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Converting a triplet Cooper pair supercurrent into a spin signal
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Superconductivity with spin-polarized Cooper pairs is known to emerge by combining conventional spinless
superconductors with materials that have spin-dependent interactions, such as magnetism and spin-orbit cou-
pling. This enables a dissipationless and conserved flow of spin. However, actually utilizing the spin polarization
of such supercurrents has proven challenging. Here, we predict an experimental signature of current-carrying
triplet Cooper pairs in the form of an induced spin signal. We show that a supercurrent carried only by triplet
Cooper pairs induces a nonlocal magnetization that is controlled by the polarization direction of the triplet
Cooper pairs. This provides a measurement protocol to directly use the spin polarization of the triplet Cooper
pairs in supercurrents to transfer spin information in a dissipationless manner.
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I. INTRODUCTION

Substantial efforts have been made to find evidence of
dissipationless currents carried by spin-polarized Cooper pairs
in superconductors [1,2], also referred to as triplet Cooper
pairs. This includes measurements of how Gilbert damping
is renormalized in Josephson junctions and superconducting
bilayers subject to ferromagnetic resonance [3-8], as well
as long-ranged supercurrent flow through magnetic materials
[9-11]. Spin pumping in ferromagnet/superconductor (FM/S)
hybrid structures [12,13], where triplet pairing will affect the
spin accumulation in the superconductor, has recently been
the subject of increased theoretical interest [14—21].

However, a long-ranged supercurrent through magnetic
materials is in itself not necessarily useful. Supercurrents
through normal metals carried by spinless, singlet Cooper
pairs are also long ranged when flowing through a normal
metal. Thus, to unlock the potential of spin-polarized su-
percurrents with regard to potential cryogenic devices, it is
necessary to find a way to utilize their spin polarization
directly. We here predict that a supercurrent carried by spin-
polarized Cooper pairs induces a nonlocal magnetization.
Both the polarization direction and magnitude of this magne-
tization are directly controlled by the spin degree of freedom
of the triplet Cooper pairs. This shows how spin supercurrents
can be used for low-dissipation information transfer by induc-
ing spin signals.

The supercurrent flow is converted into a nonlocal mag-
netization, occurring in a region where the supercurrent does
not flow, by allowing it to interact with a Rashba spin-orbit
coupled interface. This can be probed in the setup shown in
Fig. 1. We consider the scenario experimentally realized in,
e.g., Refs. [10,11]: a spin-triplet charge supercurrent gener-
ated by a magnetic multilayered structure. In the experiments,
the spin-polarized nature of the Cooper pairs carrying the
current was not directly measured, but rather inferred from
its slow decay as a function of the length of the ferromagnetic
bridge in a Josephson junction. In contrast, we provide a way
to directly convert the spin of the triplet supercurrent into a
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spin signal. The induced magnetization M in the normal metal
(N) changes direction depending on the spin polarization of
triplet pairs carrying the supercurrent. Without current, the
nonlocal magnetization vanishes. The induced magnetization
M vanishes for certain spin-polarization directions of the pairs
relative to the Rashba interface normal. The predicted effect
provides a way to directly use the spin polarization of the
triplet Cooper pairs in supercurrents to transfer spin informa-
tion in a dissipationless manner.

II. THEORY

The quasiclassical theory of superconductivity [22-24] is
documented to compare well with experimental results, even
quantitatively, for measurements performed in mesoscopic
superconducting hybrid structures. Our starting point is the
Usadel equation, which can be used in the diffusive limit
of transport where the length scale hierarchy Ar < lnp < &
applies, with Ar being the Fermi wavelength, /,,s, being the
electronic mean free path, and & being the superconducting
coherence length. It is effectively an equation of motion for
the Green’s function matrix g in Keldysh space and takes the
form

DV(3V3) +ilEps +h+ A, 51 =0. (1)

Here, D is the diffusion coefficient, E is the quasiparti-
cle energy, h = diag(h -7, h-t*), where h describes the
spin-splitting field, 7 is a vector with Pauli matrices as its com-
ponents, p3 = diag(l,1,—1,—1), and A = (—iaQ‘,A* lg"A)
describes the effect of the complex superconducting order
parameter A. The quasiclassical Green’s function g is an 8 x 8
matrix in Keldysh space and thus has retarded, advanced,
and Keldysh components [25]. We have used the spinor basis
[y (), ¥y (1), lﬂTT ), wI(r)] when defining the Green’s func-
tion matrices. Since we will consider a system in equilibrium,
g is entirely determined by the retarded Green’s function g,
which is a 4x4 matrix in Nambu-spin space. This retarded

Green'’s function depends on both the normal Green’s function
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FIG. 1. Sketch of the proposed experimental protocol for con-
verting a supercurrent carried by spin-polarized triplet Cooper pairs
into a nonlocal spin signal. The supercurrent flows in a region under-
neath a thin heavy metal layer. Due to interfacial Rashba spin-orbit
coupling, the triplet pairs induce a magnetization in a normal metal
where no supercurrent is flowing. The induced magnetization de-
pends sensitively on the polarization direction of the triplet pairs.

g, which is a 2x2 matrix in spin space determining spectral
properties such as the density of states, and the anomalous
Green’s function f, which contains information about the su-
perconducting correlations. The appearance of 4 x4 matrices
in an equation with 8x8 matrices, such as Eq. (1), should
be understood as a repeated matrix on the diagonal. In ef-
fect, in places where the dimensions of matrices multiplied
together are inconsistent, Kronecker products with the neces-
sary identity matrices are implied for the matrix with the lower
dimensionality.

To solve this equation, it needs to be complemented
by boundary conditions. In our system, we will have
both magnetic and spin-orbit coupled interfaces. For the
magnetic (also referred to as spin-active) interfaces we
have [1,26,27]

819:81 = Gol8r, 8rl + G1l8L, MEr11]
+ Gurl8L, {8r, Mm}] — iGyl8L, M. 2)

Here, i = diag(m - T, m - T*), where m is a unit vector that
describes the interface magnetization, Gy describes the ratio
between the barrier resistance and the normal-state resistance
of material L, Gyr describes the magnetoresistance effect
of the interface, and G, originates from the spin-dependent
transmission probabilities of spin-active interfaces. The con-
ductance parameters G| and Gyr can be written in terms of
the normal-state transmission probability 7, and spin polar-
ization P, associated with each scattering channel n for the
interface. Here, we assume for simplicity that each scattering
channel has the same polarization P = P,, in which case one
obtains [1]

GMRr P

Gl_l—RP _
Gy 1+Rp’

Go  1+Rp’

3

withR, = +/1 — P2, Finally, G describes the effect of quasi-
particles picking up spin-dependent phase shifts as they
scatter at the interface. The boundary conditions for gz are
obtained by interchanging L and R and multiplying the en-
tire right-hand side by —1. For an in-depth discussion and
derivation of these boundary conditions, see Refs. [1,26,27].
We will also need the boundary conditions for a spin-
orbit coupled interface [28,29]. Defining 7| = (poy, 0, p;),

these read
¥ ooy mlry 22 21y ¥
Dgroygr =Ty (8L, &rl — 5T Prl&r, T)8L7)]
—mDTyTh[8r, {T).x, £0.0:81}]
+ Dda’[py, rpxdr] + Dde[p;, grp:8rl, (4)

where Ty and 77 are phenomenological interface parameters
describing, respectively, spin-independent tunneling and spin-
flip tunneling induced by the interfacial Rashba spin-orbit
coupling, m is the electron mass, pr is the Fermi momentum,
o quantifies the spin-orbit coupling strength, and d is the
thickness of the spin-orbit coupled interface.

