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Spin waves in bilayers of transition metal dichalcogenides
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Van der Waals magnetic materials are currently of great interest as materials for applications in future ultrathin
nanoelectronics and nanospintronics. Due to weak coupling between individual monolayers, these materials
can be easily obtained in the monolayer and bilayer forms. The latter are of specific interest as they may be
considered as natural two-dimensional spin valves. In this paper, we theoretically study spin waves in bilayers
of transition metal dichalcogenides. The considerations are carried within the general spin wave theory based on
effective spin Hamiltonian and Holstein-Primakoff-Bogolubov transformation. The spin Hamiltonian includes
intralayer as well as interlayer nearest-neighbor exchange interactions, easy-plane anisotropy, and additionally a
weak in-plane easy-axis anisotropy. The bilayer systems consist of two ferromagnetic (in-plane magnetization)
monolayers that are coupled either ferromagnetically or antiferromagnetically. In the latter case, we analyze the
spin-wave spectra in all magnetic phases, i.e., in the antiferromagnetic, spin-flop, and ferromagnetic ones.
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I. INTRODUCTION

Two-dimensional (2D) van -der Waals magnetic materials
are currently of great interest due to expected applications
in atomically thin spintronics devices, like, for instance, spin
valves, memory elements, and others [1–4]. In the bulk form,
these materials are built of monolayers that are weakly cou-
pled by van der Waals forces. Therefore, it is relatively easy
to obtain them in the form of thin films with an arbitrary num-
ber of monolayers, down to bilayers and single monolayers.
Accordingly, magnetic ordering and magnetic properties of
van der Waals materials depend on the number of coupled
monolayers.

Expected applications of 2D magnetic materials has also
stimulated intensive theoretical investigations of their physical
properties as well as a search for new materials with better
characteristics, especially with higher Curie/Neel tempera-
tures. Of particular interest are their electronic and magnetic
properties, including spin dynamics and spin wave propaga-
tion [5–11].

The magnetic ground state of van der Waals materials
can be relatively easily tuned by external strain or gating
[12–15]. These properties, together with strong magnetore-
sitance effects, magneto-optical properties, spin filtering,
spin-to-charge interconversion, and topological (electronic
and magnon) transport make these materials extremely attrac-
tive not only for applications but also for theoretical studies.
Moreover, magnetic van der Waals structures also offer unique
possibilities for tuning magnetic anisotropy [16], which is cru-
cial for various applications where magnetic anisotropy plays
an active role. Magnetic anisotropy also allows us to overcome
large spin fluctuations in 2D systems and therefore facilitates
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stabilization of the spin structure. Interestingly, such a tuning
of magnetic anisotropy in van der Waals materials can be eas-
ily achieved with chemical doping, externally induced strains,
or proximity effects [1].

Various groups of magnetic van der Waals materials are
currently known. These materials also have various physical
and especially transport properties, including ferromagnetic
semiconductors, e.g., VS2, VSe2 [17–21], itinerant ferromag-
nets such as Fe3GeTe2 [2,22], and insulating ferromagnets like
CrI3 [23] or Cr2Ge2Te6 [1,24]. In this paper, we focus on
magnetic properties and especially on spin-wave excitations
in a specific group of ferromagnetic 2D van der Waals materi-
als, i.e., in transition-metal dichalcogenides (TMDs) [25–28],
MX2, where M stands for a transition metal atom and X for
a chalcogen one (X = S, Se, Te). These materials have Curie
temperatures in the vicinity of room temperature, so they are
of certain potential for practical applications. We also note that
spin-wave excitations in van der Waals structures are currently
of great interest for magnonics applications, and have been
studied theoretically as well as experimentally in various ma-
terials, including TMDs, chromium trihalides (CrI3, CrCl3),
and others. It has been shown, for instance, that spin waves
in chromium trihalides have features that follow from topo-
logical properties of these materials [8,9]. Such topologically
induced features also occur in TMDs [29–31].

A specific subgroup of TMDs are vanadium-based
dichalcogenides, V X2 with X = S, Se, and Te [17–21,25–27].
Two different polymorphs of V X2 materials are currently
known, i.e., the trigonal prismatic crystallographic structure
(referred to in the following as the H phase) and the octahedral
structure (the T phase) [25–27]. An individual monolayer of
these materials consists of a hexagonal atomic plane of vana-
dium atoms, sandwiched between two chalcogen (X) atomic
planes. In-plane positions of the chalcogen atoms in these two
planes are the same (one on the other) in the T phase but these
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planes are rotated by some angle in the H phase. Experimental
and theoretical studies reveal a metal-insulator transition [18]
when reducing the thickness of VSe2 layers down to a 2D
monolayer. It turn, the intrinsic ferromagnetism in the VSe2

monolayers has been reported in a number of experimental as
well as theoretical works (see, e.g., Refs. [18–20]).

Individual monolayers of TMDs are usually ferromagnetic
with the magnetization oriented in the layer plane, though
systems with magnetization normal to the plane can also oc-
cur. Moreover, antiferromagnetically arranged monolayers are
possible as well. Of particular interest seems to be the bilayer
structures, especially those with ferromagnetic monolayers
coupled antiferromagnetically due to interlayer exchange
coupling. This is because such bilayers in an external mag-
netic field may be considered natural atomically thin spin
valves [4], and may be a fundamental building block of 2D
spintronics.

In this paper, we analyze spin-wave excitations in the
H-stacked as well as T-stacked bilyers of TMDs, with par-
ticular attention to the interplay of the magnetocrystalline
anisotropy, intralayer ferromagnetic exchange coupling, and
interlayer antiferromagnetic or ferromagnetic coupling. To
find the magnon spectra, we use the relevant spin Hamiltonian
and apply the Holstein-Primakoff transformation followed by
the diagonalization procedure based on the Bogolubov trans-
formation [22,32–34].

