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Dielectric composites are believed to tightly obey the effective-medium theory (EMT) when their dimensions
are much smaller compared to the wavelength inside them. It is naturally expected that when the refractive indices
of a part of the constituent materials approach zero, the validity of the EMT is further strengthened. Here, we
demonstrate that the EMT breaks down in deep-subwavelength dielectric composites containing homogeneous
epsilon-near-zero (ENZ) constituents, which is contrary to the above intuitive picture, as validated by both
the Bloch-wave analysis and numerical simulations. This breakdown of EMT originates in the presence of
strong evanescent waves emerging on the interfaces between the constituent materials, which stem from the
extreme mismatch of energy-flux distributions between them. The energy flux within such composites is highly
nonuniform: significantly enhanced in the ENZ constituents and largely depressed in other normal constituents.
When such composites are illuminated by planar waves with uniform energy-flux distributions, evanescent waves
for redistributing flux into the ENZ constituents are generated on the internal interfaces of the composites, and
lead to properties beyond the prediction of traditional EMT. Our work unveils the mechanism of EMT breakdown

in dielectric composites with constituents of near-zero permittivity.
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I. INTRODUCTION

Intermixing two or more homogeneous constituents to
form composite materials is a fundamental approach for
constructing advanced electromagnetic/optical materials, in-
cluding metamaterials [1,2], which enable unprecedented
control of electromagnetic waves and light. When the di-
mensions of the constituents are much smaller than the
wavelength, i.e., at the deep-subwavelength scale, the com-
posite can usually be homogenized as an effective medium
with uniform properties, which is described by effective-
medium theories (EMTs) [3-5]. Generally, local EMTs are
sufficient for accurately describing the macroscopic electro-
magnetic/optical responses. They predict the macroscopic
effective permittivity/permeability of the composite in terms
of the permittivities/permeabilities and filling fractions of the
individual constituents, disregarding their actual dimensions
and spatial arrangement [3-5]. This homogenization process
greatly simplifies the modeling, characterization, and phe-
nomenological understanding of the composite material.

Dielectric composite materials with deeply subwavelength
constituents, which cannot support extremely large wave vec-
tors or surface-wave resonances, are generally believed to
obey the local EMT [3-5]. Interestingly, exceptional cases
where the local EMT fundamentally breaks down were dis-
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covered recently. Sheinfux er al. [6] demonstrated that the
transmission through a one-dimensional (1D) dielectric multi-
layer depends strongly on nanoscale variations at the vicinity
of the effective medium’s critical angle for total internal re-
flection, revealing the breakdown of EMT [7-15]. The EMT
fails in this scenario because it cannot account for the influ-
ence of microscopic evanescent waves in low-index dielectric
layers [6,7]. Dong et al. [16] further revealed the breakdown of
EMT in two- and three-dimensional (2D and 3D) systems. In
contrast to the 1D systems, the breakdown of EMT is caused
by the occurrence of dramatically varying evanescent fields at
the deep-subwavelength scale, which however are ignored or
averaged out in the effective-medium description.

Typically, reducing the refractive index of a part of the
constituents to nearly zero can increase the effective wave-
length in the composite; therefore, it is generally expected that
this would alleviate the breakdown of EMT and strengthen
the validity of EMT. However, in this work, we report a
contrasting finding: the breakdown of EMT in deeply sub-
wavelength dielectric composites containing homogeneous
constituents with permittivity approaching zero, i.e., epsilon-
near-zero (ENZ) media. Such homogeneous ENZ media can
be realized using conductive materials at plasma frequency
[17-22] and waveguide metamaterials at cutoff frequency
[23-28]. Due to their unique electromagnetic properties, such
as infinitely long wavelength, zero phase advancement, and
extreme impedance, a plethora of novel phenomena has
been discovered, including tunneling effect [23], electromag-
netic flux control [27,29], photonic doping and antidoping
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FIG. 1. (a) Schematic graph of a deep-subwavelength 1D mul-
tilayer consisting of alternating layers of nonmagnetic materials A
and B, which can be homogenized as a uniform medium character-
ized by an effective relative permittivity tensor .. (b), (c) Relative
difference of absorptance |AA|/A,. between the actual multilayer
and its effective medium for TM (red) and TE (blue) waves. In (b),
the incident angle 0 is fixed at 0°, while the angular frequency w
and the damping frequency y are changed. The relevant parameters
are e =2+ 0.2i, e = l—wg/(w2 +iwy), ty =ty = A/100, and
L = Xy. In (c), we set y = 0, and change the g and 6. (d) The real
and imaginary parts of cos(ga) as the function of eg for propagation
of k = ko based on the dispersion relation in Eq. (1).

