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Buzdin, Shapiro, and chimera steps in ϕ0 Josephson junctions
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The unique resonance and locking phenomena in the superconductor-ferromagnet-superconductor ϕ0 Joseph-
son junction under external electromagnetic radiation are demonstrated when not just the electric but also the
magnetic component of external radiation is taken into account. Due to the coupling of superconductivity and
magnetism in this system, the magnetic moment precession of the ferromagnetic layer caused by the magnetic
component of external radiation can lock the Josephson oscillations, which results in the appearance of a
particular type of step in the current-voltage characteristics, completely different from the well-known Shapiro
steps. We call these steps the Buzdin steps in the case when the system is driven only by the magnetic component
and the chimera steps in the case when both magnetic and electric components are present. Unlike the Shapiro
steps where the magnetic moment remains constant along the step, here it changes though the system is locked.
The spin-orbit coupling substantially contributes to the amplitude, i.e., the size of these steps. Dramatic changes
in their amplitudes are also observed at frequencies near the ferromagnetic resonance. Combinations of the
Josephson and Kittel ferromagnetic resonances together with different types of locking pronounced in dynamics
and current-voltage characteristics make the physics of this system very interesting and open up a series of new
applications.

DOI: 10.1103/PhysRevB.109.024511

I. INTRODUCTION

The possibility to combine superconductivity and mag-
netism in hybrid Josephson structures holds promise to
increase the technological applications of superconductors
and superconducting nanostructures in the recent rapid de-
velopment of spintronics and superconducting logic devices.
Currently, intense activity is focused on identifying combi-
nations of materials and types of superconductor-ferromagnet
(SF) structures that enhance device functionality and perfor-
mance, leading to progress in superconducting spintronics and
quantum computation [1,2].

The SF heterostructures exhibit a plethora of interesting
physical phenomena, such as spin-triplet superconductivity,
superconducting order parameter oscillation, and topological
superconductivity [2–4]. Recently the magnon-fluxon inter-
action and Cherenkov radiation of spin accompanied by a
magnon Shapiro step in its current-voltage characteristics
were detected in the SF systems [5,6]. Phenomena such
as ultrastrong magnon-photon coupling, squeezed vacuum,
quantum entanglement, and the Anderson-Higgs mechanism
of mass generation were also observed in the SF nanostruc-
tures and superconductor-ferromagnet-superconductor (SFS)
systems, respectively [7,8]. Due to an inversion symmetry
breaking and nonreciprocal behavior, these systems open up
a door for the realization of the field-free Josephson diode
[9–12].

One particular structure that demonstrates transport prop-
erties with disrupting scientific and technological potential is
the SFS ϕ0 Josephson junction (JJ) [13,14]. It belongs to a
special class of anomalous JJs with a noncentrosymmetric fer-
romagnetic layer and broken time-reversal symmetry. These
properties result in the occurrence of an additional phase shift
ϕ0 proportional to the magnetic moment [15], and the current-
phase relation becomes I = Ic sin(ϕ − ϕ0), where Ic is the
critical current and ϕ is the superconducting phase difference.
Experimental observations of this anomalous phase shift in
different systems [16–18] open up several new opportunities
for superconducting spintronics [1]. The presence of bidirec-
tional coupling between the magnetic moment of the barrier
and the superconducting phase difference allows supercon-
ductivity to control magnetism and vice versa, to influence
Josephson current via magnetic moment, which could lead to
a series of new applications [1,13–15,19–21].

One very distinct phenomenon that appears in this sys-
tem is the occurrence of the ferromagnetic resonance (FMR),
which is innate to the ϕ0 JJ, and it appears without any external
radiation [22,23]. It manifests itself through the dependence
of the maximal value of the magnetic component on the bias
current, producing a sharp peak while in the current-voltage
(IV) characteristics it appears as a resonance branch over a
voltage interval that characterizes the width of the resonance.

