PHYSICAL REVIEW B 109, 024417 (2024)

Editors’ Suggestion

Distinct universality classes of diffusive transport from full counting statistics

Sarang Gopalakrishnan®,! Alan Morningstar ®,”> Romain Vasseur,’ and Vedika Khemani*

' Department of Physics, The Pennsylvania State University, University Park, Pennsylvania 16802, USA
2Department of Physics, Princeton University, Princeton, New Jersey 08544, USA
3Department of Physics, University of Massachusetts, Amherst, Massachusetts 01003, USA
“Department of Physics, Stanford University, Stanford, California 94305, USA

® (Received 13 April 2023; revised 22 October 2023; accepted 20 December 2023; published 12 January 2024)

The hydrodynamic transport of local conserved densities furnishes an effective coarse-grained description of
the dynamics of a many-body quantum system. However, the full quantum dynamics contains much more struc-
ture beyond the simplified hydrodynamic description. Here we show that systems with the same hydrodynamics
can nevertheless belong to distinct dynamical universality classes, as revealed by new classes of experimental ob-
servables accessible in synthetic quantum systems, which can, for instance, measure simultaneous site-resolved
snapshots of all of the particles in a system. Specifically, we study the full counting statistics of spin transport,
whose first moment is related to linear-response transport, but the higher moments go beyond. We present an
analytic theory of the full counting statistics of spin transport in various integrable and nonintegrable anisotropic
one-dimensional spin models, including the XXZ spin chain. We find that spin transport, while diffusive on
average, is governed by a distinct non-Gaussian dynamical universality class in the models considered. We
consider a setup in which the left and right half of the chain are initially created at different magnetization
densities, and consider the probability distribution of the magnetization transferred between the two half-chains.
We derive a closed-form expression for the probability distribution of the magnetization transfer, in terms of
random walks on the half-line. We show that this distribution strongly violates the large-deviation form expected
for diffusive chaotic systems, and explain the physical origin of this violation. We discuss the crossovers that
occur as the initial state is brought closer to global equilibrium. Our predictions can directly be tested in

experiments using quantum gas microscopes or superconducting qubit arrays.
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I. INTRODUCTION

The dynamics of quantum systems is traditionally char-
acterized by equilibrium spatiotemporal correlation functions
of local observables, which probe the transport of conserved
quantities and response functions of local observables, and
shed light on the universal properties of near-equilibrium (and
generally low-temperature) quantum condensed matter. The
computation of dynamical correlators is generally intractable
in a many-body system; however, in generic systems, local
operators thermalize, i.e., their expectation values approach
those in the appropriate equilibrium state [1]. Assuming ther-
malization occurs locally in a spatially extended system, the
coarse-grained evolution of slow local expectation values
follows from hydrodynamics. Thus, in quantum systems, hy-
drodynamics is an emergent property of the expectation values
of local operators.

Breakthrough experimental advances in building quantum
simulators provide novel probes into the dynamics of quantum
systems that go well beyond measurements of local expec-
tation values. For example, experiments in platforms such
as ultracold atoms or superconducting qubits [2—4] can take
simultaneous snapshots of all the particles in a system, and
can access dynamics in highly excited states, at energy den-
sities corresponding to infinite temperature. These advances
have motivated intense interest in understanding dynamical
universality classes of quantum matter that is strongly out
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of equilibrium and far from low-temperature, linear-response
regimes. In this regard, much recent effort has focused on
systems that fully fail to reach thermal equilibrium, i.e., sys-
tems in which transport is arrested and hydrodynamics breaks
down [5].

In this work, we ask a different question: can quantum
systems that follow the same hydrodynamics, given, e.g., by
the usual diffusion equation, nevertheless belong to distinct
dynamical universality classes? We answer this question in
the positive, and show analytically that systems with the same
hydrodynamics can belong to qualitatively distinct universal-
ity classes distinguished by the behavior of more detailed
observables such as the statistics of full-system snapshots.
Our work illustrates the wealth of interesting phenomena that
remain to be discovered even in seemingly well-understood
dynamical regimes (high temperature and diffusive), and the
central role played by novel quantum simulation experiments
in exposing these phenomena.

A quantity that compactly summarizes the statistics of
snapshots is the full counting statistics (FCS) of conserved
charges [6-12]. We consider the following setup: first, ini-
tialize a one-dimensional lattice with both the left and right
half-systems in definite charge states. Then, after evolving
for a time ¢, measure the amount of charge that has been
transferred from the left to the right half-system. Repeating
this experiment many times yields a quantum distribution of
measurement outcomes. When the charge difference between
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the left and right half-systems is small, the first cumulant of
the FCS is related to linear-response transport, but the higher
cumulants go beyond it (we emphasize that these are cumu-
lants over a measurement ensemble, not spatial cumulants of
the dynamic structure factor).

