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The rise of spintronic terahertz (THz) emitters has captured considerable attention owing to their potential
for delivering high-intensity broadband THz pulses. The quest for enhancing their performance has largely
concentrated on two key aspects: the out-coupling of THz radiation and its generation within the material system.
A thorough understanding of THz generation and its interaction with photoexcited, out-of-equilibrium materials
is pivotal for achieving further progress. Ultrafast optical excitations elicit a range of dynamic responses within
the picosecond timescale, aligning with the THz frequency range. Although existing methodologies, such as
optical-pump THz-probe experiments, offer valuable insights, the intricate details of spin current generation in
spintronic THz emitters, including the possible delay between energy rise and spin current generation, continue to
be somewhat obscure. To address this gap, we theoretically propose two approaches to extract the subpicosecond
timescales involved in the complex process of converting a laser excitation to a THz pulse in spintronics THz
emitter use. In doing so we leverage the interference of the THz-probe pulse interacting with time-varying
material properties and the THz pulse generated by the spin-to-charge conversion process. To describe such
processes and theoretically support the experimental approaches we suggest, we introduce the perturbative
transfer matrix method to take into account both the interaction of a THz probe with a multilayer undergoing
subpicosecond dynamics and the production of THz radiation within some of the layers.
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I. INTRODUCTION

Spintronic terahertz emitters (STEs) have emerged as a
subject of intense research focus due to their potential for
high-speed applications [1,2]. STEs harness the phenomenon
of ultrafast spin-to-charge conversion in magnetic/heavy
metal multilayers to generate THz radiation, where a transient
spin current, induced by optical excitation in a ferromag-
net, is transformed into a charge current in the heavy metal,
emitting a THz pulse [1,3,4]. Efforts to enhance the perfor-
mance of these emitters have primarily centered on optimizing
attributes such as bandwidth and amplitude. While the am-
plitude of THz pulses can be manipulated through material
choice and varying pump amplitudes [5–9], understanding
and controlling the bandwidth of the THz generated from
STE, which largely depends on spin current generation dy-
namics, remains challenging [10].

Spintronic terahertz emitters have been analyzed using dif-
ferent techniques [11]. However, determining the time delays
between optical excitation and spin current generation solely
from the emitted signal has posed a significant challenge.
Existing analyses have attempted to estimate these delays by
comparing them with shift current generation, albeit yielding
rough estimations due to the unclear timeframe in which the
latter is also generated postpump [10].

To investigate how materials change post-photoexcitation,
one common approach is to utilize optical-pump
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terahertz-probe (OPTP) and time-resolved terahertz spec-
troscopy (TRTS) analyses [12–14]. In OPTP experiments,
the optical pump drives the system into an out-of-equilibrium
state. Subsequently, a THz probe is sent onto the sample
with variable delays to investigate its properties. The
out-of-equilibrium dynamics can be used to access specific
information like hot carrier lifetime [15,16], mobility
[15,17,18], carrier density [19,20], relaxation and decay
mechanism [20,21], as well as photoconductivity [15], which
has to be deeply understood for the design and optimization of
new-material-based devices [22]. The application of the OPTP
experimental technique provides an in-depth analysis of these
processes as well as information on the nonequilibrium status
of materials such as semiconductors, superconductors, and
metals, and other interesting materials such as Mxenes [23],
perovskites [24], MoS2 [25], graphene [13,26,27], and topo-
logical insulators [28], which are all important component to
computers, lasers, light-emitting devices, electrodes, informa-
tion storage devices, and future electronic devices [12,29–33].

To comprehend the time delays associated with the
spin current generation, two primary challenges must be
addressed: firstly, the timescales for both spin current
generation and material heating are on the order of, at
most, around 100 fs, far shorter than the duration of a
standard THz-probe pulse. This situation renders analyses
that assumes a quasistatic regime ineffective [34–40]. Sec-
ondly, the OPTP signals from a spintronic terahertz emitter
encompass both THz-probe propagation and THz emis-
sion, thereby adding complexity to the interpretation of
data.
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Addressing the first challenge, the exploration of ultra-
fast dynamics using terahertz (THz) pulses has prompted
the development of various methodologies aimed at elucidat-
ing OPTP experiments [41–47]. Notable pioneering efforts
[42–45] have established a comprehensive frequency-domain
methodology that enables the interpretation of material prop-
erties undergoing subpicosecond changes. These studies have
laid the groundwork for understanding the interactions be-
tween THz pulses and photoexcited materials and have delved
into the application of transfer matrix formalism for multi-
layer structures [48]. Furthermore, electromagnetic numerical
time-domain simulations have been spotlighted for their po-
tential [49–51], and substantial progress has been made in the
development of time-domain formalisms [46,47].

Despite providing insightful solutions to the initial prob-
lem, these studies have primarily concentrated on the OPTP
analysis of materials that do not emit THz radiation, leaving
the secondary issue unaddressed. Although various theoretical
and numerical techniques have been developed to individually
model THz propagation in distinct scenarios [48,52,53], a
unified framework that can simultaneously capture the inter-
actions between optically excited multilayers and both the
THz-probe and emission pulses has not yet been provided.