When a ϕ0 JJ is under external radiation, a very complex
behavior appears in the FMR region. As shown in Ref. [22],
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FIG. 1. (a) Geometry of the system. (b) Demonstration of two
locking mechanisms in the ϕ0 Josephson junction under an external
electromagnetic field (see the text).

the magnetic precession in the ferromagnetic (F) layer may
get locked by external electromagnetic radiation through the
locking of the Josephson oscillations. The presence of external
radiation also leads to the appearance of additional resonance
peaks whose properties depend on the periodic signal and
Josephson junction dynamics [24]. These phenomena open up
a unique perspective to control and manipulate the magnetic
moment and resonance in hybrid SF systems.

In general, in the studies of JJ systems driven by external
radiation, the influence of the magnetic component of radi-
ation is usually neglected, and the description of the effect
is reduced to adding the term IR sin(�Rt ) to the bias current
where �R is the radiation frequency.

However, contrary to ordinary superconductor-insulator-
superconductor (SIS-type) junctions, in the ϕ0 JJ, as men-
tioned in Ref. [14], the microwave magnetic field generates
an additional magnetic precession with the microwave fre-
quency which might lead to a series of unusual effects. So far
these predictions have not been verified and detailed studies
of the interaction of electromagnetic radiation with the ϕ0

junction taking into account the magnetic component have
not been carried out. Here we eliminate this shortcoming and
include the direct interaction of the magnetic component of
the microwave magnetic field with the magnetic moment of
the ferromagnetic layer in our study of radiation effects in
the ϕ0 junction. The considered geometry is demonstrated in
Fig. 1(a).

In this work, we demonstrate the effects of microwave ra-
diation on the dynamics and the IV characteristics of the SFS
ϕ0 Josephson junction taking into account both the magnetic
and electric components of radiation. This leads to two dif-
ferent mechanisms of locking the Josephson oscillations and
the ferromagnetic moment precessions presented in Fig. 1(b):
the electric component locks Josephson oscillations which
further lock the magnetic moment, while on the other hand,
the magnetic component locks the precession of the magnetic
moment which then transfers to Josephson oscillations.

These mechanisms of indirect locking are investigated at
different parameters of the ϕ0 junction and microwave field.
To get an insight into their mechanisms, we will first consider
the two-signal (TS) toy model where the magnetic and electric
components come from different sources and can be switched
on (off) independently. Then we extend our analysis to real

physical systems of interest for potential experiments or ap-
plications.

Within both of these frameworks, in addition to the Shapiro
steps caused by the electric component of radiation, we
observe a unique step created by the periodic field of the
magnetic component. By locking the magnetic moment pre-
cession, one can also lock the Josephson oscillations due to
their coupling with the ferromagnetic moment. To stress its
different origin and properties from the Shapiro step (SS),
we call this step the Buzdin step (BS) since this effect of
microwave magnetic field in the ϕ0 Josephson junction was
first proposed in Ref. [14]. When both radiation components
are taken into account, we observe another type of step, which
we name the composite or chimera step due to its creation by
two different mechanisms. Below we will call this step simply
the CS. We show that CS has specific features reflecting its
origin from two different locking mechanisms. While the elec-
tric component interacts with the superconducting current, the
magnetic component drives the ferromagnetic moment, but in
both cases, an important influence comes from the coupling of
Josephson oscillations and ferromagnetic moment precession
determined by the value of the spin-orbit parameter. We also
show that when either Josephson or radiation frequencies ap-
proach the ferromagnetic one the interplay of the Josephson
and Kittel ferromagnetic resonances appears.

The paper is organized as follows. The model is introduced
in Sec. II. The effect of the magnetic component and the prop-
erties of Buzdin steps are studied within the two-signal model
in Sec. III. The appearance of CS when both components are
present is analyzed first within the two-signal toy model and
then extended to a real system in Sec. IV. The competition
between the Kittel and Josephson ferromagnetic resonance is
discussed in Sec. V. Finally, Sec. VI concludes the paper.

II. MODEL

The dynamics of the system in Fig. 1 is characterized by
the coupling between the superconducting phase difference
across the junction ϕ and the magnetization M of the fer-
romagnetic (F) layer. It can be described by the system of
equations obtained from the Landau-Lifshitz-Gilbert (LLG)
equation, the Josephson relation for the phase difference and
voltage, and the equation for the biased current of the resis-
tively and capacitively shunted junction (RCSJ) model [25].
Starting from the pioneering work in Refs. [13,14] as well as
our previous studies [26], in this work, we will go further and
consider the effect of external radiation taking into account
both the magnetic and electric components.