For classical systems, one can ask an analogous question
about the distribution over noise realizations and/or initial
thermal ensembles: in stochastic models such as the exclu-
sion process [13—16], or growth processes governed by the
Kardar-Parisi-Zhang (KPZ) equation [15,17], this distribution
is known exactly, while tensor-network methods can be used
to efficiently compute it more generally [18]. A general prop-
erty of these distributions is that they obey a large-deviation
principle [19,20]: for chaotic diffusive systems, all cuamulants
scale the same way with time. For deterministic classical
systems, surprisingly, this general expectation can fail: this
failure was recently discovered in studies of classical inte-
grable spin chains and cellular automata [21,22].

For quantum distributions, less is known about the FCS
of interacting systems than about free fermions and systems
with ballistic transport [22-27]. The question of FCS in inter-
acting quantum systems was recently revived because of the
surprising discovery that spin transport in the one-dimensional
Heisenberg model appears to be described by the KPZ equa-
tion [28-39], although the Heisenberg model is an integrable
quantum system with no stochasticity. In Ref. [37] the FCS
was experimentally extracted using a quantum gas micro-
scope, and its first three cumulants were found to agree with
KPZ predictions. Nevertheless, many basic questions about
the FCS of quantum systems remain open.

Here we address this question for the spin chains with easy-
axis anisotropy, focusing primarily on the XXZ spin chain.
Introducing an easy-axis anisotropy makes linear-response
transport diffusive [30,40], suggesting that the FCS might
follow that of diffusive classical systems such as the sym-
metric exclusion process. Instead, we find that it is strongly
anomalous, with the mean and variance of the FCS scaling
as different powers of time. We explain the physical origin of
this anomalous FCS and determine an exact functional form,
including prefactors, for the FCS at late times, which we argue
holds everywhere in the easy-axis regime of the XXZ spin
chain. As we will discuss, this anomalous FCS is related to a
breakdown of the central limit theorem due to strong temporal
correlations between scattering events.! Our results generalize
to nonintegrable systems with hardcore kinetic constraints;
there, they give subdiffusion [41,42] with the same universal
FCS.

The rest of this paper is organized as follows. In Sec. II
we specify the models, observables, and initial conditions of
interest. In Sec. III we analyze a limit (a low-entropy limit
where the left/right halves are almost maximally polarized)
in which the FCS can be computed by elementary means. In
Sec. IV we generalize this result to arbitrary filling and discuss
the crossover between equilibrium and nonequilibrium initial
states. In Sec. V we present numerical data on FCS in quantum
spin chains that is consistent with our theoretical predictions.
We show that our main results are not restricted to integrable

!'This point was also previously made in Ref. [22].

systems, but also extend to constrained systems in the pres-
ence of noise. Finally in Sec. VI we summarize our results
and comment on open questions.

II. SETUP AND BACKGROUND

In the course of this paper we will consider a family of
closely related models, which we enumerate here for clarity.
All the models on this list exhibit the same transport phenom-
ena, with the same universal FCS, but each has some practical
advantages.

(1) XXZ spin chain. The canonical model to which our
results apply is the easy-axis (A > 1) regime of the XXZ
quantum spin-3 chain

H=— ZS;‘ T SIS 4+ ASESE . (1)

When writing down analytic expressions for prefactors we
will focus on this model, since a great deal is known quan-
titatively about its quasiparticle structure.

(2) Trotterized (Floquet) XXZ. To study the dynamics of
the XXZ model numerically one can discretize its time evolu-
tion via a Trotter decomposition. For the naive Trotterization
of the XXZ model, the small time steps required to converge
the time evolution are numerically expensive. To faithfully
study XXZ dynamics while keeping the time-step relatively
large, we rely on the integrable Trotterization in Refs. [43,44].
This is a periodic discrete-time (Floquet) integrable quantum
model that has the same hydrodynamic behavior as the XXZ
spin chain for arbitrary time step.