III. OBSERVABLES

Our primary goal is to determine how triplet Cooper pair
supercurrents can induce a magnetization in a normal metal
by scattering on a spin-orbit coupled interface. To do so, we
need the expressions for magnetization and current in quasi-
classical theory. In this section, the quasiclassical expressions
for the magnetization as well as spin and charge currents
are presented. To simplify the analytical study later on, we
also present the observables expressed in the singlet-triplet
decomposition in the weak-proximity-effect regime.

A. Currents

The quasiclassical expression for current can be found by
using the continuity equation 9,0 + V - j = S, where j is the
current of a quantity, S is any source term present, and p is
the density of the quantity such as charge or spin. In a normal
metal, the source term vanishes for the charge current.

For charge, we have that the density can be written as
o = e (Y p39), and for spin the spin density can be written
as (w"% p3Tyr), where e < 0 is the electron charge and we
set i = 1. By using the Heisenberg equation of motion for
the creation and annihilation operators ¥, 1 and writing the
expression in terms of the quasiclassical expression we get for
the charge current density [30,31]

NoD _
7= / dE Trlps @V 1. 5)

The spin current density is a tensor, with a direction of flow in
real space and a polarization direction in spin space, obtained
by replacing p3 with % P3T.

As mentioned, we will write the expressions in terms
of the singlet-triplet decomposition terms f; and d: f =
(fs +d - 0)io,. By linearizing in 7, assuming g = P + f,
and using the relation & = —p3(&%)"p; and the fact that in
equilibrium we have gX = (g — &) tanh(£X) we get the fol-
lowing expressions for the current density J and spin current
density J;:

% dE BE 3 §
J=J / —¢& tanh < >Re([fYst —d,Vd,
o Do

2
—d,Vd, —d,vd,] —[-7]), (6)
© 4 BE - —_
JSX = 50/ —é tanh <—)Im([dedZ - szd)]+[ : ])1
0o Ao 2
@)
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* dE BE ~ ~ ~
Js, = s0/ —& tanh <—)Im([dZde —d Vd ]+,
0o A 2

0

®)
~ 4E BE ~ o
T, =Jo / 9 ¢ tanh <—>Im<[dxwy EPRZRTTERN
y Ao 2
©)

where Jy = 2eNgD Ay /& and Jg = NoDAy/E. We have writ-
ten the integral in terms of the dimensionless variable E /A,
where A9 = A(T = 0) is the zero-temperature energy gap,
and the dimensionless spatial coordinate z/£. This means that
J/Jo are now dimensionless and can be used in the numerical
study.

In the following sections, we will also use the charge
current divided into which component carries the current.
Therefore we introduce the notation

*° dE E ~
Jr = Jo/ A tanh (%)Re([fsvf:v] —[=D, 10
0 0

~ dE BE S
Ja, = —Jo/ —— tanh <_>Re([dini] -[7D, dn
o Ao 2

where J ;. is the charge current carried by the singlet compo-
nent and J 4, is carried by the d; component.

B. Magnetization

The quasiclassical expression for magnetization reads [31]

M =

N
8/1«;3 0 (12)

/ dE Tr(#8%),

where g is the Landé g-factor, Ny is the normal-state density
of states at the Fermi level, and pp is the Bohr magneton. It
should be mentioned that this expression does not take into
account the contribution from the entire Fermi sea and is thus
not suitable to compute the magnetization of a ferromagnetic
metal. It is, on the other hand, suitable for computing any
spin magnetization arising in otherwise nonmagnetic mate-
rials such as normal metals or conventional superconductors.
This holds both for spin accumulations in nonequilibrium sys-
tems and proximity-induced equilibrium spin magnetizations.
Once more we want to express the magnetization in terms
of the singlet-triplet-decomposed components. This can be
done similarly to the current, by using the expression for g*
and the equilibrium expression for gX. There are no first-order
contributions in the anomalous Green’s function; so we have
to take into account the normalization condition, (g% 2 =1.
By this method, it can be shown that the magnetization, to the
second order in the anomalous Green’s function, reads

© dE BE . _
Mx = M()/ — tanh <_>Re(dva - dxfs)a (13)
o Ao 2
M, = M, /oo dE tanh <@>Re(dvﬁ —dyf), (14)
0 AQ 2 :
© dE BE . .
M, = MO/ — tanh <—)Re(dzfs —d.fy), (15)
o Ao 2

where M() = g,bLBN()A().

IV. RICCATI PARAMETRIZATION

One particularly convenient way to parametrize the
Green’s function is the Riccati parametrization [32-35]. The
Riccati parametrization is advantageous for numerical com-
putation because the parameters are bounded between 0 and
1. For the purpose of studying systems numerically we will
here briefly outline the derivation of the Riccati-parametrized
Usadel equation as well as giving a detailed derivation of the
Riccati-parametrized boundary equation in Appendixes A and
B, including the effect of a spin-orbit coupled interface, since
the latter is not present in the existing literature.

The retarded Green’s function is defined via parameters N

and y as follows:
2Ny )
N1 +7p))

_(NU+y7)
§= _ ]\7]7
N and y will only be used for 2x2 matrices; so we do not
use any special notation to indicate their matrix nature. By
the normalization condition g* = 1 it is seen that N = (1 —
yP) landN = (1 —yy)".
A couple of useful identities can be found:

(16)

Ny =yN, Ny =#N. (17)

Notice also that

yp=1-N""1 (18)

When writing the Usadel equation and the boundary con-
ditions, in particular including the role of spin-orbit coupling,
we will have to deal with derivatives. To simplify the nota-
tion, we therefore introduce ' = 9,y. The following way of
writing derivatives will also be useful:

SN =Ny'7 +yy)N, (19)
N =NG'y +7v)N, (20)
9(Ny) =Ny +y7'v)N, @21
.(Ny)=NF' +7y'7)N, (22)

all of which can be found by using the identities above.

The general approach for identifying the Riccati-
parametrized Usadel equations and the Kuprianov-Lukichev
boundary conditions is thoroughly described in Ref. [35]. The
method consists of writing the terms in the Usadel equation in
4x4 matrix notation and then taking the upper right 2x2
matrix minus the upper left 2 x2 matrix multiplied by y. More
specifically, one takes %N’l([~ -+ 112 = [- - - l11y) of the matrix
equation [- - -], where the subscript indicates a block matrix.
Doing so, one manages to eliminate terms such that Bzzy or
d,y terms can be separated out.

The final result for the Riccati-parametrized Usadel equa-
tion for a ferromagnet reads

3y = —2Ey —ih-(ty —yt*) = 2y'Nyy’,  (23)
where for a normal metal the only adjustment needed is to
set h = 0. It can be shown that the Riccati-parametrized bulk
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BCS singlet superconductor solution is

0 be'®
VYBCS = <_bei¢, 0 )a (24)
where ¢ is the phase and
A
,_ | Evae forlEl<4 ’s
- Asgn(E) fe E A ( )
|E|+VE2—AZ? or [E| > A.

Riccati parametrization of boundary conditions

When deriving the Riccati parametrization of the specific
boundary conditions used in this paper, it is useful to note
that many of the terms both in the spin-orbit coupling and
spin-active boundary conditions have the same form. Here a
practical method for Riccati-parametrizing terms of this type
is presented in order to simplify the calculations.

The form which many of the terms take is

(8. U1, (26)

where U is a matrix whose exact form depends on the specific
boundary conditions. In general, we write U as

A Ui Un
U= . 27
<U21 Uzz) @7)
By Riccati parametrization, it can be found from the left-
hand side of the boundary equation 29,2 that

AN (18108012 — [800:80111v) = Oy, (28)

as seen in Ref. [35]. The subscript indicates the block of the
matrix that is meant, as in Eq. (27).