This paper aims to bridge the existing gap by introduc-
ing the perturbative transfer matrix method (PTMM). This
approach is designed to simultaneously capture subpicosec-
ond dynamics and comprehensively describe both THz-probe
and emission processes. The PTMM model bears similarities
to alternative models [41–48] for subpicosecond timescale
analysis, yet it proves to be especially advantageous when
investigating an STE within OPTP experiments, as illustrated
in Fig. 1.

The PTMM model uniquely combines Drude dynamics
and currents, crucial for THz pulse emission in spintronic
devices. We put forth a holistic approach that illuminates
both the propagation and generation of THz radiation in opti-
cally excited multilayers. The PTMM leverages a perturbation
expansion of the Maxwell-Drude system, contrasted with
equilibrium states, to reveal nuanced information in OPTP
delay-resolved spectral maps. Additionally, we present a sim-
ple technique to decode the excitation time line. Our approach
aligns cohesively with the transfer matrix method with source
[53], enabling the assessment of the influence of spintronic
THz emitters on OPTP signals. When an intrinsically emitted,
optically triggered THz pulse intersects with a THz-probe
pulse, we showcase the feasibility of using delay-resolved
THz spectral maps to discern unique aspects of the ultrafast
spin-to-charge conversion phenomenon.

This theoretical treatment allows us to propose two experi-
mental approaches to extract subperiod timescale information
on the microscopic processes leading to the emission of THz
radiation from STE. First we show how a spectral analysis
of the high-frequency tail of the OPTP spectrum (at the de-
lay which makes the spectrum the broadest) can be used to
get a sufficiently accurate estimation of the subpicosecond
excitation timescale. Second, we show how the interference
pattern between the THz probe and the emitted THz in STE
gives reliable information on any delay between the optical
excitation of the sample and the production of spin currents
and, consequently, THz radiation.

FIG. 1. Concept figure: a description of the OPTP and STE
recipe. (a) A THz-probe pulse is sent into the system. The transmit-
ted THz probe through an excited (pump-on, E on

trans) and nonexcited
(pump-off, E off

trans) are measured. A THz emission pulse (Eemit) can
also be measured when the sample is a spintronic THz emitter. (b) A
theoretical layout of the time delays can be accessed using our recipe.

II. THEORETICAL BACKGROUND

Before addressing the proposed experimental approaches
and describing what information can be extracted from them,
we introduce the general theoretical framework that will be
used to describe them. The transfer matrix method (TMM)
is a well-established approach to describe the propagation of
electromagnetic waves through multilayered systems, offering
precise results by consolidating all left- and right-propagating
waves into a single matrix [52]. A recent extension of this
method, the transfer matrix with source (TMMS) [53], incor-
porates a spatially and temporally dependent source term that
can be seamlessly integrated into the foundational TMM. That
has been used to describe the production and extraction of
THz radiation within STEs.

However, the complexity increases in OPTP experiments,
where an optical-pump pulse precedes the THz probe into
the multilayer system, causing the optically excited sample
to undergo rapid changes in its dielectric responses, followed
by a slower relaxation back to equilibrium. For an OPTP of
a spintronic terahertz emitter, the situation is further com-
plicated by the concurrent occurrence of THz transmission
through both equilibrium and photoexcited out-of-equilibrium
systems, along with THz emission within the system.

To fully describe these effects, several steps are necessary.
Assuming the optical excitation occurs in the linear regime
and that saturation processes in absorption are negligible,
the distribution of optical photon energy within the material
can be determined using the standard TMM [49,52,54] at
optical frequencies. Knowing the spatial distribution of the
optical excitations is important to be able to compute the
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time evolution of the sample’s out-of-equilibrium state—the
time dependence of the material properties as well as the
spatial and temporal profile of any spin and charge current.
In this work we do not address this step and we assume those
dynamics to be known (or, as we will see later, to be extracted
by comparison with experiments). We focus here on the next
step, since even when the time and position dependence of the
material properties and the currents is known, the description
of the propagation of a THz probe is more complicated and
using the TMM will not suffice.

First of all, let us remember that the aim of the OPTP
technique is to measure the difference between the THz
transmission through the sample at equilibrium and the one
out-of-equilibrium. Solving the TMM for the THz probe with
equilibrium properties (similar to what is done to compute
the position-resolved absorption of the optical pulse) will
only provide the pump-off THz transmission. To obtain the
pump-on signal, we undertake a perturbation expansion of the
Maxwell-Drude system. For this expansion we will assume
that the frequency-dependent total permittivity εT [ω] of the
material can be written as the sum of a Drude component
εD[ω] and a remaining background component εB[ω], which
accounts for all the non-Drude contributions (e.g., the inter-
band transitions) with a generic frequency dependence. We
further assume that the background component of the per-
mittivity is not modified by the laser. Conversely, we will
allow the Drude parameters to be explicitly time dependent.
Here we specifically consider the scattering rate γ and carrier
density n. We write the Drude parameters as the sum of their
equilibrium values, γ [0] and n[0], and a time-dependent part,
γ [1][t] and n[1][t]. We assume that such time dependence is
either known or is to be fitted to experimental results using
the treatment that we will develop in the present work.

