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The sine-Gordon model captures the low-energy effective dynamics of a wealth of one-dimensional quantum
systems, stimulating the experimental efforts in building a versatile quantum simulator of this field theory and
fueling the parallel development of new theoretical toolkits able to capture far-from-equilibrium settings. In this
work, we analyze the realization of the sine-Gordon model from the interference pattern of two one-dimensional
quasicondensates: we argue that the emergent field theory is well described by its classical limit, and we develop
its large-scale description based on generalized hydrodynamics. We show how, despite the sine-Gordon model
being an integrable field theory, trap-induced inhomogeneities cause instabilities of excitations and provide exact
analytical results to capture this effect.

DOI: 10.1103/PhysRevB.109.035118

I. INTRODUCTION

Over the past few decades, much emphasis has been put
on understanding quantum many-body physics out of equi-
librium, driven both by the intrinsic interest in fundamental
research, and by developing quantum technologies. In this
quest, low-dimensional systems occupy a pivotal role [1,2].
In parallel with experimental progress, equally groundbreak-
ing theoretical achievements have been made, on both the
numerical and analytical side. Of course, the most successful
approach is achieved by combining these strategies, whenever
possible, but such fortuitous instances are rare, and each the-
oretical approach comes with its own limitations.

On the numerical side, tensor-network algorithms [3]
are extremely versatile in describing the evolution of low-
entangled states, but they are constrained in time and exci-
tation energy. In contrast, exact diagonalization is severely
limited in the system’s size. Finally, semiclassical methods
such as the truncated Wigner approximation [4] may miss
important quantum effects.

The challenge of analytically solving an interacting many-
body system can be tackled only in a handful of special cases,
but, when possible, it lives up to the promise of outmatching
ab initio numerical methods: integrability [5] is the ideal play-
ground for fulfilling this program. Experimental realizations
of integrable models are always imperfect: even when the
local interactions of the target model are engineered correctly,
large-scale inhomogeneities caused by the trapping potential
holding the atoms are unavoidable and clash with canonical
methods of the Bethe ansatz [6]. Hence, the capability of
several experiments to study far-from-equilibrium protocols
remained beyond the reach of both numerical and analytical
means for a long time.

That situation changed with the advent of generalized
hydrodynamics (GHD) [7–9]: this hydrodynamic theory
builds on the extensive number of conservation laws fea-
tured by integrable systems, and exactly describes their
large-scale dynamics, capturing the effect of inhomogeneities

through generalized force fields [10–12]. This leap forward
brought experiments within theoretical reach, and GHD has
been proven capable of describing trap quenches in one-
dimensional Bose gases [13–17], which, to date, stands out
as the only instance in which an actual experiment has been
compared with GHD predictions.

However, the arena of integrable models realized in the
laboratory is much broader: multicomponent generalizations
of the Bose gas and their fermionic counterparts are nat-
ural candidates [18,19], and experimental investigations of
Heisenberg magnets with tunable anisotropy have started
[20–24]. Applications of GHD to these experiments may be-
come possible in the foreseeable future [25–28].

The sine-Gordon (SG) model is the quintessential in-
tegrable field theory with the broadest applicability in
condensed matter [29–36]. A versatile experimental realiza-
tion [37,38] was engineered in Vienna by Schmiedmayer’s
group [39–41]: the tunability of this setting opens the door
to investigate many aspects of this field theory, both in and
out of equilibrium, and this experiment became a reference
point for a broad community. It is appealing to investigate
this experimental setup through the lenses of GHD, which
may prove extremely useful in going beyond the current the-
oretical understanding, mainly based either on noninteracting
limits [42–46], self-consistent Gaussian approximations [47],
semiclassical numerical analysis [48,49], or the truncated con-
formal space approach (TCSA) [50–55], which generalizes
exact diagonalization methods to the modes of the field theory.
While TCSA is able to capture quantum effects far from
equilibrium, it is challenging to include inhomogeneities and
the large scales typical of the experimental setup.

The development of a hydrodynamic treatment of the sine-
Gordon model is largely untapped, i.e., so far there have
only been studies of transport in homogeneous backgrounds
[56,57]. The underlying inhomogeneous atomic cloud has
crucial effects on the sine-Gordon dynamics, leading to
force fields and, most importantly, quasiparticle instabilities
[58–60].
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In this work, we derive the sought-after hydrodynamic
equations within the semiclassical regime of the field theory,
completing the study of the classical sine-Gordon model ini-
tiated in Ref. [57]. The motivations are multifaceted: first,
we argue that the parameter range explored by the current
experiment is very close to the semiclassical limit, avoiding
the need for a quantum treatment. Second, the semiclassical
regime can be benchmarked against Monte Carlo simulations,
backing up analytical calculations. Lastly, these results will
serve as a stepping stone for future developments in the even
more challenging quantum realm [61].

This work is organized as follows: In Sec. II, we pro-
vide an overview of the sine-Gordon model and its exact
thermodynamics, emphasizing when the field theory is well-
approximated by its classical limit. In Sec. III, we discuss the
quasicondensates’ experimental realization and the applicabil-
ity of the semiclassical approximation. Section IV presents
the central result of this work, namely the generalized hy-
drodynamics of the classical sine-Gordon model: we discuss
the hydrodynamic equations and provide numerical evidence
of their correctness. Our conclusions are collected in Sec. V,
where we also discuss open challenges and future directions.
A few technical Appendixes follow.

II. THE SINE-GORDON MODEL

The sine-Gordon model is a relativistic field theory gov-
erned by the following Hamiltonian:

H =
∫

dx c

{
g2

2
�2 + 1

2g2
(∂xφ)2 + m2c2

g2
(1 − cos φ)

}
.

(1)

Throughout this work, we use units such that the Planck
constant is h̄ = 1. Above, �(t, x) is the field conjugated to
the phase φ(t, x), and the free parameters of the theory are the
light velocity c, the bare mass scale m, and the interaction g.

The SG model is integrable both in the classical [62,63]
and quantum [64] formulations: in the latter, classical fields
are promoted to bosonic operators [φ(x),�(x′)] = δ(x − x′).
In this section, we discuss the rudiments of both of these
regimes, and the connection between the two. For the sake
of notation, we add a label “q” to quantum objects that differ
from their classical counterparts.

We begin with the classical theory [62]: the fundamental
excitations are topological in nature and interpolate between
the degenerated vacua of the potential φ = 2πZ. Kinks are
excitations with a positive phase winding of 2π going from
left to right in the spatial direction. Antikinks are obtained by
spatial inversion and thus diminish the phase of a 2π unit.
Kinks and antikinks are relativistic particles with the same
dispersion law, i.e., they have energy εK (θ ) = Mc2 cosh θ

and momentum pK (θ ) = Mc sinh θ , where θ is the rapidity
and M = 8m/g2 is the soliton mass. These excitations are
also present in the quantum case [64]: here, quantum effects
renormalize the kinks’ mass leading to Mq ∝ m1+ξ [65,66],
where ξ−1 = 8π/g2 − 1; see also Appendix A for the full
expression.

Due to interactions, kink-antikink pairs form stable bound
states called “breathers”, whose dispersion law is exactly

FIG. 1. The scaling to the semiclassical limit. Top: We plot
the mass law of breathers, renormalized to the soliton mass, for
different values of the interaction g. As g is decreased, more and
more breathers appear in the spectrum, and the mass quantization is
blurred into a continuum, collapsing to the semiclassical limit. See
Sec. II B for further discussion. Bottom: We consider 〈1 − cos φ〉
as a function of the adimensional quantity βMc2 by comparing the
classical result (black line) with quantum curves for different values
of the interaction. For the sake of simplicity, we focus on the so-
called reflectionless points ξ−1 ∈ N of the sine-Gordon model. The
semiclassical limit is achieved for ξ−1 → ∞: we show the extrapo-
lation of quantum curves to ξ−1 = 240 (dashed red line) due to its
experimental relevance; see Sec. III. For a discussion of the quantum
value of 〈1 − cos φ〉 and of the extrapolation, see Appendix A.

known: in the quantum realm, breathers are labeled by an
integer quantum number n = {1, 2, . . . }, and the number of
species is crucially determined by the interaction n < ξ−1.
Their mass scale follows the simple law mn;q = 2Mq sin( π

2 nξ )
[65]. In particular, for 8π/g2 < 1, the quantum sine-Gordon
is unstable under the renormalization group [65], while for
1 < 8π/g2 < 2, sine-Gordon is within the repulsive phase,
where only kinks and antikinks are present in the spectrum,
but breathers are absent. For 8π/g2 � 2, breathers of in-
creasingly many species are possible as g is diminished; see
also Fig. 1 (top).

Within the classical realm, breathers are no longer quan-
tized and they always belong to the spectrum, labeled by a
continuum spectral parameter s ∈ [0, sm] and mass law ms =
M sin( π

2
s

sm
) [63], where we defined sm = 8π/g2. In the litera-

ture, it is often conventional to use a different parametrization
for the spectral parameter σ ∈ [0, 1] by defining σ = s/sm,
but we found the first choice to be more convenient for
us. These quasiparticles exhaust the list of the low-energy
excitations of the sine-Gordon model: its finite-temperature
thermodynamics can then be built using the thermodynamic
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Bethe ansatz (TBA) [67] in the quantum case and its analog
formulation in the classical realm [68,69].

Thanks to integrability, finite-energy states in the systems,
both quantum or classical, can be understood in terms of
asymptotic multiparticle states, built from a collection of low-
energy excitations with elastic scattering. Upon scattering,
these excitations have an effective length that depends on the
rapidities of the particles, due to the Wigner time delay or
scattering shift [70]. In the classical SG, two breathers with
relative rapidity �θ experience a scattering shift ϕs,s′ (�θ ),

ϕs,s′ (�θ ) = 16

g2
log

⎛
⎜⎝cosh �θ − cos

(
(s + s′) π

2sm

)
cosh �θ + cos

(
(s + s′) π

2sm

)
⎞
⎟⎠

+ 16

g2
log

⎛
⎜⎝cosh �θ + cos

(
(s − s′) π

2sm

)
cosh �θ − cos

(
(s − s′) π

2sm

)
⎞
⎟⎠.

(2)

The kink (antikink) scattering shift with a breather is
obtained as a limit of the above expression ϕs(�θ ) =
1
2 lims′→sm ϕs,s′ (�θ ), and similarly the scattering shift
between two topological excitations ϕ(�θ ) (symmetric over
kink-antikink exchange) is recovered by a further limit
ϕ(�θ ) = 1

2 lims→sm ϕs(�θ ). Scattering shifts in the quantum
model are also exactly known [64] and have more complicated
expressions (see also Appendix A), but their exact form is not
needed here. As an important difference, in the quantum SG
the scattering of kink-antikink can be both transmissive and
reflective, whereas it is always transmissive in the classical
case.

