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Flux-tunable supercurrent in full-shell nanowire Josephson junctions
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Full-shell nanowires formed by a semiconducting core fully wrapped by an epitaxial superconducting shell,
have recently been introduced as promising hybrid quantum devices. Despite this, however, their properties
when forming a Josephson junction (JJ) have not been elucidated yet. We here fill this void by theoretically
studying the physics of JJs based on full-shell nanowires. In the hollow-core limit, where the thickness of the
semiconducting layer can be ignored, we demonstrate that the critical supercurrent Ic can be tuned by an external
magnetic flux �. Specifically, Ic(�) does not follow the Little-Parks modulation of the superconducting pairing
�(�) and exhibits steps for realistic values of nanowire radii. The position of the steps can be understood from
the underlying symmetries of the orbital transverse channels contributing to the supercurrent.
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I. INTRODUCTION

The experimental demonstration of hybrid semiconductor-
superconductor Josephson junctions (JJs) [1–9] has spurred
a great deal of research uncovering new physics of An-
dreev bound states (ABSs) [10], including their spin split-
ting and spin-orbit (SO) coupling effects [11–14] as well
as their microwave response [14–17]. Moreover hybrid
semiconductor-superconductor JJs are being explored for
novel qubit applications [18] such as gate-tunable transmon
qubits [19–23], Andreev qubits [24,25], and parity-protected
qubits [26,27]. From a different perspective, compatibility
with high magnetic fields and gate tunability hold promise
for demonstrating topological quantum computing based on
Majorana zero modes [28–30].

Full-shell nanowires (NWs), where a semiconducting core
fully coated by a superconductor [31] and threaded by an
external magnetic flux �, have recently been explored as a
powerful platform to generate Majorana zero modes [32–35].
Their interest, however, goes beyond Majorana physics since
the full-shell geometry gives rise to a great deal of new
physics, including nontrivial �-dependent superconductivity
[36] owing to the Little-Parks (LP) effect [37,38], as well as
analogs of subgap states in vortices [39,40].

While JJs based on full-shell NWs start to attract experi-
mental attention [22,23,41,42], a theoretical understanding is
lacking. The purpose of the present work is to fill this void by
studying superconductor-normal-superconductor (SNS) junc-
tions based on hollow-core full-shell NWs [Fig. 1(a)]. Our
main result is the demonstration of critical supercurrent, Ic,
tunability as a function of � [Fig. 1(b)]. We find a stepwise
decrease with �-dependent features which can be analytically
understood in terms of the underlying orbital degeneracies and
symmetries of the ABS spectrum. The �-dependence of the
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critical supercurrent reported here is completely unrelated to
the LP modulation of the superconducting pairing, and can be
observed even when there is no LP modulation. In stark con-
trast to previously reported flux-induced supercurrents which
are LP-dominated [23,43].

Our findings could have important implications in recently
proposed transmon qubit designs [23]. Specifically the flux
tunability could offer further functionalities. These include,
for example, tuning the Josephson potential as well as the
corresponding anharmonicity of the qubit with the applied
magnetic flux. An experimental demonstration of the step-
wise flux dependence of the critical supercurrent would be an
irrefutable proof of high control over the individual modes
(ABSs) in the SNS junction by simply tuning the applied
flux. The stepwise dependence could also implicitly reflect
a sample of sufficient quality that could be then utilized to
define qubits. In addition, the ability to address individual
modes could allow one to probe the topological regime and
Majorana bound states using as a platform JJs.

In Sec. II, we present the physical model of the full-shell
nanowire and the Josephson junction. In Sec. III, we present
the main results for the flux tunable critical current, and then
develop a simplified junction model in Sec. IV. Our con-
clusions are given in Sec. V. Appendix A details how the
pairing potential is modified by the flux due to the Little-Parks
effect. In Appendix B, the critical current is examined in the
presence of a spatially modulated chemical potential along
the junction. In Appendix C, we present various results for
the critical current using a simplified SNS junction model. In
Appendix D, we study the current in a junction with a reduced
transparency. Finally, spin-orbit coupling effects are briefly
explored in Appendix E.

II. PHYSICAL MODEL

A. Nanowire Hamiltonian

We first consider a cylindrical semiconducting NW, unit
vectors (êr, êϕ, êz ), in the presence of a magnetic field
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FIG. 1. (a) (Left) Schematics of a semiconducting NW (green)
fully coated by a superconducting shell (blue) and threaded by a
longitudinal magnetic field B. (Right) The cross section defines an
insulating region (white) of radius Rin, a semiconducting layer of
thickness dsemi = R0 − Rin and a superconducting shell of thickness
dsc = Rout − R0. Within the hollow-core approximation [32], the
thickness of the semiconducting layer is dsemi ≈ 0. This fixes the
radial coordinate r = R0 and the magnetic flux � = πR2

0B. (Bottom)
Schematics of an SNS junction where a normal (N) region of length
LN is encapsulated between two superconducting (S) regions of
length LS and phase difference ϕ0. (b) Flux-tunable critical current
Ic (solid curves left axis, in units of IS = e�0/h̄) and number of
nondegenerate subgap modes (dotted lines, right axis) within the
zeroth lobe, n = 0. By increasing the flux the number of modes
contributing to Ic decreases at each vertical line, “kink” point, result-
ing in a stepwise current profile. Dash-dotted curves show Ic(�) =
Ic(0)�(�)/�0. n �= 0 lobes exhibit similar characteristics.

�B = Bêz and SO coupling. Within the hollow-core approxima-
tion [32], the electrons are strongly confined near the surface
of the NW. We can therefore fix the radial coordinate r = R0

[Fig. 1(a)], thus the flux threading the NW is � = πBR2
0 and

the vector potential is �A = Aϕ êϕ = �
2πR0

êϕ . The Hamiltonian
is then

H0( �A) = ( �p + eAϕ êϕ )2

2m∗ − μ + HSO, (1)

with �p = (pϕ, pz ) = (− ih̄
R0

∂ϕ,−ih̄∂z ) being the momentum
operator, m∗ the effective mass and μ the chemical potential.
Assuming radial inversion symmetry breaking, namely, �α =
αêr , the Rashba SO Hamiltonian is [44] HSO = Hz

SO + H⊥
SO =

α
h̄ [pzσϕ − (pϕ + eAϕ )σz], with the spin-1/2 Pauli matrices
σϕ = σy cos(ϕ) − σx sin(ϕ), σz and the SO coupling α.

