2 —

04,03 03704 0403 04,03 a4 03
51852). From now on, we focus on one spin chan-
nel and omit the superscript r in V. For Cooper pairs
with zero center-of-mass momentum, we set Q = 0 to re-
produce the well-known beta functional [8], o, 00 _

dl
— g J d0V5, 6(0,0)V 4, (0, 0).
For general Q, the solution of the beta functional is written

as
80 —0)
———1In
4UF
[A2 + v20? cos* (0 — CI>):|
w4+ v2Q%cos* (0 — @)
+[V(Q, ©; A)];é/, (37)

V(Q. ;)54 =

0'—5, 0130 +93, 7.0
0—¢5 040495 +7,03

12
n? + v2 Q% cos* (6 — <I>)i|' (33)

. The beta functional for this

(

where [V(Q, ®; A)lp.¢ denotes the pairing interaction at UV
cutoff A. The most important aspect of Eq. (37) is the log-
arithmic singularity that is present at Q =0 and p = 0. If
[V(Q, ®; A)ly.e is repulsive in all angular momentum chan-
nels, the coupling function flows to zero logarithmically. On
the other hand, the coupling function at Q = 0 diverges at a
critical energy scale if [V(Q, ®; A)lp,¢ has any channel with
a negative eigenvalue. This is the well-known BCS instability.
Here, we focus on the scaling behavior of the coupling func-
tion at nonzero Q. To remove the logarithmic divergence, we
consider the difference of Eq. (37) at two momenta, Q and Q..
In the ;« — 0 limit with fixed 0 = Q/pn and 0. = 0./, the
difference becomes

lim (IV(Q. @: )15 — [V(Qs. @3 )]y 5)

_ 80— 0" n [1 + v20? cos?*(6 — CD)] (38)

4vp 1 4+ v20%cos*(0 — @)

where [V(Q, @; )]p.o = [V(O, ®; 1)]p0-
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[F(q, &5 pic)]o,00
5 a=12

FIG. 6. The profile of the coupling function that emerges in the
n — W limit from the UV coupling function [F(q, ¢; A)lp.e =
o for different values of «. For stable Fermi liquids, with o >

—4mvp,/1+ v%[’i—zz, e = 0. For unstable cases, the critical energy
scales are given by u. = 0.580, u. = 0.995, and pu. = 1.288 for
o =—8, o« =—14, and o = —20, respectively, for the choice of
vp = 0.3and A = 10.

Now, let us consider a simple case where the UV coupling
function is nonzero only in the s-wave spin-singlet channel.
The beta functional for the coupling in the s-wave channel
becomes

dVo(@im) _ V(@5 w
dl 8 2vp w2+ v20%cos*(6)’

where Vj represents the coupling in the s-wave channel. The

solution is written as
L1 YURQP + A%+ A
V(@] = In
VU@ + P+

drvg

+ [Vo(Q; )7, (40)
where Vj(Q; A) is the s-wave coupling defined at UV cutoff
scale A. In Fig. 11, we plot the evolution of the coupling func-

tions for different choices of the UV coupling in the s-wave
channel. In this example, the scale invariance is expressed as

tim [V5(05 )] = [%o(Q.)]”

| V02 +1+1
In
JVi0?+1+1

4w vp
(41

(39)

in the & — 0 limit with fixed O and Q.

V. EXPERIMENTAL CONSEQUENCES

In this section, we discuss how the universal coupling
functions manifest themselves in physical observables. In par-
ticular, we show that our local effective field theory contains
all dynamical information for low-energy collective modes.
This is in contrast to the fact that Landau’s fixed-point theory
and the earlier RG schemes that do not keep track of the
universal momentum dependence of the coupling functions

cannot capture the collective modes and one has to resort
to more microscopic theories to describe them. Below, we
examine the bosonic collective modes with charge 0 and 2,
respectively. The main result of this section is that we can
identify the collective modes of Fermi liquids from the poles
of the coupling functions in the space of frequency. Because
this section is somewhat long, we begin with a brief summary
of the key results.

In the particle-hole channel, Fig. 12 shows the poles of
the coupling functions in the space of frequency for various
choices of UV coupling. For the system with repulsive
interactions, the poles represent well-defined collective
excitations, the zero-sound modes. For attractive interactions,
collective modes becomes damped as they mix with the
particle-hole continuum. Notably, the pole acquires an
imaginary component beyond a critical strength of the
attractive interaction, which represents an instability in
the particle-hole channel. The wave vector at which the
instability is strongest gradually increases from 0 to nonzero
wave vectors as the strength of the attractive interaction
increases beyond the critical value. This indicates that the
system becomes unstable against a density wave state in
charge, spin, or bond for a strong attractive interaction (the
schematic phase diagram is shown in Fig. 14 in Sec. V A).