Upon expanding the Maxwell-Drude system, we discern
that the entire system can be partitioned into zeroth-order
and first-order equations. The zeroth-order equations align
with the standard Maxwell equations and can be readily
solved using the TMM. The first-order equations resemble
the Maxwell-Drude system but with an additional source term
(which has the dimensionality of a volume current) that con-
tains a combination of the changes to the dielectric response
and the zeroth-order fields. The first-order equations can be
solved using the TMMS method developed in Ref. [53]. By
integrating the Maxwell-Drude expansion with the TMMS so-
lutions, we formulate the perturbative transfer matrix method.
A comprehensive overview of this approach is provided in
Appendixes A and B.

To analyze the propagation of electromagnetic radiation
through a multilayered heterostructure at normal incidence,
we employ the following notation: layers are enumerated from
left to right using an index n, which starts at 1 and extends
to the total number of layers N . The multilayered system is
assumed to be enclosed by air, with the air on the left (right)
assigned an index of 0 (N + 1) and considered semi-infinite.
The thickness of each layer is represented by dn. Furthermore,
we assume that no 2D currents form between the layers (all
currents are considered volume currents), ensuring the conti-
nuity of the electric and magnetic fields across the interfaces.

Given this system and notation, along with the final expres-
sions derived from the PTMM, we can demonstrate that the

TABLE I. The theoretical expression and the experimental
labeling.

Equation terms Experimental labels

f [0]>
0 ∗ ta E off

trans

J>
emit − tbJ<

emit Eemit

J>
perb − tbJ<

perb E on
trans − E off

trans = �E

overall THz transmission results, up to the first perturbative
order, can be succinctly expressed as

f >
N+1 = f [0]>

0 ta + (J>
emit − tbJ<

emit ) + (J>
pert. − tbJ<

pert.). (1)

Here f >
N+1 denotes the right-propagating wave amplitude in

the right semi-infinite layer, f [0]>
0 represents the input THz-

probe wave amplitude from the left semi-infinite layer, J<
emit

and J>
emit correspond to the left- and right-propagating waves

generated in the excited layer from the STE, and J<
pert. and

J>
pert. represent the left- and right-propagating waves in the

excited layer from the OPTP corrections. The coefficients
ta and tb represent the transmission coefficient of the entire
system and a specific coefficient expressible using elements of
the overall transfer matrix, respectively. A detailed derivation
and expression of these terms can be found in Appendixes A
and B.

Therefore, in summary, the first term in Eq. (1) refers to
the THz transmission through the unperturbed sample (the
transmission of the THz probe with pump off, Eoff

trans), which
can be used to describe the THz-TDS (time-domain spec-
troscopy) results. The second term refers to the THz emission
from a sample where one layer carries a charge current that
produces THz (Eemit), which can be used to describe the
STE results. (Notice that further THz-producing layers can be
straightforwardly added as further terms in the summation.)
Finally, the third term refers to the correction of the trans-
mission when the pump is on (the transmission difference of
the THz probe through a sample with the pump on and pump
off, Eon

trans − Eoff
trans = �E ). A summary of the relationships

between the equation and the experiment labels is reported
in Table I.

III. RESULTS

To show the capabilities of the PTMM, we apply
the approach to two test cases. Firstly, we show how a
THz probe traverses a laser-excited sample. We choose a
quartz(1 mm)/Fe(3 nm)/Pt(3 nm) heterostructure as an ex-
ample (of course, the proposed approach can be applied to
any stack of materials). Although the chosen heterostructure
is a commonly used spintronics THz emitter, in the first test
case we initially ignore the THz that is produced within the
sample. The produced THz will be then be explicitly treated
and its interference with the THz-probe pulse accounted for in
the second test case.

We set the dielectric response of quartz at equilibrium by
using a real frequency-independent refractive index of 2.01
[55,56] (yet notice that the model works for any generic
frequency-dependent response). Also, we model the dielectric
response of the metallic layers using the Drude model and
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set the plasma and damping frequency to 4.091 and 0.018 eV
for Fe, and 5.145 and 0.069 eV for Pt, respectively [57]. No
further contributions to the response of Fe and Pt at equilib-
rium have been considered (yet a further contribution to the
dielectric function with a generic frequency dependence can
be included). In addition, for simplicity we considered only
the excitation of the Pt layer. The excitation of the Fe layer
will simply add another term to Eq. (1) and can be simply
written as

f >
N+1 = f [0]>

0 ta + (J>
emit − tbJ<

emit )

+ (J>
pert .Pt − tbJ<

pert .Pt )

+ (J>
pert .Fe − tbJ<

pert .Fe). (2)

If the excitation and de-excitation timescales for both Pt and
Fe are similar, their contributions to the THz response will
simply sum up in phase. Interesting effects can happen if the
dynamics of Fe and Pt do not happen on the same timescales;
however, such a study goes beyond the scope of the present
work.