Owing to the proximity effect the semiconducting core
acquires superconducting pairing terms. These are modulated
by � through the LP effect, which induces a winding of
the superconducting phase in the shell around the NW axis
� = �einϕ . Here, we assume that the coupling between the
semiconductor and the superconductor is strong, such that the
proximity-induced pairing terms in the semiconductor inherit
the LP effect of the superconducting shell. The amplitude
� and the winding number n (fluxoid) depend implicitly on

FIG. 2. (a) Zero-flux energies of HA(mj ) as a function of chem-
ical potential at ϕ0 = π with EA

−m j
= −EB

m j
and EB

m j
= EA

m j+1. As μ

increases the vertical lines define V 0
1 (mj ) ≈ 0 for mj = 1/2, 3/2, 5/2

respectively. The oscillatory dependence around EA
m j

= 0 is generic
in junctions governed by the BdG equation. (b) Energies of HA(mj )
as a function of ϕ0. There are five positive subgap levels: EA

1/2, EB
1/2 =

EA
3/2 and EB

3/2 = EA
5/2. Any other pair of levels has a nonzero spacing

while the degeneracies are lifted for α �= 0. (c) Critical current, Ic,
and mj contributions Ic

(m j ) = Ic
−m j

+ Ic
m j

. Vertical lines are the same
as in (a). Parameters: LS = 2000 nm, LN = 100 nm, R0 = 43 nm,
α = 0, � = �0 = 0.2 meV, and IS = e�0/h̄.

� (Appendix A). Defining the normalized flux n� = �/�0,
where �0 = h/2e, then n = �n��. Thus, deviations from
integer fluxes are measured through the variable φ = n − n�,
with φ = 0 corresponding to the middle of a so-called LP lobe
[36]. In what follows, we set �(� = 0) ≡ �0.

In the Nambu basis 
 = (ψ↑, ψ↓, ψ
†
↓,−ψ

†
↑ ), the

Bogoliubov-de-Gennes (BdG) Hamiltonian HBdG is
decomposed in one-dimensional models [5,44–47] labelled
in terms of the eigenvalues mj of a generalized angular
momentum operator [32] Ĵz(n) = −i∂ϕ + 1

2σz + 1
2 nτ̃z, with τ̃

acting in Nambu space. Acceptable wave functions require
that [32] mj = ±1/2, ±3/2, . . . for even n and mj = 0, ±1,
. . . for odd n. The resulting BdG Hamiltonians1 are

HBdG =
(

HA Hz
SO

−Hz
SO HB

)
, (2)

with Hz
SO = −α∂z τ̃z, and

HA =
⎛
⎝ p2

z

2m∗ + V1 �

�∗ − p2
z

2m∗ + V2

⎞
⎠. (3)

1Without SO coupling and LP effect, Eq. (2) reduces to the model
used in Ref. [5] to study supercurrent interference in JJs based
on cylindrical semiconducting NWs. Without pairing Eq. (2) is the
BdG analog of the model used to study conductance oscillations in
semiconducting core-shell NWs [44–47].
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HB is obtained by substituting V1 → V3, V2 → V4, with
(h̄ = 1)

V1(2)(φ) = V 0
1(2) + δ+

mj
(φ) ± 1

8m∗R2
0

φ2,

V3(4)(φ) = V 0
3(4) + δ−

mj
(φ) ± 1

8m∗R2
0

φ2. (4)

At φ = 0, the potentials are

V 0
1(3) = −μ + (1 ∓ 2mj )2

8m∗R2
0

+ (1 ∓ 2mj )α

2R0
, (5)

with V 0
2 = −V 0

1 and V 0
4 = −V 0

3 . Small deviations from inte-
ger fluxes (φ = 0) are captured by the linear terms

δ±
mj

(φ) = −2mj ± 1

4m∗R2
0

φ ± α

2R0
φ. (6)

At φ = 0, the terms V 0
1 (mj ) and V 0

3 (mj ) govern the chem-
ical potential at which the energy levels of HA and HB

respectively cross zero energy with the important quantity be-
ing the difference V 0

3 (mj ) − V 0
1 (mj ) = mj/m∗R2

0 + 2mjα/R0.
When α = 0 the energy levels of HA(mj + 1) and HB(mj ) are
degenerate [V 0

1 (mj + 1) = V 0
3 (mj )], therefore, energy levels

belonging to different mj numbers cross zero energy simulta-
neously.

B. SNS junction

The SNS junction is defined by a spatial dependence of
the pairing potential, namely, �R/L = �ei(nϕ±ϕ0/2), where ϕ0

is the superconducting phase difference and R/L denotes the
right/left superconducting (S) region of length LS . The normal
(N) region is defined as �N = 0 within a length LN [48].
For simplicity, we assume in the main text that μ is spatially
independent (uniform) along the z direction. In a realistic ex-
perimental implementation, however, the superconducting full
shell is expected to screen any external electric field making
gating only effective in the N region. This configuration can
be modelled as a smooth spatial variation of the chemical
potential in the N region (Appendix B). A uniform chemical
potential results in the maximum critical current, whereas the
critical current is reduced as the potential offset between the
N and S regions increases.

Assuming zero temperature the supercurrent-phase rela-
tionship I (ϕ0) is written in terms of mj contributions

I (ϕ0) =
∑
mj

Imj (ϕ0) = − e

h̄

∑
mj

∑
k>0

dEk,mj

dϕ0
, (7)

where Ek,mj are the positive BdG eigenvalues. These are com-
puted by discretizing the SNS junction on a lattice with a
uniform spacing using the method of finite-differences. The
continuum BdG eigenvalue problem is thus transformed to a
matrix eigenvalue problem which is solved by standard nu-
merical routines. The critical current is Ic = max[I (ϕ0)] and
its absolute value within [0, π ] can be decomposed into mj

contributions Ic
mj

.