(3) Folded XXZ automaton. Trotterizing the XXZ model
yields something more amenable to numerical study; however,
quantum time evolution is still prohibitive for system sizes
above L 2 32 spins. A more direct test of our predictions
comes from a classically simulable limit of the model, which
we now describe. In the limit A — oo, the XXZ spin chain
becomes a model with constrained hopping,

Hiolged = — Z -2 (STSE + S7870), @

where the projector IT;_y ;4> = (144587 ,S;,,)/2 enforces
conservation of number of domain walls, as appropriate to the
A — oo limit. The folded XXZ model was initially proposed
as a Hamiltonian [45]; however, each term in it is both unitary
and automatonlike in the sense that it maps a computational-
basis product state to another computational-basis product
state. The resulting automaton was shown to be integrable in
Ref. [46] if the gates are applied in a particular pattern. As an
automaton, its dynamics starting from a computational-basis
product state can be classically simulated, allowing us to go
to late times and large systems.

(4) XNOR model. Finally, we will consider a nonintegrable
constrained stochastic model in which each term in Eq. (2) is
applied at random [41,42]. Remarkably, this model also ex-
hibits the same FCS as the integrable models specified above,
with a different dynamical exponent z = 4 instead of z = 2.

All the models listed above conserve the total magnetiza-
tion ), S7. We will consider the transport of magnetization
(i.e., of spin). At half-filling (zero field) and any finite temper-
ature, linear-response spin transport is known to be diffusive,
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even though energy transport is ballistic. In order to charac-
terize nonlinear, far from equilibrium transport properties, we
focus here on a domain wall (DW) initial state with an initial
charge (spin) imbalance [47-50]. We prepare the system at
time ¢ = 0 in a pure state in which the left (right) half of
the system has average magnetization (S°) = +m/2 (—m/2)
but is otherwise random. For specificity we take the left and
right half-systems to be separately drawn from the canonical
ensemble, so for each run of the experiment the initial state
has a definite particle number in each half-chain. For m small,
the system is near equilibrium and we expect to recover linear-
response results, while m = 1 corresponds to a fully polarized
pure initial state | 11 ... 1) ... |}). We consider periodic
boundary conditions (PBC), and let the system evolve unitar-
ily following the Hamiltonian (1). Our goal is to characterize
the statistics of the magnetization transferred between the two
half-chains as a function of time

Ot) =Y _[Si(t) = S5 O)] = Y _[Si() = S; )] 3)

i=0 i<0

For any initial magnetization imbalance m < 1, the average
magnetization transfer obeys a dynamical scaling O@)) ~
t1/2, with z = 2, characteristic of a diffusive system. In what
follows, we will be interested in the full statistics of this
magnetization transfer Q(¢), which we will characterize using
the full counting statistics (FCS) function

X (1) = In(e*00) =

n [ dor@ee. @
which is the generating function of the cumulants of Q. Equiv-
alently we aim to characterize the full distribution function
P,(Q) defined in Eq. (4), where Q are measurement outcomes
of Q.

For a typical many-body diffusive system, classical or
quantum, we expect the fluctuations of Q(t) to be con-
trolled by the variance scaling as (O, = (0()?) —
(O(t))? ~ /t. This can be seen easily for a classical sys-
tem of independent random walkers, for which the variance
is simply controlled by the central limit theorem, so that
VIO@)2) e/ (O@)) ~ 1/3/(Q(t)) ~ 1/t'/*. This behavior gen-
eralizes to other diffusive interacting systems [51], such as
the symmetric exclusion process, for example [13], and in
general, the FCS in a diffusive system is expected to scale as
(L) ~ /tF()), so that all cumulants of the magnetization
(charge) transfer scale as /7. Equivalently, the distribution of
the magnetization transfer obeys a large deviation principle

[52,53]
0 ViG(g)
Pl ==q)~e"9, 5
(\/l_‘ q) ¢ ( )

where the so-called large-deviation function G(g) can be re-
lated to F (1) by a Legendre transform.

Although the XXZ spin chain (1) also has diffusive mag-
netization transfer on average, we will argue below that the
expected large-deviation form (5) breaks down. In particular,
the rescaled variance (Q(1)%)c/~/f diverges as a function of
time, and we will show that the width is of the same or-
der as the average: v/ (Q(1)2). ~ (O(t)) ~ «/t. The origin of
this anomalous behavior is the unusual physical mechanism
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FIG. 1. Illustrative trajectories in which a magnon goes through
the domain wall starting either from the left or the right. The magnon
trajectory is indicated in red; the cut dividing the left and right half-
chains is shown as a gray dashed line. The passage of the magnon
shifts the domain wall by two steps. Whichever way the domain wall
shifts, provided it moves away from the cut, one unit of magnetiza-
tion (i.e., one net black circle) moves from the left half-chain to the
right half-chain. According to our conventions [Eq. (3)] this gives
AQ = +2. If we run this process in reverse, the domain wall moves
toward the cut and magnetization is transferred to the left.

leading to spin diffusion in the XXZ spin chain. In what
follows, we will focus on the asymptotic, long-time behavior
of the distribution P, (Q), which will describe fluctuations over
scale Q ~ +/f form > 0, and Q ~ t'/* in equilibrium m = 0.