The excitations’ dispersion laws and the scattering shifts
are at the basis of the exact thermodynamics, for which we
now provide an overview.

A. Classical thermodynamics

Despite the fact that the thermodynamics of the classical
sine-Gordon model has been studied intensively for years
[68,71–78], its correct formulation became available only very
recently [57]. Since we find it convenient to change the nota-
tion slightly compared to the original reference, we quickly
recap the main formulas.

Thermal states, and principally generalized Gibbs ensem-
bles [79], of the classical sine-Gordon model are identified by
the so-called root densities, i.e., one for the breathers, ρs(θ );
one for the kinks, ρK (θ ); and one for the antikinks, ρK̄ (θ ).
The root density can be interpreted as the phase space density
of the excitations, similar to the soliton-gas picture [69]. The
nontrivial scattering among these particles renormalizes the
phase space, hence one also introduces the total root densi-
ties ρt

s (θ ), ρt
K (θ ), and ρt

K̄ (θ ) and finally the filling functions
defined as the ratio of the two, ϑI (θ ) = ρI (θ )/ρt

I (θ ), for each
particle species. From now on, we use the generic label “I”
whenever we give general statements that pertain to breathers,
kinks, and antikinks.

It is also useful to introduce the dressing operation. To this
end, it is convenient to use a vector-matrix notation: any triplet
of functions {τs(θ ), τK (θ ), τK̄ (θ )} is organized into a vector

τ in the space of rapidities and internal degrees of freedom
s, K , and K̄ . We introduce a kernel ϕ acting on this space
and a convolution �, in such a way that ϕ � τ = {(ϕ � τ )s(θ ),
(ϕ � τ )K (θ ), (ϕ � τ )K (θ )}, where the components read

(ϕ � τ )s(θ ) =
∫

dθ ′

2π

[
ϕs(θ − θ ′)[τK (θ ′) + τK̄ (θ ′)]

+
∫

dθ ′

2π

∫ sm

0
ds′ϕs,s′ (θ − θ ′)τs′ (θ ′)

]
, (3)

(ϕ � τ )K (θ ) =
∫

dθ ′

2π

[
ϕ(θ − θ ′)[τK (θ ′) + τK̄ (θ ′)]

+
∫

dθ ′

2π

∫ sm

0
ds′ϕs′ (θ − θ ′)τs′ (θ ′)

]
, (4)

and a similar definition holds for the antikinks.
With this notation, we define the dressing operation τ →

τ dr as the solution of the linear equation

τ dr = τ − ϕ � [ϑτ dr] , (5)

where the product of vectors between square brackets is meant
to be taken on each component [ϑτ dr]I (θ ) = ϑI (θ )τ dr

I (θ ). The
root densities and total root densities are not independent
quantities, but they are connected through the dressing of the
rapidity-derivative of the momentum as ρt

I (θ ) = 1
2π

(∂θ pI )dr.
On thermal states, integral equations for the filling func-

tions have been derived in Ref. [57]. In the notation of this
work, we can write them as

− log (s2ϑs(θ )) + 2s/sm = βεs(θ )

+
∫

dθ ′

2π
ϕs(θ − θ ′)[ϑK (θ ′) + ϑK̄ (θ ′)]

+
∫

dθ ′

2π

∫ sm

0
d s′ϕs,s′ (θ − θ ′)

(s′)2ϑs′ (θ ′) − 1

(s′)2
(6)

and ϑ2
K (θ ) = ϑ2

K̄ (θ ) = lims→sm ϑs(θ ).
We notice that the filling function obtained as a solution

of Eq. (6) has a singular behavior for small strings ϑs ∼ 1/s2,
therefore in practical implementations it is more convenient to
reparametrize the equations in terms of the nonsingular part;
see Appendix C.

Once the filling functions and root densities have been
obtained, observables can be computed. Of particular interest
for us is the cosine of the phase, which reads [57]

2
m2c2

g2
〈1 − cos φ〉 =

∫
dθ

2π

∫ sm

0
ds
(
c−1εsε

dr
s − cps pdr

s

)
ϑs

+
∫

dθ

2π

{ (
c−1εKεdr

K − cpK pdr
K

)
ϑK

+ (
c−1εK̄εdr

K̄ − cpK̄ pdr
K̄

)
ϑK̄

}
. (7)

This is a convenient measure of interactions and temperature,
and it is experimentally accessible [39], as we will see in
Sec. III.

B. From quantum to classical

Semiclassical limits of quantum field theories [80] are
generally achieved as a combination of weak interactions
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and large occupation numbers, eventually resulting in large
temperatures. While this scaling does not rely on integrability,
the latter allows for a careful study of the limit by comparing
exact results at finite temperature in the quantum and classical
cases [81,82], quantifying the validity of the approximation.

One can already grasp the basics from the mass spec-
trum depicted in Fig. 1: the classical limit is achieved for
small interactions g when the discrete quantum spectrum is
well-approximated as a continuum. Furthermore, the energy
of two consecutive breathers should be indistinguishable on
the energy scale determined by the inverse temperature β,
i.e., one asks β[εn+1;q(θ ) − εn;q(θ )] 
 1, resulting in the two
conditions

g2

8π

 1 and βmc2 cosh θ 
 1, (8)

where we also used that the quantum soliton mass becomes
the classical one in the limit. In this regime, the correspon-
dence s ↔ n holds between the quantum breathers’ index n
and the classical spectral parameter s. With this rescaling, and
at fixed rapidities, the quantum scattering shift becomes the
classical one upon taking g small [57].

At large rapidities, Eq. (8) cannot be fulfilled, making
quantum effects important in the UV limit or equivalently
at short distances �UV � βc. However, realistic experiments
have a finite resolution and effectively put a cap on the min-
imum length that can be probed, possibly preventing access
to the deep UV limit. It remains to be seen if the UV part of
the spectrum may affect finite-momentum excitations when
considering thermodynamics, but this is not the case: the scat-
tering shift between excitation with small rapidity and another
in the UV part of the spectrum decays as ∼1/ cosh �θ ∼
1/ cosh θ � βmc2, hence the UV part of the spectrum de-
couples from the rest. In practice, when is the semiclassical
approximation valid?

To answer this question, in Fig. 1 (bottom) we compare
〈1 − cos φ〉 (7) in the quantum and classical regimes for dif-
ferent temperatures and interactions; see also Appendix A for
the quantum formula. In the classical model and at thermal
equilibrium, the expectation value of the cosine of the phase
is a function only of the adimensional coupling βMc2, while
this scaling is absent in the quantum case: the classical curve
is contrasted with the quantum result for decreasing value of
g. In the high-temperature limit,

βMc2 
 1, (9)

the semiclassical limit is attained regardless of the value of g,
hence without the need to fulfill Eq. (8). Indeed, in this case
sine-Gordon flows to the massless point and the phase field
φ has arbitrary values 〈cos φ〉 = 0. In the absence of a mass
scale, the validity of semiclassics is determined solely by the
lengthscale �UV. As one decreases the temperature, the value
of g becomes more relevant, and quantum effects can be seen.

In the low-temperature regime βMc2 � 1, the phase is
locked to one of the minima and 〈1 − cos φ〉 decays: in the
classical SG, it approaches zero with a power law ∼1/(βMc2)
due to Rayleigh-Jeans distribution of classical radiative modes
[57], while the finite mass gap of the quantum model results
in an exponential decay to a small plateau, corresponding to
the ground-state expectation value.

The transition from power law to exponential decay is
pushed to lower and lower temperatures as one goes deeper
into the semiclassical regime. Quantum curves are obtained by
numerically solving the quantum TBA equations up to ξ−1 =
60: going beyond this value is challenging, due to the increas-
ing number of breathers in the spectrum (see Appendix A).
We also show the extrapolation to ξ−1 = 240, assuming a
parabolic convergence in ξ to the classical limit: as we discuss
in Sec. III, this value is relevant for the current experimental
realizations.

We analyzed the quantum-classical correspondence on
equilibrium thermal states: drastic nonequilibrium protocols
may trigger genuine quantum effects, and the validity of the
semiclassical approximation needs to be properly assessed
case-by-case.

III. SINE-GORDON FROM COUPLED CONDENSATES

A versatile tabletop simulator of sine-Gordon is realized
in Vienna [39], based on the blueprint proposed by Gritsev
et al. in 2007 [37]. In this setting, two identical quasi-one-
dimensional condensates of 87Rb atoms are positioned close
together, allowing weak tunneling of particles from one to
the other. Neglecting the tunneling in a first approximation,
at low temperatures each condensate is well described by a
Luttinger-liquid and fully characterized by the sound velocity
c and Luttinger parameter K . By introducing a nontrivial
tunneling rate λ among the condensates, sine-Gordon emerges
as the effective dynamics for the relative phase φ among
the condensates. However, the inhomogeneous profile of the
atomic cloud gives an effective spatial dependence of the
sound velocity and Luttinger parameter [83], resulting in an
inhomogeneous sine-Gordon Hamiltonian

H =
∫

dx
c(x)

2

(
2π�2

K (x)
+ K (x)(∂xφ)2

2π

)
− 2λn(x) cos φ,

(10)

where n(x) is the atom density profile. The potential cos φ

is proportional to the local atom density only in the weakly
interacting regime of the condensate. At strong interactions,
renormalization effects play a role [84,85]. By a quick in-
spection with Eq. (1), the correspondence with the canonical
sine-Gordon parameters can be made. In particular, it holds
that g2 = 2π/K .

The sound velocity and Luttinger parameter are determined
by the atomic cloud: while some degree of tunability can
be achieved by acting on the particles’ density and confin-
ing potentials, different parameter ranges and nonequilibrium
protocols are most conveniently explored by acting upon the
tunneling barrier λ, which can be tuned almost at will and
modifies the mass scale of the field theory. Mass quenches
are the canonical way to explore nonequilibrium in the exper-
iment [86–91].