Vanadium-based dichalcogenides usually display an easy-
plane single-ion magnetic anisotropy—though easy-axis
single-ion anisotropy normal to the plane has also been found
owing to the proximity effects [35]. Such an anisotropy has
been proven by many DFT numerical calculations and also
evaluated experimentally, so its presence in TMDs is now
well established [19,20,35–39]—even though a single-ion
magnetic anisotropy for the spin-1/2 model was believed to
vanish. Moreover, it was shown that this magnetic anisotropy
can be tuned externally, e.g., by a strain [40].

In turn, the existence of an in-plane easy-axis anisotropy
is not so clear. Such an anisotropy was found in Ref. [19],
however, it was about two orders of magnitude smaller than
the corresponding easy-plane anisotropy. On one hand, exis-
tence of such an in-plane easy-axis single-ion anisotropy is
believed to vanish for spin-1/2 models, and also on symmetry
arguments. However, there are several ingredients that may
effectively contribute to such an anisotropy. First, the exact
value of the magnetic moments of V atoms in V-based TMDs
deviates from 1μB, as follows from DFT calculations and
also from experimental measurements, indicating that these
materials cannot be described by strictly spin-1/2 models.
Second, some other contributions may be due to magnetic
dipolar interactions, spin-orbit interaction associated with mo-
bile electrons, proximity to a substrate, and external strains.
Especially the latter seems to be very effective and important.

Therefore, in our paper we assume the easy-plane
anisotropy and, following Ref. [19], we also assume a
small in-plane easy-axis anisotropy (two orders of magni-
tude smaller than the easy-plane anisotropy, as in Ref. [19].
Though the later anisotropy is rather difficult to be detected
experimentally, especially in the spin-wave spectrum, we in-
clude it to have a general situation and general formulas
(also valid for arbitrary spin S), that can be used if necessary

for materials where such an anisotropy is larger, especially
that this anisotropy is also tunable externally. Therfore, one
may expect that some data on higher values of the easy-axis
anisotropy will be available in the near future, e.g., in strained
systems. However, for numerical calculations of spin-wave
modes, we assume the value given in Ref. [19], and the role
of easy-plane and in-plane easy-axis anisotropies is analyzed
in detail.

The model and theoretical method used to study spin wave
spectra are described in more detail in Sec. II, where the spin
Hamiltonian used to describe TMDs is defined. Numerical
results are presented and discussed in Sec. III. Summary and
final conclusions are in Sec. IV.

II. ANTIFERROMAGNETICALLY COUPLED BILAYERS

We consider the case when the perpendicular anisotropy
is of the easy-plane type, and assume the coordinate system
with the axis y normal to the layers and the axis z along the
in-plane easy axis. Though the in-plane easy-axis anisotropy
is rather small in vanadium dichalcogenides, we consider a
general model when this anisotropy may be remarkable and
may play some role. We also assume an external magnetic
field along the easy axis.

To describe spin waves in a bilayer consisting of two fer-
romagnetic monolayers coupled antiferromagetically, we use
the following model spin Hamiltonian:

H =
∑

α

Hα + Hint, (1)

where α = T (α = B) stands the top (bottom) monolayer
and the Hamiltonian of the αth monolayer includes three
terms, Hα = Hα

ex + Hα
A + Hα

h . Here, the first term stands for
the ferromagnetic intralayer exchange coupling, the second
term includes the magnetic anisotropies in the system, and the
last term is the Zeeman energy in an external magnetic field
h. The Hamiltonian Hα can be written explicitly in the form

Hα = J1

∑
r,δ

Sr,α · Sr+δ,α + Dy

2

∑
r

(
Sy

r,α

)2

− Dz

2

∑
r

(
Sz

r,α

)2 − h
∑

r

Sz
r,α. (2)

Here, the exchange coupling between vanadium atoms within
the monolayer is ferromagnetic, J1 < 0, the easy-plane
anisotropy constant Dy and the in-plane easy-axis anisotropy
constant Dz are both defined as positive, while the magnetic
field h is taken in energy units (gμBh ⇒ h, where g denotes
the gyromagnetic factor and μB is the Bohr magneton). The
summation over r denotes here the summation over lattice
sites, while that over δ is the summation over nearest neigh-
bors (NNs), with δ standing for the vectors connecting a
particular site to its in-plane NNs. (We neglect here exchange
coupling between next-nearest neighbors.) In turn, the last
term in Eq. (1) describes the antiferromagnetic exchange cou-
pling between the two monolayers,

Hint = 2J2

∑
r,δ

Sr,T · Sr+δ,B, (3)
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FIG. 1. Top view of the V X2 (X = Se, Te, S) monolayer in the H phase (a) and T phase (c). The monolayer is in the (x, z) plane while
the axis y is normal to the plane. The side view of the corresponding bilayer systems along the z axis is shown in (b) and (c) for the H and T
phases, respectively. Ground-state spin orientation of the bottom layer is assumed along the z axis while that of the top layer is along −z axis
for the antiferromagnetically coupled bilayers (black arrows) and along z axis for the ferromagnetic bilayers (yellow arrows). For the trigonal
prismatic structure (H phase), one monolayer sits on the other with π rotation, which implies that each vanadium atom (see the position of
the red dots) has three NNs in the adjacent monlayer. For the octahedral structure (T phase) of VX2, each vanadium atom has one NN in the
adjacent monolayer.

with J2 > 0. Here, the summation is over lattice sites r in one
monolayer only (therefore, there is a factor of 2 in front on the
right side). Note, δ corresponds here to interlayer NNs (NNs
in the adjacent layer).