In the following example we will explicitly address only
the case of γ [1] �= 0 and n[1] = 0. We also neglect any effect
of the optical laser excitation on quartz. Finally, we assume
that Pt experiences an increase γ [1][t] in its Drude scattering
rate in the form

γ [1][t] = h
e
− t−t0

τdecay

e− (t−t0 )−τrise/2
τrise/4 + 1

, (3)

where h controls the maximum scattering rate change, τrise is
the increase time and τdecay is the following decrease time,
and t0 is the time position of the excitation. We stress that
the focus of this work is to describe the propagation of THz
waves through an optically excited system. Equation (3) is
meant purely as an example, mimicking common excitation
and thermalization dynamics. However, as already mentioned
earlier, a proper form for γ [1] and n[1] should be obtained with
other methods in future analysis. In addition, a theoretically
built THz-probe pulse with a central frequency ( fc) of 1.5 THz
is used in the following calculations.

A. The subpicosecond excitation timescale

In this section we will demonstrate that the time-resolved
spectra obtained by OPTP experiments contain enough infor-
mation to evaluate the timescale of the fast excitation after the
laser pump, even when it is much shorter than the probe pulse
time-width. We note that although we are nominally using a
Fe/Pt heterostructure as an example, we will not be describing
the emission at this stage. Therefore the results below apply to
any femtosecond-laser-excited heterostructure probed by THz
pulses.

We assume the temporal shape of γ [1][t] known and vary
the pump-probe time delay. Figure 2(a) shows the respective
time positions of the pump and probe pulses, where the time
axis is centered around the THz-probe pulse, and the time
dependence of the change in the scattering rate γ [1][t] is
shifted in time to simulate the experimental variable delay
time. Figures 2(b)–2(e) show the time-resolved THz-probe
transmission differential spectra (pump-on minus pump-off)

FIG. 2. (a) Shows the excitation curve γ [1] at different initial
time delays and its corresponding frirst-order correction term E on

trans −
E off

trans change. (Note that the profiles are normalized and not in scale,
showing only a comparison in the shapes). (b)–(e) Frequency maps
of |E on

trans − E off
trans| at different increase times (τrise = 100, 200, 300,

and 400 fs) as a function of frequency and time delay change.

for four different τrise times (τdecay has been kept the same for
all four cases).

At sufficiently large negative delay times in Figs. 2(b)–
2(e), the probe pulse arrives well before the laser excitation
[dashed blue line in Fig. 2(a)]. The transmitted THz probe is
not altered: the difference between the transmitted probe with
the pump on and - off [full blue line in Fig. 2(a)] is zero. On the
other hand, when the probe pulse arrives well after the sharp
excitation dynamics right after the laser excitation [dashed
orange line in Fig. 2(a)], the transmitted THz probe is altered
[full orange line in Fig. 2(a)] mostly in amplitude, while its
temporal shape, and therefore the spectrum, is not altered.
This is evident from Figs. 2(b)–2(e), where the time-resolved
spectra for sufficiently large positive delays simply decrease in
amplitude. The time evolution of the differential transmission
gives a clear indication of the de-excitation dynamics of the
sample τdecay. On the other hand, the spectrum of the differen-
tial transmission does not contain any interesting information,
since it mostly reproduces the probe-pump spectrum. This
happens because the change in γ [1][t] is relatively slow and
a quasistatic description of the THz propagation could be
adopted.

Conversely, the situation is very different when the delay
is such that the probe pulse overlaps with the fast rise dynam-
ics in the excitation [small delays in Figs. 2(b)–2(e)]. Here
we notice two important features. The timescale over which
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the differential spectrum shows an overlap between the fast
timescale τrise and the probe pulse is rather independent of the
rise time τrise itself. This is indeed because the overlap time
is mostly controlled by the THz pulse time-width. For this
reason, the temporal duration of this feature does not give
any insight into the time evolution of the material’s dielec-
tric properties. What is instead evident is that the spectrum
during the overlap is strongly affected by the τrise time [see
Figs. 2(b)–2(e)].

The analysis of the spectrum map reveals two interesting
findings. Firstly, it is observed that the spectrum is the broad-
est when the excitation overlaps with the central time position
of the probe. Secondly, a faster increase time for the excitation
profile results in a broader spectrum map. We find that it is
possible to obtain a fairly accurate estimation of the fast rise
time τrise. This can be achieved by selecting the delay time
at which the spectrum is the widest. At that time delay one
should identify the frequency f1% at which the spectrum has
1% of its maximum amplitude. The fast rise time τrise can then
be estimated using

τrise ≈ 1

f1% − 2 fc
, (4)

where fc is the central frequency of the THz probe.
To prove that the formula above provides a good estimation

of the fast rise time τrise even when it is much shorter than
the THz-probe time-width, we fix the delay time between the
probe and excitation at the point of overlap and compute the
differential spectrum for varying rise times τrise [as shown
in Fig. 3(a), where the reader should notice the logarithmic
intensity scale]. The blue line in the main figure of Fig. 3(b)
represents simply the conversion of τrise to frequency. It is al-
ready evident how the inverse rise time remains approximately
parallel to the level lines. After some fine-tuning we find that
the best estimation of τrise is obtained by Eq. (4) where a
correction including the central frequency of the probe has
been added. The error that occurred when using the estimation
above is shown in the inset in Fig. 3(b).