[24-26,30], nonlinearity enhancement and quenching effect
[20-22,31], unusual waveguiding effect [28], etc.

Here, we find that when a dielectric composite contains
homogeneous ENZ constituents at the deep-subwavelength
scale, its macroscopic properties could deviate from the pre-
diction of local EMT, as validated by both the Bloch-wave
analysis and numerical simulations. We demonstrate that the
EMT breakdown is attributed to the occurrence of strong
evanescent waves at the interface between the constituents.
The continuity of the electric displacement and magnetic field
across the interfaces between ENZ and other constituents
can result in significantly enhanced energy flux in the ENZ
constituents and suppressed energy flux in other normal
constituents. Consequently, a highly nonuniform energy-flux
distribution within the composite is formed. To match with
the uniform energy-flux distribution of incident waves, strong
evanescent waves that can transversely transfer flux from the
normal constituents to the ENZ constituents are generated.
Such evanescent waves are beyond the description of the tra-
ditional EMT. Our work enriches the understanding of EMT
in describing composites containing ENZ constituents.

II. BREAKDOWN OF EMT IN MULTILAYERS
CONTAINING ENZ CONSTITUENTS

We begin with a 1D multilayer comprising alternat-
ing layers of nonmagnetic materials A (relative permit-
tivity €a, thickness f4) and B (relative permittivity eg,
thickness 7g), as illustrated in Fig. 1(a). According to

the EMT, when the multilayer operates at the deep-

subwavelength scale, meaning that the lattice constant a

(=ta + ) is much smaller than the incident wavelength

Ao in free space, it can be homogenized as a uniform

medium characterized by an effective relative permittiv-
_ Ex eff

ity tensor e = ( Ey,eff ), where &, eff = €0t =

Ez.eff

(eata + eptp)/a and €, cir = cpcpa/(eats + epta) [S].

To numerically examine the validity of the effective-
medium approximation, we set fy =13 = a/2 = Xy/100,
ensuring that the condition a <« Ao is satified. Here, we
assume that the material A is dissipative characterized
by a complex relative permittivity of g5 =2 + 0.2, and
then compare the absorptance of the actual multilayer AM-
and its effective medium APMT using finite-element soft-
ware COMSOL MULTIPHYSICS. The relative permittivity of
material B is characterized by the Drude model as e¢g =
1—w? /(®* + iwy), where w, and y are the plasma frequency
and damping frequency, respectively. Figure 1(b) presents the
relative difference of absorptance |AA|/A,. as the function
of normalized angular frequency w/w, for transverse-electric
(TE, electric field along the z direction) and transverse-
magnetic (TM, magnetic field along the z direction) polarized
waves under normal incidence (i.e., the incident angle 6 =
0°) for different y. Here, AA = AM- — ABMT and A, =
(AML + AEMT) /9 The length of the multilayer is L = Aq along
the x direction. From Fig. 1(b), it is observed that the ab-
sorptance difference is negligibly small for TE waves. This
indicates the validity of the EMT in accurately describing the
multilayer structure. Since the TE waves only interact with the
effective-permittivity component &, ¢, these results confirm
the accuracy of the effective-permittivity components parallel
to the A-B interface (i.e., &, ¢fr and &, ¢fr).

Nevertheless, notable differences in absorption are ob-
served for TM waves at w = 0.71wp, and w = w,, which
correspond to eg ~ —1 and g ~ 0, respectively. It is known
that the discrepancy at w = 0.71wj, is caused by the excitation
of surface plasmon polariton (SPP) resonances at the A-B
interfaces [32-34]. At the SPP frequency, the EMT generally
breaks down and fails to accurately describe the multilayer
structure [32—34]. Interestingly, a greater discrepancy occurs
at w = wp, i.e., the ENZ frequency. We see that the |AA[/Aaye
increases as the damping loss decreases, and reaches a maxi-
mal value of 2 when y < 10 °w,. A value of |AA|/Age = 2
means that either AML > ABMT or AEMT 5, AML " indicating
the breakdown of the EMT. Through numerical calculations,
we find that AME > ABMT at the ENZ frequency.