When the above-defined system is in an external magnetic
field applied along the in-plane easy axis (z axis), one may
expect, in general, three different stable spin configurations
in the bilayer: (i) an antiferromagnetic state with the spins
of the bottom layer oriented, say, along +z axis and of the
top layer along −z axis, respectively, (ii) spin-flop (canted)
phase with the spins of the two monolayers oriented in the
atomic planes at an angle χ to the z axis, and (iii) the
ferromagnetic phase with the spins of both layers oriented
along the z axis (this corresponds to χ = 0). The transition
from antiferromagnetic to spin-flop phase occurs at h = hSF

(see Appendix A), with

hSF = S
√

Dz(4ξJ2 − Dz ) (4)

for 4ξJ2 − Dz > 0, where ξ denotes the structure factor, ξ =
3, and ξ = 1 for the H and T phases, respectively. The spin-
flop phase appears in the range of magnetic fields hsf < h <

hs, where hs is the threshold magnetic field (the saturation
field), at which the transition from the spin-flop phase to the
ferromagnetic one occurs (see Appendix A):

hs = S(4ξJ2 − Dz ). (5)

If Dz = 0, then hSF = 0 and hs = 4SξJ2. Note that, in a gen-
eral case, the spin-flop phase appears when 4ξJ2 > Dz, while
in the opposite case, 4ξJ2 < Dz, there is a direct (metamag-
netic) transition from the antiferromagnetic to ferromagnetic
phase (there is then no spin-flop phase). In the systems
considered here, Dz is very small, much smaller than J2. Ac-
cordingly, the spin-flop field hSF is also very small, so there is
no metamagnetic transition and the antiparallel configuration
may occur in a very narrow range of magnetic field and also
at very low temperatures.

A. Spin waves in the antiferromagnetic phase

We first consider the antiferromagnetic phase, which ap-
pears below the transition field to the spin-flop phase. The spin
moments of the bottom layer are along the z axis, while those
of the top layer are along the −z axis; see Fig. 1. First, we
perform the Holstein-Primakoff transformation:

Sx
r,T =

√
S

2
(a+

r,T + ar,T ),

Sy
r,T = i

√
S

2
(ar,T − a+

r,T ),

Sz
r,T = a+

r,T ar,T − S (6)
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for spins oriented antiparallel to the z axis (top layer), and

Sx
r,B =

√
S

2
(a+

r,B + ar,B), Sy
r,B = i

√
S

2
(a+

r,B − ar,B), Sz
r,B = S − a+

r,Bar,B (7)

for spins oriented along the z axis (bottom layer). Here, a+
r,α (ar,α) is the bosonic creation (annihilation) operator.

Upon inserting the Holstein-Primakoff transformation into Eqs. (1)–(3), keeping terms up to the second order in the magnon
operators and disregarding any constant terms, one finds

H = J1S
∑
r,δ,α

(a+
r,αar,α + a+

r+δ,αar+δ,α − a+
r,αar+δ,α − a+

r+δ,αar,α ) + 2J2S
∑

r

[ ∑
α

a+
r,αar,α +

∑
δ

(a+
r,T a+

r+δ,B + ar,T ar+δ,B)

]

− DyS

4

∑
r,α

(a+
r,αa+

r,α + ar,αar,α − 2a+
r,αar,α ) + DzS

∑
r,α

a+
r,αar,α − h

∑
r

(a+
r,Bar,B − a+

r,T ar,T ). (8)

Then we perform the Fourier transformation to the momentum space,

ar,α = 1√
N

∑
k

ak,αe−ik·r, a+
r,α = 1√

N

∑
k

a+
k,αeik·r, (9)

where N is the number of unit cells, and k is the wave vector from the first Brillouin zone, see Appendix B. Upon this
transformation, one may rewrite the Hamiltonian, Eq. (8), in the following form:

H =
∑

k

{
2J1S

∑
α

(γk − 6)a+
k,αak,α + 2J2S

( ∑
α

ξa+
k,αak,α + ηka+

−k,T a+
k,B + η∗

ka−k,T ak,B

)

+ S
∑

α

[
−Dy

4
(a+

k,αa+
−k,α + ak,αa−k,α − 2a+

k,αak,α ) + Dza
+
k,αak,α

]
+ h(a+

k,Bak,B − a+
k,T ak,T )

}
, (10)

where the quantity ξ is defined below Eq. (4), while the
structure factors γk and ηk read

γk = 2

(
cos(kza) + 2 cos

(√
3

2
kxa

)
cos

(
1

2
kza

))
, (11)

ηk =
{

1 (for T phase)

ei kx a√
3 + 2e−i kx a

2
√

3 cos
(

1
2 kza

)
(for H phase).

(12)

As one can easily note, Eq. (10) may be written as

H = Hk + H−k, (13)

where

Hk =
∑

k

[(
A+

k

2

)
a+

k,Bak,B +
(

A−
k

2

)
a+

k,T ak,T

+ Bka−k,T ak,B + C
∑

α

ak,αa−k,α

]
+ H.c., (14)

with the coefficients A±
k , Bk, and C given by the formulas,

A±
k = S

[
2J1(γk − 6) + 2ξJ2 + Dy

2
+ Dz

]
± h,

Bk = 2η∗
kJ2S, C = −DyS

4
. (15)

Following Refs. [22,32–34], we now define a new wave
vector κ that runs over half of the vector space of k and
define the four-dimensional Bogolubov transformation to new
bosonic operators �±κ,μ and �+

±κ,μ, with μ = +,− indexing
the two magnon modes (to be specified below). This transfor-

mation can be written as

�κ = T̂ 4ak, (16)

where

�κ =

⎛
⎜⎜⎜⎜⎝

�κ,I

�κ,II

�+
−κ,I

�+
−κ,II

⎞
⎟⎟⎟⎟⎠, ak =

⎛
⎜⎜⎜⎜⎝

ak,T

ak,B

a+
−k,T

a+
−k,B

⎞
⎟⎟⎟⎟⎠, (17)

and T̂ 4 denotes a 2N × 2N paraunitary matrix (N is a num-
ber of internal degrees of freedom within the unit cell), which
obeys

[�κ,�
+
κ ] = T̂ 4[ak, a+

k ]T̂ 4
+ = T̂ 4σ̂zT̂ 4

+ = σ̂z, (18)

with the diagonal matrix (σ̂z)l,l ′ = δl,l ′σl , where σl = 1 for
l � N and σl = −1 otherwise. The requirement given by
Eq. (18) follows from the bosonic commutation relations
[�κ,μ,�+