The dynamics of the magnetic moment is determined by
the Landau-Lifshitz-Gilbert (LLG) equation [27]:

dM
dt

= −γ M × Heff + α

M0

(
M × dM

dt

)
, (1)

where γ is the gyromagnetic ratio, α is the Gilbert damping
constant, and M0 = ||M||. The effective magnetic field acting
on M is given by

Heff = − 1

V
δF

δM
, (2)

where F is the free energy of the system, and V is the volume
of the ferromagnet.
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The free energy consists of three parts:

F = ES + EM + ER, (3)

where ES is the superconducting energy [14] given as

ES = EJ

[
1 − cos

(
ϕ − r

My

M0

)]
, (4)

where EJ = �0Ic/2π is the Josephson energy and �0 = h/2e
is the flux quantum.

The relative strength of spin-orbit coupling is characterized
by the Rashba type parameter r [14]. The magnetic energy EM

is reduced to the anisotropy energy:

EM = −KV
2

(
Mz

M0

)2

, (5)

where K is an anisotropy constant. Finally, ER represents the
energy of the ferromagnet in the magnetic field of the external
radiation given as

ER = −(M, HR), (6)

where

HR = (0, 0, HR sin(�Rt )); (7)

HR is the amplitude of the radiation magnetic component, and
�R is the radiation frequency.

Substituting Eqs. (4)–(6) into Eq. (2) we obtain the expres-
sion for the effective field:

Heff = K

M0
Gr sin

(
ϕ − r

My

M0

)
ŷ

+
(

K

M0

Mz

M0
+ HR sin(�Rt )

)
ẑ, (8)

where G = EJ/(KV ) represents the ratio of the Josephson
to magnetic anisotropy energy. The second term inside the
sine function represents the phase shift ϕ0 = rMy/M0. In the
geometry presented in Fig. 1, the ferromagnet easy axis and
the gradient of the spin-orbit potential are directed along the z
axis. In this case, ϕ0 is proportional to the y component of the
magnetic moment M. The junction is under linearly polarized
radiation with frequency, �R, and the magnetic component HR

is parallel to the z axis.
We consider the current-biased JJ where the external cur-

rent I flows through the system according to the extended
RCSJ model [25]. The Josephson relation for the phase dif-
ference and voltage is given by V = h̄

2e
dϕ

dt . Introducing the
dimensionless variables mi = Mi

M0
(i ≡ x, y, z), the total system

of LLG-Josephson equations becomes

ṁx = 1

α2 + 1

(
ωF

{−mymz + Grmz sin(ϕ − rmy)

− α
[
mxm2

z + Grmxmy sin(ϕ − rmy)
]}

− hR(αmxmz + my) sin(ωRt )
)
,

ṁy = 1

α2 + 1

(
ωF

{
mxmz

− α
[
mym2

z − Gr
(
m2

x + m2
z

)
sin(ϕ − rmy)

]}
− hR(αmymz − mx ) sin(ωRt )

)
,

ṁz = 1

α2 + 1

(
ωF

{−Grmx sin(ϕ − rmy)

− α
[
Grmymz sin(ϕ − rmy) − mz

(
m2

x + m2
y

)]}
+ hRα(m2

x + m2
y ) sin(ωRt )

)
,

V̇ = [I + A sin(ωRt ) − V (t ) + rṁy − sin(ϕ − rmy)]/βc,

ϕ̇ = V (t ), (9)

where βc = 2eIcCR2/h̄ is the McCumber parameter (in our
calculations we use βc = 25), where Ic, C, R are the Josephson
critical current, the resistance, and the capacitance, respec-
tively. Here, time is normalized in units (ωc)−1, where ωc =
2eIcR/h̄ is the characteristic frequency of the junction. The
ferromagnetic resonance frequency, �F = Kγ /M0, and the
frequency of external radiation �R are normalized to ωc,
so that ωF = �F

ωc
and ωR = �R

ωc
, while the amplitude of the

magnetic component is then normalized so that hR = γ

ωc
HR.