In the particle-particle channel, poles of the coupling func-
tion capture the dynamics of collective modes with charge 2e.
Our finding is that the nontrivial dispersion of the Cooperon
mode encoded in the momentum-dependent coupling function
has an interesting dynamical consequence. When a supercon-
ducting condensate is nucleated within an unstable normal
state subject to an attractive interaction, the system inevitably
goes through a transient superconducting state in which the
phase of the condensate is inhomogeneous in space (this can
be inferred from the time evolution of the pair-pair correlation
function shown in Fig. 16 in Sec. V B).

A. Collective mode with charge 0: Density-density
correlation function

Collective modes with zero charge and spin can be probed
through the density-density correlation function. In terms of
the Matsubara frequency, it is written as

Xph (67, iwn)

1 o d*k  d*p
. d iw, T
22/0 v /<2n)2 (2n)?

il R T R
ATw, g OV W], O, O)
(42)
_ 0 (1
It can be expressed as Xph = Xpy + Xp'» where
X[(,?l)(q', iw,) = 4’7;’;”[1—%!{2] is the free-electron
1+

contribution and ng;t) is the interacting part. The interacting
part is obtained by connecting the electron propagators to the
one-particle irreducible quartic vertex function and summing
over the relative momenta of particle-hole pairs as is shown
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[F(g,¢=0;p)]z 0 [F(g,6 = 0; 1))z 0
05,10, 15,20 25 309 , _ 05 10 15 20 25 304 p=A
ToS———#=0.018A - \— = 0.042A
-200¢ \—u = 0.016A -200¢ i—u = 0.040A
4000 (a) ; -400} (b) ' 1 = 0.038A
i—pu = 0.014A '
-600} ; -600F :
800l 4 —u=0.012A 800t = 0.036A

FIG. 7. RG flow of [F(q, ¢ =0;;L)]%,0 for an attractive UV coupling function [F(gq, ¢; A)lp.er = 2a cos[2(0 — 0')] with (a) o =
—(mvp + 1) and (b) @« = —(4mwvr + 3). The coupling function diverges at the momentum cutoff g. = 7w at ., = 0.122 and p. = 0.362,
respectively. We use A = 10 and vp = 0.3.

below: the coupling functions that depend on the momenta along
. the Fermi surface and the renormalization group energy scale
r® = >-<, contain that information through Egs. (6) and (7). In the limit

(43) that the momentum carried by a particle-hole pair is small,

Xph = <> + <:><> the nearly-forward-scattering processes are most important. In

this case, we can obtain the interacting part of the correlation
The nontrivial dynamics is encoded in the energy and mo- function using our renormalized coupling function as
mentum dependence of the vertex function. In our description,

J

d*k d*p - G . . = g .
> [ Gt o (e Srimr o (= Fm)

iV, i),

’

1
Dz i) —
x,,h(q,twn)——z—l32 >

01,02,03,04

- Rl g5—1 q q
85,0285, 00f 17 G (54 Lo+ ) (- L)

k~1.04:5+%,0 2’
k do do’ vpq cos 6 vpqg cos 6’
= / SN IR K(q, ¢ o)l | ——k b (44)
(4mvg) 2w 2w | —iw, + vpgcosf —iw, + vpgcosf

Below, we focus on the simplest case where the interaction is isotropic. For an interaction that is independent of angles
at a UV scale A, the renormalized coupling function at energy scale w is given by Eq. (25). In this case, the density-density
correlation function is obtained to be

_ )= M) = kr o 1 7
Xph(‘]a iw,) = Xph (g, iw,) + Xph (G, iw) = -1 +1 . (45)
drvp | dror v2g?
1+ 45 1 1
o _ +1

A _a
A vp V2.2 242
2q Bq
\/]+ A2 \/H' o7

Notice that this observable exhibits a pole structure identical to the coupling function in Eq. (25) for an isotropic UV inter-
action. Therefore, analyzing these poles enables the study of excitations, including the particle-hole continuum and collective
modes, without computing the specific observable explicitly. The retarded Green’s function is obtained through the analytical
continuation iw, — w + id,

kF o 1 1= o2

Xph(g, @) = —1|+1 (46)
4 vp \/H-Uizz \/1—"’2232

drvp | dmor 1+ v2g?
A2
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[F(ge, ¢ = 0;1)]0.0 [F(qe, & = 0;11)]o,0