While it has been suggested that the sine-Gordon approx-
imation may not be valid for far-from-equilibrium protocols
like condensates-splitting [42,47,92], the general consensus is
that this is a reliable approximation at equilibrium [39]. How-
ever, to the best of our knowledge, an exhaustive quantitative
analysis of the impact of further corrections to the effective

035118-4



SINE-GORDON MODEL FROM COUPLED CONDENSATES: A … PHYSICAL REVIEW B 109, 035118 (2024)

FIG. 2. The coupled-condensates experiment. Top: Sketch of
the sine-Gordon realization with coupled quasicondensates. Bottom:
Typical profiles of quantities relevant for the emergent sine-Gordon.
From top to bottom in the legend: atom density n, Luttinger pa-
rameter K , sound velocity c, and kink rest energy normalized to
the inverse temperature and square-root of the tunneling rate. In
this caption, we restore the Planck constant for convenience. These
curves are obtained using the weakly interacting approximations
K = π/

√
γ and c � h̄n

mRb

√
γ (where mRb is the mass of 87Rb) and

with the typical parameters of Ref. [39]: longitudinal harmonic trap
with ω = 2π × 6.7 Hz, −2/a1D = a3DmRb h̄ω⊥, where ω⊥ = 2π ×
1.4 KHz, and a3D is the three-dimensional scattering length of rubid-
ium in s-wave. The density profile is computed in the Thomas-Fermi
approximation, and we choose as a typical temperature 50 nK. We
set nbulk � 50 atms/µm, resulting in ≈3400 atoms in each well.

sine-Gordon dynamics, and in particular the coupling of the
relative phase with symmetric degrees of freedom such as
density fluctuations [92], is yet to be carried out as a func-
tion of the experimental parameters. Here, we are interested
in the idealized scenario where corrections to Eq. (10) can
be entirely neglected, and we investigate the validity of the
semiclassical treatment. For this purpose, the typical numbers
of the experiment are needed: in Fig. 2 we show the space
profile of the sine-Gordon couplings expected for a typical
experimental configuration from Ref. [39].

Each of the two condensates is well-described by the one-
dimensional interacting Bose gas Hamiltonian, also known as
the Lieb-Liniger (LL) model [17,93], which is also integrable.
In the LL model, particles feel a contact repulsive interac-
tion parametrized by the one-dimensional scattering length
a1D. The adimensional quantity γ = 2/(|a1D|n) is the relevant
parameter to describe the different regimes of the Bose gas.
The Luttinger parameter and sound velocity depend on both
the scattering length and the density of the gas, and they can
be computed exactly [83]. For small γ , the approximation
K � π/

√
γ holds, whereas in the opposite regime one has

K → 1. Typical parameters for the Vienna experiment [39]
are a1D � −16 µm (some tunability can be achieved acting on
the transverse trap) and a bulk density nbulk � 50 atms/µm,
yielding γ � 2.5 × 10−3. Hence, in the bulk of the atom

cloud, one has a Luttinger parameter K � 60, with the result
that sine-Gordon hosts �240 different species of breathers
and it is very likely to be realized in the semiclassical regime,
depending on the temperature.

For typical experiments one has T � 11–50 nK [39], but
the temperature itself is not very informative, since it has to
be compared with the tunable mass scale of the field theory.
A better quantifier is 〈1 − cos φ〉, which is routinely probed
in the experiment by matter-wave interferometry [46,94,95].
By looking at Fig. 1 (bottom), we see that for 4K = 8π/g2 �
240, a conservative estimation for the validity of the semi-
classical regime is 〈1 − cos φ〉 � 0.5: for stronger tunneling,
the extrapolation we used in Fig. 1 (bottom) to reach K � 240
is not reliable. The validity of semiclassics likely stretches
beyond this point, but this needs to be checked with a more
careful analysis.

As discussed in Sec. II B, quantum effects may be impor-
tant for correlation functions at short distances: using as the
most conservative estimation in the UV cutoff �UV = cβ the
coldest temperature T = 10 nK and the bulk sound velocity
c � 2 µm/ms, one obtains �UV � 1.4 µm (upon restoring the
correct dimension by inserting the Planck constant h̄), which
is below the current experimental resolution � 3 µm [96].
Hence, quantum effects are most likely hard to see.

While deeply in the bulk the Luttinger parameter K is
very large and thus semiclassical physics emerges, this may
be more questionable at the boundaries of the trap, where
K → 1 and the number of species of breather diminishes.
However, the kink mass scale is also decreasing by approach-
ing the boundaries of the trap, thus making it possible that,
before quantum effects become important, sine-Gordon flows
to the massless limit securing the validity of the semiclassical
approximation. By computing the classical kink mass from
Eq. (10), and by using the weakly interacting approximation
for the sound velocity c ∝ 1/

√
n, one obtains the scaling

M(x)c2(x)
K5/2(x) = const, where M(x) is the soliton mass computed

in position x within the local density approximation. If, for
example, the temperature in the bulk is set to be 0.25% of the
soliton rest energy, and if one assumes Kbulk = 60, at K (x) =
20 (corresponding to ξ−1 = 79) one has βM(x)c2(x) � 0.25,
which, accordingly to Fig. 1, is both deeply in the semiclassi-
cal limit and in the high-temperature regime.

It is interesting to contrast these conclusions with the inter-
acting Bose gas [17]: in this system, at the edges of the trap
quantum effects are enhanced and the semiclassical approxi-
mation breaks down. In this case, a quantum treatment is cru-
cial for nonequilibrium scenarios where quantum effects prop-
agating from the edges may affect the bulk itself. This is not
the case in sine-Gordon since, as we discussed, one can expect
the semiclassical limit to describe the whole atomic cloud.

IV. GENERALIZED HYDRODYNAMICS

Motivated by the discussion on the experimental realiza-
tion of the sine-Gordon model, we consider an inhomoge-
neous and time-dependent Hamiltonian

H =
∫

dx ct,x

{
g2

t,x�
2

2
+ (∂xφ)2

2g2
t,x

+ m2
t,xc2

t,x

g2
t,x

(1 − cos φ)

}
,

(11)
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which we interpret classically. Ultimately, the most rele-
vant case for the coupled-condensate implementation is the
situation where gt,x and ct,x are constant in time but in-
homogeneous in space, while mt,x is also time-dependent.
Nonetheless, we aim to address the general case within the
framework of generalized hydrodynamics [7–9].

GHD is the hydrodynamic theory of quantum and classi-
cal models that are locally, in space and time, described by
an integrable Hamiltonian. As any hydrodynamic theory, it
requires a separation of scales: inhomogeneities happen on
large scales, such that the system can be thought to be locally
described by a steady state of the local integrable dynamics,
approximated as if it were homogeneous.

In the simplest setup when the initial state is allowed
to be inhomogeneous, but the Hamiltonian is translational
invariant, the dynamics can be understood as quasiparti-
cles moving ballistically with a renormalized velocity due
to the scattering shift v(θ ) → veff(θ ) [7,8]. This setting has
been extensively studied in many models, including sine-
Gordon in the quantum [56,61] and classical regimes [57],
but it is not enough to address the generic case of interest
for us. First of all, inhomogeneities in the Hamiltonian are
known to induce force terms: one should treat separately
inhomogeneous potentials that couple to conserved quan-
tities [10] (see also Ref. [12]) and those that come from
more generic inhomogeneities [11], which is the case for the
Hamiltonian (11).

Even more crucially, the spectrum of integrable models
is very sensitive to interactions, and, by changing the latter
in space or time, the system could be locally described by
a very different quasiparticle content, as was found for the
one-dimensional Bose gas [59,60] and the XXZ spin chain
[58]. This feature pertains to the classical SG model as well:
this is evident from the spectrum of the quantum theory (see
Fig. 1) where breathers are quantized. At special values of the
interactions g, the breather’s energy becomes degenerate with
a kink-antikink pair, and binding/unbinding is possible. Even
though this is a priori less clear in the continuum spectrum of
the classical model, it turns out it inherits the same behavior
as the quantum case.

Before presenting the GHD equations and their deriva-
tion, we discuss the physics underneath; see also Fig. 3. Let
us consider a breather of species “s” traveling in the sys-
tem: in quantum integrable models with multicomponents,
the rule of thumb is that excitations travel in the system
as stable particles without changing their internal quantum
number.

In the classical case, the phase space is continuous and
one can always reparametrize the internal degree of freedom
s in a space-time-dependent manner, blurring the notion of
a “good quantum number.” In this case, quantum mechanics
helps to resolve this ambiguity: as we discussed in Sec. II B,
the quantum classical correspondence is s ↔ n, with n the
integer quantum number. Hence, the tagged excitation travels
in the system by conserving its species s.

This has deep consequences on the stability of the breather,
since it may be that the latter is eventually pushed out of the
region s ∈ [0, sm] and it is no longer allowed in the spectrum.
This signals instability: when the breather hits the boundary
s = sm, its binding energy vanishes, and the breather melts

FIG. 3. Phenomenology of breathers’ melting and kink-antikink
binding. Let us consider a breather of species s with binding energy
εK (θ ) + εK̄ (θ ) − εs(θ ) and assume the interaction sm is decreasing in
the reference frame of the moving breather. Due to the change of the
background interactions gt,x , the breather’s binding energy changes
in space and time until the special condition sm = s is met: at this
point, the binding energy vanishes, and the breather melts in a pair of
kink and antikink with the same rapidities (blue arrow). The reverse
process is also possible (red arrow): a pair of neighboring kink and
antikink with equal rapidity can bond in a breather of species s at the
special point sm = s. In this case, the binding is not unavoidable and
the pair can also proceed as unbound particles. We stress that, since
the breather’s spectral parameter s is continuous, for each value of
sm there is always the possibility of the kink-antikink pair forming a
bound state, provided sm is increasing.

in a kink-antikink pair. The opposite process is also possible:
if a kink-antikink pair travels in a region of increasing sm,
it may bind in a breather or continue as a pair of unbound
particles.

These physical considerations are made exact by the
GHD equations, valid at the Euler scale: we postpone their
derivation until Sec. IV C, discussing first the physics and
providing numerical benchmarks. The GHD equations are
better expressed in an infinitesimal form with the time-space
dependence made explicit, ϑI (θ ) → ϑI (t, x, θ ),

ϑs(t + dt, x, θ ) = ϑs
(
t, x − dtveff

s , θ − dtF eff
s

)
,

ϑK (t + dt, x, θ ) = ϑK
(
x − dtveff

K , θ − dtF eff
K

)
− dt

(
∂t sm + veff

s=sm
∂xsm

)
2ϑs=sm (t + dt, x, θ ).