III. LOW-ENTROPY LIMIT

The physics of this model is particularly transparent in the
limit m — 1, where either half-chain is almost fully magne-
tized. In this limit, most spins in the left (right) half-chain
are in the 1 (] ) state, and a fraction f = ﬂ of the spins
are in the minority state. When f =0, one can regard the
system as consisting of a single giant domain of 4 spins above
a vacuum of |, spins (or vice versa, by Z, symmetry). The
giant domain is immobile: U(1) symmetry forbids it from
growing or shrinking, while energy conservation only allows
it to move on timescales exponential in the system size. For
f > 0, one has some density f* of sequences (called strings)
of s minority spins. In the integrable system we are consider-
ing, strings move with a characteristic velocity v, ~ ¢~7¢~ 1,
where coshn = A. (When A > 1 this result follows from
perturbation theory to order s.) When a string passes from one
half-chain to the other, it does so by flipping its magnetization
(e.g., going from a string of 1 spins in a | background to a
string of | spins in an 1 background). By U(1) symmetry a
string of size s must deposit magnetization 2s at the interface,
thus shifting it by 2s in the direction opposite to the motion of
the string (see Fig. 1). The left and right half-chains are related
by Z, symmetry; thus, the two half-chains have identical dis-
tributions of strings [54], and the domain undergoes unbiased
Brownian motion due to its collisions with strings coming
from either side. The diffusion constant Dpyw associated with
the motion of this domain wall can be computed from gener-
alized hydrodynamics (GHD) [55-57] for any anisotropy A
and filling m [40,58,59], using the results of Ref. [33]. For
A — 00, it reads

4
lim Dpw = , 6
A P = I F 2cosh(2h)] ©)
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where we parametrized the filling as m =tanhh. In the
limit m — 1, we have Dpw ~ %e’zh, independently of the
anisotropy A.

To relate the motion of the DW to Q(¢), we make the fol-
lowing key observation: whenever the DW moves away from
the origin, Q(¢) goes up; whenever the DW moves toward the
origin, Q(t) goes down. Thus the distribution of Q(¢) in this
limit is simply the distribution of the distance of the DW from
the origin, i.e., the absolute value of a random walk:
e*Qz/(4DDWI)’

PPEC(Q) = 0=>0. (7

1
7T Dpwt
The result above was obtained for a single interface, or open
boundary conditions (OBC); for our setup involving PBCs we
have two interfaces, and P, is simply the convolution of POB¢
with itself since both interfaces are independent. We find

= 2 et —2—
Q)= |5 —e erf(m), ®

where erfx = \/i; Io ¢ dy is the error function. It is straight-

forward to go from this expression to the generating function
for FCS (at long times):

x:(\) = =2DpwiA? + 21n[1 + erf (iv/Dpwir)].  (9)

The main features of our general result are apparent from
this simple limit. First, the expectation value (Q(t)) ~ /7.
Second, the width of the distribution also grows as A1, so its
variance grows as t. Third, the distribution is strongly skewed,
since it has a hard cutoff at the origin. From the physical
picture outlined above, the reason for this breakdown of the
expected large deviation form (5) is straightforward: unlike
standard diffusion, where there are many independently mov-
ing particles, in the present case the magnetization transfer
is associated with a single diffusing object, i.e., the interface.
Thus the mean and variance are related as they would be for a
single random walker, not for an ensemble of random walkers.

It is worth contrasting our result in this limit with what
one would obtain, e.g., for a chaotic Hamiltonian or random
unitary circuit with the same initial condition and a U (1) con-
servation law [60,61]. (In the latter case the FCS is precisely
that of the symmetric exclusion process, and its generating
function is known exactly [13].) In the chaotic case, each
snapshot would reveal two polarized banks separated by a
region of size /7 in which the domain wall has essentially
melted and the state is random. By contrast, in the integrable
case, each snapshot at time ¢ would reveal two highly polar-
ized banks separated by a melted region of size O(1), i.e., a
sharp wall even at late times. That this domain wall stays sharp
at late times is a consequence of integrability. Even though
the domain wall remains sharp, its location is random from
shot to shot (as it depends on the initial positions of all the
magnons in the sample). Thus, after averaging the chaotic and
integrable diffusive systems give the same spin profile, but
the mechanisms are completely different: in chaotic case the
domain wall melts in each branch of the wave function; in the
integrable case, the domain wall remains sharp but wanders.
These mechanisms naturally lead to very different statistics
for the fluctuations.