κ′,μ′] = δκ,κ′δμ,μ′ . As a consequence, Eq. (16) can be
written in the form

�κ =
∑

α

⎛
⎜⎜⎝

uI,α vI,α

uII,α vII,α

ũI,α ṽI,α

ũII,α ṽII,α

⎞
⎟⎟⎠

(
ak,α

a+
−k,α

)
, (19)

where the Bogolubov coefficients uμ,α and vμ,α are evaluated
at κ while the coefficients ũμ,α and ṽμ,α are evaluated at −κ.
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Moreover, the relation Eq. (19) requires the normalization∑
α

(|uμ,α|2 + |vμ,α|2) = 1,
∑

α

(|ũμ,α|2 + |ṽμ,α|2) = 1.

(20)
This procedure finally diagonalizes the Hamiltonian

H =
∑
κ,μ

(ωκ,μ�+
κ,μ�κ,μ + ω−κ,μ�+

−κ,μ�−κ,μ). (21)

Employing Eq. (21), one obtains the relation [�κ,μ, H] =
ωκ,μ�κ,μ, from which Eqs. (14) and (19) lead to the eigen-
value problem:

�κeμ = ωκ,μeμ, (22)

with

�κ =

⎛
⎜⎜⎝

A−
κ 0 −2C −Bκ

0 A+
κ −B∗

κ −2C
2C Bκ −A−

κ 0
B∗

κ 2C 0 −A+
κ

⎞
⎟⎟⎠, eμ =

⎛
⎜⎜⎝

uμ,T

uμ,B

vμ,T

vμ,B

⎞
⎟⎟⎠. (23)

Note that A±
κ = A±

−κ, B∗
κ = B−κ and therefore we have uμ,α =

ũμ,α , vμ,α = ṽμ,α . Moreover, as ωκ,μ is a real quantity; we also
have ω−κ,μ = ωκ,μ. Finally, from Eqs. (22) and (23) one finds
the appropriate dispersion relation.

For convenience, in this dispersion relation we come back
to the usual notation for the wave vector and replace in this
relation κ by k, which makes no confusion and no ambiguity.
Thus, we write the dispersion relation as

ωk,μ = {
A2

k − |Bk|2 − 4C2 + h2

± 2
[
4C2|Bk|2 + h2

(
A2

k − |Bk|2
)] 1

2
} 1

2 , (24)

where Ak ≡A±
k ∓h, and the signs + and − in the fifth term on

the right-hand side of Eq. (24) correspond to the spin-wave
mode index μ = + and μ = −, respectively. From this equa-
tion, it follows that nonzero easy-plane anisotropy, Dy > 0,
leads to splitting of the magnon spectrum in the absence of
magnetic field, h = 0, into two branches, ωk,±.

In the center of the first Brillouin zone, k = 0 (point 
),
one then finds

ωk=0,± = S[2ξJ2(Dy±Dy + 2Dz ) + DyDz + D2
z ]

1
2 . (25)

This formula clearly shows that splitting of the magnon modes
at the 
 point appears for a nonzero Dy. In turn, a nonzero
in-plane magnetic anisotropy, Dz > 0, leads to an energy gap.
If Dy = 0 and Dz > 0, then the energy gap at 
 is given by

ωk=0,+ = ωk=0,− = S
(
4ξJ2Dz + D2

z

) 1
2 . (26)

This gap vanishes if Dz = 0, i.e., a twofold degenerated Gold-
stone mode, ωk=0,± = 0, then appears. If Dz = 0 and Dy > 0,
then

ωk=0,+ = S(4ξJ2Dy)
1
2 , (27)

ωk=0,− = 0 (Goldstone mode). (28)

B. Spin waves in the spin-flop phase

In the spin-flop phase, hSF < h < hs, one needs first to
rotate the spin operators to the local quantization axes appro-
priate for the top (T) and bottom (B) layers (see Appendix A).

This transformation does not affect the ferromagnetic in-
tralayer exchange term of the model Hamiltonian Eqs. (1)
and (2), while the antiferromagnetic interlayer coupling term
Hint as well as the anisotropy Hα

A and Zeeman Hα
h terms now

become

Hint = 2J2

∑
r,δ

[
cos 2χ

(
Sz

r,T Sz
r+δ,B − Sx

r,T Sx
r+δ,B

) − Sy
r,T Sy

r+δ,B

]
,

(29)

Hα
A = 1

2

∑
r

{
Dy

(
Sy

r,α

)2 − Dz
[(

Sx
r,α

)2
sin2 χ + (

Sz
r,α

)2
cos2 χ

]}
,

(30)

Hα
h = −h cos χ

∑
r

Sz
r,α, (31)

where the spin operators are in the corresponding local sys-
tems.

Upon Holstein-Primakoff and Fourier transformations (see
Appendix C), one arrives at the Hamiltonian, which—bearing
in mind the Bogolubov transformation—can be written as
H = Hk + H−k, where

Hk =
∑

k

[ ∑
α

(
Ak

2

)
a+

k,αak,α + Bka−k,T ak,B

+ B̃ka+
k,T ak,B + C

∑
α

ak,αa−k,α

]
+ H.c., (32)

with

Ak = S

[
2J1(γk − 6) − 2ξJ2 cos 2χ + Dy

2

+ Dz

2
(3 cos2 χ − 1)

]
+ h cos χ,

Bk = 2η∗
kJ2S sin2 χ,

B̃k = −2η∗
kJ2S cos2 χ,

C = −S

4
(Dy + Dz sin2 χ ). (33)

Then, the diagonalization of Eq. (32), similarly as described
in the preceding subsection, leads to the eigenvalue problem,
�κeμ = ωκ,μeμ, where