(12)

Above, we omit the equations for the antikinks, which is the
same as for the kinks’ case. The GHD equations must be
solved together with the boundary condition

ϑs�sm (t, x, θ ) = ϑK (t, x, θ )ϑK̄ (t, x, θ ), (13)

which must be used to interpret shifts in Eq. (12) when-
ever the infinitesimal translation brings the filling in a region
where s � sm. Notice that, on the left-hand side of the GHD
equation for the kinks, one has the breather’s filling com-
puted at t + dt rather than dt , as one may have naively
expected. This is to ensure the correct boundary conditions:
if dt (∂t sm + ∂xsmveff

s=sm
) > 0, then Eqs. (12) together with the

boundary condition Eq. (13) implies ϑs=sm (t + dt, x, θ ) =
ϑK (t, x − dtveff

K , θ − dtF eff
K )ϑK̄ (t, x − dtveff

K̄ , θ − dtF eff
K̄ ). In

this case, the GHD equation describes the process in which
pairs of kinks and antikinks are fusing into breathers, therefore
these excitations are removed from the (anti)kink’s filling,
and they become breathers. In the opposite case, dt (∂t sm +
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∂xsmveff
s=sm

) < 0, the GHD equation describes the process in
which breathers become unstable and split into kink-antikink
pairs.

In Eq. (12), the effective velocity veff and force F eff

appear: they are meant to be computed at the same posi-
tion x and rapidity θ of the filling functions. The definition
of the effective velocity is the usual one [7,8], veff

I =
(∂θεI )dr/(∂θ pI )dr. The effective force is instead defined as
F eff

I = ( f dr
I + �dr

I )/(∂θ pI )dr [11], where in vectorial notation
one defines

f = −∂t p + ∂t sm∂sm� � [ϑ∂θε
dr] , (14)

� = −∂xε + ∂xsm∂sm� � [ϑ∂θ pdr] . (15)

Above, the energy and momenta have a parametric space-time
dependence due to the inhomogeneous couplings. In quantum
systems, the kernel ∂sm� is the derivative of the scattering
phase with respect to the interaction. In the classical theory,
the same definition holds, provided one uses the expression
for the classical scattering phase, which can be obtained as the
limit of the quantum one [57] or equivalently integrating the
scattering shift �I (θ ) = ∫ θ dθ ′ϕI (θ ′). The classical scattering
phase for breathers reads

�s,s′ (θ ) =
∫ min(s,s′ )

0
dτG

( |s − s′| + 2τ

4sm/π
, θ

)

+ G

(
2sm − s − s′ + 2τ

4sm/π
, θ

)
, (16)

with G(x, θ ) = 4 arctan ( tanh(θ/2)/ tan x). Similarly to the
scattering shift ϕ, the other components can be obtained
through the proper limits �s(θ ) = 1

2 lims′→sm �s,s′ (θ ) and
�(θ ) = 1

2 lims→sm �s(θ ). It should be stressed that, when
computing the breather-kink and kink-kink components of
∂sm�, the derivative should be taken after the limit s → sm.

As a sanity check for the hydrodynamic equations (12),
it is possible to show that thermal equilibrium states in a
local density approximation, i.e., where the filling is ob-
tained by solving the TBA (6) with a constant temperature,
but plugging-in the inhomogeneous couplings, are indeed
stationary states for Eq. (12), as it should be. The check
passes through lengthy but straightforward manipulations of
the GHD and TBA integral equations, and we omit it.

A. Boundary conditions for the coupled-condensates realization

So far, we have focused on the bulk GHD equations, but
the proper boundary conditions should be imposed for finite
systems, such as the quasicondensate implementation. Bound-
aries generally break integrability, which is in turn preserved
only by very special conditions [97]. We now discuss as open
boundary conditions

ϑs(t, x = 0, θ ) = ϑs(t, x = 0,−θ ),

ϑK (t, x = 0, θ ) = ϑK̄ (t, x = 0,−θ ), (17)

which are the correct choice for the quasicondensate exper-
iment. Above, x = 0 is meant to be the left boundary of
the atomic cloud, and similar boundary conditions must be

imposed on the other edge. Notice that kinks are reflected into
antikinks upon scattering with the boundaries.

One can obtain the conditions (17) with the following
reasoning: at the edges of the atomic cloud, the sine-Gordon
mass scale vanishes (see Fig. 2) and one can approximate
the dynamics with the massless scalar boson in the inho-
mogeneous background due to the velocity field c(x) and
the Luttinger parameter K (x). We make the further approx-
imation that at the boundaries K (x) = 1, thus obtaining the
Hamiltonian describing an inhomogeneous conformal field
theory with open boundary conditions for the phase field
[98]: in this dynamics, left and right movers are decoupled,
and incoming wave packets scattering with the boundary are
fully reflected back with no changes in their shape, hence the
boundary conditions (17).

It is worth emphasizing that in this argument, is crucial to
consider that the Luttinger parameter approaches a finite value
at the boundaries: one could have naively extended the validity
of the weakly interacting approximation K � π/

√
γ to the

whole trap, finding in this case a Luttinger parameter that
vanishes by approaching the boundaries. This naive approxi-
mation leads to incorrect boundary conditions, not describable
with Eq. (17); see Appendix B.

B. Numerical benchmarks

To benchmark the validity of the GHD equations, we con-
sider large-scale Monte Carlo simulations of the classical
sine-Gordon model. Initially thermally distributed field con-
figurations are sampled with the Metropolis-Hastings method
[99,100], then each field configuration is deterministically
evolved with the equation of motion, and finally observ-
ables are obtained by averaging over the initial conditions.
A short summary of the method is provided in Appendix D.
Our main goal is to test the validity of GHD in the pres-
ence of force terms and particles’ recombination, therefore
we focus on cases in which the Hamiltonian is explic-
itly space-time-dependent: simpler transport settings with a
homogeneous Hamiltonian have already been crosschecked
in Ref. [57].

To solve the GHD equations (12), we resort to numerical
integration as well: however, we experienced numerical im-
plementations of the GHD equations to be rather challenging.
This is due to the large phase space (θ, s), to the singular-
ities present in the kernels ϕ and ∂sm�, and to the singular
behavior of the filling functions and root density at small s.
In Appendix C, we discuss our discretization method and the
aforementioned difficulties.

Even though both the GHD equations and the ab initio
Monte Carlo simulations can address fully inhomogeneous
and time-dependent protocols, for the sake of improving nu-
merical stability and pushing the discretization, we focus
on homogeneous time-dependent couplings. In particular, we
consider changes in the mass m and interaction g (the case of a
changing light velocity c is analogous to a mass change, plus
an overall energy rescaling).

The energy is not a good observable to be looked at,
due to its well-known UV divergence (see, e.g., Ref. [82]),
hence we focus on other quantities whose TBA expression is
known: these are the already-mentioned 〈1 − cos φ〉 and the
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(a) (b) (c)

(d) (e) (f)

FIG. 4. Benchmark of generalized hydrodynamics with Monte Carlo. Monte Carlo data (symbols) are compared with GHD predictions
(solid lines) for different nonequilibrium protocols. Monte Carlo data are obtained by discretizing the field on a finite grid of N points and
lattice spacing a: here we only show the case a = 0.125, N = 213, and T = 1000 for all cases, except protocol C for β = 0.5. In this case, we
observe a worse convergence with the lattice spacing, and we show data for N = 213 and a = 0.0625, yet a small discrepancy from GHD is
evident in panel (f). See Appendix D for a convergence analysis. For each data set, we run the Monte Carlo on 20 independent cores collecting
approximately 200 samples in each one, we use the mean as the most representative value, and we estimate the error with the mean-square
displacements. Error bars within one sigma are negligible on the plot scale and are omitted. GHD data are collected for different discretization
grids: overall, we find that convergence is challenging. We consider three different discretizations and use a linear extrapolation in the inverse
of the number of points of the grid. See Appendixes C and D for further details. We consider initial conditions with two different temperatures
(top row β = 0.25, bottom row β = 0.5) and initial parameters c = g = m = 1. We consider four different protocols (c = 1 in all of them):
Protocol A: m(t ) = 1 + t/T , g = const. Protocol B: m(t ) = 1 − 0.5t/T , g = const. Protocol C: g2(t ) = 1 + t/T , m(t ) = g2(t ). Protocol D:
g2(t ) = 1 − 0.5t/T , m(t ) = g2(t ). From left to right, we show the evolution of the cosine of the phase (7), the density of topological excitations
nK,K̄ = c2(π/2) (18), and finally the full kink spectroscopy at the end of the protocol t = T , obtained by evaluating c2(α) for different angles
(18). In the plot for c2(α), we give as a reference the same quantity computed on the initial condition (solid black line).

asymptotic two-point connected correlator of the phase

c2(α) = lim
�→∞

〈[φ(t = �c−1 cos α, x = � sin α) − φ(0, 0)]2〉c

�(2π )2
,

(18)

where 〈. . .〉c stands for the connected part of the correlator.
An analytic result for this observable has been recently
obtained in Ref. [101]: in the classical sine-Gordon and in
those states with equal root densities of kinks and antikinks,
ρK (θ ) = ρK̄ (θ ), the following simple result holds:

c2(α) = 2
∫

dθρK (θ )
∣∣c−1veff

K (θ ) cos α − sin α
∣∣ . (19)

The correlator c2(α) is very useful since it allows for direct
spectroscopy of the population of kinks as a function of the
effective velocity: in particular, we can detect changes in
the total density of kinks nKK̄ = c2(π/2) due to interaction
changes, as predicted by the GHD equations (12).

In Fig. 4, we focus on nonequilibrium protocols where,
starting with thermal states, the interaction and mass scale are
slowly changed on a timescale T : without loss of generality,
we take the initial parameters c = m = g = 1, and different

initial temperatures are considered. For the sake of concrete-
ness, and to have an appreciable population of kinks, we focus
on high (β = 0.25) and intermediate (β = 0.5) temperatures.

For each initial condition, we consider four different pro-
tocols A, B, C, and D: in two of these, we change the bare
mass on a linear ramp m(t ) = 1 + (m f − 1)t/T while keep-
ing the interaction g fixed, where T tunes the timescale of
the protocol, and the final value of the mass is increased
(m f = 2, protocol A) or decreased (m f = 0.5, protocol B). In
these protocols, we expect 〈cos φ〉 to change. Kinks can also
be accelerated due to force terms giving a nontrivial evolution
of phase correlations (18), however the total kink density nK,K̄
remains constant.

This is indeed observed in numerical data, which compare
well with the GHD predictions: in particular, we observe that
by increasing the mass scale, the phase locking 〈1 − cos φ〉
decreases, while kinks are slowed down. The opposite trend
is observed by decreasing the mass. In the other two pro-
tocols, we instead change the interactions by keeping the
soliton mass M fixed: we choose to change the interactions
in such a way that 1/sm changes linearly with time, hence
g2(t ) = 1 + t/T (g2

f − 1). Of course, for slow protocols, the
result does not depend on how g2(t ) is varied.
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We consider the explicit cases in which g2
f = 2 (protocol

C) and g2
f = 0.5 (protocol D): GHD predicts that the total

number of kinks changes due to the formation, or melting, of
breathers. In particular, by increasing g the number of kinks
grows, while the opposite trend is observed in the other proto-
col. Also in this case, Monte Carlo data are in good agreement
with GHD, proving the correctness of Eqs. (12).