0__nu=A
—_—1=0.018A
200 —u = 0.016A
= 0.014A
1 =10.012A

-400

FIG. 8. [F(g, ¢ = 0; u)]lg.o plotted as a function of 8 at g, at different values of u for (a) « = —(4mwvr + 1) and (b) @ = —(4mwvp + 3).
The critical energy scales correspond to u, = 0.122 and . = 0.362, respectively. The same UV coupling function and parameters are used
as in Fig. 7.

[F(q,0 =0; pe)lz 0

FIG. 9. The profile of the coupling function that emerges in the pu — p, limit from the UV coupling function [F(q, ¢;A)lp.e =

2a cos[2(0 — 0')] for different values of «. . = 0 for stable Fermi liquids with & > —4mvp,/1+ v%-[‘é For unstable cases, the critical
energy scales are given by p, = 0.491, pu, = 0.937, and . = 1.243 for « = —8, o = —14, and o = —20, respectively, for vy = 0.3 and
A =10.

[F(ge, & = 0; 1c)]o.0 [F(q, ¢ = 0; pie)]o.0

20000

5 b
10000 (b)

[F(q, ¢ = 0; p1e)]o0 [F(g, ¢ = 0; puc)]o.0
—q=7/4
6 g= 71'/2 300
4t (©) q=3m/4 200 (d)
2+ q=Tm 100 0
: ) : . =x/4
0 1 2 a5 = g - 742
-100 ~ =3/

w13 -200
-6t -300 — q=m

FIG. 10. The coupling function at the critical energy scale plotted as a function of 6 and g for the UV coupling function [F(g, ¢; A)lp.e =
2a cos[2(0 — 6')]. (a) The coupling function at . = u. at ¢ = g, for various choices of «. (b) The coupling function at u = 0 for ¢ = 12.
(c) The coupling function at 4 = 0 for « = —2. (d) The coupling function at i, = 0.937 for various choices of momenta foro = —14. A = 10
and vr = 0.3 are used for all plots.
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V(Q, ®; pic)]o,or

[V(Q, ®; 11)]o,0r [V(Q, ®; 1)]o,00
10 =A 2 4 6 8 10 a=42 4 6 8 10
. ‘ ‘ Q

0.9¢ = 0.5A -2} a=-1
0.8}

w=0.2A -4y
0.7}
0l 1 =0.05A s
o5t 7w =0.01A 8¢

2 4 6 8 10 @ 10 =

(a)

(b)

FIG. 11. The RG evolution of [V(Q, ¢;u)lse for the UV coupling in the s-wave channel with strength (a) Vo(Q;A) =1 and
(b) Vo(Q; A) = —1 with u. = 0.023. (¢) The coupling function that emerges in the u — . limit for different UV couplings. For repulsive
UV couplings with V,(Q; A) > 0, the coupling function vanishes in the IR limit (u. = 0). For attractive couplings with Vp(Q; A) = ay =
—1, —2, —3, —4, the pairing interaction Q = 0 diverges at u. = 0.23, 1.51, 2.84, 3.89, respectively. We use A = 10 and vy = 0.3.

Its imaginary part, which describes the spectral function for the neutral bosonic excitations, has a branch cut at w = vgrq

associated with the particle-hole continuum,

(4 12LA2 — 1]

dvp
Imxph(qa C()) =
(A - 1)

4JTUF

where A = 4’2# + L

1+

A2

[

1)
1
%—1 {AZ[”EU‘ZIZ —1]+1} for w < vrq,

Aé—l] forw > vpg and a > 0

(47)

For a repulsive interaction (o > 0), the spectral function supports a delta-function peak outside the particle-hole continuum,

o A o 1

g A1 4 vp e

I+ 45

In the A — oo limit, the dispersion of the collective mode

L o _ HEy
can be written in a closed form as ora m
responds to the zero-sound mode. The spectral weight of the
mode increases linearly in the forward-scattering amplitude in
the weak-coupling limit. Besides the zero-sound mode, there
also exists a broad peak inside the particle-hole continuum.
The dispersion of the incoherent mode becomes

. This cor-

L (1 " 4’;1“’) <1 (49)

Vrq « o
\/1 + 24rruF (1 + 47TU[-‘)

in the A — oo limit. In the strong-coupling limit, the velocity

of this mode becomes = = % The height of the peak is

Vrq

S S
Max[Imy] = 47,ZF 2(%)(1_‘_ v >

dmvp
mum is given by

and the width at half maxi-

2
Aw _ (1 + 47?1),.-)

v 1o a2 - VI ( )

dmvp

1
2 2

o 1 o 2
4 —( ) . (48)

4w vr 1+ vZg? 4w vp
A2

o 2
(1 + 4711}1:)

+4(2+J§)( o )2.