�κ =

⎛
⎜⎜⎝

Aκ B̃∗
κ −2C −Bκ

B̃κ Aκ −B∗
κ −2C

2C Bκ −Aκ −B̃∗
κ

B∗
κ 2C −B̃κ −Aκ

⎞
⎟⎟⎠, eμ =

⎛
⎜⎜⎝

uμ,T

uμ,B

vμ,T

vμ,B

⎞
⎟⎟⎠. (34)

Upon replacing the notation κ by k, we write the dispersion
relation in the form

ωk,μ = {
A2

k − |Bk|2 + |B̃k|2 − 4C2

± [−8AkC(BkB̃k + B∗
kB̃∗

k ) + B2
kB̃2

k

+ B∗2
k B̃∗2

k + 16|Bk|2C2 + 4A2
k|B̃k|2 − 2|Bk|2|B̃k|2

] 1
2
} 1

2 ,

(35)
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with the + and − signs in the fifth term on the right-hand
side of Eq. (35) corresponding to the mode index μ = + and
μ = −, respectively. It is worth noting here that in case of
the T-stacked geometry, both Bk and B̃k are independent of k,
Bk = B, B̃k = B̃, so Eq. (35) simplifies to the following one:

ωk,μ = {(Ak − B̃)2 − (B ± 2C)2} 1
2 . (36)

At the saturation field hs and for k = 0, the magnon ener-
gies are equal

ωk=0,μ = S

[(
2ξJ2±2ξJ2 + Dy

2

)2

−
(

Dy

2

)2
] 1

2

. (37)

Thus, one finds

ωk=0,+ = 2S

[
(2ξJ2)2 + 2ξJ2

Dy

2

] 1
2

, (38)

ωk=0,− = 0 (Goldstone mode). (39)

Thus, at the saturation field hs, one of the modes is the Gold-
stone mode—even in the case of nonzero in-plane easy-axis
anisotropy, while the splitting of the modes (gap between the
two modes) appears also in the case of vanishing Dy. This
behavior is different from that in the antiferromagnetic state.

C. Ferromagnetic state above the saturation field

For h � hs, the system is in the saturated (ferromagnetic)
state, which can be considered a special case of the spin-flop
phase, corresponding to χ = 0. Equations (29)–(31) then take
the forms

Hint = 2J2

∑
r,δ

(
Sz

r,T Sz
r+δ,B − Sx

r,T Sx
r+δ,B − Sy

r,T Sy
r+δ,B

)
, (40)

Hα
A = 1

2

∑
r

[
Dy

(
Sy

r,α

)2 − Dz
(
Sz

r,α

)2]
, (41)

Hα
h = −h

∑
r

Sz
r,α. (42)

Accordingly, the system Hamiltonian upon Holstein-
Primakoff and Fourier transformations acquires the form
Eq. (32) with Ak, Bk, B̃k, and C given by the formulas

Ak = S

[
2J1(γk − 6) − 2ξJ2 + Dy

2
+ Dz

]
+ h,

Bk = 0,

B̃k = −2η∗
kJ2S,

C = −SDy

4
. (43)

Thus, the eigenvalue problem, �κeμ = ωκ,μeμ, with

�κ =

⎛
⎜⎜⎜⎜⎝

Aκ B̃∗
κ −2C 0

B̃κ Aκ 0 −2C

2C 0 −Aκ −B̃∗
κ

0 2C −B̃κ −Aκ

⎞
⎟⎟⎟⎟⎠, eμ =

⎛
⎜⎜⎜⎜⎝

uμ,T

uμ,B

vμ,T

vμ,B

⎞
⎟⎟⎟⎟⎠, (44)

leads to the final dispersion relation for the ferromagnetic
phase in the form

ωk,μ = [(Ak ± |B̃k|)2 − 4C2]
1
2 . (45)

FIG. 2. The 3D view of the magnon band in the first Brillouin
zone, in the absence of magnetic field (h = 0), calculated for the
2H-VTe2 bilayer (a) and its projection onto the (kz, kx ) plane (b) with
indicated Brillouin zone center (
) and high-symmetry points (K, M)
and paths. See text for more details.

III. NUMERICAL RESULTS AND DISCUSSION

To discuss properties of spin-wave spectra in 2H-VX2 bi-
layer systems, we first need to fix the appropriate parameters,
including the exchange and magnetic anisotropy constants, as
well as the appropriate structural parameters. As an example,
we will consider the spin-wave spectra of a VTe2 bilayer
and take the relevant parameters from DFT calculations [41].
Accordingly we assume lattice parameter a = 3.59 Å, Dy =
3.812 meV, J1 = −14.85 meV, and J2 = 0.19 meV. Since the
model description is based on the spin-1/2 Hamiltonian (S =
1/2), the DFT-calculated exchange parameters have been
adapted accordingly. Only the in-plane easy-axis anisotropy
constant, Dz = 0.016 meV, was taken from Ref. [19]. Accord-
ing to Eqs. (4) and (5), the corresponding threshold magnetic
fields hSF and hs (converted from energy units to Tesla) are
hSF = 0.82 T and hs = 9.65 T.

The three-dimensional (3D) presentation of the magnon
spectrum, calculated for the 2H-VTe2 bilayer in the antiferro-
magnetic phase and in the absence of external magnetic field
(antiparallel configuration) is shown in Fig. 2(a). As there are
two magnetic atoms in the unit cell of the considered bilayer,
one can expect two magnon bands. In the absence of magnetic
field, h = 0, these two magnon modes have similar energy, so
they are not resolved in Fig. 2(a). However, even for h = 0,
these two modes can differ slightly in energy due to other
interactions, like interlayer exchange coupling and the easy-
plane and in-plane easy-axis magnetic anisotropies. These
interactions introduce subtle effects [not resolved within the
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FIG. 3. Dispersion curves of the spin wave spectrum along the
path K-
-M-K (a). As in Fig. 2, the two modes are not resolved here.
To observe splitting of the modes, we show in (b) the spin-wave
spectrum in a close vicinity of the 
 point. Now, the splitting and
also gap in the spectrum are clearly visible.

energy scale of Fig. 2(a)], which may lead to a splitting of the
spectrum into two spin-wave modes at zero external magnetic
field, and also can generate a gap in the spectrum, as will be
shown below. Low-energy spin waves exist in the Brillouin
zone center around k = 0 [see the 
 point in Fig. 2(a)], while
the maxima of magnon energy appear at the K points of
the Brillouin zone [see Figs. 2(a) and 2(b)]. The spin-wave
energy for selected cross sections of the 3D magnon bands are
displayed in Figs. 2(b) and 3(a) along high-symmetry paths,
K→
→M→K , in the momentum space.