C. Derivation of the GHD equations

The effective velocity and force terms in the GHD Eq. (12)
have the canonical form of all integrable models [11], and
their validity is well-established at present. Some ambiguity
may be present in the definition of ∂sm�: indeed, we could
in principle change the definition of the spectral parameter
s with any function of the interaction sm, but deriving the
scattering phase � in sm before or after the rescaling would
lead to different results. In this case, quantum mechanics is
helpful: we can see the classical sine-Gordon as the proper
limit of the quantum model [57], where there is no ambiguity
due to the quantization of the breather’s spectrum, confirming
the validity of our choice. The nontrivial effect to be incorpo-
rated is the melting of breathers into kinks and the opposite
process: we follow the reasoning of earlier works with similar
phenomenology on bound state recombination [58,59]. As
the energy suggests, a breather becomes degenerate with a
kink-antikink pair εs=sm (θ ) = εK (θ ) + εK̄ (θ ) and it holds the
same for all conserved quantities (see Ref. [59] for a similar
discussion), hence excitations can be moved from breathers
with rapidity θ and s = sm, to kink-antikink pairs with equal
rapidity θ without altering any conservation law.

For simplicity, we now consider the case in which the
state is homogeneous and sm is varied in time. The proof
will be easily extended to the generic case. We work with the
equivalent formulation of GHD in the root density space: in
the homogeneous case, one writes the GHD equations

∂tρK + ∂θ

(
F eff

K ρK
) = (∂tρK )R, (20)

∂tρs + ∂θ

(
F eff

s ρs
) = 0, s ∈ [0, sm). (21)

In the above equations, (∂tρK )R is a “recombination term” yet
to be determined, and proper boundary conditions for ρs=sm

should be imposed:

[∂tρK (θ )]R = −∂t smρs=sm (θ ). (22)

The analog equation for the antikink is omitted for simplicity.
Notice that with this continuity equation, the conservation of
the total number of particles is ensured by the construction

d

dt

[∫
dθ

{
ρK (θ ) + ρK̄ (θ ) + 2

∫ sm

0
dsρs(θ )

}]
= 0. (23)

We first consider the case in which ∂t sm < 0: the domain of
the spectral parameter s ∈ [0, sm] diminishes, and breathers
at the boundary s ∈ sm become unstable and do not have
any other choice other than melting into a kink-antikink
pair. Notice that in this case the root density in the interval
s ∈ [sm − dt |∂t sm|, sm] is known, and thus it fully determines
[∂tρK (θ )]R. We now consider the opposite scenario, namely
∂t sm > 0: here the root density is initially known on the in-
terval s ∈ [0, sm], while the new root density in the interval

s ∈ [sm, sm + dt∂t sm] comes from the fusion of kinks-
antikinks. Hence, one must have once again (22), but both
ρs=sm (θ ) and [∂tρK (θ )]R are unknown. This is due to the fact
that a pair of kink-antikink can bind, but it can also survive as
an unbounded pair: to fix the ratio of the two processes, we
pick the most probable possibility, obtained by maximizing
the Yang-Yang entropy [67]. The classical Yang-Yang entropy
has been derived in Ref. [57] as the semiclassical limit of the
quantum one, resulting in

S =
∫

dθ

[
ρt

Kη(ϑK ) + ρt
K̄η(ϑK̄ ) +

∫ sm

δh

ds ρt
sη(ϑs)

]
+

− log h
∫

dθ

[
ρK + ρK̄ + 2

∫ sm

δh

ds ρs

]
, (24)

where η(x) = x(1 − log x) is the entropy density of classical
solitons, and h → 0 is a small regulator playing the role
of a Planck constant. The light-breather cutoff δh must be
fixed such that log(hδh) = 1. The GHD equations in the ab-
sence of particle recombination are known to conserve the
Yang-Yang entropy [102]: by taking ∂tS and using Eqs. (20),
(21), and (22), through standard manipulations one obtains
that the entropy rate is entirely due to the recombination term

∂tS =
∫

dθ ∂t smρs=sm

[
log

(
ρs=sm/ρt

s=sm

ϑKϑK̄

)
− 1

]
. (25)

In this equation, ρs=sm is the variable to be determined:
asking for the choice that maximizes the entropy rate
δ(∂tS )/δρs=sm = 0, one finally obtains the simple equation

ϑs=sm (θ ) = ϑK (θ )ϑK̄ (θ ), (26)

which fixes ρs=sm and then (∂tρK )R thanks to Eq. (22),
leading to ∂tS < 0. This is expected, since forming bound
states diminishes the entropy of the system. After the final
equations are expressed in the infinitesimal evolution form,
Eq. (26) is equivalent to the boundary condition (13). A few
further steps are needed to reach Eq. (12): first, one recasts
the GHD equations from the basis of root densities to filling
functions; this can be straightforwardly done with standard
manipulations [7,8]. As a useful observation, notice that when
taking ∂tρ

t
I the recombination term does not matter as long as

Eq. (22) is fulfilled. The GHD equation for the kinks in terms
of the filling becomes

∂tϑK + F eff
K ∂θϑK = 1

ρt
K

(∂tρK )R . (27)

Now, by a direct inspection of the definition of the total
root density, one observes that ρK (θ ) = 1

2ρs=sm (θ ) and con-
veniently replaces 1

ρt
K

(∂tρK )R = −∂t sm2ϑs=sm . The final step
consists in rewriting the equations in an infinitesimal form:
this is convenient since in this formulation one can introduce
the infinitesimal shift on the right-hand side of the kink’s
equation (12) that automatically takes care of the two different
cases ∂t sm ≶ 0. This concludes the derivation of the GHD
equations in the homogeneous case. When spatial inhomo-
geneities are present, one can derive the GHD equations in at
least two ways: the first, more complicated, method consists
in generalizing Eq. (24) to spatial inhomogeneities by adding
a space integration and then taking the time derivative [59].
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In this way, one would find a nontrivial entropy current
induced by the recombination terms: by entropy-current max-
imization, one obtains the GHD equations (12). Rather than
embarking on this analysis, we use the solution of the homo-
geneous case and relativistic invariance. Indeed, by noticing
that ∂θεI = cpI and ∂θ pI = c−1εI , the GHD equations can be
put in an explicit covariant form [8,11]. For example, allowing
only inhomogeneity and time dependence in sm and keeping
the other parameters constant, the GHD equations for the
kinks are (

Pμ
K

)dr
∂μϑ + (∂μsm)Fμ

K ∂θϑ = ∂μsmRμ
K , (28)

where ∂μ = (∂t , ∂x ) and Pμ = (c−1εK , pK ), and Einstein’s
sum convention on repeated indexes is used. Besides the co-
variant momentum Pμ, also the force terms can be recast in a
covariant form Fμ: by completing the GHD equations with a
recombination term Rμ

K and asking the result to be covariant,
the spatial component of RK is fixed by the temporal one,
which we computed above (see, e.g., Ref. [11] for similar
computations). This concludes the derivation of Eqs. (12).

V. DISCUSSION

In this work, we derived the hydrodynamics of the
sine-Gordon field theory with inhomogeneous couplings in
the semiclassical regime, showing that particle recombination
must be taken into account whenever the interaction changes
in time or space. We discussed how there is strong evidence
that the sine-Gordon model currently realized on coupled-
quasicondensates [39] is well-described by the semiclassical
regime, further motivating our study.

This work is a concrete step in studying the experiment
within generalized Hydrodynamics, but there are some chal-
lenges yet to be overcome: the first practical difficulty is the
numerical algorithm used to solve the GHD equations, which
must be improved. The large size of the phase space due to
the continuum of breather’s species and the singular behavior
of the kernels make convergence difficult to attain: for this
reason, we limited ourselves to benchmark the predictions
of hydrodynamics in the homogeneous case, while we could
not obtain a satisfactory convergence in the case of spatial
inhomogeneities. We hope to consider this problem again in
the future: in this perspective, flea-gas algorithms [70] could
be an interesting route to explore.

One important question to be addressed is whether ex-
perimental imperfections are detrimental to sine-Gordon,
especially in nonequilibrium scenarios exploring timescales
long enough for the inhomogeneities to play a role: the
fact that a consistent hydrodynamic picture of the whole
system exists encourages us to regard sine-Gordon as the
proper low-energy description, at least whenever slow pro-
tocols are considered. Condensate-splitting protocols and
sudden quenches have been experimentally studied a great
deal [86–90] upon abruptly changing the tunneling barrier:
however, sudden protocols can be rightfully expected to excite
very large energies and break the validity of sine-Gordon
approximation [42,47,92].

In contrast, slow modulations of the tunneling barrier fall
within hydrodynamics and rein in the excitation’s energy, as
predicted by GHD. This should be contrasted with the Bose

gas, i.e., the current predominant experimental platform that
has been compared with GHD [13–17]: in this case, even
sudden trap quenches are describable with hydrodynamics,
due to the fact that the trapping potential couples to a local
conserved charge of the model, the atoms’ density in this case.
Hence, sudden trap changes do not excite any short-time, and
thus high-energy, dynamics in the Bose gas. This is not the
case for the mass scale of sine-Gordon, hence slow protocols
should be used.

Even in the case of slow modulations, the importance
of microscopic corrections to the effective sine-Gordon de-
scription of the coupled-condensates, primarily due to density
fluctuations [92], has yet to be fully analyzed. Already on
equilibrium states, a comparative analysis of the spectral func-
tions of the coupled condensates and sine-Gordon will unveil
which part of the true spectrum is correctly captured by the
effective field theory, giving precise boundaries on the energy
scales and wavelengths. In sine-Gordon realizations on quan-
tum spin chains, spectral functions can be probed with tensor
networks and compared with the effective field theory [103].
A similar numerical analysis can be envisaged to be possible
in the quasicondensates setups with semiclassical techniques,
and it is left to future work.

We hope that this work will serve as the basis for future
developments in the GHD of the quantum sine-Gordon model:
the thermodynamics and Drude weight of this quantum field
theory were recently presented [61], and improvements in
the current experiments, or realizations of new platforms
[36,103,104], strongly advocate for developing the GHD of
the quantum model.