47{1)1:

(50
1+22*2

dmvp

At weak coupling, the width scales with the coupling as Aw ~
4/3(2—)? vpq. In the large o limit, the width becomes

drvp

Aw =~ %vp g. In the presence of an attractive interaction, the
zero-sound mode is no longer sharply defined as the speed of
the mode goes below the Fermi velocity, and the zero-sound
mode merges with the incoherent mode [69]. The spectral
function plotted as a function of @/(vrq) is shown in Fig. 12
for different interaction strengths.

For sufficiently strong attractive interaction with
o < o, = —4mvp, there exists a pole in the upper half

o _ A
plane of complex frequency at e Syt In the plane
of g and w, = —iw, the locations of the poles are shown for

various values of the bare coupling in Fig. 13. At o = o,
the spectral function exhibits a pole only at ¢ =0 and
w, = 0. In the channel in which the particle-hole pair carries
spin 1, this corresponds to the Stoner instability associated
with the ferromagnetic instability. For more general UV
interactions, the instability can arise in channels with nonzero
angular momenta in either the spin-singlet or spin-triplet
channels associated with the Pomeranchuk instability. For
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o < «, the spectral function exhibits a band of poles within
0 < w, < wpe(@), where w,.(a) corresponds to the largest
imaginary frequency and the momentum associated with the

pole is determined through = ——1 —If the

47[1)

% 2 v2 ql
1+ 1+€nr
imaginary frequency is lowered at a fixed « < «,, the spectral
function encounters the first pole at w, () with momentum

2\/4(47;¥—UF)2 - 1(/4(&)2 —1- ﬁ)
(i) 1]

for o < . (5D

J

gela) = A

d’k  d*k'
(2m)? (2m)?
d’k  d*k’ /A do/ dQdSY
2m)? 2m)? 27 2w 2w

o0
Q)20 o) = / dv dont
0

<Tf wIEJr%m(T)I/I*H%@ (f)lﬁi];%%

The unstable modes with nonzero momenta correspond
to density wave instabilities associated with charge, spin,
or nematicity depending on the quantum number of the
particle-hole pair. It is interesting to note that the strongest
instability arises at g #0 for o < a,. w,(¢) can be
viewed as a rough estimate of the transition temperature
of the spontaneous symmetry breaking triggered by the
instability. In Fig. 14, we illustrate the phase diagram that
indicates the transition temperature as a function of the
interaction.

B. Collective mode with charge 2: Pair-pair correlation function

The dynamics of charge 2 collective modes can be stud-
ied through the pair-pair correlation function. The correlation
function in the s-wave channel reads

<0>w,j,+Q (0)>

<1/jk+ 2 (w” w,)lﬂ_;+%03 (w/)l/fiié%%az (Q)I’[/;’+%ol (Q/)>’ (52)

where 0 and w, denote the center-of-mass momentum and energy of Cooper pairs. It can be written as x,, = X5 + x> where

x5 is the disconnected free-electron contribution and (x{))3!%:

free-electron part is written as

(X))o (D o) = = AT 7 —

04,03

01,02 — 01§02
where A7 2(8(74 82 — 891852

renormalized coupling function as

(1) 01,02 o
(X)) gy (D i) = Qn ) 2n)?