IV. GENERAL DENSITY

We now turn to general filling m. The main difference in
this case is that when the domain wall is at x, there is a
finite density of strings in the interval [0, x]. The presence
of these strings modifies the relationship between the domain
wall position x(¢) (which still follows a random walk) and
the magnetization transfer. Following the semiclassical pic-
ture outlined above, we have the microscopic relation Q(t) =
myo xx(t), where myo ) is the magnetization density in the
interval between the domain wall and the origin. On average,
this is just the equilibrium magnetization density on each side
of the domain wall: it has an average value m x sgn(x), as
well as fluctuations given by standard thermal equilibrium
statistical mechanics (8mj, ;) = x/|x|, with x =1 —m? the
spin susceptibility in our infinite temperature ensemble.

A. Nonequilibrium case m > 0: Long time limit

For any magnetization imbalance in the initial state m > O,
we have myp ) > m almost surely at long enough times, and
the results of the previous section for m — 1 apply imme-
diately up to rescaling Q — Q/m. A similar scaling with
m = tanh & was found in the easy-plane regime A < 1 for
the same domain wall initial state [49], although transport
is ballistic in this regime. We will show below that this fac-
tor reproduces all limiting cases, and captures properly the
crossover to equilibrium (m = 0).

In particular, we find the average magnetization transfer

(0) = dm, | 22V (10)

T

where Dpw can be computed from GHD for any A and m.
The predicted dependence of (0)/+/t on m and A is plotted
in Fig. 2(d). This is consistent with the average magnetization
obeying a diffusion equation

3 (S%) = Dpwd; (5%, (11)

so we identify the spin and DW diffusion constants D = Dpw,
which is indeed known to be correct for the XXZ spin chain
at half-filling m — 0 [30,40], and is also believed to hold in
general [62]. As m — 0, this formula is consistent with linear
response: for a single interface, we predict (Q) ~ 2m~/ —z;’r‘”’
with m = tanh i ~ h < 1. In this regime, we have the linear
response relation [31,37] for a small domain wall: (S,(x,?)) =
g —4h ffoo dy(S,;(x, 1)S;(0,0)), where (S.(x,7)S;(0,0)) =

1

8/ Dt
ature state, and D is the spin diffusion constant at half-filling

[30,32,40]. Using this linear response relation and Eq. (3), we

¢~ /D1 ig evaluated in the equilibrium infinite temper-

find (Q)/h ~ 2,/ % which agrees with our prediction. Higher
cumulants follow from our main result (8) up to rescaling by
m, with the variance (Q(t)*). ~t and a universal skewness

S ~ 0704

B. Equilibrium limit and finite-time crossovers

We now discuss the crossover to the equilibrium state at
m = 0. Here, by symmetry, there can be no net magnetization
transfer: this immediately follows from the discussion above.
Furthermore, the variance of the magnetization transfer scales

024417-4



DISTINCT UNIVERSALITY CLASSES OF DIFFUSIVE ... PHYSICAL REVIEW B 109, 024417 (2024)

(@) N ©
0.7} 2
06F ‘\ ----- theory
—os —— =300 %
= 04t —— =200 §
S 03ff —— t=100 2
4 =
0.2y, [75]
'
0.1¥
t
)
--------- n
]
=]
L=30 ] %
mean L= £
stdev L=30 n
----- mean L=24
1 stdev L=24
0.0 0.2 0.4 0.6 0.8 1.0 1 2 3 4 5