The above-mentioned correspondence, although very con-
venient due to its simplicity, is not perfect. For an accurate
extraction of the excitation time, a comparison between exper-
iments and theory is needed. It is, however, important to note
how the method can clearly resolve timescales (hundreds of
femtoseconds) that are shorter than the period and time-width
of the employed radiation (≈ 2 ps in the presented example).

The analysis above can be conducted easily on any excited
multilayer that does not produce THz upon laser excitation.
It is however possible to perform the above analysis in het-
erostructures used for spintronics THz emitters. In this case
the time-resolved spectra cannot be simply constructed by
subtracting the THz-probe transmission with pump on by
the THz-probe transmission without pump: the THz radiation
internally generated by the sample must be subtracted as well.
This can be achieved because the THz signal produced by the
inverse-spin Hall effect (ISHE) is proportional to the optical-
pump intensity but not to the THz probe, while the spectral
maps in Fig. 2 are proportional to both the optical-pump
intensity and the THz-probe amplitude.

FIG. 3. (a) Shows the excitation curve γ [1] at a fixed time t0

but with different increase time parameters τrise = 20 fs and τrise =
800 fs. (Note that the profiles are normalized and not in scale, show-
ing only a comparison in the shapes). (b) Normalized frequency map
of OPTP signal as a function of the frequency and increase time τrise.
The pump-probe delay time is fixed at t0 = 0 ps. The gray dotted
line shows the region where the spectrum amplitude is 1% of its
maximum ( f1%). The blue line is fc ∗ 2 + 1/τrise. Inset: The inverse
plotting of the extracted gray dotted line and blue line on the map.

B. Pump-THz emission time delay

We here focus completely on the analysis of spintronics
THz emitters: these are (in their simplest configuration) a
bilayer system with a ferromagnetic (FM) layer and a nonfer-
romagnetic (HM) layer, where after excitation a spin current
transfers from FM to HM, undergoes ISHE to become a
charge current, and eventually emits terahertz radiation [1,2].
After determining the exact time when the excitation and the
probe overlap in the system, we are now able to proceed to
another type of spectrum analysis, which is when the THz
emission and first-order correction (�E ) exist at the same
time, and their interference patterns can be analyzed to extract
further information. As a reminder, the shape of the THz
wave emitted from the STE differs from that of the THz-
probe wave. The emitted THz shape is determined based on a
characteristic spin current profile, exhibiting a trend of a rapid
increase followed by a gradual decrease. For a comprehensive
understanding of the emitted THz shape, please consult Ref.
[53].

In this analysis we obtained an overall spectrum map of the
changing time delay between the excitation and probe, only
that now the THz emission has not been subtracted (as shown
in Fig. 4). The THz emission will happen after a certain time
[�t shown in Fig. 1(b)] of the excitation, which is usually be-
lieved to be only tens of femtoseconds, specifically estimated
as 120 fs in recent works [10]. Notice that the shape of this
interference spectrum depends on the relative amplitude of the
emitter THz and the first-order correction to the transmission
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FIG. 4. Pump-probe analysis of Spintronic THz emitter. (a) An overall spectrum map (Eemit + �E ) as a function of frequency and delay
time. The red dots on the map show the peaks of the spectrum at different time delays. (b, c) The spectrum and its corresponding THz profiles
in the time domain for case 1 (probe sent in after the excitation). (d, e) The spectrum and its corresponding THz profiles in the time domain
for case 2 (probe sent in before the excitation). Notice that the profiles in the time domain are normalized.

of the THz probe. Maximal interference (and therefore the
easiest spectral map to analyze) is obtained when the two
contributions have similar amplitudes. This can be obtained
experimentally by varying the probe intensity.

In the spectrum map we observe that when we send the
probe in after the excitation, more than one peak will exist in
the overall spectrum [red dots in Fig. 4(a)]. We now focus on
two specific cases: when the probe is sent in after the system
is excited [Figs. 4(b) and 4(c)] and when the probe is sent
in before the system is excited [Figs. 4(d) and 4(e)]. We find
that the spectrum shows interference peaks for case 1, while
for case 2 the overall spectrum is equal to the THz emission
spectrum.

Interestingly, the frequency difference between the peaks
(� f ) of the overall spectrum for case 1 is going to give us
valuable information about the time difference between the
emission pulse and the correction pulse [�t2 in Figs. 1 and
4(c)]. In fact, we see that

�t2 ≈ 1

� f
. (5)

IV. CONCLUSIONS

In this study we have devised a comprehensive theoreti-
cal framework for analyzing the nuances of subpicosecond
changes in optical-pump terahertz-probe (OPTP) experi-
ments, with a focus on spintronic terahertz emitters (STEs).
We have illustrated a cohesive approach to integrating THz
transmission through systems at equilibrium and nonequilib-
rium states along with THz emission from STEs.