In Eq. (9) the electric component of the external radiation is
represented by the ac current source A sin(ωRt ), where A is
normalized to the critical current A = IR/Ic. Finally, the bias
current I and the voltage V across the junction are normalized
to Ic and IcR, respectively. In this normalization the Josephson
frequency ωJ = V , where V denotes the time average of the
instantaneous voltage V (t ).

An important point is concerning the gauge invariance of
our system of equations (9) for the ϕ0 Josephson junction.
The gauge invariance of these equations without external ra-
diation was discussed in Refs. [28,29]. It was stressed that
the term rṁy in the equation for current (9) stems from
the time derivative of the anomalous phase ϕ0 and it was
ignored in Refs. [14,30,31], but has to be included to pre-
serve gauge invariance. The detailed derivation of this term
can be found in the Supplemental Material of Ref. [28].
In Refs. [32,33] the SFS Josephson junction under the ac
magnetic field was investigated and the resistively shunted
junction (RSJ) model was extended to include the effect
of spin wave excitations by using the gauge-invariant phase
difference between superconducting leads. Generally, the ex-
ternal magnetic field produces additional phase shift in terms
of the vector potential A which is given by −2π�0

∫
A · dl

[34]. According to the recently proposed recipe in Ref. [35]
on how to properly account for driving by the time-dependent
electromagnetic field, we would expect that in our system, an
additional shift should appear in the Josephson energy and
consequently the Josephson supercurrent. However, this is not
the case. Due to the chosen geometry (magnetic field in the
z direction), in our system, only the current-phase relation
contains the additional phase rmy, and the additional term
rṁy in the equation for current appears due to the gauge
invariance.

This system of equations (9) is solved numerically using
the fourth-order Runge-Kutta method, which yields mi(t ),
V (t ), and ϕ(t ) as a function of the external bias current I . After
using the averaging procedure Refs. [36,37] we can find the
IV characteristic at the fixed system parameters. Dynamics is
analyzed in different cases when only the magnetic compo-
nent or both the electric and magnetic ones affect the system.
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FIG. 2. The average voltage V , the maximum value of the my

magnetic component mmax
y , and the superconducting current Is as

a function of decreasing biased current I for A = 0, hR = 1, r =
0.5, G = 0.01, α = 0.01, ωR = 0.485, and ωF = 0.5. (b) Magnified
view of (a) showing the Buzdin step. (c) mmax

y at different values
of r.

III. THE EFFECT OF MAGNETIC COMPONENT:
BUZDIN STEPS

First, let us examine the effects of the magnetic component
of external radiation (MCR) on the magnetization dynamics
and the IV characteristics in the ferromagnetic resonance re-
gion when the resonance frequency is close to the Josephson
one, i.e., ωF ≈ ωJ . Unlike the electric component, the mag-
netic one can interact directly with the magnetic moment of
the ferromagnetic barrier, which further leads to the appear-
ance of the Buzdin step in the IV characteristics. To get an
insight into the origin of BS, we start with the TS model and
switch off the term A sin(ωRt ), which describes the influence
of the electric component of radiation, and investigate the
effect of hR only; i.e., we concentrate on the features produced
by MCR.

The average voltage V , the maximum value of the magnetic
moment mmax

y , and the superconducting current Is as functions
of decreasing biased current I are presented in Fig. 2(a). It
shows the ferromagnetic resonance and its manifestation in
these characteristics. The magnified view of Fig. 2(a) in the
FMR region with the Buzdin step is presented in Fig. 2(b). Its
appearance is a result of the locking of Josephson oscillations
by the magnetic component of external radiation. Namely,
the MCR creates the periodic precession of the magnetic
moment, which then, through coupling with Josephson os-
cillations, also locks the Josephson oscillations. So, due to
their bidirectional coupling, both the Josephson oscillations
and the magnetic precession are locked with MCR. The spe-
cific manifestation of this locking is also seen in the Is(I ) in
the current interval corresponding to the Buzdin step, and in
mmax

y (I ), where the magnified view reveals a “bubble-like”
feature due to changing of mmax

y along the step (we will further
use the term “bubble” as a name for this particular change of
magnetization along the step). So, we observe the locking of

FIG. 3. (a) mmax
y as a function of V . (b) and (c) The time depen-

dence of V and my, and the corresponding FFT analysis in the center
of the bubble, respectively. Other parameters are as in Fig. 2.

the magnetic moment precession with a changed amplitude
but fixed frequency, which is stressed below in Fig. 3(a).