To obtain the complete boundary conditions, we have to
perform the same operation on the right-hand side as on
the left side. This means we need to take %NL_I([~ i —
[- - - Ti1yL) of every term on the right-hand side of the bound-
ary conditions. Thus we start by finding a procedure for all
terms that come in the form of Eq. (26):

SN (8L, Uiz — 18, Ulnvw)
= %N[l(gLUlz +f,Un-Unf, +Ung
— (Ui + f,Un = Ung, +Unfv).  (29)

As a next step we collect the terms with the same Uj;
matrices and insert f = 2Ny, g = 2N — 1. The U, term can
be written as

SNCN(=Unf, — & Unye +Ung, vi)
= 3N, (= Un2Nuy — 2N, — DUnn
+Un(@2Ny — Dy) = =Unye. (30)
In the same manner the U;, term becomes
3N N8, Un + Ung, —Unf, i)
= IN;' (2N, — DU + U (2N, — 1) — Up2Np i)
=Up. €29)
The Uy, term should also be written in terms of y as

NN (=, Uny) = —viUnye. (32)

S2

@
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<
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FIG. 2. The system in which supercurrents and induced magne-
tization are investigated. The material to the left, (L), is the material
in which the supercurrent will flow. This material will be either
a ferromagnet or a normal metal. To get the current flowing, two
conventional superconductors are connected to (L), and a phase dif-
ference between them is applied. In between the superconductors and
(L), spin-active interfaces are included for the purpose of creating
triplet Cooper pairs and thereby also triplet supercurrents. A normal
metal, (R), is connected to (L) through a spin-orbit coupled interface.
This material borders a vacuum aty = [.

Finally, the Uy, term can be written as
NS Un) = yiUn. (33)
Putting everything together, we get
INS ([, Uiz — [g2. Uliiwe)
=—UnyL+ Ui — yUnyr + yUn. (34)

We note that this also can be used for the Kuprianov-
Lukichev boundary conditions [36], where one would have
U = Gygg. From this, and using the identities in Eqs. (17)
and (18), the Kuprianov-Lukichev boundary conditions can
be found to be

0:vL = Go(1 — yr¥r)Nr(YR — VL), (35)

0:vr = Go(1 — ygrVL)NL(Yr — VL) (36)

In Appendixes A and B, both the spin-orbit coupling and
spin-active boundary conditions will be written in the Riccati-
parametrized form using the method described here.

V. SETUP

The system we are studying is illustrated in Fig. 2. The
region in which the supercurrents will flow is drawn to the
left and will therefore be referred to as (L). Similarly, the
region where induced magnetization will be studied is drawn
to the right and is called (R). In this paper, we let the region
(R) be a normal metal, and (L) will either be a normal metal
or a ferromagnet depending on the situation. The z position
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where (R) is connected to (L) is called zy. In most situations,
we use 7o = [/2, and it will be specified when other values
are used. The (L) and (R) regions are chosen to have the
same length, but this is not required for the effects predicted
here. The gray region between (L) and (R) is the spin-orbit
coupled material, for which the spin-orbit coupling boundary
conditions will be used. Atz = 0 and z = [, conventional BCS
superconductors, S1 and S2, are attached to the (L) material.
These superconductors are the sources for Cooper pairs in
the rest of the system. Between (L) and the superconductor,
spin-active interfaces are introduced and are marked as gray
regions in the figure. The interface magnetizations of the spin-
active interfaces are described by unit vectors m; and m;.

To create a pure singlet charge current, the interface
magnetizations are switched off (m; = m, = 0), which is
equivalent to using the regular Kuprianov-Lukichev boundary
conditions. Furthermore, (L) is a normal metal in the singlet
current case. As the superconductors S1 and S2 only contain
singlet Cooper pairs, no triplets will be induced in (L) in
this scenario. We want a supercurrent to flow through the (L)
region. This is achieved by applying a phase difference, ¢,
between S1 and S2.

To create the triplet charge current and the spin current, the
interface magnetizations are switched on. The triplet charge
current is created in the same way as in the singlet case: by
applying a phase difference.

For the purpose of discovering effects caused solely by
triplets, a ferromagnetic exchange field is included in the ma-
terial (L). Because of the exchange field, the singlet becomes
short ranged and dies out rapidly in the (L) region. In an
experimental setup, it would be of importance to separate the
intrinsic magnetization coming from an exchange field and
the magnetization induced by supercurrents. Therefore the
exchange field is modeled to be spatially varying in (L) such
that it is zero in the middle region but large at the sides (as
shown later in Fig. 4). In practice, this can be realized by
attaching thin ferromagnetic regions with a strong exchange
field right next to the superconductors and then having a
long normal metal region separating the ferromagnets. In this
way, the singlets and short-range triplets are filtered out by
the thin, strongly polarized ferromagnetic regions, whereas
the long-range triplets produced in the ferromagnetic region
remain and can propagate through the normal metal. More
specifically, it is the triplet component that is spin neutral in
the exchange field orientation d || & that is short ranged, and
the others are long ranged.

As we will discuss in the following analytical study, the
difference between the d, and d, components is quite in-
significant relative to the spin-orbit coupled interface, and it is
instead the d, component that is the most relevant. Therefore
we focus most of the discussion on the case where the inter-
face magnetizations lie in the xy plane and the exchange field
points in the z direction, 2 = (0, 0, h(z)). We do, however,
include rotation of both m; and m, with an angle « around
the z axis, and the angle between m; and m, which we call 6.
These angles are illustrated in Fig. 3. We also note here that
the directions chosen are advantageous for an experimental
setup, as rotating the interface magnetizations in plane is a
simpler task than driving them out of the xy plane.

FIG. 3. Definition of the angles « and 0. « is defined as the angle
between the x axis and the interface magnetization of the first inter-
face, m,. 0 is the angle between the two interface magnetizations.

We also remark that rotating both interface magnetizations,
m; and m,, by an angle « is equivalent to rotating material (L)
around the z axis. Thus, rotating the interface magnetization
or attaching the (R) region to the (R) region at different angles
corresponds to the same physical system.

In the numerical study, we have used the interface param-

eters & = 0.2/&,, 2105 = mTyT, /&, = do® = 0.1/£, unless
specified otherwise. To create pure charge currents, we set
P =0 and G4 = 3Go. We also checked that the results are
qualitatively similar if one instead uses P # 0, G4 = 0. If both
P and G, are finite, spin supercurrents in addition to charge
supercurrents flow in the system. Furthermore, a combination
of a length of material (L), /, that is short enough to preserve
some of the triplets and a strength of A that is strong enough
to remove the singlet had to be found. Setting the length of the
material, /, to eight times the bulk superconducting coherence
length, I = 8&, = 84/D/Ay, and h(z) as in Fig. 4 was found
to work well.

Finally, we emphasize that our main aim here is to deter-
mine the qualitative behavior of the spin signal induced by
the charge and spin currents, such as when it exists and how
it changes depending on the polarization of the triplet Cooper

150

1001

h/A

501

0 12 1
z

FIG. 4. The spatial profile of the exchange field function h(z)
which is applied to the left material (L) in the triplet current cases.
This ensures that only the long-ranged triplet component survives
at the contact with the normal metal through the Rashba spin-orbit
coupled interface. In an experiment, one would use a strong ferro-
magnet/normal metal bilayer to achieve an exchange field spatial
profile serving the same purpose. In this paper, the spatial profile
of h is continuous rather than abrupt for numerical convenience, as

one can then evaluate the Usadel equation in a single layer.
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pairs, and not predict its precise magnitude, which will depend
on the material choices.

Numerical method

In general, the materials on both sides of an interface
are affected by each other. However, here it is assumed for
simplicity that the inverse proximity effect that material (L)
induces in S1 and S2 is negligible, and only the effect from
the superconductor on the material (L) is considered. The
superconductors are thus assumed to be the bulk supercon-
ductors. Such an approximation is valid when one of the
materials is much more disordered than the other [37]. The
bulk superconductor Green’s function can by this assumption
be used directly in the boundary conditions used to solve
system (L). Similarly, the effect from (R) on (L) is neglected,
and the solution for system (L) at z = z is used directly in the
spin-orbit coupling boundary conditions for (R). Furthermore,
the materials are individually modeled as one dimensional,
meaning that material (L) is extended in the z direction and
(R) is extended in the y direction.