m Vi

FIG. 2. Top: Results on the automaton [46]. All results are averaged over between 3 x 10* and 10° initial states. (a) Distribution of the
magnetization transfer Q(z) for m = 0.6 at various times, rescaled by the mean transfer /7. These collapse well onto each other and onto the
theoretical prediction (8). (b) Evolution of the mean and standard deviation of Q(t) at m = 0.6, indicating that both go as 4/7. (c) Evolution of
the skewness of Q(z) for various values of initial magnetization m; as m — 0 the skewness takes longer to grow to its universal late-time value.
All simulations were done on system sizes L = 12¢,,,x where ., is the latest time presented. For this size, finite-size effects are demonstrably
absent. Bottom: Results on the XXZ spin chain and its Trotterization. (d) Theoretically predicted coefficient of mean magnetization transfer
as a function of anisotropy A and magnetization m. Note that this goes to zero both at m = 0 (by reflection symmetry) and at m = 1 (because
the domain wall freezes). (¢) Mean and standard deviation of Q(¢) at m = 1/3 from numerical simulations of the Trotterized XXZ spin chain
(see main text). Solid (dashed) lines are for L = 30 (L = 24) and their separation indicates where finite-size effects manifest themselves for
L = 24. (f) Skewness for various values of m at L = 30. The black dashed line is for L = 24; from it, we can infer that finite-size effects cause
a downturn of the skewness, which appears to set in for L = 30 in the shaded region at the right end of the plot.

interfaces), we find

x:(A\) = —2DpwtA? + 21n[1 + erf(i~/Dpwi )],
1— 2 )\2
p L mmOn

as /t with a prefactor that is independent of m. One can see
this from our discussion above: over a time ¢, the domain wall
moves over a typical distance x ~ /7, but the magnetization

density my y) the interval between the domain wall and the ori-

* = mx (13)

gin is 0 on average, with typical fluctuations ~\/%. Therefore,

the net magnetization transported only scales as /x ~ ¢!/ as
one would expect from central limiting behavior. For small but
nonzero m, the variance crosses over from an m-independent
piece that scales as ¢'/? to an m-dependent piece that scales
as m?t. The crossover timescale thus scales as 7, ~ l/m4 and
rapidly diverges near m = 0.

Our picture above captures this crossover quantitatively, as
well as the equilibrium distribution. Recall that for a single
interface (OBC), we have Q(t) = myo |x(¢)| with x(¢) nor-
mally distributed with variance 2Dpw? and zero mean, and
myo ) a normally distributed variable with mean m and vari-
ance (1 — m2)/ |x|. Writing PZOBC(Q) in terms of the random
variables myp ) and x with a § function §(Q — my_|x|(#))
enforcing the constraint gives:

x* H(2-m)”
o eXp ( ~ pwt  20-m?)

POBC — d .
o 0 x,/2712(1—m2)«/DDwtx

Using this expression, we can easily compute the FCS (4) in
closed form. Going back to PBC (corresponding to multiply-
ing the FCS by a factor of two since there are two independent

12)

2

Clearly in the limit m — 1, we recover (9). The corresponding
probability distribution P,(Q) is plotted in Fig. 3. For any
m > 0, the distribution of magnetization transfer broadens
symmetrically at short times. This broadening is a sublead-
ing effect and the late-time distribution still approaches the
universal form (9) (with A — mA) that we discussed in the
m — 1 limit. This can be seen by letting t — oo and A — 0
with £A2 fixed, so that in that limit, A2 — 7A%. The formula
(13) can be used to fully characterize the finite-time crossover
for finite m. For example, the variance reads

(0%, =401 — m2),/D1:TWt +4Dpwm*(1 —2/m)t.  (14)

As we anticipated above, the variance crosses over from Jto
m?t on a timescale f, ~ 1/m*. In the equilibrium case m = 0,
we predict

2 2
(53] o0

1
XA = EDDWA“t +1n |:1 —erf

with the corresponding probability distribution plotted in the
inset of Fig. 3. A closely related equilibrium distribution
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FIG. 3. Finite-time crossover of the spin transfer distribution for
m > 0, obtained from the PBC analog of Eq. (12). Here we set D =
1, and the distribution was obtained from sampling the integrals over
x and myg . Inset: equilibrium distribution (m = 0) of the rescaled
transfer Q, = Q/t"/* for PBC. The orange dashed line is a Gaussian
distribution with the same variance for comparison.

was discussed in the context of an exactly solvable cellular
automaton in Ref. [22].

V. NUMERICAL SUPPORT

In general the quantum XXZ spin chain must be simulated
using numerical methods that are restricted to modest times
and system sizes. To compare our predictions to numerics
that we can converge to very late times, we have performed
simulations on an integrable cellular automaton (the folded
XXZ automaton from Sec. II) that mimics the behavior of the
XXZ model in the large-A limit [46,63]. The automaton dy-
namics is made up of four-site updates such that the states on
the middle two sites are swapped conditional on the first and
last site being in the same state. This rule conserves the total
number of domain walls and of 1 spins; thus it is evidently
closely related to the A — oo limit of the XXZ model [45]. If
these updates are applied in the pattern described in Ref. [46]
this model can be shown to be integrable. As the top panel of
Fig. 2 shows, P, (Q) in the automaton convincingly approaches
the prediction (8) at late times, even starting from states that
are relatively far from unit filling. Moreover, the mean and
standard deviation of the magnetization transfer clearly both
scale as /7. In equilibrium, the rescaled distribution of mag-
netization transfer matches our prediction (12) with m =0
(Fig. 4).