FIG. 3. (a) Energies of HA(mj ) as a function of flux at ϕ0 = π

with EA
−m j

= −EB
m j

and EB
m j

= EA
m j+1. Dotted lines correspond to

anticrossing points. Vertical lines define the flux, �/�0 ≈ ±0.125,
where the contribution of a subgap mode of HB(mj ) or HA(mj + 1)
is suppressed. (b) Energies of HA(mj ) as a function of ϕ0 at �/�0 =
0.15. (c) Critical current, Ic, and mj contributions Ic

(m j ) = Ic
−m j

+ Ic
m j

.
Vertical lines are the same as in (a). Parameters: LS = 2000 nm, LN =
100 nm, R0 = 43 nm, α = 0, � = �0 = 0.2 meV, μ = 2.5 meV,

and IS = e�0/h̄.

III. FLUX TUNABLE CRITICAL CURRENT

We start the analysis of the SNS junction by focusing on
the zero-flux case � = 0. As shown in Fig. 2(a), by increasing
the chemical potential BdG levels are induced in a systematic
way in the superconducting gap when V 0

1 (mj ) ≈ 0. Because
of the relatively small N region, LN = 100 nm, each of HA(mj )
and HB(mj ) contributes one subgap level (mode). The degree
of ϕ0-dispersion depends on the exact value of μ, and some
subgap levels can be quasidegenerate [Fig. 2(b)]. A smooth
potential barrier μ(z) on top of the global potential μ allows us
to precisely control the number of active modes in the junction
by depleting the N region (Appendix B).

The critical current is plotted in Fig. 2(c). A notice-
able increase in the current is observed when an extra
BdG level shifts into the superconducting gap. Small current
fluctuations, which are more pronounced at larger chem-
ical potentials μ, are due to small energy variations at
EA

mj
≈ 0 [Fig. 2(a)]. The details of the current profile de-

pend on the characteristic length scale of the SNS junction
(R0, LS , LN ).

We proceed to study finite flux effects for an SNS junction
governed by Eq. (2). At small fluxes the linear terms δ±

mj
(φ)

[Eq. (6)] are the dominant ones and shift the zero-flux ener-
gies. The main physics is illustrated in Fig. 3(a), where we plot
the energies of HA(mj ) when only mj = 1/2, 3/2 are relevant.
The key feature is that by increasing � the � = 0 subgap
levels which anticross (ϕ0 = π , EA

mj
≈ 0) shift in the quasi-

continuum. Although, these levels still anticross when � �= 0,
the anticrossing point gradually shifts outside the gap. In
Fig. 3(b), the anticrossing lying outside the gap is due to EB

1/2,
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EA
3/2, [δ−

1/2(φ) = δ+
3/2(φ) �= 0] whereas the anticrossing lying

in the gap is due to EA
1/2 for which δ+

1/2(φ) = 0. The required
flux to suppress the contribution of a subgap mode of HB(mj )
or HA(mj + 1) is of the order of (2mj + 1)|φ| ≈ 4�m∗R2

0,
therefore, larger mj subgap modes are suppressed at smaller
fluxes. This simplified approach assumes that μ is large
enough so that the corresponding anticrossing lies at zero en-
ergy. In Fig. 3(c), �/�0 ≈ ±0.125 defines a crossover, kink
point, which is formed when a subgap mode is suppressed and
then the current versus flux drops at a smaller overall rate. For
the example in Fig. 3(c) δ+

1/2(φ) = 0, so this rate is zero but as
shown below the physics is more interesting for larger mj .

We now include the LP modulation (Appendix A) � =
�(n,�, R0, dsc, ξ ), where ξ is the coherence length of the
superconducting shell. When the shell thickness is vanish-
ingly small, dsc → 0, then � depends on φ instead of �/�0.
We consider a destructive regime in which � = 0 near the
boundaries of the lobes and � = �0 at the center of the lobes
[Fig. 4(a)].

In Fig. 4, the current at φ = 0 (�/�0 = 0, 1) depends on
μ which specifies the number and position of subgap modes
in the superconducting gap. By varying φ with respect to
φ = 0 the current is gradually reduced, and a kink point is
formed at the flux where the contribution of a mode van-
ishes. The current for n = 1 exhibits similar characteristics
to that for n = 0 but with noticeable differences, e.g., the
φ = 0 currents in the two lobes are different even when �

is the same. The reason is the different potentials V1(2) in the
BdG Hamiltonian. According to Fig. 4, the flux dependence
of � cannot be used to explain Ic(�). The formula [23,43]
Ic(�) ≈ Ic(� = 0)�(�)/�0 completely fails to capture the
correct flux dependence of Ic in the multimode regime.2 In-
stead, a good approximation to the current is obtained by
assuming the approximate flux dependence of the BdG lev-
els, Emj (φ) ≈ Emj (φ = 0)�(φ)/�0 + δ±

mj
(φ), with Emj (φ =

0) being the exact φ = 0 BdG levels, and using Eq. (7) with
all positive levels included. When the terms δ±

mj
(φ) become

smaller, e.g., by increasing R0, the kink points shift at higher
fluxes [Fig. 1(b)].

IV. SIMPLIFIED SNS JUNCTION MODEL

The approximate results in Fig. 4 reveal the vital role of
the linear terms δ±

mj
(φ). To obtain further qualitatively insight

into the physics we develop a simplified model where the
supercurrent I (ϕ0) is based on the ABSs:

E±,k (ϕ0,�) = ± �(�)
√

1 − τk sin2(ϕ0/2)

+ wk
�

�0
, (8)

k = 1, 2, . . . , M is the number of ABSs and the parame-
ters 0 < τk � 1 model the transparency of the SNS junction.
The linear terms wk�/�0 with wk = (k − 1)/2m∗R2

0 play the
same role as δ+

mj
(φ) [Eq. (6)] for α = 0 (Appendix C). We

emphasize that the exact ϕ0 dispersion is not important and

2The agreement for n = 0, μ = 0.85 meV stems from δ+
1/2 = 0.