Our investigation has yielded critical insights into the tem-
poral dynamics of ultrafast laser excitations as captured by

OPTP measurements. We have delineated a process to deter-
mine two essential time delays: the time delay between the
probe and the excitation pulse (�t1), which can be inferred
from the spectrum map of changing time delay, and the inter-
val between THz emission and the probe pulse (�t2), which
can be extrapolated from the comprehensive spectrum map
of THz emission. Combining these metrics, we can obtain
the time lag between THz emission and excitation (�t =
�t1 − �t2), a critical parameter for the optimization of STE
bandwidth. While the estimation of �t2 can be done with
relatively good resolution, obtaining a sufficiently precise �t1
is not easy using the method we suggest. In our future work
we will explore techniques to obtain a more precise estimation
of �t1, in particular, by performing a complete fitting of the
OPTP time-resolved spectral map using PTMM. The findings
from our theoretical exploration provide a nuanced under-
standing of rapid temporal dynamics in OPTP experiments,
thereby enhancing the body of knowledge within the field of
ultrafast laser excitations and contributing to the optimization
of spintronic terahertz emitter technologies.
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APPENDIX A: PERTURBATION EXPANSION OF THE
MAXWELL-DRUDE SYSTEM

To commence, we consider the scenario of electromag-
netic wave propagation in a homogenous medium undergoing
temporal changes in material properties due to femtosecond
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laser stimulation and the ensuing thermalization process. The
comprehensive frequency-responsive permittivity, denoted by
εT [ω], is written as the aggregate of a Drude term εD[ω] and
a residual background term εB[ω]. This background term rep-
resents all non-Drude factors (such as interband transitions)
with a characteristic frequency response. It is assumed that
(and the treatment is limited to cases where) the laser exci-
tation does not alter the background permittivity component.
However, we do allow for the parameters defining the Drude
component to vary with time.

In the above situation, the electric E and magnetic H fields
propagating along the z axis are described by the Maxwell-
Drude system:

∂zE [z, ω] = − i ω μ[ω] H[z, ω],

∂zH[z, ω] = − i ω εB[ω] E [z, ω] + J[z, ω],

∂t J[z, t] = − γ J[z, t] + ne2

m
E [z, t], (A1)

where μ is the permeability of the medium, J[z, t] is the
current density (along the same direction as the electric field)
induced by the Drude response, e is the electron charge, m the
effective mass, n is the number of carriers, and γ the inverse
scattering lifetime.

In the case n and γ are constant in time, and the last equa-
tion leads to the known expression for the Drude conductivity:

σD[ω] = ne2

m(γ − iω)
. (A2)

The total permittivity εT [ω] (i.e., the background contribution
and the Drude contribution) then reads

εT [ω] = εB[ω] + i
σD[ω]

ω
. (A3)

On the other hand, the case where the number of carriers n
and the inverse scattering lifetime γ depend on time represents
a material in- an out-of-equilibrium state. For example, an
increase in the number of carriers may describe the transient
photodoping of a semiconductor during a femtosecond laser
excitation, while its decrease could be due to the subsequent
carrier recombination. Similarly, a change in γ may describe
the increased number of scatterings triggered by the increased
phonon temperature after an excitation. We write the Drude
parameters as the sum of their equilibrium values, γ [0] and
n[0], and a time-dependent part, γ [1] and n[1]:

γ [z, t] = γ [0] + γ [1][z, t], (A4)

n[z, t] = n[0] + n[1][z, t]. (A5)

Notice that we allow for the variations to also be position
dependent.

If we assume that the time variations are small, we can
write the fields and the current up to the first perturbative order
as

E [z, t] ≈ E [0][z, t] + E [1][z, t],

H[z, t] ≈ H [0][z, t] + H [1][z, t],

J[z, t] ≈ J [0][z, t] + J [1][z, t], (A6)

where the two orders must satisfy two different sets of equa-
tions. Before proceeding let us stress here the crucial point of
this approach: the perturbative expansion does not impose any
requirement for the variations to be slow. This is critical, since
we aim to address the case where the material properties are
changing over a similar timescale as the THz radiation period.

The zeroth order satisfies the unperturbed Maxwell-Drude
system in Eqs. (A1), with constant equilibrium Drude param-
eters, and reads

∂zE
[0][z, ω] = −iωμ[ω]H [0][z, ω],

∂zH
[0][z, ω] = −iωεT [ω]E [0][z, ω]. (A7)

This set of equations can be solved analytically using a stan-
dard transfer matrix method approach [52], as we show in
Sec. B 1.

The first-order set of equations will read

∂zE
[1][z, ω] = − iωμ[ω]H [1][z, ω],

∂zH
[1][z, ω] = − iωεB[ω]E [1][z, ω] + J [1][z, ω],

∂t J
[1][z, t] = − γ [0]J [1][z, t] + n[0]e2

m
E [1][z, t]

− γ [1][z, t]J [0][z, t] + n[1][z, t]e2

m
E [0][z, t].