The main difficulty in addressing the quantum sine-Gordon
is due to the fact that kink and antikink can both be transmitted
or reflected upon scattering, advocating for a solution by a
nested Bethe ansatz. In contrast, in the classical limit, the scat-
tering is always transmissive, and this difficulty is absent. In
the nested part of the Bethe ansatz, sine-Gordon is described
by an inhomogeneous XXZ spin chain in the planar regime
[61], which notoriously has no continuous dependence on the
interactions [67], and this makes it extremely challenging to
develop a GHD description of interaction changes.
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APPENDIX A: THE QUANTUM TBA

In Fig. 1 we compare the classical expectation value
〈1 − cos φ〉 with the quantum result. Even though the focus
of this work is on the classical regime, we provide here a
short recap of the quantum model and the main formulas used
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in Fig. 1. Due to quantum effects, the soliton mass is heavily
renormalized: its value as a function of the bare mass m has
been computed in Ref. [65] and reads

c2M =
(

c3m2

g2

π�(1/(1 + ξ ))
�(ξ/(1 + ξ ))

) 1+ξ

2 2�(ξ/2)√
π�((1 + ξ )/2)

,

(A1)

where ξ = ( 8π
g2 − 1)−1, and � is the Euler-Gamma function.

The scattering matrix has been exactly computed in Ref. [65].

When a breather collides with a kink (or antikink) with rela-
tive rapidity θ , they are transmitted with the scattering phase,

Sn(θ ) = sinh(θ ) + i cos(nπξ/2)

sinh(θ ) − i cos(nπξ/2)

×
n−1∏
k=1

sin2 ((n − 2k)πξ/4 − π/4 + iθ/2)

sin2 ((n − 2k)πξ/4 − π/4 − iθ/2)
. (A2)

Instead, when two breathers with relative rapidity θ collide,
they undergo transmissive scattering with a scattering matrix,

Sn,n′ (θ ) = sinh(θ ) + i sin ((n + n′)πξ/2)
sinh(θ ) − i sin ((n + n′)πξ/2)

sinh(θ ) + i sin(|n − n′|πξ/2)

sinh(θ ) − i sin(|n − n′|πξ/2)

×
min(n,n′ )−1∏

k=1

sin2 ((|n − n′| + 2k)πξ/4 − iθ/2) cos2 ((n + n′ − 2k)πξ/4 + iθ/2)

sin2 ((|n − n′| + 2k)πξ/4 + iθ/2) cos2 ((n + n′ − 2k)πξ/4 − iθ/2)
. (A3)

Finally, we discuss the scattering among kinks and
antikinks, which is more complicated. While two kinks (or
two antikinks) always undergo transmissive scattering with
amplitude

S0(θ )

= − exp

[
−i
∫ ∞

0

dt

t

sinh (πt (1 − ξ )/2)
sinh(πξ t/2) cosh(πt/2)

sin(θt )

]
,

(A4)

the scattering of a kink with an antikink can result either in
transmission with amplitude ST (θ ) = sinh(ξ−1θ )

sinh ((iπ−θ )ξ−1 ) S0(θ ) or

in reflection with amplitude SR(θ ) = i sin(πξ−1 )
sinh ((iπ−θ )ξ−1 ) S0(θ ).

A general solution of the thermodynamics needs to account
for both scattering channels through a nested Bethe ansatz
[61]. A remarkable exception takes place at the so-called
reflectionless points, characterized by interaction ξ−1 ∈ N:
if this condition is fulfilled, SR(θ ) = 0 and thermodynam-
ics can be computed by a standard diagonal thermodynamic
Bethe ansatz, upon defining the quantum scattering shift as
ϕq;I (θ ) = −i∂θ log (SI (θ )). For the sake of simplicity, in Fig. 1
we focus on the reflectionless points: we do not report the
lengthy textbook formulas of the TBA and dressing equations;
the interested reader can refer to the literature [67].

The expectation value of 〈1 − cos φ〉 can be computed
by means of the Hellmann-Feynman theorem [105]. Let us
consider a multiparticle state |{θ j}N

j+1〉 on a finite volume L,
which will be taken as a representative state of the GGE
once the thermodynamic limit has been taken. There, the
index j runs over different rapidities and particle species.
The expectation value of the Hamiltonian (1) on this state
is 〈{θ j}N

j+1|H |{θ j}N
j+1〉 = LE0 +∑N

j+1 mjc2 cosh θ j , where E0

is the ground-state energy density E0 = − 1
4 M2

q tan(πξ/2)
[65,66]. The Hellmann-Feynman theorem states that deriva-
tives of the energy with respect to external parameters
commute with expectation values on eigenstates, thus
〈{θ j}N

j+1|∂mH |{θ j}N
j+1〉 = ∂m(〈{θ j}N

j+1|H |{θ j}N
j+1〉). By notic-

ing that ∂mH = ∫
dx 2mc3

g2 (1 − cos φ), one can extract the

sought-after expectation value. Different normal-ordering pre-
scriptions lead to a change in the normalization of the cosine
term: here, we follow the conformal field theory normalization
[66]. Some technical but standard manipulations are needed to
account for the quantization of the rapidities in finite volume,
and we leave them to the literature (see, e.g., Ref. [11]). The
final result is

− 2m2c3

g2(1 + ξ )
〈cos φ〉 = − M2

q

2
tan(πξ/2)

+
ξ−1−1∑

n=1

∫
dθ

2π
ϑn
(
c−1εnε

dr
n − cpdr

n pn
)

+
∫

dθ

2π

{
ϑK
(
c−1εKεdr

K − cpdr
K pK

)
+ ϑK̄

(
c−1εK̄εdr

K̄ − cpdr
K̄ pK̄

)}
. (A5)

Notice that, in contrast with the classical regime, in the quan-
tum case the cosine operator has a nontrivial ground-state
expectation value, but the above expression converges to the
classical result (7) in the proper limit. Plots in Fig. 1 are ob-
tained by discretizing the quantum TBA equations and using
(A5): we discretize the rapidity space in a uniform grid of 50
points imposing a cutoff |θ | � 4 and reaching up to ξ−1 = 60,
resulting in 59 breathers in the spectrum. For larger values
of ξ , i.e., ξ−1 � 30, we checked that convergence is attained
upon changing the rapidity discretization.

In Fig. 1, we also show the extrapolated result up to ξ−1 =
240: the convergence to the classical limit is very slow, and the
extrapolation cannot be trusted for all temperatures. Indeed,
for the same value of ξ , smaller temperatures are further
away from the semiclassical curve, hence we consider this
compromise. We assume a parabolic convergence in ξ and for
each value of βMc2 we extrapolate the expectation value on
the data in the window 30 < ξ−1 < 60. We then compare the
distance of the extrapolated result from the semiclassical limit
with the distance of the largest value, defining

χ = |〈cos φ〉extr. to classical − 〈cos φ〉classical|
|〈cos φ〉ξ−1=60 − 〈cos φ〉classical| . (A6)
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FIG. 5. Extrapolation of 〈1 − cos φ〉. In Fig. 1, we extrapolated
the quantum expectation values (symbols) of the phase locking
to ξ−1 = 240 by assuming a parabolic convergence (solid line) to
the classical result in ξ . The classical value is excluded from the
extrapolation. In this figure, we show two instances in which the
extrapolation is considered reliable (left) for sufficiently large tem-
peratures, and the case in which at low temperature quantum data
are still too far from the classical result to trust a simple parabolic
extrapolation (right).

We decided to trust the extrapolation if χ < 15%, which is
realized in the window βMc2 < 4: we show an explicit exam-
ple in Fig. 5. For these temperatures, we add the classical limit
to the data set and compute again the parabolic extrapolation
until ξ−1 = 240.

APPENDIX B: INCORRECT BOUNDARY CONDITIONS
FROM THE WEAKLY INTERACTING APPROXIMATION

In this Appendix, we discuss the boundary conditions
one would get by naively extending the weak-coupling ap-
proximation K � π/

√
γ to the boundaries, resulting in a

vanishing Luttinger parameter instead of K → 1. For the
sake of concreteness, we also make use of the weak-coupling
approximation for the velocity field c(x) = n(x)

mRb

√
2

n(x)|a1D|
(in h̄ = 1 units, and mRb is the mass of 87Rb) [83], even
though this assumption is not crucial in what follows. By
plugging these approximations in Eq. (10) and by neglecting
the mass term, one obtains [83]

HSG =
∫ ∞

0
dx

4

|a1D|�
2(x) + 1

2
(∂xφ)2n(x). (B1)

Above, we assume that the system lives on the semiaxis
x ∈ [0,∞], and we focus on the role of the boundary. At
x = 0, one must impose that the total flux of particles leav-
ing the system is zero: the particle current is proportional
to the phase gradient with a microscopic-dependent prefactor
[84,85] which in the weakly interacting regime is merely the
atom density. Since we are already using this approxima-
tion for the Luttinger parameter, for consistency we consider
the particle current in the same regime, hence the bound-
ary condition on the microscopic field is j(x)|x=0 = n(x)∂x

φ(x)|x=0 = 0.
We now study the consequences of this condition for

wave-packet scattering on the boundaries. The atom density
vanishes linearly at the boundaries, therefore we approximate
n(x) = Ax with some unimportant coefficient A, and we write
the phase field in normal modes

φ(t, x) =
∫

dω α(x, ω)bωeiωt + α∗(x, ω)b†
ωe−iωt , (B2)

where bω and b†
ω are classical conjugate fields, and the eigen-

functions α(x, ω) satisfy

ω2|a1D|
8A

α = −∂x(x∂xα) . (B3)

This differential equation can be solved in terms of
Bessel functions: imposing the proper boundary conditions,
one obtains

α(x, ω) = a(ω)J0

(
ω

√
x|a1D|

2A

)
, (B4)

where a(ω) is a normalization that can be determined, but it
is not important for us. We now create a gaussian wave packet
colliding with the boundaries by asking

b(ω) = Be− 1
2σ2 (ω−ω0 )2

e−iωx0 , (B5)

where x0 is the center of the wave packet at t = 0, the mean
energy is ω0 with variance σ , and B is an amplitude that can
be complex.