Explicit dispersion relations along the 
 → K and 
 →
M → K paths in the Brillouin zone are shown in Fig. 3(a).
Though there are two modes in the bilayers under consid-
erations, separation of these two modes is not resolved in
Fig. 3(a). Therefore, in Fig. 3(b) we zoomed in a small area
near the 
 point. Now, splitting of the modes is clearly seen.
Moreover, this figure also shows that there is a gap in the
spectrum at the 
 point, i.e., the spin-wave energy does not
vanish at k = 0. This gap is a consequence of the in-plane
easy-axis anisotropy, Dz, as shown in Fig. 4(a), where the
two modes at the 
 point are plotted as a function of Dz.
When Dz = 0, energy of the lowest mode vanishes, while the
gap between the two modes survives. This gap, in turn, is
determined mainly by the easy-plane anisotropy constant, as
shown in Fig. 4(b).

As we have already discussed above, external magnetic
field leads to spin reorientation in the two monolayers. The
transition to spin-flop phase appears at hSF and then at the
saturation field hs the transition to fully collinear (ferromag-
netic) phase takes place. The threshold fields hs and hSF are

. ...
.

.

.

.

.

.

.

.

FIG. 4. Energy of the two modes in the 
 point as a function of
(a) the in-plane easy-axis anisotropy constant Dz (the blue dashed
line indicates Dz used for VTe2 system) and (b) as a function of the
easy-plane magnetic anisotropy constant Dy.

determined by the anisotropy constants and interlayer ex-
change parameter, as described in Sec. II. Variation of the the
fields hs and hSF with the easy-axis anisotropy constant Dz is
shown in Fig. 5. To present a complete physical picture, we
plot there hs and hSF for Dz, significantly exceeding the value

...

FIG. 5. The spin-flop field hSF and saturation field hs, plotted as
a function of in-plane easy-axis anisotropy constant Dz. The range
of Dz in this figure covers the full range where the spin-flop phase
may appear, i.e., from Dz = 0 to Dz where a metamagnetic transition
occurs. The vertical dashed line corresponds to Dz in VTe2, which
indicates that the range of magnetic field where the antiparallel state
exists is very narrow, while the range of field with stable spin-flop
phase is relatively broad. Note the field units are here converted from
energy units to Tesla.
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of Dz in 2H-VTe2, while the other parameters correspond to
2H-VTe2. This figure shows that when Dz = 0, the transition
to the spin-flop phase already appears at infinitesimally small
magnetic field. This figure also shows that, in a general case,
the saturation field decreases with increasing Dz and for a
specific value of Dz (denoted as DM

z ) the saturation field and
the transition field to the spin-flop phase become equal, and
the system changes from antiferromagnetic to ferromagnetic
without the intermediate spin-flop phase (so-called metamag-
netic transition). However, this does not happen in 2H-VTe2

due to a small value of Dz in this material, indicated by the
vertical dashed line in Fig. 5. Accordingly, transition to the
spin-flop phase takes place at a small magnetic field, and the
range of magnetic field where the antiparallel configuration is
stable is very narrow. In turn, the range of magnetic field with
the stable spin-flop phase is relatively large. This is shown
explicitly in Fig. 6, where the dispersion curves are plotted as
a function of external magnetic field.

The variation of the spin-wave energy at the 
 point with
increasing external magnetic field is shown in Fig. 6(a), while
the same for the M and K points is shown in Figs. 6(b)
and 6(c), respectively. Note, that the two modes (black and red
curves), behave differently in the three regions of magnetic
field. In the antiferromagnetic phase, energy of one of the
modes (that of higher energy) slightly increases with the field,
whereas the second mode (of lower energy) becomes softened
and reaches a minimum at the transition point to the spin-flop
phase. This minimum is nonzero due to a finite in-plane easy-
axis anisotropy. Slightly above the spin-flop field hSF, energy
of the lower mode (the soft one) increases with the field h,
while energy of the upper mode decreases with increasing h.
This tendency is kept till the saturation field hs, where the
latter mode becomes soft and its energy vanishes at hs, while
the energy of the former mode still increases with h for h > hs,
however, a clear kink appears at the transition between the
spin-flop and ferromagnetic phases. Similar behavior of the
spin waves in the K and M points of the Brillouin zone is
shown in Figs. 6(b) and 6(c). In the antiferromagnetic phase,
one mode increases linearly with magnetic field, while the
other decreases linearly with h. This is valid for both K and
M points. Interestingly, the two modes in the K point are de-
generate in the spin-flop phase as well as in the ferromagnetic
phase.

We note that some features of the spin-wave spectra are
similar to those found in spin-wave spectra of artificially
layered structures with antiferromagnetic interlayer coupling.
Magnetic and electronic transport properties of such struc-
tures were studied extensively in the ’80s and ’90s, and the
efforts resulted in the discovery of giant magnetoresistance
effect [42,43], which follows from spin-dependent scattering
processes [44]. The magnetic van der Waals materials are also
layered magnetic structures, but with atomically thin mag-
netic layers and no nonmagnetic spacing layers. Therefore,
spin-wave spectra in both types of materials, i.e., artificial
and van der Waals layered magnetic structures, have some
similarities, and this similarity is especially evident in mi-
croscopic calculations of spin waves in artificially layered
systems, like in the paper by Nörtemann et al. [45]. In that
paper, the authors considered a stack of magnetic layers that
were coupled antiferromagnetically, and in each magnetic

.