The system which has to be solved is now the one-
dimensional Usadel equation in two regions. This is a
second-order differential equation for two variables, y and 7,
and to solve it numerically we rewrite it as four first-order
differential equations writing

<

~

<

, (37

\\<1

A

where f(---) is a function that returns the derivative of the
input. The function will thus return y’ as the derivative for y
and use the Riccati-parametrized Usadel equation to find the
derivative of ¥’ and similarly for . Thus we have a system of
16 complex connected differential equations, four elements in
each of the matrices y, y’, 7, and #’. The boundary conditions
give restrictions to ¥’ and 7’ on each side of the material.

To solve the system, we have used the boundary value
problem solver from SCIPY [38]. To stabilize the solver, the
real and imaginary parts are split such that the 16 complex
equations become 32 real ones. To increase numerical sta-
bility, inelastic scattering is also included by adding a small
imaginary component to the energy, which here is set to
8/Ap = 0.01 as used in Ref. [39]. This imaginary component
is referred to as the Dynes parameter and is often used to
model experiments [40]. In essence, it has the effect of broad-
ening the spectral features, such as the peaks of the Green’s
functions that occur at E =0 and E = A. As mentioned,
the interface magnetizations are rotated in the xy plane in
the triplet cases. A small trick was used to solve the system
with these rotations. To save computation time, the Usadel
equation only has to be solved once in material (L) for one
given 0 and one given set of interface parameters. The angle
o can simply be taken into account by rotating the triplet
components d,; and d, ;, such that

dy (o) = d, 1 (0) cos(a) + d,,(0) sin(a),
dy () = —d, 1 (0)sin() + dy L (0) cos().  (38)

This means that instead of solving the system in (L) for every
o, we solve it once and then rotate the solution to proceed
studying the material (R). For the material (R), however, the
Usadel equation needs to be solved separately for every value
of a. We have verified the integrity of our numerical method
by, e.g., checking that current conservation is satisfied and
that we reproduce known results from the literature, such as
the induced magnetization from a singlet charge current in
Ref. [29].

VI. A BRIEF ANALYTICAL STUDY

To gain more physical insight before proceeding to the
numerical results, we here analyze the weak-proximity-effect
regime where the equations can be linearized in the anomalous
Green’s function. We will see that there is a clear relation
between the singlet charge current, J;,, and the induced mag-
netization in the x direction, m,. A similar relation also exists
between a triplet charge current carried by the d, triplet, J;,,
and m,.

In the weak-proximity-effect regime, we assume that the
quasiclassical Green’s function is close to the normal metal
solution, gy = p3, but with a small superconducting part, f,
induced by the proximity superconductors. We thereby as-
sume that we can use the weak-proximity-effect solution g ~
D3 + f. Using the singlet-triplet decomposition, the Rashba
spin-orbit coupling (SOC) boundary conditions can be written
as follows, keeping only the terms of the first order in f :

8yfv,R = - mT()Tl 8zdx L

D 3 D

)(st_st) (39)

02 2 T12

8ydz'R = — <8d0l —2— D + 43 D )dz,R

—(2d, 1) Iy +22 TPk (40)
“\'p "3 p )
2T2p T2
dydog = — 43, f, mTyTy — <4§— + 4da’® — 25°>dx,,e
T2

- (2dx,L)—°, (41)

2 T2 p? T2 T?

o,y g = —<43 llfF + 4da’? 230>dy,R —28d,,.

(42)

From this, we see that there is a link between f; g and 9,dy .
and the other way around between d, g and 9. f; ;.. On the other
hand, to first order, d, r can only be induced by d,,;, and d_ g
can only be induced by d_ ;..

Furthermore, we can use the solution to the linearized
Usadel equation in a normal metal:

.f:v = Ase_ky + Bseky7
de = Ae™ 4+ B.e?, (43)

where k = \/—2iE /D and Ay, A,, By, and B, are constants that
have to be determined using the boundary conditions. If we
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assume that [ — o0, the B factors have to be zero in order to
avoid a diverging function.

A. Singlet current

We start by discussing the singlet charge current case. In
this scenario, there are no triplet components present in (L).
Thus there is no induced d, or d; on the right side of the
interface. Furthermore, there is no d, and thus no d,d, on the
left side. Assuming for simplicity [ — oo, from Eqs. (39) and
(41) we then see that

fv,R X fv,L ) (44)

der X 0. fs 1,

since in this case 0, fs g ¢ fs g and dydy g o< d g. Note that the
tilde-conjugated components have the same proportionality
between the left and right sides. Thus it follows that

fs,Lazfv,L - f:v,Lazfs (0.8 fs,Rd~x,R - fs,Rdx,R.

From Egs. (10) and (13) we see that the real part of the left
side in the expression above is exactly what occurs in the
expression for a singlet current in material (L), J¢,. We also see
that the real part of the right side in the expression is exactly
what occurs in the induced magnetization expression 1, g.

From the analytical expression, we conclude that there is
a clear connection between induced magnetization and the
singlet charge current. We note, however, that f, ;9. f;; —
f;,LBZfs,L and fS,RJx,R —f;,Rdx,R might not have the same
phase, such that the real part of these expressions might not
be directly proportional.

(45)

(46)

B. Triplet charge current

Next, considering a triplet current, we see that the currents
Ja, and J,, which contain varying d, and d; components in
(L), do not induce a singlet in (R), at least to the first order in
f. We can thus conclude that d, and d, induce no magnetiza-
tion in (R). For the last type of triplet charge current, J; ,, the
same argumentation as for the singlet charge current applies.
The difference is that in this case we have

dx,R [c¢ dx,L» (47)
for X 3.dy . (48)

This gives
de1d:dyp —do10.dy  firdig — firder.  (49)

Seemingly, J,, and J;, then induce the same magnetization.

A triplet charge current does, however, not have to be
carried by a pure d,, dy, or d;. In general, we can have an
arbitrary d vector carrying a pure charge current. Keeping to
the situation where the triplet vector d points in the xy plane,
we would get a current carried partially by d, and partially
by d,. In this case, the part carried by d, induces a singlet
component in (R), whereas the d, part induces a d, in (R)
as well. By this argument, a magnetization in the y direction
would also be induced. Thus we see that with a triplet charge
current, magnetization can also be induced in more than one
direction. This is contrary to the singlet charge current.

C. Spin current

We also briefly comment on how the induced magnetiza-
tion changes when there is not only a charge supercurrent,
but also a spin supercurrent flowing in (L). From Sec. III we
see that there is no d, component involved in the x-polarized
current J; . From this spin current, no singlet can be induced in
(R), and thus also no magnetization. Both for the y-polarized
spin current J; and the z-polarized spin current J,, a d,
component is involved. Since the d, and d, components are
treated similarly by the spin-orbit coupled interface, we settle
for only studying J_. Presumably, J5, would induce a rotated,
but similar magnetization.

The z-polarized spin current J; is seen in Eq. (9) to be
dependent on the imaginary part of the following expression:

dx,LBz&y,L - dy,Lazsz,L + d‘x,Lazdy,L - d~y,L3zdx,L- (50)

Notice that from the linearized spin-orbit coupled boundary
conditions, it is found that

dy1.0:dy 1 o< dyr fy k- (51)

Notice also that the real part of the right side also occurs in
the m, expression. The relation here is much less direct than
in the charge current and m, case. In the expression for m, the
term and the tilde conjugation of the term are subtracted from
each other, but in the J; ; expression they are added together.
Furthermore, m, depends on the real part of the expression,
whereas J;. depends on the imaginary part. It therefore follows
that no clear connection exists between a pure spin current and
an induced magnetization via the spin-orbit coupled interface.