X G(lzl + %, w, — a)')G(_

d*k, d*k, Tt
! Izl"r

(Q iwy) is the connected correlation function. For wy, > 0, the

Wy v:Q?

kr
24 1+ , (53)
P4 A

w wy,

6218%2). Using Eqgs. (6) and (7), one can express the connected correlation function in terms of the

ko + kot %5 015—ka+

)

~ [ - 5 — Ay,

%.,01;— %Uz Q, 3 %,Uz d(,()/ dQ
0 7,0 - ()\1 =6 7.4 —_
5.045—ki+3 .03 —ki+%,035ki+5 .04 2w 27

i+ %, w/)c<—1:2 + %, sz)c(léz + % Wn — Q) (54)

Let us consider an isotropic UV interaction that is momentum independent: Vy(Q, A) = ay, where A is the UV energy scale at
which the bare coupling is defined. In this case, the connected correlation function becomes

(X)o7, i) = ——AZ; 2Vo(Q; @n)

04,03

where A, is the frequency cutoff. The precise value of the
cutoff does not affect the low-energy physics. The correlation
function in the spin-singlet channel can be singled out as

Xpp)722(Q, iwy) = AZ% x4 (D, iw, ), where

o kp ay A 47[1.)[:
o sy W) = —— 1 1
Xpp(Q- ion) nvp|: 4vp n 2Aa,:| ay

o A
1+47r‘{1 In 2A,

@y «/v Q2+w +awp _1

47!1)1:

x{1+ (56)

2

202
<1+ 1+”F§> , (55)
,

n

kr
—1n
TVF 4A,

(

To obtain the pair Green’s function in real frequency, we use
the analytic continuation and define x,,(Q, » + i0"). In the
complex plane of w, x;‘p(é, o +i0") has a pole at w = iwg
with

2 2
_dmp 4y
wo = —e W Q few A (57)

and branch cuts slightly below the real axis with |w| >
vrQ. For a repulsive interaction (ay > 0), the pole and the
branch cut are all in the lower half plane for any Q < A/vp
[for O > A/vp, Eq. (56) is not valid]. For an attractive
interaction (ay < 0), the pole lies in the upper half plane
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4y
for Q <Q*, where Q* = %—’F\eTvF. This represents modes
that grow exponentially in time associated with the super-
conducting instability. While all modes with center-of-mass
momentum less than Q* become unstable, the Q = 0 mode
exhibits the fastest growth (the largest imaginary frequency in
the upper half plane).

Now, let us understand the dynamics of the unstable modes
in more detail. To be concrete, we consider the following
experimental setup. A metal, whose ground state is a super-
conductor with a small gap, is initially kept from becoming
a superconductor by an external magnetic field. Atz = 0, the
magnetic field is turned off, and at the same time a supercon-
ducting tip is brought close to the system for a short period of
time. The superconducting tip, which is a source of coherent
Cooper pairs that can tunnel into the system, acts as a small
pairing field h, applied to the system at # =0 and ¢ = 0.
This will trigger an avalanche of unstable modes, driving the
system to the superconducting ground state. With other super-
conducting tips that are located at finite distances away from
the initial superconducting tip, one can probe the spatial and
temporal profile that arises from the real-time evolution of the

(@)
Im(Xph)
0.10 S S a =4|
4rtve 4rntve
0.08 a

4rtve B
0.06

0.04

0.02

0.0 0.5 1.0 . 1.5 2.0 2.5
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(b)
Im(Xph)
8
— % =12 — —2--203

4nve 4mvE
6 Z_--09 — ——=-01

4nve 4mTvE

| 2

0.0 0.2 0.4 0.6 0.8 1.0 1.2
VFq

FIG. 12. Imy,;(¢, ) as a function of - (horizontal axis) at
various (a) positive 4;’UF and (b) negative 4:UF. The zero-sound
modes correspond to the sharp peaks at fq > 1. The damped
modes correspond to the broad peaks at & <1. A =40 and

8 = 0.0001

Xph—)oo

Wp

FIG. 13. The location of poles in the particle-hole spectral func-
tion as a function of ¢ and w, = —iw for different choices of ﬁ,
where o denotes the bare interaction in the s-wave channel that is mo-
mentum independent at energy scale A = 40. Black dots represent
(wpe(@), g.(a)) that correspond to the pole with the largest imaginary

frequency at each .

condensate. Within the period of the initial growth when the
amplitude of the pair condensate is small, the linear response
theory is valid, and the condensate of momentum Q at time ¢
is written as

P(Q,1) = h,G,p (0, 1), (58)

where £, is the pairing field applied at t = 0 and 7 = 0 and
Gpp(Q, 1) is the regarded Green’s function that satisfies the
boundary condition g,,,,(Q, t)=0fort <O0.