We have also checked our predictions against a fully quan-
tum XXZ model, whose dynamics we simulate exactly. The
initial state is a direct product of random pure states with
definite total magnetization on each half-system so that the
magnetization transfer is well defined even at early times.
To make the simulations more tractable we use an integrable
Trotterization [43,44] of the Hamiltonian model made up of
two-spin gates U = exp[i(S*S* 4+ S¥S¥ + AS*S?)] arranged in
a brickwork pattern with periodic boundaries, and run our
simulations on a GPU using JAX [64,65]. We set A =5, and
measure time in units of the period of the quantum circuit
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FIG. 4. Rescaled distribution of magnetization transfer for open
boundary conditions (OBC) in equilibrium (no bias, m = 0). The
dashed line is the theoretical prediction (12) with m = 0, and the dots
are rescaled histograms at various times from ¢ = 20 to # = 200. The
histograms are over 60000 realizations.

(two layers of gates lasts one unit of time). At each time
we extract the distribution P;(Q) and average it over 50 sam-
ples. Unfortunately, the combination of initial transients and
finite-size/time effects make it so that we cannot conclusively
establish how the variance of Q scales with time, or what the
skewness does at late times. Nonetheless, the observed behav-
ior is consistent with our theoretical predictions [Fig. 2(e)],
and the skewness clearly follows a growth similar to what
occurs in the automaton [Fig. 2(f)].

We now briefly present results on the XNOR model, dis-
cussed in more detail in Ref. [41,42]. The dynamics of this
model consists of four-site updates in which the middle two
spins can flip flop if the two outer spins are aligned. When
these updates are applied randomly in space and time, one
ends up with a stochastic model in which magnons move
diffusively but the number of magnons and frozen domains
is separately conserved [66,67]. Integrability breaking in the
large-A limit gives rise to XNOR dynamics over a parametri-
cally large time window controlled by the parameter A.

The discussion in previous sections also applies to this
model with some minor changes. First, the domain wall moves
subdiffusively. Over a time ¢ the domain wall collides with
magnons coming from either side that began within a distance
~4/t of the domain wall. The imbalance between left and right
movers is ¢!/, and correspondingly that is also the scale over
which the domain wall moves. Since the motion of the domain
wall is what controls the magnetization transfer in this model,
the mean and standard deviation are expected once again to
scale the same way, and the distribution is expected to develop
a large skewness. In fact, there is strong numerical evidence
[41] that the domain wall moves with a rescaled Gaussian, so
the entire generating function for the full counting statistics
in this model is expected to be identical to that discussed in
earlier sections, except for the change in the dynamic scaling.

In Fig. 5 we test these arguments against numerical ev-
idence. The data quality for this model is worse than for
the integrable model discussed in the main text, primarily
because the much slower dynamics makes it hard to go out to
late enough times to see the asymptotic physics. Nevertheless,
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FIG. 5. Data on the stochastic XNOR model. (a), (b) Mean, standard deviation, and skewness of magnetization transfer, vs. /4.
(c) Rescaled distribution of magnetization transfer, compared to the infinite-time prediction (dashed line). All simulations involved initial
states at f = 5/6, averaged over 40000 realizations, each with a different initial state and noise pattern.

the first few moments behave very similarly to those for the in-
tegrable model. A look at the full distribution P;(Q) [Fig. 5(c)]
indicates the reason for the slow convergence. In a state at
finite filling the domain wall is often some distance behind the
origin (e.g., because there is a large density of quasiparticles
between the domain wall and the origin). Eventually, as the
domain wall spreads out, these frozen-in initial fluctuations
become irrelevant, as they have some time-independent width
while the rest of the distribution broadens with time. Thus the
part of the distribution left of the origin becomes negligible,
and the distribution approaches the theoretical prediction, al-
though this approach is slow [Fig. 5(d)].