An interesting question is related to the variation of the
parameters characterizing the interaction of Josephson oscil-
lations with the magnetic moment, in particular, the spin-orbit
coupling r. This parameter plays a key role in the appear-
ance of the Buzdin step since it is the coupling between the
magnetic moment and Josephson oscillation through which
the locking of the magnetic moment transfers to the supercon-
ducting subsystem. Of course, if r = 0 there is no coupling,
and the Buzdin step does not exist. In Fig. 2(c), the varia-
tion mmax

y (I ) at different parameters of spin-orbit coupling is
presented, where the focus was on the changes of the bubble
structure under r. We know from Fig. 2(b) that the width of the
bubble exactly corresponds to the width of the Buzdin step,
which increases with an increase in the spin-orbit coupling.

The proof of the locking by MCR can be seen in Fig. 3(a),
where the voltage dependence of mmax

y is presented. As we can
see, there is a sharp minimum at the same value of voltage
(i.e., frequency) corresponding to the Buzdin step. The time
dependence of V and my and the corresponding fast Fourier
transform (FFT) analysis in Figs. 3(b) and 3(c), respectively,
further confirm the locking by MCR.

IV. THE EFFECT OF MAGNETIC AND ELECTRIC
COMPONENTS: CHIMERA STEPS

Let us now discuss the effects of both electric and magnetic
components of electromagnetic radiation on the IV character-
istics and magnetization dynamics of the ϕ0 JJ. In this case,
the irradiation of the ϕ0 JJ leads to the realization of two
different mechanisms of locking. In one of them, the electric
component of radiation locks the Josephson oscillations, and
this, due to their coupling with the magnetic moment, locks
the precession of the magnetic moment of the ferromagnetic
barrier [22]. In the second mechanism, the periodic field of
the magnetic component through the interaction with the mag-
netic moment locks the Josephson oscillations leading to the
Buzdin steps in the IV characteristics. The combined effect
of both components results in the appearance of a unique step
different from BS and SS. As mentioned above, since it comes
from two different mechanisms of locking, we call this step
the composite or chimera step.

To get a better insight, we first examine the effect of
electromagnetic radiation in the framework of the TS model.
Figure 4(a) demonstrates the effect of both the electric
and magnetic components of radiation at r = 0.2, hR = 1,
and A = 0.01. It shows the IV characteristics and mmax

y (I )
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FIG. 4. The effects of both radiation components. (a) Parts of
IV characteristics with the Buzdin (label B), Shapiro (label S), and
composite (label C) steps at r = 0.2. (b) The same at r = 0.4. Other
parameters are as in Fig. 2.

dependence for three cases: (i) in the presence of two compo-
nents; (ii) the electric component only; and (iii) the magnetic
component only. We stress that the CS is not a trivial sum of
BS and SS. In particular, we see in its left part that it does
not coincide with SS and BS under separate actions. The cor-
responding mmax

y (I ) dependence shows the bubble structure,
which indicates that in this case, we observe also a lock-
ing with variable amplitude of the magnetization precession.
Surprisingly the bubble structure continues along the whole
CS because, in the second and third cases, we have seen the
bubble structure for the BS, and the locking step for SS, where
mmax

y stays constant along the step. In this figure, the scale
of the mmax

y (I ) dependence for the first and third cases is the
same, while in the second case, we have made an arbitrary
shift to show clearly the manifestation of SS. An important
fact here is that the maximal amplitude of the magnetization
precession is the same in BS and CS; i.e., CS conserves this
characteristic of the magnetic component effect. We stress
also that the size of the Shapiro step does not change with
the spin-orbit parameter.