To investigate the physical mechanism underlying the
breakdown of EMT at the ENZ frequency, we consider ideal
cases by setting ¥ = 0 in the following, and explore the effects
of the value of eg on the |AA|/A,.. Figure 1(c) shows the
calculated |AA|/Aue as the function of eg for TE and TM
waves under different incident angles. Still, the EMT is ac-
curate for TE waves, while it breaks down for TM waves. It
is seen that the |AA|/A,. for TM waves increases rapidly as
ep approaches zero, and reaches a maximal value of 2 when
e < 1072, Considering that the normally incident TM waves
only interact with &, ¢, the discrepancy between the actual
structure and its effective medium indicates the inaccuracy
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of &y.fr and the breakdown of EMT in the presence of ENZ
constituents. We note that the breakdown of EMT is mitigated
when the incident angle increases. It is expected because with
a larger incident angle, a greater portion of electric field is
polarized along the x direction, for which the formula of the
effective permittivity component (i.e., &, «¢) is accurate.

The breakdown of EMT at the ENZ frequency is pre-
dictable based on the analysis of Bloch waves. By utilizing the
transfer matrix method and the Bloch theorem, the dispersion
relation of the multilayer structure for TM waves is expressed
as [6,33]

cos (ga) = cos (gata)cos (gptp)

1 <8Aqs £B9A
- = +

2\¢eBga  ¢€agB
A/ 5A,Bk(%_kﬁa
ko is the wave number in free space, and k| is the parallel com-
ponent of wave vector at the A-B interfaces. The applicability
of the EMT requires that the wavelength of the Bloch wave is
much larger than the lattice constant; in other words, ga < 1.
This criterion leads to

) sin (gata) sin (ggtg), (1)

where ga g = and ¢ is the Bloch wave number.

cos (ga) ~ 1. (2)

Generally, for deeply subwavelength multilayer structures
that do not support extremely large wave vectors or surface-
wave resonances, the condition of Eq. (2) can be well satisfied,
and the EMT can be safely applied in the homogenization of
the multilayers. However, the dispersion relation that deter-
mines cos(qga) contains not only phase shifts across the layers,
but also the impedance ratios of the two adjacent layers. When
the constituent B is made of ENZ materials (i.e., eg ~ 0),
Eq. (1) simplifies to
1 2N r

cos (qa) ~ 1 + 3 ﬁlAlB, (3)

&B
for the case of kj # 0. Equation (3) indicates that the EMT
would fail to accurately describe the multilayers containing
ENZ constituents.

For numerical investigation, in Fig. 1(d) we plot the real
and imaginary parts of cos(qa) as the function of ep for
propagation of k; = ko according to the dispersion relation
in Eq. (1). It is seen that the value of cos(ga) gradually
deviates from unity as the ¢ approaches zero. Specifically,
the deviation becomes significant when eg < 1072, This indi-
cates that the EMT breaks down when e < 1072, consistent
with the results in Fig. 1(c). These results clearly manifest
the breakdown of EMT in the presence of ENZ constituents,
and highlight the critical role of impedance ratios of the two
adjacent layers.

III. THE UNDERLYING PHYSICS OF EMT BREAKDOWN

To further explore the physical mechanism responsible for
the breakdown of EMT, we compare the field distributions
within the actual multilayer and its effective medium. We first
consider the case of normally incident TE waves, as depicted
in Fig. 2(a). For the multilayer at the deep-subwavelength
scale, the fields can be considered uniform within each con-
stituent [4,5]. By applying the continuity boundary conditions
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FIG. 2. (a), (d) Illustration of electric field E, magnetic field
H, and Poynting vector S inside the deep-subwavelength multilayer
under the illumination of normally incident (a) TE and (d) TM
waves. The blue wavy arrows in (d) denote the evanescent waves.
(b), (c), (e), and (f) Distributions of normalized electric field |E|/E,
and time-averaged energy flux S (arrows) in the models of (b), (e)
actual multilayer; (c), (f) effective medium for normally incident
(b),(c) TE and (e), (f) TM waves. The inset of (¢) shows the enlarged
view of field distributions at the air-multilayer interface. The relevant
parameters are €4 = 2 4 0.2i, eg = 107, and ta = t5 = Ao/100.