To study wave packets, it is convenient to change the coor-
dinate as y =

√|a1d

2Ax and look at
√

yφ(x = y22A/|a1d|, t ). By
using the asymptotic value of the Bessel function J0(x)x�1 �√

2
πx cos(x − π/4) and within a saddle-point approximation,

one gets

√
yφ

(
y2 2A

|a1D| , t

)∣∣∣∣
early t

� a(ω0)σ√
ω0

e− σ2

2 (t+y−x0 )2
(Beiω(t+y−x0 )−iπ/4 + B∗e−iω(t+y−x0 )+iπ/4),

√
yφ

(
y2 2A

|a1D| , t

)∣∣∣∣
late t

� a(ω0)σ√
ω0

e− σ2

2 (t−y+x0 )2
(Beiω(t−y+x0 )+iπ/4 + B∗e−iω(t−y+x0 )−iπ/4). (B6)

The outgoing wave packet cannot be seen as the reflec-
tion of the incoming wave packet due to the extra phases
e±iπ/4 coming from the Bessel functions, hence in this
approximation one does not get reflective boundary condi-
tions. By propagating the incoming wave packet in the bulk,
when the cosine interaction of sine-Gordon becomes effective

again, the boundary conditions (B6) are most likely trouble-
some for preserving integrability. However, as we discuss
in Sec. IV A, if at the boundaries one uses K → 1 rather
than forcefully imposing the weakly interacting approxima-
tion K � π/

√
γ , fully reflective boundary conditions are

found.
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APPENDIX C: NUMERICAL SCHEME FOR CLASSICAL
TBA AND GHD

A convenient way to discretize the phase space and com-
pute the thermodynamics of the classical sine-Gordon model
has been devised in Ref. [57]: we extend this scheme to
hydrodynamics, which we first conveniently reparametrize.
The domain of the continuous spectral parameter label-
ing the breathers s ∈ [0, sm] is affected by interaction’s

changes, therefore it is convenient to define a new variable
σ = s/sm ∈ [0, 1].

The filling obtained by solving the classical TBA (6)
is singular at small values of s, therefore it is convenient
to extract the nonsingular part. To this end, we define
ϑ̄σ (θ ) ≡ s2ϑs(θ )|s=smσ as the nonsingular part of the filling
in the breather space. For the kinks and antikinks, we define
ϑ̄K (θ ) ≡ ϑK (θ ) and ϑ̄K̄ (θ ) ≡ ϑK̄ (θ ). With this reparametriza-
tion, the GHD equations (12) and boundary condition (13)
become

ϑ̄σ (t + dt, x, θ ) = ϑ̄σ+ dt
sm

(∂t sm+∂xsm v̄eff
σ )σ

(
t, x − dt v̄eff

σ , θ − dtF̄ eff
σ

)
, (C1)

ϑ̄K (t + dt, x, θ ) = ϑ̄K
(
x − dt v̄eff

K , θ − dtF̄ eff
K

) − dt
(
∂t sm + v̄eff

σ=1∂xsm
) 2

s2
m

ϑ̄σ=1(t + dt, x, θ ), (C2)

and ϑ̄σ�1(t, x, θ ) = s2
mϑ̄K (t, x, θ )ϑ̄K̄ (t, x, θ ). In the above equations, v̄eff and F̄ eff are merely the effective velocity and force

computed in the new parametrization. As we reparametrized the filling in terms of its nonsingular part, we also define a new
dressing operation [57], which we denote as “bold dressing.” This is useful because the dressing of quantities that in the original
parametrization vanish linearly for s → 0 (such as the energy and momentum) develops an ∼s2 zero once dressed: for the sake
of numerical stability, it is rather convenient to extract this prefactor. The new dressing operation accomplishes this task.

For any triplet of test functions {τK (θ ), τK̄ (θ ), τs(θ )} and their reparametrization τ̄K (θ ) = τK (θ ), τ̄K̄ (θ ) = τK̄ (θ ), and τ̄σ (θ ) =
τsmσ (θ ), one defines

σ 2τ̄ dr
σ (θ ) = τ̄σ (θ ) −

∫
dθ ′

2π
ϕ̄σ (θ − θ ′)

[
ϑ̄K (θ ′)τ̄ dr

K (θ ′) + ϑ̄K̄ (θ ′)τ̄ dr
K̄ (θ ′)

]−
∫ 1

0

dσ ′

sm

∫
dθ ′

2π
ϕ̄σ,σ ′ (θ − θ ′)ϑ̄σ ′ (θ ′)τ̄ dr

σ ′ (θ ′), (C3)

τ̄ dr
K (θ ) = τ̄K (θ ) −

∫
dθ ′

2π
ϕ̄(θ − θ ′)

[
ϑ̄K (θ ′)τ̄ dr

K (θ ′) + ϑ̄K̄ (θ ′)τ̄ dr
K̄ (θ ′)

]−
∫ 1

0

dσ

sm

∫
dθ ′

2π
ϕ̄σ (θ − θ ′)ϑ̄ (θ ′, σ )τ̄ dr

σ (θ ′), (C4)

where ϕ̄I is merely the scattering kernel (2) upon reparametrization, σ = s/sm. The connection between the bold dressing and

the standard definition is τ dr
s |s=smσ = σ 2τ dr

σ and τ dr
K = τ dr

K [57]: this is rather convenient, since it means (∂θ ps)drϑs(θ )|s=smσ =
s2

m(∂θ p̄σ )drϑ̄σ and the ratio of dressed quantities can be computed equivalently with the canonical dressing and bold dressing,
for example v̄eff

I = (∂θ ε̄I )dr/(∂θ p̄I )dr and the same holds for the force terms.
We are now ready to discretize the GHD equations in the new form. We impose a maximum cutoff in the rapidity space

θ ∈ [−θcutoff, θcutoff] and uniformly discretize this interval {θi}Nθ

i=1. The σ variable is also discretized, {σi}Nσ

i=1, but we keep open
the possibility of considering inhomogeneous discretizations to better capture fast-changing profiles at small σ ; see, e.g., Fig. 6.
Integral equations are converted into vector equations on the discretized phase space, e.g.,∫

dθ ′
∫

dσ ′ϕ̄σa,σ ′ (θi − θ ′)Fσ ′ (θ ′) →
Nσ∑

a=1

Nθ∑
j=1

ϕ̄dis
{σa,θi},{σb,θ j }Fσ j (θ j ), (C5)

where Fσ ′ (θ ′) is an arbitrary smooth function, and

ϕ̄dis
{σa,θi},{σb,θ j } ≡

∫ θ j+1+θ j
2

θ j−1+θ j
2

dθ ′
∫ σb+1+σb

2

σb−1+σb
2

dσ ′ϕ̄σa,σ ′ (θi − θ ′) . (C6)

Notice that the scattering shift has (2) logarithmic singularities: to correctly approximate the above integral, we first extract
the singular terms of ϕI and compute their integral exactly; the integral of the remaining nonsingular part is approximated
by the midpoint rule. Further details of this discretization, as well as some further tricks used in properly discretizing the
TBA equations (6), are reported in Ref. [57], and thus we do not repeat this lengthy discussion here. Instead, we discuss the
discretization of the force term, and in particular integrals where ∂sm� appears: by first taking the sm derivative and then changing
parametrization to the σ space ∂sm�I → ∂sm�I , one obtains

∂sm�σ,σ ′ (θ ) = −
∫ min(σ,σ ′ )

0
dτ

{
|σ − σ ′| + 2τ

4/π
G′
( |σ − σ ′| + 2τ

4/π
, θ

)
+ −σ − σ ′ + 2τ

4/π
G′
(

2 − σ − σ ′ + 2τ

4/π
, θ

)}
, (C7)

where we defined G′(x, θ ) = ∂xG(x, θ ) = 4 sinh θ
cos(2x)−cosh θ

. The

kernel ∂sm�σ,σ ′ (θ ) is thus discretized similarly to Eq. (C6):

we notice that the primitive with respect to the rapid-
ity integration can be analytically taken as IG′(x, θ ) ≡
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(a) (b) (c)

(d) (e)

FIG. 6. Phase space and conservation laws of GHD. We give further details on one of the nonequilibrium protocols discussed in Fig. 4.
More precisely, we analyze the case in which the soliton mass is kept constant and the interaction changes as g2(τ ) = 1 + τ with τ ∈ [0, 1];
see Fig. 4 for further details. (a)–(c) The nonsingular part of the breathers’ filling ϑ̄ is shown at different times, and we plot the phase space
(θ, s). As g(τ ) grows, sm is reduced and breathers unbind into kinks. (d),(e) For two different discretizations, we plot

∫
dθs2ρs(θ ) during the

evolution. For those breathers that have not been melted into kink-antikink pairs, the integrated breathers’ root density is conserved by the GHD
equations, but the discretization breaks the conservation law, which is improved upon increasing the number of points in the discretization. See
the main text for further discussion.

∫ θ dθ ′G′(x, θ ) = −4 log ( cos θ − cos(2x)). We still have to
perform the τ -integral in Eq. (C7), and finally the σ ′-integral
is discretized analogous to Eq. (C6).

Since IG′(x, θ ) has a logarithmic singularity, once the first
integration over τ has been taken, the resulting expression is
regular and we can approximate Eq. (C6) by the midpoint
rule. To compute the τ integration, we first split IG′(x, θ )
into the singular and nonsingular part by defining IG′

S (x, θ ) =
−4 log( θ2+(2x)2

2 ) and IG′
NS (x, θ ) = IG′(x, θ ) − IG′

S (x, θ ).
By plugging this splitting into Eq. (C7), the integrals with

IG′
S (x, θ ) can be performed analytically, while for the regular

parts with IG′
NS (x, θ ) we approximate the τ -integration with

the midpoint rule by discretizing the interval [0, min(σ, σ ′)]
with Nτ equispaced points. We find that this discretization of
the integrals of the force terms is stable, even after dressing:
in this respect, it is crucial to capture the σ → 0 behav-
ior with high precision. This is why for each integral τ ∈
[0, min(σ, σ ′)] with the same number of points, rather than
picking {τi}i from the overall {σi}i discretization. This choice
would have given a poor discretization of Eq. (C7) for small
values of min(σ, σ ′).

Computing the discretized kernels ϕ̄dis and ∂sm�
dis

is
costly: by taking advantage of a flat discretization in the
rapidity space, the cost of computing ϕ̄dis scales as Nσ ×
Nσ × (2Nθ ), while the cost of computing ∂sm�

dis
grows as

Nσ × Nσ × Nτ × (2Nθ ). However notice that, apart from an

overall sm-dependent factor in ϕ̄dis, the matrices remain con-
stant upon changing the interactions, mass, or sound velocity
in sine-Gordon. Therefore, one can compute these matrices
once and for all without the need to update them at each step of
the GHD evolution, which saves a lot of computational effort.