.

.

.

.

.

.

.

FIG. 6. Magnetic field (h) dependence of the spin-wave spectra
in the 
 (a), M (b), and K (c) points of the Brillouin zone. With
increasing h, system goes from antiferromagnetic (AFM) state to the
spin-flop (SF) state at h = hSF, and then from the spin-flop phase to
the ferromagnetic (FM) state at h = hs. Note, the field units are here
converted from energy units to Tesla.

layer there was a cubic spin lattice. Including exchange in-
teractions, dipolar coupling, and Zeeman energy in an external
magnetic field, the authors evaluated the spin-wave spectra us-
ing the linearized equation of motion technique. In our paper,
we consider the bilayer of vanadium-based dichalcogenides
with antiferromagnetic coupling of the two monolayers, and
spin lattice in individual monolayers is hexagonal as shown
in Fig. 1. We also include two anisotropies, easy-plane and
easy-axis ones, and calculate spin waves within a fully quan-
tum mechanical approach based on the Holstein-Primakoff
transformation followed by the Bogoliubov transformation.
Despite some differences in the systems and techniques,
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certain features of the spin-wave spectra are qualitatively
similar, including softening of one spin-wave mode at the
transition from the antiferromagnetic to the spin-flop phase
and at the transition from spin-flop to parallel state. Finally,
we mention that various models and approximations were
used to calculate spin waves in artificially layered structures,
including microscopic and macroscopic descriptions, effec-
tive medium theory, and others [46,47].

IV. SUMMARY

In this paper, we have analyzed spin wave modes in
a class of van der Waals magnetic materials that includes
transition-metal dichalcogenides. The description is limited
to bilayers with easy-plane anisotropy and ferromagnetic in-
tralayer exchange coupling, i.e., individual monolayers are
ferromagnetically ordered in the layer plane. In turn, the
two layers are coupled either ferromagnetically or antifer-
romagnetically. To find the spin-wave energy, we used the
Holstein-Primakoff-Bogolubov diagonalization scheme.

The bilayers support two magnon modes, which are split,
in general, though the splitting is rather small due to small
interlayer exchange coupling. In the absence of external mag-
netic field and in-plane easy-axis anisotropy, energy of one
of the modes vanishes in the 
 point of the Brillouin zone.
This mode is the well-known Goldstone mode. External field
or in-plane anisotropy create a gap at the 
 point.

Van der Waals materials are of current interest from the
point of view of possible applications. But of particular inter-
est are bilayers of van der Waals magnetic materials that can
be considered natural atomically thin spin valves.
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APPENDIX A: SPIN PHASES

As already mentioned in the main text, for the model
Hamiltonians Eqs. (1) and (2), one may expect, in general,
three stable spin configurations of the bilayer system in an
external magnetic field applied along the in-plane easy axis,
i.e., (i) antiferromagnetic state at low fields with the spins of
the two monolayers oriented along +z and −z axis for the
bottom and top layers, respectively; (ii) spin-flop phase in a
specific range of magnetic field, with the spins of the two
monolayers lying in the atomic planes at an angle χ to the
z axis; and (iii) the ferromagnetic phase with the spins of
both layers along the z axis. To determine these phases in a
specific magnetic field (and also bearing in mind the magnon
description), it is convenient to use coordinate systems with
the local z′ axes along the corresponding spin orientations.
To do this, one has to combine rotation of the spins from the
global frame around the y axis by the canting angle χ and
around the z axis by the angle θα , where α = T and α = B
labels the top and bottom layers, respectively,

Sr,α = R̂z(θα )R̂y(χ )S′
r,α, (A1)

where the rotation matrix reads

R̂z(θα )R̂y(χ ) =
⎛
⎝cos θα cos χ − sin θα cos θα sin χ

sin θα cos χ cos θα sin θα sin χ

− sin χ 0 cos χ

⎞
⎠,

(A2)

with θT = π for the top layer, θB = 0 for the bottom layer,
and χ being the polar angle between the spin (aligned along
the z′ axis of the local coordinate system) and the z axis of the
global frame. Thus,

Sx
r,α = ∓S′x

r,α cos χ∓S′z
r,α sin χ, (A3)

Sy
r,α = ∓S′y

r,α, (A4)

Sz
r,α = −S′x

r,α sin χ + S′z
r,α cos χ, (A5)

where the sign −(+) corresponds to the layers α = T
(α = B), respectively.

The h- dependent regimes of the spin configurations of the
bilayer can be found from the classical energy. In the spin-flop
phase, hSF � h � hs,

ESF/NS = −6|J1|S + ξJ2S cos 2χ − 1
2 DzS cos2 χ − h cos χ,

(A6)

where N is the total number of sites and ξ denotes the structure
factor: ξ = 3 and ξ = 1 for the H and T phases, respectively.
Hence, minimizing the classical energy, ∂ESF/∂χ = 0, yields
the condition for the canting angle χ , cos χ = h/hs, where hs

is the threshold magnetic field (the saturation field) at which
the transition between spin-flop and ferromagnetic (χ = 0)
phases occurs:

hs = S(4ξJ2 − Dz ). (A7)

The threshold hSF for transition from the antiferromagnetic
phase to the spin-flop one can be derived from the condition
ESF = EAFM, where EAFM denotes the classical energy for the
collinear antiferromagnetic phase,

EAFM/NS = −6|J1|S − ξJ2S − 1
2 DzS. (A8)

Thus, from Eqs. (A6) to (A8), one finds

hSF =
√

SDzhs = S
√

Dz(4ξJ2 − Dz ). (A9)

One can see that hSF = 0 if Dz = 0. Thus, even for nonvanish-
ing magnetic fields, 0 < h < hSF, the collinear antiferromag-
netic configuration may exist, as it is stabilized by the in-plane
magnetic anisotropy.