for the tangential electric field and normal component of
magnetic induction at the A-B interfaces, we find that the
electric field E5 and magnetic field Hy in the A layers are
equal to the electric field Eg and magnetic field Hp in the B
layers, respectively. Hence, we have E5 = Eg and Hy = Hg,
indicating that the energy flux, denoted as S =E x H, is
uniformly distributed throughout the multilayer, i.e., Sy = Sg.
For numerical verification, Fig. 2(b) displays the distributions
of normalized electric field |E|/E, (color) and time-averaged
energy flux S (= %Re(E x H*), depicted as arrows, within
a multilayer slab with L = 0.031¢ when it is illuminated by
normally incident TE waves from air. Here, E is the electric
field maginitude of incidence, and the relavant parameters
are set as ea =2+ 0.2i, e = 107%, and 74 = 15 = Ao/ 100.
Uniform electric field and energy flux are clearly observed
inside the multilayer, exhibiting good agreement with the
field distributions in its effective medium characterized by
g,eff = 1.000 05 4 0.1i [Fig. 2(c)]. This further corroborates
the validity of the effective-medium approximation for TE
waves.

Interestingly, the behavior of TM waves is markedly
different. By considering the continuity conditions for the
normal component of electric displacement field and magnetic
field at the A-B interfaces, we find that Ex = (¢g/ca)Ep
and Hy = Hg. In the case where the B layers are made
of ENZ media with g — 0, we have Eg > E, — 0 and
Sg > Sa — 0 [Fig. 2(d)]. This indicates extremely nonuni-
form distributions of electric fields and energy flux within
the multilayer. Specifically, the electric fields and energy
flux are substantially large in the A layers, while they
approach zero in the B layers, as confirmed by the sim-
ulation results in Fig. 2(e). These highly nonuniform field
distributions completely contradict the uniform field distribu-
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tions predicted by the effective-medium model with &, o =
0.0002 4+ 9.9 x 1071% [Fig. 2(f)]. Consequently, the EMT
fails to accurately characterize the multilayer structure for TM
waves.

We note that the energy flux of the incident planar waves in
free space is uniformly distributed on the yz plane. When these
waves impinge upon the yz surface of the multilayer structure,
a significant discrepancy arises in the energy-flux distributions
at the air-multilayer interface. This contradiction would give
rise to strong evanescent waves that decay in the forward
and backward directions (i.e., +x direction), but are capable
of transferring flux from the normal (or ENZ) constituents
to the ENZ (or normal) constituents along the perpendicular
direction (i.e., =y direction) at the left (or right) air-multilayer
interface, as schematically shown by the blue wavy arrows
in Fig. 2(d). These evanescent waves produce rapidly varying
evanescent fields at the air-multilayer interfaces, and enhance
the electric fields in the A layers where the material loss ex-
ists. In contrast, in the effective-medium scenario, the electric
field and energy flux should be totally concentrated in the
ENZ layers (i.e., the B layers). Consequently, wave absorption
in the actual multilayer is significantly greater than that in
its effective medium counterpart, as observed in Fig. 1(b).
These findings clearly demonstrate that the breakdown of
EMT is attributed to the presence of evanescent waves at the
air-multilayer interfaces, which are induced by the extreme
mismatch of energy-flux distributions.

To provide further evidence on the role that evanescent
waves play in the EMT breakdown, we compare the wave
absorption of two models, denoted as models I and II, as
schematically shown in Fig. 3(a). Model I consists of a contin-
uous multilayer slab (N; number of AB units in the y direction,
and length L in the x direction) placed in air (upper-panel
graph). Subsequently, we divide the multilayer slab equally
into N, thin multilayer slabs, each having a length of | = L/N,
along the x direction (lower-panel graph). Two adjacent thin
multilayer slabs are separated by an air slab with a separation
distance of g.