(A8)

Here γ [0], γ [1] n[0], n[1] should be provided as inputs in the
following and are assumed to be obtained by other methods.
Notice how the first-order set of equations satisfies a similar
expression to the zeroth order and reads

∂zE
[1][z, ω] = −i ω μ[ω] H [1][z, ω],

∂zH
[1][z, ω] = −i ω εT [ω] E [1][z, ω] + J [z, ω], (A9)

where the source term is given by

J [z, ω]

= σ
[0]
D [ω]F

[
n[1][z, t]

n[0]
E [0][z, t] − m γ [1][z, t]

n[0] e2
J [0][z, t], ω

]

(A10)

and has the dimensionality of a volume current. For later
convenience, we express the source in terms of its spatial
Fourier transform:

J [z, ω] =
∑

l

J [kl , ω] exp[i kl z]. (A11)

So far we have modeled the effect of time-varying Drude
parameters on Maxwell’s equations within a single layer. We
have found that by expanding the electric and magnetic fields
in orders of the time-dependent correction to the equilib-
rium Drude parameters, the zeroth order satisfies the standard
Maxwell’s equations, while the first order satisfies the nonho-
mogeneous equations (A9). In the following section we will
see how to solve them for a system of layered materials and
how to describe an OPTP experiment.
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APPENDIX B: PERTURBATIVE TRANSFER
MATRIX METHOD

To address the propagation of electromagnetic radiation
through a multilayered heterostructure at normal incidence we
use the following notation. We count layers from left to right
using an index n starting from 1 up to the number of layers N .
We assume the multilayered system to be sandwiched by air.
The air on the left (right) has index 0 (N+1) and is assumed
to be semi-infinite. The layer thickness is denoted by dn. Also,
we assume that no two-dimensional currents build up at the
interface between layers so that the electric and magnetic
fields across the interfaces are continuous.

1. Zeroth-order propagation

For the zeroth order, we follow the textbook TMM (a
derivation with symbols consistent with this article can be
found in Ref. [52]). We report below the main TMM results
for the reader’s convenience and to make the extension to
PTMM easier to follow.

Within a given layer n the zeroth-order electric and mag-
netic field can be expressed as a multiplication of a 2 × 2
matrix and a vector containing the amplitudes of the right
f [0]>
n and left f [0]<

n propagating waves:[
E [0]

n [ω, z]

H [0]
n [ω, z]

]
= ¯̄an [ω, z]

[
f [0]>
n [ω]

f [0]<
n [ω]

]
, (B1)

where

¯̄an [ω, z] =
⎡
⎣ eiω

√
εnμnz e−iω

√
εnμnz

−
√

εn
μn

eiω
√

εnμnz
√

εn
μn

e−iω
√

εnμnz

⎤
⎦. (B2)

By requiring appropriate continuity equations for the fields
at the interfaces between layers, one finds that the field am-
plitudes at the two air layers to the left and the right of the
sample are linked by[

f [0]>
N+1

f [0]<
N+1

]
= ¯̄T[0,N+1]

[
f [0]>
0

f [0]<
0

]
, (B3)

where ¯̄T[0,N+1] is the transfer matrix given by

¯̄T[0,N+1] = ¯̄a−1
N+1[0]

⎛
⎝ 1∏

j=N

¯̄a j[d j] ¯̄a−1
j [0]

⎞
⎠ ¯̄a0[0]. (B4)

Furthermore, when contemplating the transfer matrix between
any two layers (indexed as n and m, with n < m) within the
system, it can be formulated in a more general manner:

¯̄T[n,m] = ¯̄a−1
m [0]

⎛
⎝ n+1∏

j=m−1

¯̄a j[d j] ¯̄a−1
j [0]

⎞
⎠ ¯̄an[dn]. (B5)

By solving the set of linear equations presented in Eq. (B3)
and utilizing the field expressions from Eq. (B1) we can com-
pute the zeroth-order E [0]

n and H [0]
n fields within any layer.

2. First-order propagation

The set of equations at the first order, as given in Eqs. (A8),
cannot be solved through the conventional TMM. These equa-

TABLE II. The theoretical expression and the experimental
labeling.

Equation Theoretical Experimental
terms labels labels

f [0]>
0 ∗ ta E [0]

N+1 E off
trans

J>
emit − tbJ<

emit – Eemit

J>
perb − tbJ<

perb E [1]
N+1 E on

trans − E off
trans = �E

tions are nonhomogeneous and incorporate a source term that
depends on E [0]

n and H [0]
n . To address Eqs. (A8), we initiate by

establishing a general solution to the Maxwell-Drude system
with a source term, akin to the approach undertaken in Ref.
[53].

The solution can be formulated by combining the general
solution related to the homogeneous system with a particular
solution. The general solution of the corresponding homoge-
neous system is achieved by

∂zE
[1][z, ω] = −i ω μ[ω] H [1][z, ω],

∂zH
[1][z, ω] = −i ω εT [ω] E [1][z, ω]. (B6)

This can be readily constructed using the standard TMM. We
look for a particular solution in the form

E [1][z, t] =Eei(kl z−ωt ), (B7)

H [1][z, t] =Hei(kl z−ωt ). (B8)

We substitute the above in Eqs. (A8) and obtain the amplitudes
of the fields for the particular solution,

klE =μωH, (B9)

iklH =iεωE + J [kl , ω]. (B10)

The particular solution reads

F̄ [ω, z] =
[

E [ω, z]
H[ω, z]

]
= J [kl , ω] b̄[ω, kl , z], (B11)

with

b̄[ω, k, z] = i eikz

εμω2 − k2

[
ωμ

k

]
. (B12)

With this approach, the first-order correction to the fields
within a given layer n is[

E [1]
n [ω, z]

H [1]
n [ω, z]

]
= ¯̄an[ω, z] f̄n[ω] +

∑
l

Jn[kl , ω] b̄[ω, kl , z].