D. Linearized spin-active boundary conditions

Before proceeding to the numerical study, we also look
at the linearized spin-active boundary conditions in order
to understand how the currents are created. These bound-
ary conditions will only be used in interfaces where one
side is a singlet superconductor. We consider below for
concreteness the right interface and thus remove all triplets
on the right side of the interface of the equations below.
The linearized equations in the singlet-triplet decomposition
notation read

dfor = —2m*(for + fsR)G1 +2Go fir — 2Go fi.1

— 2Gy(dy,Lmy + dy pmy + d; L), (52)

d.dyr = (—m*Gy — 2Go)dy . + (4idy m; — 4id;my)Gyr
— 2Gy) fy.my, (53)

d.dy = (—2m*Gy — 2Gy)d, 1, + (4id,m, — dim.d,)Gyr
— (2Gy) fs.Lmy, (54)

d.d, 1 = (—2m*Gy — 2Gy)d, 1 + (4idym, — 4idym,)Gyr
— (2Gy) fs,Lm;. (55)

For studying the triplet scenarios, material (L) will be a
ferromagnet. Except for when we want to determine the effect
of a current J,; , the exchange field will be oriented in the z di-
rection, which induces a d, component in (L). As mentioned,
this d, triplet will then be short ranged, and thus we focus
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FIG. 5. The supercurrent induced in material (L) as a function of
the phase difference between S1 and S2, ¢. The boundary parameters
used are G4 =0, P = 0, Gy = 0.01/&,.

this discussion on the d, and d, components induced by the
spin-active boundary.

The terms that create the d, and d, triplets are the G4 and
Gumr terms. If we only have the G4 term, we see that the
induced d is parallel to the interface magnetization. If we,
however, turn off G4 but turn on Gur (by letting P # 0), we
see that d is orthogonal to the interface magnetization, since
d, will already be present because of the exchange field in (L).

If we thus let the interface magnetizations be parallel to
each other and only include one of the terms such that we
have either G, =0 or P = 0, the behavior of the current
closely resembles that of a conventional Josephson junction,
except that it is only the triplet and not the singlet that is
long ranged. Applying a phase difference between the BCS
superconductors S1 and S2, it is reasonable to expect that in
this case we can create a pure triplet charge current in (L). As
we, in that case, are able to create only one long-ranged triplet
component, we know there cannot be any spin current. When

1x10-6
— M,

T

0 2 n 3n2 2

FIG. 6. The induced magnetization in (R), right next to the in-
terface SOC interface at y = 0, in the presence of a supercurrent
flow in region (L) due to a phase difference ¢. The spin-active
boundary parameters used are G4 =0, P =0, Gy = 0.01/&,, and
the spin-orbit coupled boundary parameters used are 7,2 /D = 0.2/,
2T2p% /D = mTyT; /&, = do® = 0.1/,

1x10-°
2n 0
2
3n/2
m/ 1
S 0 Ex
=
-1
/2
-2
0+ .
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y

FIG. 7. The supercurrent-induced magnetization in (R) as a func-
tion of phase difference ¢ and position y in the zero-temperature
case. The spin-active boundary parameters used are Gy = 0, P =0,
Gy = 0.01/&;, and the spin-orbit coupled boundary parameters used
are T2 /D = 0.2/&,, 3T p% /D = mTyT, /&, = do® = 0.1/,.

both G4 and Gwr are present, or 6 # 0, we see that both d,
and d, will be created, and we can in general also find a spin
supercurrent.

VII. NUMERICAL RESULTS
A. Singlet charge current

The proximity effect and magnetization induced by the
singlet supercurrent are explored by removing the interface
magnetizations and the exchange field in (L). We numeri-
cally determine the magnetization in the full-proximity-effect
regime, using the nonlinear Riccati-parametrized equations,
and compare it with the results expected from the analyti-
cal treatment. Furthermore, the role of the symmetry of the
anomalous Green’s function under the -~ operation is dis-
cussed. Finally, we discuss the spatial dependence of the
magnetization induced in the normal metal (R) and also check
the temperature dependency.

The current and magnetization as a function of ¢ are shown
in Figs. 5 and 6. The magnetization shown in the Fig. 6 is
evaluated at y = 0. As expected from the analytical study, no
magnetization was induced in the y or z direction. Further-
more, it is seen from the figure that the induced m, in (R)
is proportional to the singlet current in (L). We remark that
this is consistent with Ref. [29], whose authors found, from
using an effective model for the Green’s function in (L), that
my,  J. The effective model used in Ref. [29] has a disap-
pearing derivative of f; when J = 0 as it does not consider
that the absolute value of f; can be decaying. Inside a normal
metal, however, we expect the Cooper pair wave function to
decay away from the superconductor interfaces. Even when
the current is zero, the singlet component can therefore still
have a finite derivative. Therefore it is natural to ask whether
the disappearance of the magnetization at J = 0 is caused by
the spatial gradient of the f;; and d, ; components vanishing
at ¢ = 0, w or caused by the symmetry properties under the
-7. operation of the triplet and singlet components. We have
performed this analysis in Appendix C, and our conclusion
is that the -~ --operation symmetry, which is influenced by

024503-8



CONVERTING A TRIPLET COOPER PAIR SUPERCURRENT ...

PHYSICAL REVIEW B 109, 024503 (2024)

T T T T T T

0.0 0.2 0.4 0.6 0.8 1.0
T/T:

FIG. 8. The magnetization evaluated at y =/ as a function of
temperature. We used ¢ = /4. The spin-active boundary param-
eters used are Gy =0, P =0, Gy = 0.01/&,, and the spin-orbit
coupled boundary parameters used are T2 /D = 0.2/&, 3T?p% /D =
mTyT; /& = da? = 0.1/&,.

whether or not a supercurrent flows, causes the magnetiza-
tion to vanish at ¢ = 0, w. Note that the absence of induced
magnetization does not necessarily imply the absence of a
triplet being induced. The supercurrent-induced magnetiza-
tion decays monotonically in the (R) normal metal, as shown
in Fig. 7.

Finally, we consider the temperature dependence of the
supercurrent-induced magnetization. The quasiclassical mag-
netization from Eq. (13) has a factor tanh(BE/2) in the
integrand. Varying the temperature changes how the contri-
bution

Re(fi(E)d\(E) — f{(E)d\(E))

is weighted with respect to energy. A relevant question to ask
is therefore how the temperature affects the magnetization.
The temperature dependence of the energy gap must be taken
into account. We chose a standard interpolation formula which
is valid for T € (0, T,) [41]:

(56)

A(T) = A(0) tanh (1.74 % - 1), 57
where T, is the critical temperature. We also use the BCS
relation between the zero-temperature gap and the critical
temperature, ATEO =1.76.

Figure 8 shows the magnetization evaluated at y =1/ as a
function of temperature. Although the integrand in general
oscillates as a function of energy E, similarly to the spectral
supercurrent, the total magnetization shows a monotonic de-

cay with temperature.

B. Triplet charge current

In the following, the case with a pure triplet charge current
is explored and compared with the singlet charge current case.
To reduce the number of parameters to vary, this discussion
only considers the zero-temperature case. We nevertheless
expect a monotonic decay of the induced magnetization as the
temperature approaches 7.

To create a pure triplet charge current, as discussed in
Sec. VI, the interface magnetizations have to be parallel.

3 —— abs(f)
10751 — abs(dy)
10-7 —— abs(d,)
10—11,

10—15,
0 12 !