As we see, BS is smaller than SS at these model parame-
ters. We show in Fig. 2(c) that the value of BS is growing with
r. So by variation of the ϕ0 junction and external radiation
parameters, we expect the case when BS is larger than SS.
This case is shown in Fig. 4(b) at r = 0.4. Additionally, SS
calculated at hR = 0 is in the current interval, which is out of
the corresponding interval for the CS. Like in Fig. 4(a), we
have shifted arbitrarily the mmax

y (I ) dependence for clarity.
In Fig. 5(a), the IV characteristics and mmax

y are plotted
when both radiation components are switched on for three
cases of different amplitudes of electric components. We ob-
serve a fast increase in the CS width with the amplitude of the
electric component.

So far we have only considered the region near FMR
ωF = 0.5 at ωR = 0.485, which leads to the question of how
the behavior changes when the frequency of external radiation
is equal to the ferromagnetic resonant one. In Fig. 5(b) the
IV characteristics and mmax

y are presented for the magnetic
component only (A = 0) at ωR = ωF = 0.5. The Buzdin step
in the IV characteristics and its locking signature (the bubble
structure) in the mmax

y (I ) dependence can be seen clearly.
Up to this point, we considered the TS toy model where

each component of radiation can be switched on (off) in-
dependently. Let us now discuss the real situation of one
electromagnetic signal when both components of the electro-

FIG. 5. (a) The IV characteristics and mmax
y for three cases of dif-

ferent amplitudes of the electric components indicated by numbers.
Other parameters are G = 0.01, r = 0.2, and hR = 1. (b) The IV
characteristics and mmax

y as a function of I in the case of the magnetic
components only for ωR = ωF = 0.5.

magnetic wave are taken into account and their amplitudes
correspond to the real relation between them. In particular,
the oscillations of the components are synchronized and the
density of energy of the electromagnetic wave is expressed
through them as w = εER

2 = HR
2/μ, where ε is the permit-

tivity (F/m) of the material, ER is the electric field strength
(V/m), μ is the permeability (H/m), and HR the magnetic
field strength (T).

In materials such as permalloy doped with Pt [38] or the
ferromagnets MnSi and FeGe, the value of r can vary in
the range 0.1–1 [39]. In the material with weak magnetic
anisotropy K ∼ 4 × 10−5 KA−3 [40], the value of the product
Gr can be in the range 0.01–100 [14]. There is a way to
enlarge the value of spin-orbit coupling if we put the ϕ0 JJ
on the surface of the 3D topological insulator. In this case, the
SOC coefficient r has been estimated in Refs. [41,42] to be up
to 10.

If we assume critical current density Jc = 105 A/cm2, JJ
area (0.1 × 0.1) µm2, and resistance R = 1 �, then the char-
acteristic frequency is ωc = 30 GHz. With microwave power
P ≈ 10−10 W, using the approximated relation P = (AIc)2, we
get the value of A = 1. As was mentioned in Refs. [37,43,44],
the constant of proportionality between P and A depends on
many unknown parameters like temperature dependence and
nonlinearities of the subgap resistance, the junction capaci-
tance, the thermal conductance, and the junction geometry. By
using the relation between P and A, one can find the relation
between hR and A:

hR = γ IcA

ν3/2ωc

√
2R

Sε
, (10)

where ν = 1/
√

με, and S is the area of the JJ. Within the
given estimations for the model parameters and considering
the magnetic permeability within 102 ∼ 105, we might have
the values A = 1 and hR in the interval (0.002–0.298) for
power P = 10−10 W. The power P = 10−8 W leads to the
values A = 10 and hR in the interval (0.017–2.982).

Figure 6(a) presents the IV characteristics and mmax
y de-

pendence on the bias current for A = 3 and the corresponding
value hR ≈ 0.9 at spin-orbit parameter r = 0.2. For compari-
son, we plot here the results for the Buzdin and Shapiro steps
in a two-signal model as well. We see that the CS and SS have
practically the same width, while the BS is very small. But,
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FIG. 6. (a) Demonstration of the Shapiro (label S), Buzdin (label
B), and chimera (label C) on the IV characteristics, and the manifes-
tation of the electric and (or) magnetic components on mmax

y at A = 3,
hR = 0.9, G = 0.01, r = 0.2, and ωR = 0.485. (b) mmax

y as a function
of voltage at the same parameters.

the important point here is the fact that there is a pronounced
effect of the magnetic component on the mmax

y (I ) dependence.
It exhibits the bubble structure along the chimera step as it was
observed along the Buzdin step in the TS model.