The discretized solution of the integral equations is then
used to compute the force term and effective velocity in
the GHD Eqs. (C1) and (C2): we solve them by using a
forward/backward first-order interpolation for translations in
the phase space, and the direction of the interpolation is
chosen according to the shift. To increase the stability of
the time evolution, the force terms and effective velocities in
Eqs. (C1) and (C2) are computed at the midpoint t + dt/2,
and the filling used in the dressing is the average between
the forward and backward evolution 1

2 (ϑt+dt + ϑt ). The so-
lution for ϑt+dt is then obtained recursively. As an example,
in Fig. 6 we give further details on the protocol shown in
Fig. 4 which we experienced having the worst convergence,
namely when the kink mass is kept fixed and the interaction
increased g2(τ ) = 1 + τ starting with the thermal ensemble
with β = 0.5. In Figs. 6(a), 6(b) and 6(c), we show the non-
singular part of the breathers’ filling function ϑ̄ in the phase
space (θ, s) for different times. The discretization shown has
a cutoff in the rapidity space �cutoff = 5, Nθ = 122, and Nσ =
36: the discretization in the rapidity direction is flat, while in
the σ direction we choose a parabolic discretization, which
is denser at small σ . As g is increased, the breather phase
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(a)

(b)

(c)

FIG. 7. Convergence analysis of Monte Carlo data. (a) We consider equal-time phase fluctuations at equilibrium on a thermal state with
m = g = c = 1 and β = 0.5. We keep the lattice spacing fixed, a = 0.125, and consider three different sizes L = a × N . Due to periodic
boundary conditions, the phase fluctuation does not grow linearly but bends with the approximate shape of an inverted parabola. (b) Two-time
phase fluctuations are shown for different choices of the ray ζ = x/t . We consider the same equilibrium state, sizes, and lattice spacing of panel
(a). Different colors refer to different rays, and we use the opacity to label the different sizes (the transparency increases upon diminishing the
size). Larger values of ζ are prone to the slowest corrections in the system’s size, but they are approximately linear also at short times. Smaller
values of ζ show finite-time oscillations, which makes extracting c2 more challenging. Error bars are not shown, since they are negligible on the
plot scale. (c) We consider the nonequilibrium protocol obtained by changing g in the interval t < T and keeping it constant afterward, while
the soliton mass is kept fixed, hence considering protocols C and D of Fig. 4 (see the main text for more details). We start from thermal states
m = g = c = 1 and β = 0.5, the system’s size is fixed to L = 512, and we consider three different lattice spacings (colors) and two different
times T = 1000 (dark shading) and T = 2000 (light shading). The GHD curve is given for reference (black solid line): for Protocol C, which
has the worse convergence, we show in different shading from lighter to darker the three discretizations used in GHD and their extrapolation
(see Appendix C). In the case of Protocol D, the difference among the three discretizations is negligible: we show only the extrapolation.
For t > T , the kink’s density should remain constant: integrability-breaking effects due to finite a cause instead a drift, which is reduced by
diminishing a. Error bars are not shown for the sake of clarity.

space s ∈ [0, sm] is reduced and breathers unbind into kinks-
antikinks pairs. In the GHD equations,

∫
dθρs(θ ) is constant

until s < sm, as is evident from Eq. (21). This conservation
law is only approximate in the discretized equations, hence it
is a diagnostic tool to quantify the quality of the discretiza-
tion. However, for small s the root density has a divergence
∼1/s2 [57], therefore it is challenging for the discretized GHD
equations to correctly capture the root density. In Figs. 6(e)
and 6(f), we show

∫
dθs2ρs(θ ) (notice the extra prefactor s2

to remove the singularity) for different times and two differ-
ent discretizations. Adding more points to the discretization
improves the conservation law: we considered three different
discretizations [the two shown in Figs. 6(e) and 6(f) and an
intermediate one], rescaling with Nσ = αN̄σ and Nθ = αN̄θ ,
with α a scaling parameter and N̄σ , N̄θ kept fixed. In practice,
we choose N̄σ = 18 and N̄θ = 61 and α = {1, 3/2, 2}: push-
ing the discretization to even smaller grids is challenging, but
on the collected data we see an approximate linear scaling
in 1/α, thus we extrapolate to α → ∞. See also Fig. 7. For
protocols where the bare mass m is changed, but the interac-
tion g is kept constant, convergence is much better (plots not

shown). The slow convergence of GHD is the main bottleneck
to run late-time and spatially inhomogeneous hydrodynamic
simulations.

APPENDIX D: THE MONTE CARLO ANALYSIS

In this Appendix, we provide a short overview of the
standard methods used to simulate the microscopic classi-
cal dynamics. Since we focused on time changes of the SG
coupling, we restrict ourselves to this case and thus assume
homogeneity in space. We first conveniently rescale the fields
with the canonical transformation

φ(t, x) → g(t )φ(t, x) and �(t, x) → �(t, x)/g(t )

(D1)

and we discretize the system on a uniform grid with lattice
spacing a and periodic boundary conditions, obtaining the
discrete Hamiltonian

H[�,φ] = a
∑

j

c

2
�2

j + c

2a2
(φ j+1 − φ j )

2−c3m2

g2
cos(gφ j ) ,

(D2)
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where the fields obey canonical Poisson brackets {φ j,� j′ } =
δ j, j′/a. For the sake of simplicity, in the following we set
c = 1, while g and m are kept as time-dependent func-
tions g → g(t ) and m → m(t ). In thermal ensembles, the
distribution of � and φ are independent: the first follows
independent Gaussian distributions for each lattice site, while
the distribution of φ j is sampled with Metropolis-Hasting
methods [99,100] by suitably chosen random walks. Local
updates φ j → φ′

j = φ j + δφ j are accepted with probability
p = exp(−βH[φ′])/ exp(−βH[φ]), where H[φ] is the phase-
dependent part of the discretized Hamiltonian (D2). We
choose δφ j as Gaussianly distributed with zero mean; the
variance is tuned in such a way as to achieve approximately
50% acceptance ratio.

After a sufficiently long time, the Metropolis random walk
converges to the thermal distribution, and sampling begins:
we take the field configurations generated by Metropolis and
deterministically evolve with the equation of motion obtained
from the discrete Hamiltonian (D2). Observables are then
computed through the evolution and averaged over the initial
conditions. The time evolution is discretized with the follow-
ing method [81]:

φ j (t + dt ) − φ(t ) − [φ j (t ) − φ(t − dt )]

= dt2

a2
[φ j+1(t ) + φ j−1(t ) − 2φ j (t )]

− dt2 m2(t )

g(t )
sin (g(t )φ j (t )). (D3)

The above equation is seen as an update rule for {φ j (t +
dt )}N

j=1, given {φ j (t )}N
j=1 and {φ j (t − dt )}N

j=1: the initial con-
ditions are determined by the field configurations sampled
from the Metropolis, which fixes {φ j (t = 0)}N

j=1, and using

that φ j (dt/2) = φ j (0) + dt
2 � j (0). This discretization method

is stable if dt/a < 1 and errors on energy conservation remain
bounded in time and ∼O(dt ), but for finite lattice size a
this discretization breaks integrability, in contrast with other
symplectic integrators [106]. However, since we are interested
in the continuum sine-Gordon, the limit a → 0 has to be taken
anyway, and lattice-induced integrability terms can help in
assessing the quality of the data.

Error bars are obtained by running each protocol on 20
independent copies and considering the variance, while we
take the mean as the most representative value. We take advan-
tage of translational invariance to perform further averaging.
Typically we reach good convergence by collecting ∼200
samples for each copy, thus ∼4000 samples: error bars show
the confidence interval within one sigma, and they are omitted
if negligible on the scale of the plot.

In Fig. 4 we showed the final processed data. Now in
Fig. 7 we explicitly discuss the data analysis for some typical
parameters. We experienced that the density of kinks is the
quantity affected most by finite sizes and lattice spacing,
hence we show the scaling of the latter: phase fluctuations
are computed with respect to the original phase field φ(t, x)
(properly discretized) and not on the rescaled fields (D1).
We first discuss finite-size corrections: in an infinite system,
the phase correlation 〈[φ(0, x) − φ(0, 0)]2〉c/(2π )2 linearly
grows upon increasing the separation x. Instead, periodic

boundary conditions force the correlator to bend to reach
zero as x = L, with the shape of an approximated inverted
parabola, as already noticed in Ref. [101]: in Fig. 7(a), we
show the equal-time correlation function for different sizes.
The linear growth is extracted by focusing on large distances
with respect to the microscopic scale, but much smaller than
the system’s size. For the same reason, two-times phase
fluctuations also depend on finite-size corrections, but with
the additional complication that short-time oscillations force
us to focus on even larger separation to take a reliable linear
fit: in Fig. 7(b), we show the phase fluctuations as a function
of time t , with the space separation x = ct tan α, for various
values of α. We keep the space (or time) windows where we
focus on extracting the linear growth of the phase fluctuations
constant upon changing the systems’ size, and we perform a
linear fit. The so-obtained slope is then compared for different
sizes. The procedure is repeated upon changing the fit region
to ensure the fit does not depend on it: on the scale of the
plots of Fig. 4, the two largest systems’ sizes we explored do
not show appreciable differences.

Lastly, we consider the effect of a finite lattice size a, which
is twofold. On the one hand, the UV cutoff ∼1/a must be
improved as the temperature increases: this effect is mostly
controlled by β and is relatively independent of interactions.
The second issue is that sine-Gordon excitations (both kinks
and breathers) are smooth field configurations, and the lattice
spacing a must be much smaller than their size, which depends
on interactions.

A finite lattice spacing in Eq. (D2) breaks integrability:
a convenient way to quantify the role of a is by looking at
conservation laws of the continuum model, such as the kinks’
density. In Fig. 7(c), we consider the nonequilibrium protocol
shown in Fig. 4, which has the worst convergence. More
precisely, we initialize sine-Gordon at c = m = g = 1 for β =
0.5 and change the interactions as g2(t ) = 1 + (g2

f − 1)t/T
is t < T and kept constant at later times. The soliton mass
is kept constant in the protocol, and the final interactions
are chosen as g2

f = 2 and g f = 0.52. These are merely the
protocols C and D, respectively, shown in Fig. 4: we keep the
same notation for consistency.

For t < T , the interactions change and the density of kinks
will evolve accordingly. For t > T , the interactions are kept
fixed and, in the continuum limit, the field evolves with a
time-independent sine-Gordon Hamiltonian, thus conserving
the number of kinks. Since GHD works for large T , one could
naively expect that the agreement is improved upon increasing
T . However, if T is too large, integrability-breaking effects
due to a finite a are important: for increasing interactions, i.e.,
protocol C, instead of having a flat plateau we observe a drift
in the number of kinks observed for t > T , which is reduced
for smaller a. For the case in which interactions decrease
(protocol D), the final plateau remains constant with good
approximation, hence integrability-breaking terms are more
negligible. A small difference is still visible between Monte
Carlo and GHD, which is most likely due to the difficult
convergence of the latter.

Notice that, at fixed a, there is an optimal value for T : if
T is too small, corrections with respect to GHD are expected.
If T is too large, integrability corrections play a role and are
actually more important as T is increased further.
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