FIG. 4. (a) Pairing potential versus flux for lobes n = 0 and
n = 1. [(b)–(d)] Exact and approximate currents calculated with �

as in (a). Vertical lines indicate kink points where the number of non-
degenerate subgap modes decreases by one. For n = 0, μ = 7 meV,
and � = 0, there are three subgap modes coming from mj = 1/2,
3/2, 5/2. For � �= 0, two kink points are formed when EA

5/2 and
EA

3/2 shift successively outside the gap. For n = 0, μ = 2.5 meV, and
� = 0, there are two subgap modes coming from mj = 1/2, 3/2,
thus, for � �= 0 one kink point is formed when EA

3/2 shifts outside the
gap. For n = 0, μ = 0.85 meV, the single mode current (mj = 1/2)
is LP-dominated because δ+

1/2 = 0. For the same reason EA
1/2 remains

to a good approximation in the gap independent of � for any μ.
Approximate results for n = 0, μ = 15 meV, and mj = 1/2, 3/2,
5/2, 7/2 are shown in Fig. 1(b). Similar arguments are valid for
n = 1 but now the current is never LP-dominated. At � = �0 and
μ = 7 meV, the angular values mj = 0, 1, 2 are relevant while for
μ = 2.5, 0.85 meV only mj = 0, 1 are relevant. Because δ+

m j
�= 0 all

modes shift outside the gap leading to a more “noisy” current profile
compared to n = 0. A weak SO coupling, α �= 0, does not alter
the basic characteristics (Appendix E). Parameters: LS = 2000 nm,
LN = 100 nm, R0 = 43 nm, α = 0, �0 = 0.2 meV, ξ = 80 nm,
dsc = 0, and IS = e�0/h̄.

we employ Eq. (8) to demonstrate the crossover from the LP
to the stepwise regime.

For τk = 1 and when all wk are zero, the analytically
computed supercurrent (Appendix C) can be written as
I (ϕ0) = MIZ (ϕ0), and for the critical current, we re-
cover the standard result [49,50] Ic(�) = Me�(�)/h̄ =
Ic(0)�(�)/�0; here the flux dependence of Ic is due solely
to the LP modulation of �(�). A completely different situ-
ation occurs when wk �= 0. Now within the flux range 0 �
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wk�/�0 � �(�), we define the phase θk = θk (�) satisfying
E−,k (θk ) = 0 with 0 � θk � π . When � increases the levels
E−,k (θk ) shift upwards decreasing Ic(�). A simple inspection
indicates that Ic(�) is equal to the larger of kIZ (θk ) and
(k − 1)IZ (θk−1), with k → k − 1 as the flux increases. For the
flux

�

�0
= �(�)

√
k2 − (k − 1)2

k2w2
k − (k − 1)2w2

k−1

, (9)

the currents satisfy

kIZ (θk ) = (k − 1)IZ (θk−1), (10)

then a kink point is formed and the number of ABSs con-
tributing to Ic(�) decreases by one.3 Because θk−1 varies with
flux slower than θk , Eq. (10) leads to a stepwise decrease of
Ic(�). For very large R0 (>150 nm), wk are vanishingly small
and the current steps/kink points are formed at fluxes lying
near the boundaries of the lobe, thus Ic(�) is trivially LP-
dominated. In contrast, experimentally reported [34,35,42,43]
R0 (� 100 nm) guarantee a stepwise decrease. In Ap-
pendix C, we generalize the simplified SNS junction model to
τk < 1 and make a connection with the exact BdG model in
Appendix D.

V. CONCLUSION

The critical supercurrent in full-shell NW Josephson junc-
tions does not follow the LP modulation and exhibits a
stepwise flux dependence. The position of the steps de-
pends on the symmetries of the transverse channels and it is
thus gate-tunable. This prediction should be robust for low-
disordered NWs especially in the low-flux range, n = 0 with
� � �0/2, where interference due to mj mixing should be
negligible. Such effects, similar to Fraunhofer-like interfer-
ence in diffusive many-channel planar junctions [51] could
be of relevance in the first LP lobe, n = 1 at � ≈ �0, and
lead to further structures in Ic. A channel-mixing mechanism
which could arise due to interactions, external fields and/or
geometry effects is expected to degrade to some degree, but
not completely, the stepwise flux dependence. Some experi-
ments have measured supercurrents which are LP-dominated
and have shown no signs of a stepwise current profile [23,43].
An enhanced sample quality might be required to reveal the
stepwise dependence of the critical current. Further theoretical
and experimental studies are needed to clarify the complete
physics.

Experiments able to discriminate between the flux modu-
lation of the gap and the subgap structure, for instance, Joule
heating experiments [42], could be an interesting platform to
explore the predicted effects of our work. Our findings could
also be of relevance for transmon qubits in full-shell NWs
[23], where the flux tunability of the critical current could lead
to novel functionalities. These include, for example, precise
control of the ratio of the Josephson coupling to the charging
energy governing the qubit anharmonicity.

3Because w1 = 0, as happens with δ+
1/2, the current IZ (θ1) should

be replaced by e�(�)/h̄ (Appendix C).

ACKNOWLEDGMENTS

This research was supported by Grants No. PID2021-
125343NB-I00 and No. TED2021-130292B-C43 funded by
MCIN/AEI/10.13039/501100011033, “ERDF A way of
making Europe” and European Union Next Generation
EU/PRTR. Support by the CSIC Interdisciplinary Thematic
Platform (PTI+) on Quantum Technologies (PTI-QTEP+) is
also acknowledged.