FIG. 9. The absolute value of the triplet components evaluated
for E/ Ay = 0.14. The figure shows that f; and d, are many orders of
magnitude smaller than the long-ranged d, component. The bound-
ary parameters used are P = 0, Gy = 3Gy, Gy = 1/&,,a = 0,6 = 0.

Moreover, we also have to set either the polarization or the
spin-mixing angles to zero. Otherwise, a spin supercurrent
will also flow through the junction [42].

We first consider the P = 0 case, with a finite spin-mixing
angle G4 # 0. This means only considering spin-independent
transmission amplitudes from the proximate superconductor
but with spin-dependent reflection terms.

We consider a situation where the f; component is negli-
gible compared with the triplets in (L). This is achieved via
the exchange field profile discussed in Sec. V. Figure 9 shows
that both f and d, die out over a short range into the material
(L) when my = my = (m,0,0) and k(z) = (0,0, i(z)). The
singlet and the d, triplet oscillate rapidly and decay quickly
[31,37]. In the middle region, d, and f; are many orders of
magnitude smaller than d,, and we conclude that the results
from this section are pure triplet effects.

1x10-°

3n2 2m

0 n}2 m

FIG. 10. The absolute value of the magnetization in mate-
rial (R) induced by d,-, d,-, and d,-carried charge current. It is
seen that it is only the d,-carried charge current that induces a
magnetization. As seen, for certain triplet pair polarizations, a
supercurrent (J;, and J;.) does not induce magnetization in any direc-
tion. The spin-orbit boundary parameters used are T2/D = 0.2/,
IT2p% /D = mTyT, /& = da* = 0.1/&,, and the spin-active bound-
ary parameters used are P = 0, Gy = 3Gy, Go = 1/&;m) =my =
(1,0,0),(0,1,0), (0,0, 1) for the J,, , J4,, and J,, cases, respectively.
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FIG. 11. Charge current as a function of ¢ in material (L). The
green curve shows the total current, and the orange line shows the
singlet current. It is clear that the singlet current is negligible com-
pared with the triplet current. The magnitude of the triplet charge
current is invariant when changing «. The boundary parameters used
are P =0, Gy = 3Gy, Gy = 1/,,0 = 0.

The triplet charge current can be divided into three com-
ponents, Jg , Jg,, and J; , which from Sec. VI are expected to
give different results. We explore all these currents here. A
Jga, current is created by using m; =m, = (m,0,0) and h =
(0,0, h(z)). In the same manner, a J;, current is created by
usingm; = m, = (0, m, 0)andh = (0, 0, h(z)), and a J,, cur-
rent is created withm; = m, = (0, 0, m) and h = (h(z), 0, 0).
The absolute value of the induced magnetization in (R) is
plotted for the three different triplet cases as a function of
¢ in Fig. 10. Consistent with the analysis in Sec. VI only
the d,-carried current induces a magnetization in (R), which
confirms the analytical results. The induced magnetization can
thereby be utilized to distinguish J;, from the other triplet
currents. In other words, the induced spin signal is strongly
dependent on the polarization of the triplet Cooper pair
supercurrent.

However, a triplet current does not have to be carried by
a pure d, dy, or d, but could just as well be carried by any
combination of d-triplet components. Therefore rotation of

-5
21 1x10 X
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<
[S] n 0 3
/2 -1
| -2
0 /2 m 3mn/2 2n
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FIG. 12. The supercurrent carried by d, triplet Cooper pairs,
which induce a magnetization in (R) through the spin-orbit coupled
interface, as both the phase difference ¢ and the interface angle in
the xy plane, «, are varied. The boundary parameters used are P = 0,
Gy = 3Gy, Go =1/§,,6 =0.
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FIG. 13. Induced magnetization m, in (L) in the triplet supercur-
rent case where G, # 0, P = 0. The spin-orbit boundary parameters
used are T?/D = 0.2/&,, %lepfr/D =mhT, /& = da® = 0.1/&,,
and the spin-active boundary parameters are P = 0, Gy = 3Gy, Gy =
1/&,6 =0.

the interface magnetization in the xy plane is investigated.
First, we consider the behavior of the charge current in mate-
rial (L), shown in Fig. 11 as a function of the phase difference
¢. The current shows a standard current-phase relation and
is independent of the value of «. As seen in Sec. VI the Gy
term creates a d vector proportional to the interface magneti-
zation. At o = 0 the interface magnetizations are m; = m, =
(m, 0, 0); so it is natural that the charge current then will be
carried only by the d, triplet. As « changes, the current will
gradually be carried more and more by the d, component, until
itat @ = 7 /2 is carried only by the d, components. Thus, as «
is varied, the total current stays unchanged; however, J,; does
change, as shown in Fig. 12.

The induced magnetization in material (R) in the triplet
current case is plotted in Figs. 13 and 14. As discussed in
Sec. VI, there exists a clear relation between J, and m, g.
Figure 13 confirms this relation as the induced m, has the
same form as J;, from Fig. 12.

- 1x10-5

3m/2 A
- .

S A 0.0 §
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FIG. 14. Induced magnetization m, in (L) in the triplet supercur-
rent case where G4 # 0, P = 0. The spin-orbit boundary parameters
used are T7/D = 0.2/§, 3T?p:/D = mTyTi/& = do® = 0.1/&;
and the spin-active boundary parameters are P = 0, G4 = 3Gy, Gy =
1/&,0 =0.
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The magnetization plots also show differences from the
singlet current case. First of all, the induced m, varies
with «. In the singlet case there is no interface magne-
tization; however, as varying o in the triplet case is the
same as rotating the material (R) around material (L), it
still makes sense to compare the o dependencies of the
singlet case and the triplet case. What this means is that
in the singlet case one would measure the same induced
magnetization [in axes relative to (R)], no matter in what
direction (R) was connected to (L). However, in the triplet
case, the angle in which (R) is connected to (L) makes a
difference.

Besides the o dependency in m,, an additional new sig-
nature arises in the triplet case, namely a magnetization
component in the y direction seen in Fig. 14. In the singlet
current case, only m, was induced, and thus the induced m,
contributes to making the triplet and singlet currents distin-
guishable. From the figure it is seen that m, has a different o
dependency than m,. This can be explained by realizing that
we expect d, ;. and thus 9,d, ; to have a cos(«) dependency.
This would, according to the linearized spin-orbit coupled
boundary conditions, give d, g and f; g both a cos(cr) depen-
dency. Thus the induced magnetization m, in (R), which is a
product of d,  and f; &, naturally acquires a cos(a) depen-
dency as in the figure. Furthermore, we should expect d, ; and
thus also d,  to have a sin(«) dependency. The magnetization
in the y direction, a product of f; z and dy g, should therefore,
consistent with the figure, have a sin(«) cos(«) dependency.

If we compare the singlet current case with the triplet
current at o = 0, the induced magnetization in (R) looks
the same. However, by either growing the normal metal on
the (L) region at different crystallographic orientations, or
alternatively growing two normal metals to (L), both through
a spin-orbit coupling interface, but at different angles, the
induced magnetization would change strongly in the triplet
case. Similarly, as in the singlet case, we have checked that
the disappearance of the magnetization at¢ = Oandat¢ = 7
can be explained by the symmetry properties under the -~-
operation of the components. Thus we do not expect that a
spatial gradient in the triplet correlations is sufficient to induce
a magnetization: Only when a supercurrent is flowing, thus
providing the triplet correlations with the correct -~ - symme-
try, is a magnetization induced.