APPENDIX B: STRUCTURAL PROPERTIES

For the considered VSe2 system, each layer has hexagonal
lattice with the primitive lattice vectors

a1,2 = a

(
±

√
3

2
x̂ + 1

2
ẑ
)

, a3 = 0, (B1)

where a is the in-plane lattice constant (distance between
vanadium atoms). Here, each V atom has six intralayer NNs
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determined by the δ vectors:

δ1,2 = ±aẑ,

δ3,4 = a

(
±

√
3

2
x̂ + 1

2
ẑ
)

,

δ5,6 = a

(
±

√
3

2
x̂ − 1

2
ẑ
)

. (B2)

Moreover, for the T-stacked system, each V atom has one
NN in the adjacent layer, while for the H-stacked sys-
tem there are three NNs in the adjacent layer with δ

given by

δ1,3 = a

(
− 1

2
√

3
x̂±1

2
ẑ
)

, δ2 = a√
3

x̂. (B3)

APPENDIX C: HOLSTEIN-PRIMAKOFF TRANSFORMATIONS IN SF PHASE

Using the Holstein-Primakoff transformation, which (in the local systems) for the SF configuration reads

Sx
r,α =

√
S

2
(a+

r,α + ar,α ), (C1)

Sy
r,α = i

√
S

2
(a+

r,α − ar,α ), (C2)

Sz
r,α = S − a+

r,αar,α, (C3)

we arrive at the following form of the Hamiltonian written for the bosonic operators:

H = J1S
∑
r,δ,α

(a+
r,αar+δ,α + a+

r+δ,αar,α − a+
r,αar,α − a+

r+δ,αar+δ,α ) + 2J2S
∑
r,δ

[− cos 2χ (a+
r,T ar,T + a+

r+δ,Bar+δ,B)

+ sin2 χ (a+
r,T a+

r+δ,B + ar,T ar+δ,B) − cos2 χ (a+
r,T ar+δ,B + ar,T a+

r+δ,B)] + DyS

4

∑
r,α

(2a+
r,αar,α − a+

r,αa+
r,α − ar,αar,α )

+ DzS

2

∑
r,α

[
(3 cos2 χ − 1)a+

r,αar,α − 1

2
sin2 χ (a+

r,αa+
r,α + ar,αar,α )

]
+ h cos χ

∑
r,α

a+
r,αar,α. (C4)

The Fourier transformation described by Eq. (9) together with Eqs. (B1)–(B3) yields

H =
∑

k

{
2J1S

∑
α

(γk − 6)a+
k,αak,α + 2J2S

[
−ξ cos 2χ

∑
α

a+
k,αak,α + sin2 χ (ηka+

−k,T a+
k,B + η∗

ka−k,T ak,B)

− cos2 χ (η∗
ka+

k,T ak,B + ηkak,T a+
k,B)

]
+ S

2

∑
α

{
[Dy + Dz(3 cos2 χ − 1)]a+

k,αak,α

− 1

2
(Dy + Dz sin2 χ )(a+

k,αa+
−k,α + ak,αa−k,α )

}
+ h cos χ

∑
α

a+
k,αak,α

}
, (C5)

which within the Bogolubov transformation approach leads to the final form of the Hamiltonian H = Hk + H−k, where Hk is
given by Eq. (33) in the main text.

APPENDIX D: FERROMAGNETIC INTERLAYER COUPLING

If the TMD 2H-VX2 bilayer has FM ground state (as, e.g., 2H-VS2), then Eq. (3) describes ferromagnetic interlayer coupling
with exchange coupling parameter J2 < 0. In such a case, the Holstein-Primakoff and Fourier transformations for the top and
bottom layers lead to the full Hamiltonian in the form

H =
∑

k

{
2J1S

∑
α

(γk − 6)a+
k,αak,α + 2J2S

(
− ξ

∑
α

a+
k,αak,α + ηkak,T a+

k,B + η∗
ka+

k,T ak,B

)

+ S
∑

α

[
− Dy

4
(a+

k,αa+
−k,α + ak,αa−k,α − 2a+

k,αak,α ) + Dza
+
k,αak,α

]
+ h

∑
α

a+
k,αak,α

}
. (D1)

This Hamiltonian can be written as

H = Hk + H−k, (D2)

035412-10



SPIN WAVES IN BILAYERS OF TRANSITION METAL … PHYSICAL REVIEW B 109, 035412 (2024)

where

Hk =
∑

k

[ ∑
α

(
Ak

2

)
a+

k,αak,α + Bka+
k,T ak,B + C

∑
α

ak,αa−k,α

]
+ H.c., (D3)

with

Ak = S

[
2J1(γk − 6) − 2ξJ2 + Dy

2
+ Dz

]
+ h, Bk = 2η∗

kJ2S, C = −DyS

4
. (D4)

The eigenvalue problem evaluated by means of the Bogolubov diagonalization scheme finally leads to the dispersion relation
given by the formula

ωk,μ = [(Ak ± |Bk|)2 − 4C2]
1
2 , (D5)

where Ak and |Bk| are given by Eq. (D4) (note that here |Bk| ≡ |B̃k|), and where ± corresponds to mode μ = +,−. At the zone
center, k = 0, one gets

ωk=0,+ = S

[(
12|J2| + Dy

2
+ Dz

)2

−
(

Dy

2

)2] 1
2

(D6)

ωk=0,− = S

[(
Dy

2
+ Dz

)2

−
(

Dy

2

)2] 1
2

, (D7)

so in the absence of the Zeeman field (h = 0) as well as in the absence of the in-plane anisotropy field (Dz = 0), one finds
ωk=0,− = 0. In such a case, for Dy > 0 a gapless, linearly vanishing ∼|k| Goldstone mode occurs at the zone center, while for
Dy = 0 the mode ωk,− vanishes nonlinearly in the vicinity of k = 0.
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