APPENDIX A: SUPERCONDUCTING
PAIRING POTENTIAL

The superconducting pairing potential, �, due to the Little-
Parks effect [37,38] acquires a flux dependence. If �0 is the
value of � at � = 0 then according to Abrikosov-Gor’kov
[52,53] a pair-breaking term � results in the following modu-
lation of �:

ln
�

�0
= −π

4

�

�
, � � �,

ln
�

�0
= − ln

(
�

�
+

√
(�/�)2 − 1

)

+
√

(�/�)2 − 1

2(�/�)

− �

2�
arctan

1√
(�/�)2 − 1

, � � �. (A1)

Within a Ginzburg-Landau theory [54–57] the magnetic flux
dependence of � is given by the approximate expression

� ≈ ξ 2kBTc

πR2
0

[
4

(
n − �

�0

)2

+ d2
sc

R2
0

(
�2

�2
0

+ n2

3

)]
. (A2)

The parameter ξ denotes the coherence length of the super-
conducting shell which has thickness dsc, n is the lobe index,
Tc is the critical temperature at zero flux, and kBTc = �0/1.76
[53] where kB is Boltzmann’s constant. In our work, we focus
on R0 � dsc and for simplicity we set dsc = 0; a small nonzero
dsc introduces only minor corrections to the final magnetic
flux dependence of �. The numerical solution to Eq. (A1) is
well-known and can be found in the literature, for example, in
Ref. [53]. In the limit � → �0/2, the pairing potential nearly
vanishes, � → 0, we then set � = 0 for � � �0/2 to model
a destructive regime. One example of the pairing potential for
R = 43 nm, ξ = 80 nm, dsc = 0 is shown in Fig. 4(a) of the
main text.

APPENDIX B: SNS JUNCTION WITH SPATIALLY
DEPENDENT CHEMICAL POTENTIAL

In the main text, the chemical potential, μ, is taken to
be constant (spatially independent) along the SNS junction.
This configuration simplifies the theoretical analysis but it
might be difficult to realize experimentally. For this reason, we
consider one more configuration where the chemical poten-
tial is spatially dependent, i.e., μ = μ(z). In this context, we
assume that an electrostatic gate voltage tunes the chemical
potential in the normal (N) region with respect to the potential
in the superconducting (S) regions, thus, creating a potential
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FIG. 5. Zero-flux energies of HA [Eq. (3) main text] as a function of μpot at phase difference ϕ0 = π for mj = 1/2 and K = cosh, with
EA

−m j
= −EB

m j
and EB

m j
= EA

m j+1. Dashed curves for D = 15 nm are approximate energies derived from a two-level model described in the text.
Parameters: μ0 = 0.9 meV, LS = 2000 nm, LN = 100 nm, R0 = 43 nm, α = 0, and � = �0 = 0.2 meV.

offset between the N and S regions. The spatial profile of the
chemical potential along the SNS junction is written as

μ(z) = μ0 − μpot f (z), (B1)

where the function f (z) is expected to depend on the exact
geometry of the junction, the microscopic details of the S-
N interfaces, and the charge distribution in the junction. We
consider a continuous variation across the S-N interfaces and
assume that

f (z) = 1

K
(

(z−z0 )2

2D2

) , (B2)

where for the function K we take either K = exp or K = cosh,
z0 = 0 is the center of the N region, and μpot (� 0) determines
the potential offset. This offset is maximum in the center of
the N region and the parameter D controls the length scale in
which the chemical potential varies along the SNS junction.
As shown below, for a large μpot (≈ μ0) the critical current
vanishes whereas it is maximum when μpot ≈ 0. The results
in the main text are for μpot = 0.

The effect of a nonzero μpot on the energy spectra can be
more easily understood in the regime of small μ0, so that
to a good approximation only the Hamiltonian HA [Eq. (3)
main text] is relevant with mj = 1/2. One case illustrated
in Fig. 5 demonstrates that increasing μpot shifts the subgap
levels (modes) near the edge of the superconducting gap.
This shift in turn reduces the overall degree of ϕ0-dispersion
and consequently the critical current. Provided D and μpot

are small the term −μpot f (z) can be treated within a per-
turbative two-level model, HA + σzμpot f (z), using for basis
states the (two) subgap states at μpot = 0. Some results of this

approximate model are presented in Fig. 5 for D = 15 nm; the
agreement with the exact result is particularly good for small
values of μpot and the correct linear behavior is predicted. The
two-level model can also predict the correct ϕ0 dispersion,
however, by increasing D the model becomes quickly inaccu-
rate. For example, when D = 50 nm and μpot ≈ 1 meV, about
60 basis states are needed to achieve the same convergence as
for D = 15 nm.

A more general configuration is now examined when the
energy levels lying in the superconducting gap correspond to
different mj values. Some typical energy spectra of HA are
plotted in Fig. 6. At μpot = 0 the subgap levels correspond to
mj = 1/2, 3/2, and 5/2, thus, there are five positive levels:
EA

1/2, EB
1/2, EA

3/2, EB
3/2, and EA

5/2 with the degeneracies EB
1/2 =

EA
3/2 as well as EB

3/2 = EA
5/2. As shown in Fig. 6, increasing

μpot tends to shift the subgap levels outside (near the edge
of) the gap in a systematic way. In particular, levels which
correspond to larger mj shift outside the gap at smaller values
of μpot, and consequently, the number of active modes in the
SNS junction can be controlled at will.

When the energy levels shift outside the gap the critical
current decreases and eventually complete suppression occurs
when μpot ≈ μ0 (Fig. 7). The exact form of f (z) determines
the details of the overall process. Specifically, the decrease
of the current is not necessarily monotonic and current steps
can be formed because the different mj levels are not affected
equally by the potential term μpot.

APPENDIX C: SIMPLIFIED SNS JUNCTION MODEL

In this section, we present in some detail the simplified
SNS junction model introduced in the main text. The subgap
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FIG. 6. Zero-flux energies of HA [Eq. (3) main text] as a function of phase difference ϕ0 for K = cosh, with EA
−m j

= −EB
m j

and EB
m j

= EA
m j+1.

Parameters: D = 70 nm, μ0 = 6.5 meV, LS = 2000 nm, LN = 100 nm, R0 = 43 nm, α = 0, and � = �0 = 0.2 meV.

modes are written as follows (h̄ = 1)

E±,k (ϕ0,�) = ±�

√
1 − τk sin2(ϕ0/2) + wk

�

�0
, (C1)

with k = 1, 2, . . . , M,

wk = (k − 1)

2m∗R2
0

, (C2)

and � = �(�) everywhere. To avoid confusion we note a few
remarks. Firstly, we focus on wk � 0 and multiply the currents
by 2 to account for ±mj . Secondly, the term wk�/�0 results
in the same flux dependence as δ+

mj
in the main text [Eq. (6)]

for the zeroth lobe, n = 0, and zero SO coupling, α = 0.
The first lobe, n = 1, can be treated similarly. Finally, the
degeneracy due to HB(mj ) = HA(mj + 1) is not considered
in Eq. (C1) since this does not change qualitatively the final
conclusions.