However, x;‘p(Q, w + i0™) itself does not give the retarded
Green’s function because it has poles in the upper half plane.
The Fourier transformation of XSP(Q’  + i0™") along the real
axis of w gives

Gpp(0.1) = O(—=)GV(D.1) + OMGI (0. 1), (59)
where

kF 47TUF

gl(,(;,)(é,t) = - E( oy

4y 2 2 4y
x |e @ vrQ +e w A ,
4A

2
) O(Q* — |Q])e™

/A _ d_w —iwt ,a (A .
G(0.1) = [ Toe™ x,(0. 0+ i), (60)

g;j;)(é, t) is the contribution of the pole located in the upper
half plane for Q < Q*, which can be picked up by extending
the frequency integration of Xgp(Q’  + in) along the real axis
with the infinite semicircle in the upper half plane at ¢ < O.
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Phase diagram

T T ¥ T ¥ ¥ T T T ¥ ¥ T T T T
=0 7\ ]

Fermi Liquid

47TVF

FIG. 14. Phase diagram of the two-dimensional Fermi liquids
in the plane of bare interaction o and temperature 7 suggested
from the one-loop renormalized coupling function. Here, we use
wne (o) as the proxy for the transition temperature. The regions above
and below the curve represent the symmetric Fermi liquid and a
symmetry-broken state, respectively. The color changing along the
phase boundary represents evolution of the ordering wave vector,
q.(a0). As o decreases below o, g.(o) gradually increases from zero
following Eq. (51). The black dot at (—1.0, 0.0) denotes the uniform
Stoner instability.

The hard cutoff O* for the momentum integration reflects the
fact that the Cooper pair mode is unstable only for Q < Q*.
G ;Q(Q, t) represents the contributions of the poles in the lower
half plane.

G,,,,(Q, t) is nonzero at all ¢ and decays exponentially in
the |t| — oo limit because Q;?D)(Q,t) and Q}g(é,z) decay
at large negative and positive ¢, respectively, as is shown in
Fig. 15. What Eq. (59) describes is the evolution of a pair
condensate that existed even before the pair field is applied at
t = 0, where its amplitude gradually increases from zero to a
finite value as  increases from —oo to 0. While the condensate
would have kept growing in ¢ > 0, the field applied at r = 0

6
— -6, (Q=0"-0.1,-)

5 (1) .

6" p(Q=Q"-0.1)
4 G (Q=Q*+0.1,)
3
2
1 \’\/\’»\‘ ‘
e T 20 30 w0 ¢

FIG. 15. —G©(0* — 0.1, —) and G')(0* 0.1, 1) plotted as a
function of ¢ > 0 for n =0.001, A =6, A, = 100, and ;2 =

4mvp
—0.5. g;,';(Q, t) has been numerically evaluated with m = ﬁ—i =
and vp = 1.

-
=0,t)
|
N
e

-
Gpp(Q,t)_gpp(Q

6L
0.0 0.5 1.0 1.5 2.0

Q

FIG. 16. gpp(é,t) — G,p(0, 1) plotted as a function of Q for
0.2 <t < L4withn =0.001, A =6, 7%~ = —0.5,and A,, = 100.
The red dashed line denotes the location of Q*.

alters the condensate into g;,‘[)(?, t)int > 0 [70]. To describe
the situation in which the condensate amplitude is zero in
t < 0, one has to add a time-dependent condensate that exists
without the external source and cancels Eq. (59) in r < 0.
Therefore the retarded Green’s function becomes

Gop(0.1) = Gp(0,1) — GNN(D, 1). (61)

Equation (61) satisfies the desired boundary condition,
Gpp(0,t < 0) = 0. Furthermore, QI(J(I),)(Q, t) now captures the
exponentially growing condensate in ¢ > 0.

We plot Q,,,,(Q, t) as a function of Q in Fig. 16. In the
small ¢ limit, G,,(Q,t) is independent of Q. This gives a
delta function in real space, which describes a localized pair
condensate created by the local pair field applied at ¢t = 0.
With increasing ¢, G,,(Q, t) develops a nontrivial profile as
condensates with different momenta grow at different rates.
The mode with Q = 0 grows at the fastest rate, but all modes
with O < Q* grow independently as long as the amplitude of
the condensate is small enough that the interaction between
Cooper pairs can be ignored. This gives rise to a spatial
inhomogeneity in the phase of the condensate. To see this,
we consider t > A/(vpQ* )2 but small enough that the am-
plitude of condensate is small. In this case, g](,(;,)(é, t) gives
the dominant contribution, and the Green’s function is well
approximated by

gpp(?v t) N o= gl(;(l);)(?v t)