(B13)

Without loss of generality, we can assume that only the
layer M has time-dependent properties. The general case can
be constructed as the summation of first-order corrections due
to all the layers that present time-dependent properties. Using
the expression in Eq. (B13), the field continuity conditions
at all the layers’ interfaces can be written. We obtain that
the wave intensities in any two layers n < M and m > M
are linked by the expression (here the M labeled layer is
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TABLE III. Summary of initial inputs.

Inputs Physical meaning

Geometry dn Thickness of each layer

γ [0] and n[0] Equilibrium Drude parameters for each layer
(layer index suppressed)

Equilibrium material properties εB(ω) Remaining contribution to the equilibrium
dielectric response of the material for each layer

(layer index suppressed)
Modification of material properties γ [1](t, z) and n[1](t, z) Time- and position-dependent variations of the

Drude parameters (layer index suppressed). These
are the consequence of the optical laser pump,
electron thermalization, carrier recombination,

cooling through phonons and/or heat transfer to
the substrate, etc. We do not address these

dynamics in this work, and we suppose that the
induced changes in the Drude parameters are

known by other means.
f [0]>
0 We assume that the THz-probe pulse impinges on

the sample from the left. Therefore f [0]>0
represents the incoming THz pulse E-field profile,

which is supposed known.
THz probe f [0]<

N+1 , f [1]>
0 , f [1]<

N+1 These are all 0.

considered as the excited layer)[
f [1]>
m

f [1]<
m

]
= ¯̄T[n,m]

[
f [1]>
n

f [1]<
n

]
+

∑
l

J [kl , ω] ¯̄T[M,m]

× (
¯̄a−1

N [dN ]b̄[ω, kl , dN ] − ¯̄a−1
N [0]b̄[ω, kl , 0]

)
,

(B14)

where ¯̄T[M,m] has an expression similar to Eq. (B5) by replac-
ing all n by M. Finally, considering the two semi-infinite air
layers, Eq. (B14) can be recast as[

f [1]>
N+1

f [1]<
N+1

]
= ¯̄T[0,N+1]

[
f [1]>
0

f [1]<
0

]
+

[
J>

M

J<
M

]
. (B15)

The above Eq. (B15) is a pair of linear, frequency-dependent
equations where J<

M and J<
M can be considered as the generated

left- and right-propagating fields in the excited layer. For any
fixed source term and for any given incoming field, Eq. (B15)
can be used to calculate the transmitted and reflected waves in
any layer. When accounting for both the emission source (THz
emission from spintronic THz emitter) and the correction
source (THz transmission change from OPTP experiments)
concurrently, the comprehensive expression becomes[

f [1]>
N+1

f [1]<
N+1

]
= ¯̄T[0,N+1]

[
f [1]>
0

f [1]<
0

]
+

[
J>

emit

J<
emit

]
+

[
J>

perb

J<
perb

]
. (B16)

Considering only the transmitted wave at the detector side,
the above equation can written in a more simplified form as
shown in the main text,

f >
N+1 = f [0]>

0 ta + (J>
emit − tbJ<

emit ) + (J>
pert. − tbJ<

pert.), (B17)

where

ta =
¯̄T[0,N+1],11

¯̄T[0,N+1],22 − ¯̄T[0,N+1],12
¯̄T[0,N+1],21

¯̄T[0,N+1],22

, (B18)

tb =
¯̄T[0,N+1],12

¯̄T[0,N+1],22

, (B19)

with the further subscriptions of ¯̄T[0,N+1] referring to the ma-
trix elements.

3. Reflection and transmission

We choose f [0]>
0 (ω) to be the incoming THz probe (from

the left) and set f [0]<
N+1 (ω) to 0 since no wave is incident from

the right. Solving Eq. (B3) for f [0]>
N+1 and f [0]<

0 provides the
shape of the zeroth order transmitted and the reflected waves,
respectively [52].

Similarly, to solve Eq. (B15) we set f [1]>
0 and f [1]<

N+1 to 0:
the optical pump induces no change in the incoming THz
probe and also no radiation is coming from the right. We can
solve Eq. (B15) for f [1]>

N+1 and f [1]<
0 and obtain the first-order

correction to transmitted and reflected waves, respectively. In
particular, the correction to the transmission is

f [1]>
N+1 = J>

M −
¯̄T[0,N+1],12

¯̄T[0,N+1],22

J<
M , (B20)

where the further subscriptions of ¯̄T[0,N+1] refer to the matrix
elements.

Finally, the zeroth-order and first-order electric fields can
be calculated as

E [0]
N+1 = f [0]>

N+1 ∗ ¯̄aN+1,11[ω, 0], (B21)

E [1]
N+1 = f [1]>

N+1 ∗ ¯̄aN+1,11[ω, 0], (B22)
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where the further index for ¯̄a is the element of the matrix.
A more detailed summary of the relationships between the

equation, the theoretical labels, and the experiment labels can
be seen in Table II.

APPENDIX C: INPUTS OF PTMM

A summary of the inputs of the calculation of the PTMM
is listed in Table III, below.
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