VI. DISCUSSION

We have presented an explicit form for the distribution
function of the magnetization transfer, P,(Q), for the do-
main wall initial state in the XXZ model. We showed that
even though magnetization transfer is diffusive on average,
the distribution corresponds to a distinct non-Gaussian uni-
versality class. We have argued, and presented numerical

evidence, that this distribution is universal at asymptotically
late times for any nonzero imbalance; our arguments also
imply that it should hold asymptotically for any nonzero easy-
axis anisotropy. While we used results from integrability, in
fact the main phenomenological features survive even in the
absence of integrability, at large A, because they only rely on
the stability of magnons. When integrability is broken at large
A, there is a parametrically large time window (polynomial
in 1/A [42]) for which magnons are diffusive but stable;
in this time window, one expects subdiffusion [41,42] with
anomalous counting statistics. In this regime, the universal
skewed distribution (8) once again arises asymptotically; how-
ever, its width is now set by #'/4 rather than ¢!/?, as discussed
above. At finite A, this anomalous counting statistics arises at
intermediate times, and presumably eventually crosses over to
regular diffusion.

Our work shows that systems with the same hydrodynam-
ics can nevertheless belong to distinct universality classes,
and these distinctions can be exposed using observables
that are natural to near-term simulators. Our predictions
can be tested in various currently feasible experiments.
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FIG. 6. The spatial magnetization profile (S7), and distribution of magnetization transfer. The top (bottom) panels are for periodic (open)
boundaries. Time ¢ € [0, 25] is represented by light to dark curves in the first two columns, which are for N = 30 spins and m = 1/3. In the
final column we show the quantum distribution over Q at time r = 20, solid lines represent simulations with N = 30 spins, and the dashed line

isatN =24 andm = 1/3.
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Single-site-resolved microscopy has been demonstrated and
extensively used to study dynamics, including in the isotropic
Heisenberg model [37]. The anisotropic XXZ spin chain
was experimentally realized and studied in Ref. [68]; while
this setup did not involve site-resolved microscopy, such an
extension is experimentally feasible. Site-resolved imaging
capabilities are also built into realizations of programmable
quantum matter including Rydberg atom arrays [69] and
superconducting qubit arrays [3]. The easy-axis XXZ model
(or its Trotterized version) is straightforward to implement on
these platforms. However, the extent to which our predictions
can be checked depends on how well depolarizing noise
can be mitigated. Depolarizing noise will contaminate the
full counting statistics as it will lead to particle number
fluctuations that are unrelated to transport.

A particularly interesting question for future work is to
extend our theoretical picture to the Heisenberg model, A =
1. A naive extension of our analysis would suggest that the
magnetization transfer remains diffusive at the isotropic point,
consistent with the numerics in Ref. [21]. This is because
Dpyw remains finite at A = 1 for m # 0 [32]. The crossover
to diffusion is predicted [32] to happen at times ¢ (m) ~ 1/m?,
and thus diverges rapidly near zero bias. However, a subtlety
that arises in the Heisenberg limit is that the dynamics does
not freeze out even at m = 1. Therefore, to capture the Heisen-
berg case, one would have to augment our analysis of the
Brownian contribution to magnetization transfer, coming from
magnon-domain wall collisions, with a more careful analysis
of the m = 1 dynamics. A related point is that the experiment
in Ref. [37] measured a finite skewness for P,(Q) whose value
was consistent with KPZ predictions, even though the exper-
iment was performed with a nearly polarized initial domain
wall, m ~ 1, which is outside the near-equilibrium regime
(m — 0) where KPZ physics is expected to hold. Our analysis
in this work shows how P, (Q) can display finite skewness
even in diffusive systems in the strongly anisotropic regime,
and for nearly polarized initial conditions, far from any KPZ

regime. An interesting question for future work is to determine
whether the measured skewness at A =1, m — 1 is indeed
related to KPZ physics, or whether it has a distinct dynamical
origin related to the considerations in this work. We leave
these questions to future work.
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APPENDIX : EXTENDED DATA FROM
THE XXZ MODEL SIMULATIONS

For completeness, in this section we provide an extended
data set from simulations of the integrable XXZ circuit, with
both periodic and open boundary conditions. In part of Fig. 6
we show an example of the evolution of the spatial magneti-
zation profile, and distribution of magnetization transfer, over
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time, for a particular initial polarization m = 1/3. In the same
figure we also show the distribution P, (Q) at a particular time
(t = 20) for several initial polarizations and boundary condi-
tions. Figure 7 shows the mean, standard deviation, and skew-
ness of P,(Q) for periodic and open boundaries and several

initial polarizations m. As was stated in the main text, working
with such small systems sizes for the fully quantum model
limits our ability to conclusively extract late-time behavior, so
the main purpose of this data is to check for consistency with
our theoretical arguments and cellular automaton numerics.
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