Figure 3(b) presents the absorptance of the two models
and their corresponding effective-medium models (where all
multilayer slabs are replaced by the effective medium) as the
function of L/ while keeping A fixed under the illumination
of normally incident TM waves. In model II, the length of each
thin multilayer slab is fixed at / = Ay/100. The parameters
are e =24 0.2, eg = 107*, 1A =15 = 40/100, and g = [.
From Fig. 3(b), we see that the two effective-medium models
exhibit nearly the same absorptance, which however is several
orders of magnitude lower than that of their actual multilayer
models. This apparent contradiction highlights the breakdown
of EMT. Furthermore, it is notable that the absorptance of
model I remains almost unchanged as the length L. This is
due to the fact that the number of air-multilayer interfaces,
where the absorption occurs, does not increase proportionally.
Interestingly, by dividing the continuous multilayer slab into
multiple thin slabs in model II, a significant increase in ab-
sorptance is achieved since a large number of air-multilayer
interfaces are created. As expected, the absorptance in model
IT is two orders of magnitude higher than that in model I, and
it further increases with increasing the length L, as shown in
Fig. 3(b).
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FIG. 3. (a) Upper: schematic graph of wave propagation through
model I consisting of a continuous multilayer slab (N; number of AB
units in the y direction, length L in the x direction) in air background
under normally incident TM illumination. Lower: in model II the
multilayer slab is equally divided into N, thin multilayer slabs, each
having a length of / = L/N, along the x direction. Two adjacent thin
slabs are separated by an air slab with a separation distance of g.
The blue wavy arrows denote the evanescent waves. (b) Absorptance
on a log scale for the model 1 (AM") and model 1T (AM"), as well
as their corresponding effective-medium models (AfMT and ARMT) as
the function of L/A¢ with fixed Aq. In model II, each thin multilayer
slab has a fixed length of / = 4,/100. (c) Absorptance of the model
II and its corresponding effective model as the function of N, for
different separation distances: g = [ and g = /2. The total length of
all thin multilayer slabs is fixed at L = N,/ = 15X. In (b) and (c),
the relevant parameters are 4 = 2 + 0.2i, eg = 107* andty =13 =
A0/100.

Additionally, we keep the total length of all thin multilayer
slabs in model II fixed at L = 15A¢, and vary the number N;,.
Figure 3(c) presents the absorptance of the actual multilayer
and its effective-medium model for two different separation
distances: g =1 and g =[/2. It is seen that the absorption
of the effective-medium model is negligibly small and shows
little dependence on the separation distance. In contrast, the
absorption of the actual multilayer is significantly higher. We
note that the separation distance affects the absorption be-
cause the evanescent waves at adjacent interfaces could couple
with each other if the air gap were sufficiently small. Although
the absorptance varies for different separation distances, we
observe the same increasing trend with N,, as the number of
air-multilayer interfaces increases. These results provide fur-
ther evidence that the evanescent waves at the air-multilayer
interfaces are responsible for the breakdown of EMT.

IV. THREE-DIMENSIONAL COMPOSITES CONTAINING
ENZ CONSTITUENTS

The breakdown of EMT occurs due to the generation
of strong evanescent waves by the ENZ constituents in
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FIG. 4. (a) Schematic graph of a 3D deep-subwavelength composite consisting of a cubic lattice of a large ENZ spherical particle and a
small lossy dielectric spherical particle in air background. The green dashed curve denotes the trajectory of the small particle moving around

the ENZ particle. Positions 1 and 4 are close to the poles, positions 2

and 3 are on the equatorial plane, and position 5 is far from the ENZ

particle. (b) Illustration of electric field E, magnetic field H, and Poynting vector S inside the composite. The blue wavy arrows denote the
evanescent waves. (c¢), (d) Distributions of (c) normalized electric field amplitude |E|/Ej on the xy plane and the ENZ particle’s surface, and
(d) time-averaged energy flux S in one unit cell in the absence of the small particle. (¢) Absorptance of the actual composite slab consisting of
100 units along the x direction A (black lines) and its effective medium AEMT (red stars) as the function of the position of the small particle

along the trajectory in (a).

composites at the deep-subwavelength scale. This physical
mechanism underlying the EMT breakdown is not limited
to 1D multilayer systems but can also be observed in 2D
and 3D composites. In the following, we will show the
evanescent-wave-induced breakdown of EMT in a 3D com-
posite containing the ENZ constituents.

Figure 4(a) illustrates the schematic graph of the 3D
composite, which consists of a cubic lattice (lattice con-
stant a = A/100) of a large ENZ spherical particle (radius
r1 = 0.3a, relative permittivity &; = 107>) and a small lossy
dielectric spherical particle (radius , = 0.03a, relative per-
mittivity &, = 2 4 0.2i) embedded in an air background. The
edge-to-edge distance between the two particles is gi,. The
position of the small particle is adjustable and can be moved
along the trajectory 1 - 2 — 3 — 4 — 5 [green dashed
curves in Fig. 4(a)]. Since the composite operates at the
deep-subwavelength scale, it can be homogenized as a uni-
form effective medium. The effective relative permittivity
geir can be obtained through solving the equation =l

eff +2
(s + ) 5]

Here, we consider planar waves with electric fields polar-
ized along the y direction, which are normally incident onto
the yz surface of the composite. According to the continuity
condition for electric displacement field at the poles of the
ENZ particle, the electric field inside the ENZ particle is
significantly larger than that in the surrounding air, as de-
picted in Fig. 4(b) and confirmed by the simulation results
in Fig. 4(c). Consequently, the energy flux inside the ENZ
particle is much greater than that in the nearby air region
close to the poles of the ENZ particle, as evidenced by the
simulated time-averaged energy-flux distributions in Fig. 4(d).