When all wk are zero and τk = τ the supercurrent is written
as MIZ (ϕ0) with

IZ (ϕ0) = − e

h̄

�

2

τ sin ϕ0√
1 − τ sin2(ϕ0/2)

, (C3)

while the phase ϕ̃0 (� π ) giving the critical current, Ic,
can be readily extracted. An interesting remark is that
when wk �= 0 the critical current can be expressed with the
help of the supercurrent IZ . Specifically, for k �= 1 we de-
fine within the flux range �

√
1 − τ < wk�/�0 � � the

corresponding flux-dependent phase θk = θk (�) satisfying
E−,k (θk ) = 0,

θk = 2 sin−1

√
1

τ

(
1 − w2

k�
2

�2�2
0

)
, (C4)

with 0 � θk � π . As � increases, Ic follows the �(�) depen-
dence until θM = ϕ̃0, but when θM < ϕ̃0 the decrease of Ic due
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FIG. 7. Zero-flux critical current as a function of μpot. Parameters: μ0 = 6.5 meV, LS = 2000 nm, LN = 100 nm, R0 = 43 nm, α = 0,
� = �0 = 0.2 meV, and IS = e�0/h̄.
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to wk needs to be accounted for. Now Ic is equal to the largest
of the three terms kIZ (θk ), (k − 1)IZ (ϕ̃0) and (k − 1)IZ (θk−1);
and as � increases k → k − 1, hence, the number of subgap
modes contributing to the current decreases successively by
one. This process gives rise to a stepwise current profile and
is illustrated in Fig. 8. For τ → 1 (ϕ̃0 → π ), the flux range
where (k − 1)IZ (ϕ̃0) needs to be considered vanishes/shrinks,
and only the two terms kIZ (θk ), (k − 1)IZ (θk−1) are important.
When kIZ (θk ) = (k − 1)IZ (θk−1) a kink point is formed, and
using Eq. (C4) with

IZ (ϕ0) = − e

h̄
� sin(ϕ0/2), (C5)

we can determine the corresponding flux value

�

�0
= �(�)

√
k2 − (k − 1)2

k2w2
k − (k − 1)2w2

k−1

. (C6)

In the opposite limit, τ → 0 (ϕ̃0 → π/2), the flux range
where (k − 1)IZ (ϕ̃0) dominates is maximum and current
steps are clearly formed. A kink point is now formed when
kIZ (θk ) = (k − 1)IZ (ϕ̃0), which is satisfied for

�

�0
≈ �(�)

wk
, (C7)

considering that IZ (ϕ0) ≈ −e�τ sin(ϕ0)/h̄. The current steps
become flatter as the flux dependence of (k − 1)IZ (ϕ̃0), due to
�(�), weakens. In this analysis, because of the special value
w1 = 0 we have IZ (θ1) → IZ (ϕ̃0) for any value of τ . The k =
1 mode does not shift with flux and the number of subgap
modes drops to zero at the boundaries of the lobe because
�(�) = 0.

In Fig. 9, we plot the critical current for different number
of subgap modes M. By increasing M, extra steps/kink points

are formed. Most importantly, the overall current profile is
qualitatively the same as that derived from the exact BdG
Hamiltonian; see for example Fig. 4 for n = 0 in the main text.
For M = 1 and because w1 = 0, the current can be described
by the formula Ic(�) = Ic(0)�(�)/�0, in stark contrast for
M > 1 this formula is inapplicable.

In Fig. 10, we take M = 4 and plot typical examples of
the critical current for three different radii R0. For a better
comparison, we adjust the coherence length of the shell ξ so
that for each R0 the pairing potential vanishes when |�/�0| �
0.45. For illustrative reasons, we also present one case for
an unrealistically large radius, R0 = 160 nm. The purpose is
to demonstrate how the size of wk affects the overall profile
of the current. The role of the terms wk weakens for larger
values of R0. In particular, when the ratio 1/m∗R2

0 becomes
vanishingly small the required magnetic flux to induce a kink
point lies nearly at the boundaries of the lobe. In the regime,
wk ≈ 0, the flux dependence of the current can be accurately
described by the formula Ic(�) = Ic(0)�(�)/�0; when
τ = 1 this equals Me�(�)/h̄. Another important observation
is that for smaller values of wk the flux dependence of θk is
weaker. This explains why for a given radius R0 the current
steps which are formed at larger fluxes are in general broader
(Fig. 10).

So far in our analysis we have focused on τk = τ , but our
results can be easily generalized to the most general case when
the transparency, τk , of each individual mode is different.
Some analytical expressions for the critical current can again
be derived, however, these are not particularly enlightening.
The important conclusion is that all the basic features pre-
sented in Figs. 9 and 10 are still observable in the most general
case. Our analysis is also applicable when the ϕ0-dispersion
of the subgap modes is different from that specified by
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FIG. 9. Critical current and number of subgap modes (dotted lines, right axis) derived from simplified model, Eq. (C1), with τk = τ = 1,
R0 = 43 nm, and IS = e�0/h̄. Dash-dotted curves show Ic(0)�/�0; this coincides with the critical current for M = 1. � is calculated from
Eq. (A1) with ξ = 80 nm, dsc = 0, and �0 = 0.2 meV.
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FIG. 10. Critical current and number of subgap modes (dotted lines, right axis) derived from simplified model, Eq. (C1), with M = 4, τk =
τ , and IS = e�0/h̄. Dash-dotted curves show Ic(0)�/�0. First column: R0 = 43 nm, ξ = 80 nm. Second column: R0 = 75 nm, ξ = 140 nm.
Third column: R0 = 160 nm, ξ = 299 nm. � is calculated from Eq. (A1) with dsc = 0, �0 = 0.2 meV.

Eq. (C1). Numerically calculated subgap modes derived from
the exact BdG Hamiltonian can equally well demonstrate the
physics.