Figure 6(b) proves that we observe locking phenomena at
V = 0.485 when ωR = ωJ . The locking of magnetic moment
precession to the Josephson oscillations and microwave mag-
netic field happens simultaneously. As in the TS model, the
locking of the magnetic moment precession corresponding
to the chimera step happens with a changing amplitude of
precession. The interval of amplitude changing within the
chimera step is practically the same as in the case of the
Buzdin step, but very small for the Shapiro one. As it was
predicted in Ref. [14], the obtained results demonstrate that
the microwave magnetic field may generate an additional
magnetic precession with radiation frequency and that two
different precession mechanisms related to the Josephson cur-
rent and microwave radiation are realized.

According to Ref. [14], an increase in the spin-orbit cou-
pling parameter should make the effect of the magnetic
component stronger. To have a more pronounced difference
between Shapiro and chimera steps, we need to take the A
value corresponding to the smallest Shapiro step and to take
the hR value which gives the largest Buzdin step. These values
can be taken from the Bessel-like amplitude dependence of
the step width. Our estimations using the fact that the width
of SS is proportional to 2Ic|J1(A/ω)| [37], where J1(x) is the
Bessel function of the first kind, ω = ωR[1 + (βcωR)2]1/2, so
for βc = 25 and ωR = 0.47, we have the first minimum around
A ≈ 20 and the second one around A = 38.9 corresponding to
hR = 1.64.

In Fig. 7(a), the IV characteristics and mmax
y dependence on

the bias current at r = 1 for the estimated values of parameters
A = 38.9 and hR ≈ 1.64 are presented. We see that in this
case, the width of the CS is larger than that of the SS. Contrary
to the results presented in Fig. 6(a), some variations of mmax

y
along the Shapiro step appear. We consider it to be the result
of the coupling between the Josephson oscillations and the
magnetic moment precession. So, we come to an important
feature concerning the role of the spin-orbit coupling on mag-
netic dynamics along the Shapiro step.

The locking of the magnetic moment precession to
the Josephson oscillations and microwave magnetic field

FIG. 7. (a) Demonstration of the Shapiro (label S), Buzdin (label
B), and chimera (label C) steps on the IV characteristics and the
variation of mmax

y along the steps at A = 38.9, hR = 1.64, G = 0.01,
r = 1, and ωR = 0.47. (b) mmax

y as a function of voltage at the same
parameters.

simultaneously at V = 0.47 is also proven in Fig. 7(b). We
stress as well that the results presented here and in Fig. 6(b)
qualitatively agree with the results of the two-signal model,
shown in Sec. III and Fig. 4 of this section. For that reason,
these results could motivate the realization of the two-signal
model and the observation of Buzdin steps experimentally. In
this case, we would have a decoupling between A and hR [45]
and additional possibilities for experimental investigations of
SFS ϕ0 Josephson junctions. So, depending on the junction
area, Josephson characteristic frequency, parameters of fer-
romagnetic material, and radiation power, we expect to see
different effects of the magnetic component in the IV charac-
teristics of the chimera step and the magnetization dynamics
of the ferromagnetic layer.

V. KITTEL VERSUS JOSEPHSON FERROMAGNETIC
RESONANCE

Locking is not the only effect that the microwave magnetic
field may have on the system. Namely, its direct influence
on the magnetic moment of the ferromagnetic layer leads to
the Kittel ferromagnetic resonance [46]. Recently, a dramatic
increase of the Kittel FMR frequency due to the coupling of
magnetization dynamics and superconducting imaginary con-
ductance at the SF interfaces was predicted [8] and confirmed
experimentally [47].

On the other hand, the direct coupling of the magnetic
moment and Josephson oscillations realized in the ϕ0 JJ leads
to Josephson ferromagnetic resonance with unique features
such as the appearance of Shapiro-like steps in the IV charac-
teristics [32,33,48], different stable magnetic trajectories, and
the Duffing oscillator [14,23,31].