This leads to the formation of a nonuniform energy-flux dis-
tribution in the vicinity of the ENZ particle. When planar
waves are incident onto the composite, evanescent waves
capable of transversely transferring flux from the nearby air
region (or ENZ particle) to the ENZ particle (or nearby air
region) on the left (or right) side will be generated. These
evanescent waves give rise to rapidly varying evanescent fields
in the vicinity of the ENZ particle. Specifically, the electric
field on the ENZ sphere’s surface on the air side can be
derived as E;, = %Eo cos 6 based on the Mie scattering theory
or the electrostatic theory [31]. Here, 6 is the polar angle
(the angle measured from the x axis). This implies that the
electric field is enhanced (i.e., Eyr = %EO) on the equator
(i.e., 8 = 0), while is zero (i.e., E,; = 0) at the poles (i.e.,
0 = m/2). Under this circumstance, the nearby small lossy
particle would experience dramatically different local fields
at different positions, leading to position-dependent absorp-
tion.

To demonstrate this phenomenon, Fig. 4(e) shows the ab-
sorptance of the actual composite slab (black lines), consisting
of 100 units along the x direction, when the small particle is
successively moved from position 1 to position 5 along the tra-
jectory illustrated in Fig. 4(a). Along the trajectory 1 — 4, the
edge-to-edge distance gj, is kept unchanged at 0.03a, while
at position 5, the edge-to-edge distance gy, is 0.44a. From
Fig. 4(e), apparent position-dependent absorption is observed
in the actual composite, which however, is absent in the ef-
fective medium model (red stars). This disparity indicates the
breakdown of EMT. The EMT breaks down in this scenario
because it fails to capture the intricate details of the evanescent
fields at the deep-subwavelength scale, thereby resulting in an
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inaccurate description of the 3D composites containing ENZ
constituents.

V. DISCUSSION AND CONCLUSION

It was discovered that evanescent waves occurring in
composites could disrupt the validity of EMT in accu-
rately describing their macroscopic electromagnetic/optical
responses even when they are at the deep-subwavelength
scale [6-15,32-34]. Strong evanescent waves are generally
expected to occur in metal-dielectric composites due to the
excitation of surface plasmon polaritons [32-34], and in all-
dielectric multilayer structures at the vicinity of the effective
medium’s critical angle for total internal reflection [6-15].
Interestingly, our work demonstrates the occurrence of dra-
matic evanescent waves in dielectric composites containing
ENZ constituents under normal incidence, thus unveiling a
mechanism of EMT breakdown.

From the perspective of Bloch waves, the breakdown of
EMT can also be attributed to the extreme impedance ratios
of the two adjacent layers. For normal dielectric materials,
such extreme impedance ratios are generally unattainable,
as unnaturally high permittivity of materials is required.
Simultaneously, the introduction of such high-permittivity
materials could break the deep-subwavelength condition. In-
terestingly, our work demonstrates a feasible route towards
deeply subwavelength multilayers with extreme impedance
contrast between adjacent layers, i.e., by utilizing ENZ ma-
terials. Since the proposed multilayers are SPP-free and do
not support any surface-wave resonance, the inapplicability
of EMT is generally unexpected.

Finally, it is noteworthy that our findings apply to ho-
mogeneous ENZ media. This is because the evanescent
waves that lead to the breakdown of EMT occur at the

deep-subwavelength scale, where composite ENZ materials
[35-38] generally fail to exhibit their effective ENZ responses
due to complicated microstructures. Actually, the influences
of the microstructures on the formation of evanescent waves
and the applicability of EMT to the composites containing
composite ENZ constituents are still unclear, and worthy of
further exploration.

In summary, we have demonstrated the breakdown of EMT
in composites containing homogeneous ENZ constituents,
even at the deep-subwavelength scale. This breakdown is
attributed to the presence of strong evanescent waves at
the interfaces between the constituents. These evanescent
waves emerge due to the significant mismatch of energy-
flux distributions. Our findings challenge the conventional
understanding that the validity of EMT is enhanced when the
effective wavelength becomes longer, thus providing a deeper
comprehension for wave behaviors at the deep-subwavelength
scale.

Data underlying the results presented in this paper are not
publicly available at this time but may be obtained from the
authors upon reasonable request.
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