The stepwise current profile is independent of the number
of subgap modes. Both Eqs. (9) and (10) in the main text, are
independent of the number of subgap modes and they are valid
even if we assume an infinite number of modes. By adding
extra modes the current acquires a sharper flux dependence,
near the lobe center, due to the larger mj values involved
in the dynamics. To quantify these arguments we present in
Fig. 11 examples with M = 5, 10, and 20 modes. The basic
conclusions are: (i) the current steps near the lobe center are
sharper compared to the steps at larger fluxes, and (ii) the
overall current profile as a function of the magnetic flux is

completely different from the Little-Parks modulation of the
pairing potential.

Finally, we mention that our results are not limited to zero
temperature, T = 0 K. However, as with any mesoscopic sys-
tem, an increase in temperature tends to wash out the current
steps. We perform finite-temperature calculations using the
supercurrent-phase formula

I (ϕ0) = − e

h̄

∑
E>0

tanh

(
E

2kBT

)
dE

dϕ0
, (C8)

where in the context of the simplified model E ≡ E±,k (ϕ0,�)
and kB is Boltzman’s constant. In Fig. 12, we show a few ex-
amples of how the temperature affects the critical current. For
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FIG. 11. Critical current and number of subgap modes (dotted lines, right axis) derived from simplified model, Eq. (C1), with τk = τ =
0.2, R0 = 75 nm, and IS = e�0/h̄. Dash-dotted curves show Ic(0)�/�0. � is calculated from Eq. (A1) with ξ = 140 nm, dsc = 0, and
�0 = 0.2 meV.
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clarity we consider �0 to be temperature independent. When
the temperature is of the order of kBT ≈ 0.1�0 (T ≈ 0.2 K)
or lower the stepwise behavior can be nicely observed. The
effect of the temperature is weaker in SNS junctions with
smaller transparencies because in these junctions the current
steps are in general sharper.

APPENDIX D: FLUX TUNABLE CURRENT
IN A REDUCED TRANSPARENCY JUNCTION

In the main text, we consider an ideal SNS junction,
namely, a transparent junction where there is no explicit phys-
ical mechanism to suppress tunneling between the S and N
regions. As introduced above, a spatially dependent chemical
potential controls the number of subgap levels as well as the
current, but this control is sensitive to the value of mj . In

this respect, it is interesting to explore how the degree of
transparency affects the current when the number of subgap
levels remains approximately constant. This can be done us-
ing again Eq. (B1), but now the parameter D needs to be
carefully optimized. This makes the computational procedure
inefficient and time consuming. For this reason, we model
the transparency of the junction phenomenologically by em-
ploying a similar methodology to that presented originally in
Ref. [58]. Specifically, in the BdG Hamiltonian we introduce
a dimensionless parameter τ0, with 0 < τ0 � 1, which scales
the kinetic terms along the z direction (τ0 p2

z/2m∗). We assume
this scaling to take place within the N region and an adjacent
small part (xS ≈ 20 nm � LS) in the S regions. The trans-
parent limit (main text) corresponds to τ0 = 1, whereas the
opposite limit, τ0 ≈ 0, is not of interest here since the critical
current is almost completely suppressed. Thus, in this work,
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FIG. 13. Critical current as a function of magnetic flux calculated with � given by Eq. (A1). From upper to lower curve: τ0 = 1, 0.6, and
0.2. Parameters: LS = 2000 nm, LN = 100 nm, α = 0, �0 = 0.2 meV, dsc = 0, and IS = e�0/h̄. [(a)–(c)] R0 = 43 nm, ξ = 80 nm. [(d)–(f)]
R0 = 75 nm, ξ = 140 nm. Vertical lines indicate kink points for τ0 = 1. As � increases the number of nondegenerate subgap modes decreases
by one at each kink point. The latter, in general, shift for different τ0. At � = 0, the subgap modes contributing to the current are derived from:
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FIG. 14. (Top) Zero-flux energy spectrum of SNS junction as a function of chemical potential at phase difference ϕ0 = π . Energies are
derived from HBdG [Eq. (2) main text] and satisfy E−m j = −Em j . Vertical lines define the effective potentials V 0

1 (mj ) ≈ 0 and V 0
3 (mj ) ≈ 0 for

mj = 1/2, 3/2, and 5/2. [(a)–(e)] Energies as a function of phase difference at different chemical potentials. Only energies lying within the
chosen energy range are plotted. (f) Zoom in of (c) showing anticrossing point for mj = 1/2 due to the SO coupling. Parameters: LS = 2000 nm,
LN = 100 nm, R0 = 43 nm, α = 20 meV nm, and � = �0 = 0.2 meV.

we choose the lower limit to be τ0 = 0.2 which allows us to
capture all the essential characteristics.

For the computations, the kinetic term along the z direction
is written as (h̄ = 1)

Tkin = − 1

2m∗
d

dz

(
τ0(z)

dy(z)

dz

)
, (D1)

where y(z) represents any of the four components of the BdG
Hamiltonian. Using centered differences and defining τ0 on
the mid lattice points the kinetic term is discretized as follows:

Tkin ≈ bi−1yi−1 − [bi−1 + bi]yi + biyi+1, (D2)

with

bi = − 1

2m∗δ2
τ

i+1/2
0 , bi−1 = − 1

2m∗δ2
τ

i−1/2
0 , (D3)

and δ is the spacing between the lattice points. Here, bi de-
scribes hopping between the lattice points i and i + 1 while
τ

i+1/2
0 is the value of the transparency between these two

lattice points. When τ0 is constant the usual finite-difference
approximation to the kinetic term is recovered.