In Fig. 15, we consider the dependence of the induced
magnetization and the triplet supercurrent on the misalign-
ment angle 6 between the interfacial magnetic moments. This
angle can be tuned experimentally by using different mate-
rials and/or thicknesses of the magnetic barriers. In such a
case, the magnetization orientation of one barrier remains
fixed upon applying an external magnetic field, whereas the
magnetization of the (softer) barrier rotates with the field.
We fix m || x (@ = 0) and consider a superconducting phase
difference ¢ = 7 /2 which typically maximizes the supercur-
rent. The exchange field is fixed at A | z, thus filtering out
singlets f; and the d, triplets, as before. In the absence of
misalignment (0 = 0), the current is carried by d, triplets,
whereas no current is carried by d, triplets. The ratio of the
currents carried by these Cooper pairs changes upon varying
0, as seen in the lower row of Fig. 15. Both J;, and J,, are
suppressed at & = /2, in which case the magnetic texture

1x10~’ 1x10~7
o 57 o 257
s =
; 01 § 0.0
-5 —2.51
0 n/2 nm 3n/2 2n 0 n/2 nm 3n/2 2n
6 6
1x10°° 1x10~°
1] 2.5
3 0 E 0.0
SN 25 VM \/
0 n2 n 32 2n 0 n/2 n 3n/2 2n
6 6

FIG. 15. Upper row: plots of the induced magnetization com-
ponents. Lower row: the triplet supercurrent through the junction.
The spin-orbit boundary parameters used are Ti7/D = 0.2/%,
2sz /D = mTyT; /& = da® = 0.1/&,, and the spin-active bound-
ary parameters are P =0, G4 = 3Gy, Gy = 1/, with o = 0 and
varying 6.

of the system maximizes its spin chirality (mxm;) - h. This
can be understood as follows. Keeping m; fixed in the x
direction, there is always a d, component induced at the z = 0
interface. Keeping the phase difference fixed to ¢ = 7 /2, the
amount of supercurrent J;, then depends on the induced d, on
the x = [ interface. The d, on this side will be proportional
to myp, ox cos(f) since it is primarily induced from singlet
conversion at the x = [ interface. Figure 15 shows that J;, has
precisely this 6 dependency and so vanishes at & = 7 /2. For
the d,, on the other hand, there is no directly induced d, from
singlet conversion at the z = 0 interface, and thus one cannot
immediately read out the phase or tilde-conjugation properties
of dy from the linearized equations. Since d, is only directly
1nduced at the z = [ interface, it is nevertheless reasonable to
expect that J, is smaller than J, , which is consistent with
Fig. 15.

Consider now the resulting induced spin magnetization
in the normal metal and its dependence on 6, shown in the
upper row of Fig. 15. The m, component follows the current
carried by d, triplets, as in the previous cases considered
in this paper. The m, component, however, does not fol-
low the d, triplets. In fact, the m, component is maximal
at § = /2, where Ja, = 0. This can be understood by con-
sidering the tilde-conjugation properties of the individual d,
and d, components. The argument is most easily presented
by considering the phase of S1 to be O and the phase of
S2 to be ¢, although the physics naturally only depends on
the actual value of the phase difference. At ¢ = /2 the
singlet superconductors S1 and S2 behave oppositely un-
der tilde conjugation, f; | = —fi.1, fir = —f26%® = +f; 5.
Thus we should also expect d, and d, to have opposite
tilde-conjugation properties at 6 = 7 /2 since they are induced
at different interfaces. We see that there is no J,, at 6 = /2,
which means that d,d, and d, have the same tilde-conjugation
property, and thus by the SOC boundary conditions, f; g will
also inherit this tilde-conjugation property. Furthermore, since
d, r inherits the tilde-conjugation property of d,;, we have
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FIG. 16. Two possible experimental realizations of the proposed system. In (a), thin magnetic insulators with a magnetization in the
xy plane couple BCS superconductors to a strong ferromagnet which is polarized in the z direction. The strong ferromagnet filters out all
superconducting correlations except equal-spin Cooper pairs along the magnetization direction. Adjusting the magnetization of the magnetic
interfaces allows one to vary the spin polarization of the triplet Cooper pairs carrying a supercurrent in the system. A simpler setup is shown
in (b), where one uses intrinsic triplet superconductors. By growing these materials along different crystallographic axes relative to the normal
metal in the middle, the polarization of the triplet pairs, quantified by the d vector, is varied. The drawback of the setup in (b) is that intrinsic
p-wave triplet superconductivity is rare and is only well established in uranium-based compounds.

dy g and f; g with opposite tilde-conjugation properties, which
leads to an induced m, as seen in Fig. 15.

Finally, to check the robustness of the results, another
parameter set was also investigated. The interface magnetiza-
tions are kept parallel; however, the polarization is turned on,
adding the magnetoresistive term and the G; term. Instead the
spin mixing is turned off, G4 = 0. From Sec. VI we see that
the Gpr term creates a triplet d orthogonal to the interface
magnetization and to k. In this case, a 7 /2 shift in « arises
compared with the P = O situation because of the induced
triplet being orthogonal to the interface magnetization instead
of parallel. Other than that, the form of the magnetization is
similar, and the conclusions from the P = 0 case hold.

VIII. CONCLUSION

In summary, we predict an experimental signature of
current-carrying triplet Cooper pairs in the form of an induced
spin signal. We show that a supercurrent carried only by
triplet Cooper pairs induces a nonlocal magnetization that is
controlled by the polarization direction of the triplet Cooper
pairs. The dependence of the nonlocal magnetization on the
polarization direction of the triplet pairs can be experimentally
tested in situ. Specifically, the component of the d vector
carrying the supercurrent is determined by the magnetizations
in Fig. 16. This provides a measurement protocol to directly
use the spin polarization of the triplet Cooper pairs in su-
percurrents to transfer spin information in a dissipationless
manner.
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APPENDIX A: RICCATI PARAMETRIZATION
OF THE SOC BOUNDARY CONDITIONS

We now derive the Riccati parametrization of spin-orbit
coupling boundary conditions given in Eq. (4). These bound-
ary conditions take into account charge-spin conversion at
the interface [29]. The starting point is to perform the same
operation on the right-hand side as we did on the left-hand side
in Eq. (28). The first term is simply the Kuprianov-Lukichev
boundary term [36]. The rest of the terms we go through one
by one. For concreteness, the derivation below is done for a
boundary condition which has gzd,gr on the left-hand side of
the boundary condition.

The first term is — 27} p%.[gr, #) 8. %], for which we define
the matrix

U0 =204

Tx8LTx

T:thx

_TszTZ*
* x J°
—T LT,

(A)

T fLT) T:8LT;
ke~ + * £
—T,8LT, LT,
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Thus the contribution from this term will, according to
Eq. (35), be

INZ (&R 7180817 — [8r. 1120 )]" vR)
= [—(tegrT + T8LT)VR — T 1Ty — TfLT)
— YR frte + Tt )vr + vR(—TI BT — TR ELTH)),
(A2)
and inserting f = 2Ny and g = (2N — 1), we get
— TNLT VR + Y — TNLYL Ty — VRTINLPL T YR — YRTSNLT)
— TNLTYR + YR — TNyt — vRU NLLtye — et Not?
(A3)
From the second term we define
U® ={%, 209,81}
| wlegr — fifi]
—t[frgy +8fi]
n lgrg; — fufil
(/28] + 8Lf1n

lecf; — 18]
—n[—fif] + 8.8,]

—lgrf] — 181t
—[=fufl + 8807 )
(A4)

which gives us the contribution to the right-hand side
[—(tulgrgy — fufi] + leeg) — fufilzove
+nlenf; — f18) —lenf; — fL& 1T}
— ve(=7/1feg) + BLf) + figl + Buf{lmove
+ VR(—Tl—fLf] + 88 — [=ufi + 28 1T)).
(AS5)

J

Using Egs. (21) and (22), we see that we can write the
following:

lerg) — fufil = Nily/ v — 7/ INL,
leLfi — fr& 1 = Nily, — vi7, vLINL. (A6)

Thus the contribution to the right-hand side of the Riccati-
parametrized boundary conditions can be written as