_ kF UFQ* <4TL’UF)2

TVp 27

ay
% .2 k
VP24 0pQ') — vp Q' AR
20213 '
(62)

Equation (62) describes a diffusive behavior of the expo-
nentially growing pair condensate. It is interesting to note

that GO)(7, 1) is positive for r < r. with r. = ,/%
while it becomes negative for r > r.. At ryjn = ,/ %,

the condensate becomes most negative, and its magnitude
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decreases algebraically in 7: g;f})(?mm, t):—%(%)z%.
The inclusion of G (Fin, ), Which is exponentially small at
large ¢, will modify the precise location of r. but will not
remove the region of the condensate with phase difference
7. The appearance of the inverted condensate in r > r, is a
consequence of the unstable modes with nonzero momenta.
The exponentially growing modes with nonzero Q cause a
destructive interference at r. and the inverted condensate in
r > r.. With increasing time, the in-phase condensate near
7 = 0 pushes the inverted condensate to the region outside
radius r. ~ vpt as the modes with nonzero Q grow more
slowly than the uniform condensate. In the ultimate long-time
limit, the interaction between Cooper pairs kicks in to stabilize
the uniform superconducting state. However, the appearance
of the transient superconducting condensate with phase shift
7 is unavoidable in the initial time period when the amplitude
of the condensate is still small.

The results discussed in this section can in principle be
obtained by computing the density-density and pair-pair cor-
relation functions directly from a microscopic model that
includes short-ranged interactions. Then, what is the merit
of using this low-energy effective theory? First, our local
effective field theory keeps all universal information and ex-
plains low-energy phenomena such as the collective modes
in a self-contained manner. This is in contrast to Landau’s
fixed-point theory, which cannot describe the collective modes
without including certain “high-energy” information which
is not part of the fixed-point theory [71]. Second, the ef-
fective field theory makes the universal nature of physical
predictions manifest. The relations between low-energy ob-
servables that are determined from the fixed-point coupling
functions are guaranteed to be universal because the cou-
pling functions depend only on the universal low-energy
data of the fixed point. Finally, the present framework of
local low-energy effective field theory can be readily gen-
eralized to non-Fermi liquids for which critical nonforward
scatterings play even more important roles than in Fermi
liquids [61].

In this paper, we considered neutral Fermi liquids. For
charged Fermi liquids, the long-range Coulomb interaction
is expected to qualitatively modify the functional renormal-
ization group flow and the nature of the collective modes.
However, the theoretical formalism developed in this paper
can be readily applied to charged Fermi liquids. We defer
the full discussion of the charged Fermi liquid to a follow-up

paper.

VI. SUMMARY

In summary, we study the Landau Fermi liquid and its
instabilities within the low-energy effective field theory that
is valid beyond the strict zero-energy limit. The local effec-
tive field theory should include general coupling functions
that include nonforward scatterings and pairing interactions
with nonzero center-of-mass momenta. At low energies, the
coupling functions exhibit universal scaling behaviors when
the momentum transfer and the center-of-mass momentum
are comparable to the energy scale. The scaling behavior of
the general coupling functions determines various physical
observables at low energies [11-13,72]. In particular, the dy-
namics of the low-energy collective modes is fully encoded
within the momentum-dependent coupling functions. This al-
lows us to understand all low-energy physics of Fermi liquids
within the low-energy effective field theory without resorting
to microscopic theories. We reproduce universal dynamics of
the zero-sound mode from the momentum-dependent cou-
pling function in the particle-hole channel. The coupling
functions also contain the dynamical information about the
unstable modes in the presence of instabilities. As an unsta-
ble normal Fermi liquid evolves toward the superconducting
ground state, we predict that it inevitably goes through a pe-
riod of inhomogeneous superconductivity with a local phase
inversion in the superconducting condensate due to the uni-
versal momentum dependence of the renormalized coupling
function in the particle-particle channel. The local low-energy
effective field theory valid away from the strict zero-energy
limit also reveals alternative types of instabilities of Fermi
liquids. Unlike the forward-scattering amplitude, which is
exactly marginal, the nonforward-scattering amplitudes are
subject to nontrivial quantum corrections. If the strength of
the bare attractive interaction exceeds a critical strength, it can
drive instabilities toward symmetry-broken states in particle-
hole channels. The momentum-dependent coupling functions
can also be tested more directly through double photoemission
spectroscopy [73].
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