Here we show the manifestations of these, the Kittel and
Josephson FMRs in the ϕ0 JJ under external electromag-
netic radiation. The effective field in the normalized units has
the following components: hx = 0, hy = Gr sin(ϕ − rmy) +
hR sin(ωRt ), and hz = mz. The results of calculations are pre-
sented in Fig. 8, which shows the competition between the
Kittel and Josephson FMRs at different model parameters.
At rather small values of the magnetic component amplitude
hR and the Gilbert damping α, the Kittel resonance (KR)
and Josephson resonance (JR) are centered at ωR = ωF at
different ωJ , and at ωJ = ωF at different ωR, respectively [see
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FIG. 8. The competition of the Kittel and Josephson FMRs at
r = 0.2 and different model parameters: (a) with varying ωJ and
ωF , respectively; (b) domination of Josephson resonance at G = 0.3;
(c) domination of Kittel resonance at hR = 0.1; (d) the effect of both
electromagnetic wave components.

Fig. 8(a)]. We can also see a manifestation of a subharmonic
peak at ωJ = ωF /2, which appears as the horizontal line. As
discussed before, close to the resonance condition ωJ = ωF ,
we observe the locking of the Josephson oscillations and
magnetic moment precession. With an increase in the ratio of
Josephson to magnetic energy G, the JR region dominates and
the KR region becomes faint [see Fig. 8(b)]. The situation is
reversed with increasing hR when the KR dominates.

In addition to the shift in the resonance frequency due
to magnetic anisotropy [46], the KR region broadens and
becomes nonsymmetric around the resonance frequency as
shown in Fig. 8(c). The situation changes dramatically when
we take into account both the electric and magnetic compo-
nents of the microwave field. In this case, a crossed resonance
region appears, which corresponds to subharmonics and res-
onances with a combination of ωF and ωR frequencies. In
addition to this, by comparing Fig. 8(b) and Fig. 8(d), the
effect of A is manifested in the JR linewidth. So by changing
the frequency and amplitude of the external electromagnetic
radiation, one can tune and manipulate the Kittel and Joseph-
son resonances in the hybrid Josephson junctions.

Experimentally, the FMR in SFS structures has attracted
much attention recently [47,49–51]. The Kittel regime [52]
can be used to realize a magnetic logic gate through the
superconducting phase transition. A gate-controlled time-
dependent spin-orbit coupling is proposed and demonstrated

in Ref. [53]. A dramatic change in current-phase relations and
Josephson energy can be seen in this case, even without the
bias current. We expect that with these results and the data
from the experimental work in Ref. [18], one can tune the
chimera step by tuning SOC in hybrid SFS systems.

VI. CONCLUSION

The magnetic component of radiation brings a series of
unique effects in the dynamics of the ϕ0 Josephson junction.
Unlike the electric component which leads to the Shapiro
steps, the magnetic one can interact directly with the magnetic
moment of the ferromagnetic layer and due to its coupling
with the superconducting phase can lock the Josephson os-
cillations creating the Buzdin steps in the IV characteristics.
While for Shapiro steps magnetization remains constant, for
Buzdin steps the locking of the magnetization precession is
characterized by its changing amplitude, i.e., the appearance
of bubble structure along the step. The spin-orbit coupling
substantially contributes to the amplitude of the Buzdin
steps, which exhibits a dramatic increase at frequencies near
the ferromagnetic resonance. If both (magnetic and electric)
components drive the system, the presence of two locking
mechanisms leads to the novel type of steps, the chimera steps.

When the analysis is performed in a real system where both
components are related and come from the same electromag-
netic signal the obtained results exhibit very good agreement
with those obtained in the two-signal toy model. Thus we hope
that by working within one specific model as well as in a
real system, these results could not only justify the application
and validity of the two-signal toy model but also represent a
theoretical guideline for future experimental studies.

The Buzdin, Shapiro, and chimera steps have different
properties (magnetization dynamics along the step, amplitude
dependence, etc.), and we consider them to be interesting
both from theoretical and experimental points of view. Also,
the specific combinations of the Josephson and Kittel ferro-
magnetic resonances in the ϕ0 Josephson junctions and the
different types of locking near these resonances could open
up a series of new applications.
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