T 2Ny, — vuv veINL — 2Ny, — v Pl viINLTs
— YRT2NLIP ve — Py  INL—yR2NLF v — Py, INLT
— 02N [y, 7o—vi 7L INLYR — 2NLLy, 7o—vi P INLTevR
+ yrT 2NLP, — PLyi PINLYR — YR2NLI,
— VLY VLINLT YR (A7)

The fourth term and fifth term in Eq. (4) cannot be written
as [gg, U]; so we have to treat them differently. The two terms
do, however, have the same form as each other. Therefore we
only have to perform the calculation once by performing the
parametrization procedure on

(i, 8rPi&R]- (A8)

We write out

grDigE = 8rTigr + frT] fr

RPi§R = ~ ~ ~
l —frTigr — 8rT fr

8RTifR + fRT&R

—frtifr — 8rT8r)
(A9)

The upper left component of the whole expression then reads

(0> 8rPi&R(11) = TigRTigR + TifRT; fr — SRTigRTi
- fRT,-*ﬁefi,
and the upper right part reads

(A10)

[0, 8rPi8R112) = TigrTifR + TifRT R + SRTifRT
+ frT grT. (A11)
We write g and f in terms of the Riccati-parametrized ex-
pressions and get that the contribution from these terms to the
right-hand side 3N, '((1,2) — (1, 1)) 3Nz'((1,2) — (1, 1))
is

INZ '[T(2Ng — D)T:2Ngyg + T:2Ngyrt; (2Ng — 1) 4+ (2Ng — DT2Ngyet)

+ 2NryrT (2Ng — )T} — [1:(2Ng — 1)T;(2Ng — 1) + T:2NgyrT; 2NR P8

— (2Ng — D1;(2Ng — 1)7; — 2Ngyr; 2NR 7R VR ]

= —2yg + 2UNgYRT 4 2yrT Nrt" + 2TNgTiyr + 2VRT NrPRTiVR-

Putting all of the terms together, we get
T2
dyYrR = 230(1 — YRVL)NL(YR — VL)
2 leplzv
3 D

-2

(—TNLTYR + VR — TNLYLTS — YRTINLPLT VR — VRTINLT,

(A12)

*

— TNLT YR+ YR — TNLYLT — VRTINLPLT YR — VRTSNLT))

—mN Ty(+t:2N Ly, — v 7 v INL — 2Nily, — velviINL T

— YRT2NLIP v — 7y INL — vR2NLP v — 7oy INLTt
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— 02N [y, 7 — eV INLyr — 2NLly 70 — v 7L INL T VR
+ YRT2NLIP, — Ly 7 INLyR — vR2NLIP, — 70y PLINLTVR)
+ da*(=2yk + 2T Nryr T + 2yR T NrT) + 2T Nr T Vg + 2VRT NR7R T VR)

+ do® (—2yg + 2T, NRyRT) + 2YRTINRTS + 2T, NrTy VR + 2V T NRVRT VR)- (A13)

APPENDIX B: RICCATI PARAMETRIZATION
OF THE SPIN-ACTIVE BOUNDARY CONDITIONS

We now find the Riccati-parametrized boundary conditions
for the spin-active interfaces given in Eq. (2). All the terms on
this boundary condition are in the same form as in Eq. (26).
Just as for the spin-orbit coupling boundary conditions, the
first term is simply the Kuprianov-Lukichev term; the rest we
go through one term at a time starting with the G; term. Here
we define

m-Tgrm - T

m-tfgm-t*
0 = g = ( )

—m - T*ggm - T*
(B1)

—m - fym - T

which gives the contribution to the right-hand side
—m - TgrmTYL, + M frmt* +y mt* frmvy,—y mt* grmt*.
(B2)
For the second term we define the U matrix
Umr = {8, 7}

_( grm-T+m-T8R
T \—frm-T—m- TSR

me~r*+m-rfR )

—grm - T" —m - T"Zp

(B3)
which gives the contribution to the right-hand side
—(grm - T+m-TgR)YL + frm - T +m - TSy
—yu(=fem -t —m - fr)yL
+yL(=grm - T° —m - T°gR). (B4)

For the third term the U matrix is simply U, = 72, which
gives the contribution

—m- Ty, +ym- T (B5)
—
—— £5(0.10)
0.0101 £.(0.20)
0.008 fs(0.98)
—— 9,f5(0.10)
0.006 9,£5(0.20)
0.004 1 9,fs(0.98)
0.002 \v/ \
0.000 — T ; r S
0 /2 m 3mn/2 2

¢

FIG. 17. The absolute value of the singlet component fi(E/A)
and its derivative in material (L) at zo = /2.

(

The total Riccati-parametrized spin-active boundary con-
ditions thus read

9L = Go(1 — yL¥r)NR(YR — VL)
+Gy(m - TNgygm - T — yym - T Ngm - T + m*y;,
—m - tNgm - Ty, + yom - T Ngym - ty,)
+ Gmr(Ngygm - T +m - TNRyR
— v [Ngm - T +m - T"Ng —m - T¥]
—[Ngm -t —m -1+ m-tNRly,
+ Yo [Ngyrm - T+ m - T NeyrlyL)
—iGy(—m - typ + ypm - TF). (B6)

APPENDIX C: ANALYSIS OF THE SYMMETRY
OF THE ANOMALOUS GREEN’S FUNCTION
UNDER THE -~ - OPERATION

We here analyze whether the disappearance of the mag-
netization at J/ = 0 is caused by the spatial gradient of the
fs.r and d, g components at ¢ = 0, or by the symmetry
properties under the -~- operation of the triplet and singlet
components. To investigate this, consider Figs. 17 and 18.
The first situation explored is when material (R) is connected
to the middle of material (L), zo = [/2. It is seen from the
figures that in this case the singlet component, f;;, is zero
at ¢ = m while the derivative, 9. f;, is zero at ¢ = 0. The
figures show that this also causes d, g to vanish at ¢ = 0 and
fs.r at @ = . Thus a finite derivative of f; is not sufficient to
induce a magnetization in (R).

To check whether it is the symmetry of the anomalous

Green’s function under the -~ - operation that dictates when

0.005

0.004 1

0.003 1

0.002 1

0.001 4

0.000+— T ; . .
0 n/2 n 3n/2 2mn

¢
FIG. 18. The absolute value of the components fi(E/Ag) and

d.(E/Ap) in material (R) as a function of ¢ for different energies,
E/A(), atzp = l/2
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0151
0.015 —— £5(0.10)
fs(0.20)
0.010. £,(0.98)
—— 9,f5(0.10)
_ 3,£:(0.20)
0.005 - \/ 9,£:(0.98)
0.000+— T : . .
0 /2 m 3n/2 2n
¢

FIG. 19. The absolute value of the singlet component f,(E/A,)
and its derivative in material (L) at zo = /4.

a finite magnetization occurs, we considered a different sit-
uation where zp = //4 so that the material (R) is no longer
connected to the middle of (L). The result is shown in Figs. 19
and 20. It is here seen that neither f; nor d,f; ; vanishes at
any ¢. Therefore also d, g and f; g are finite at every ¢. It

0.006 - — 15(0.10)
fs(0.20)
fs(0.98)

0.004 - —— dy(0.10)
dy(0.20)

0.0021 90.98)

0.000— - . ; .

0 /2 m 3n/2 21
¢

FIG. 20. The absolute value of the components f;(E/A¢) and
d(E/Ap) in material (R) as a function of ¢ for different energies,
E/AQ, atzp = l/4

was checked that the magnetization looks exactly like that in
Fig. 6, also for zo = //4. Thus we can conclude that it is the
-7 .-operation symmetry, which is influenced by whether or not
a supercurrent flows, that causes the magnetization to vanish
atp =0, 7.
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