We calculate the critical current using the approximation
described in the main text and show some representative
numerical results in Fig. 13. Note that as happens with the
current suppression versus μpot in Fig. 7, the current sup-
pression versus τ0 at a fixed chemical potential and flux is
not always monotonic. As τ0 decreases the basic flux tunable
features are well-formed at least for intermediate (τ0 ≈ 0.5)
and somewhat smaller values of τ0. Our calculations within
the exact BdG Hamiltonian confirm that this behavior is robust
for different sets of parameters: R0, μ, and xS . They also
indicate that the form of the current steps does not necessarily
improve upon decreasing τ0. Although, some steps become
more pronounced this cannot be guaranteed to be the general
rule. In our SNS junction with energy levels above the gap
contributing to the current and with an explicit μ (and/or μpot)
dependence, the underlying physics is expected to deviate to
some degree from that derived from the simplified model. En-
ergy levels which lie above the gap at � = 0 tend to make the
steps more “noisy” at � �= 0, and the overall noise is sensitive
to the exact values of μ and τ0. These effects are not captured
by the simplified model. The quality of the steps is expected
to improve in SNS junctions with a shorter N region. Another
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FIG. 15. Solid curves show the exact critical current, Ic(�), calculated with � given by Eq. (A1). Dash-dotted curves show Ic(0)�/�0.
Dotted lines show the number of subgap modes (right axis). Parameters: LS = 2000 nm, LN = 100 nm, R0 = 43 nm, α = 20 meV nm, �0 =
0.2 meV, ξ = 80 nm, dsc = 0, and IS = e�0/h̄. At � = 0 the subgap modes contributing to the current are derived from: (a) mj = 1/2;
(b) mj = 1/2 and 3/2; (c) mj = 1/2 and 3/2; and (d) mj = 1/2, 3/2, and 5/2.

important aspect, which might be relevant to experimental
studies, is that the current steps which are formed at larger
fluxes can be almost completely suppressed for a relatively
small τ0. This effect can lead to the wrong conclusion that the
current suppression is due to the LP effect. A rigorous method
to disentangle the LP-induced current suppression from that
caused by τ0 deserves further investigation.

APPENDIX E: SNS JUNCTION
WITH SPIN-ORBIT COUPLING

In this section, we examine the effect of the Rashba spin-
orbit (SO) coupling on the flux dependence of the critical
current. Our aim is to demonstrate that the current profile
presented in Fig. 4 of the main text can still be observed in
the presence of a weak SO coupling. Analyzing in detail SO
effects is beyond the scope of this work.

We consider the chemical potential, μ, to be constant
along the SNS junction, thus, as explained above we focus
on the resonant case where the critical current is maximum. A
nonuniform μ simply results in a reduced current. A nonzero
SO coupling, α, shifts further apart the values of μ at which
the energy levels of HA(mj ) and HB(mj ) respectively enter the
superconducting gap. This shift is of the order of 2mjα/R0 as
can be understood directly from Eqs. (4) in the main text. In
addition, when α �= 0 the energies of HA(mj + 1) and HB(mj )
are no longer degenerate, since V 0

1 (mj + 1) �= V 0
3 (mj ), and

when the parameters are tuned so that (h̄ = 1)

α ≈ 2mj − 1

4m∗R0
, (E1)

the condition V 0
1 (mj ) ≈ −μ can be satisfied for mj > 1/2 (as-

suming � = 0). In this regime and at low chemical potentials,
the critical current is no longer dominated by mj = 1/2 only,

therefore, an enhanced critical current can be observed com-
pared to that for α = 0. A subtle point is that this enhancement
is not due to the actual coupling between HA(mj ) and HB(mj )
caused by Hz

SO = −α∂z τ̃z, but to the rearrangement of the
potentials terms V 0

1 (mj ) and V 0
3 (mj ).

For the numerical calculations, we consider a realistic
value for the SO coupling in the relatively weak regime,
α = 20 meV nm, and assume that α is constant along the
SNS junction. This can be considered as a first approximation,
since α may have a spatial dependence and/or be anisotropic,
for example, due to local electric fields induced by gate
electrodes. Additionally the sign of α is in general unknown.
All these effects should depend on the details of the SNS junc-
tion, however, small deviations from a constant SO coupling
are not expected to change the flux dependence of the critical
current studied here. Our numerical calculations confirm this
argument when α is assumed to be different in the N and S
regions.

The zero-flux energies of the BdG Hamiltonian [Eq. (2)
main text] are plotted in Fig. 14. For each mj we can identify
the approximate value of μ that shifts an energy level, origi-
nally belonging to HA(mj ) or HB(mj ), in the superconducting
gap by setting V 0

1 (mj ) ≈ 0 or V 0
3 (mj ) ≈ 0 respectively. The

energies as a function of the superconducting phase exhibit
similar overall characteristics to α = 0. However, an impor-
tant difference is the formation of anticrossing points between
the energy levels of HA(mj ) and HB(mj ) [Figs. 14(c) and
14(f)] as a result of the SO Hamiltonian Hz

SO = −α∂z τ̃z. The
anticrossing point is formed at a phase (in general ϕ0 �= π )
which is sensitive to the chemical potential and the same
sensitivity is observed for the corresponding value of the
anticrossing gap.

In Fig. 15, we present the critical current, derived from
the BdG Hamiltonian, as a function of the magnetic flux for
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various chemical potentials. The basic characteristics are the
same as in Fig. 4 in the main text for α = 0. At a small
potential (μ = 0.5 meV), and to a very good approxima-
tion, only mj = 1/2 is relevant contributing a single subgap
mode, and the usual formula Ic(0)�/�0 is in good agree-
ment with the exact current. In contrast, this formula is
no longer valid for large values of μ when extra subgap
modes contribute to the current. The SO coupling modifies
the flux dependence of the effective potentials, δ±

mj
, [Eq. (6)

main text] by introducing an additional shift ±α/2R0; for
α = 20 meV nm, this shift is small especially for larger mj

modes. Therefore, within a simplified approach, a finite flux
shifts the � = 0 subgap modes outside the superconduct-
ing gap in a similar way to the α = 0 case. An exception

occurs for the subgap mode belonging to HA(mj = 1/2), for
which δ+

1/2 �= 0 provided α �= 0, but, numerical calculations
in the range of parameters considered here do not indicate
any significant difference in the current from that when α = 0.
The regime where only HA(mj = 1/2) is relevant is the sim-
plest one to probe the SO coupling; large values of α should
induce a kink point well within the lobe and the resulting flux
dependence of Ic should deviate to some degree from that of
�. For the proper μ and α, when both HA and HB are rele-
vant, the SO-induced anticrossings are expected to add some
new features to the flux dependence of the current. Rather
small dips can already be seen in Fig. 15(d) in the single
mode regime, however, this investigation is not pursued in
this work.
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