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Slow thermalization and subdiffusion in U (1) conserving Floquet random circuits
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Random quantum circuits are paradigmatic models of minimally structured and analytically tractable chaotic
dynamics. We study a family of Floquet unitary circuits with Haar random U (1) charge conserving dynamics;
the minimal such model has nearest-neighbor gates acting on spin-1/2 qubits, and a single layer of even/odd
gates repeated periodically in time. We find that this minimal model is not robustly thermalizing at numerically
accessible system sizes, and displays slow subdiffusive dynamics for long times. We map out the thermalization
dynamics in a broader parameter space of charge conserving circuits, and understand the origin of the slow
dynamics in terms of proximate localized and integrable regimes in parameter space. In contrast, we find
that small extensions to the minimal model are sufficient to achieve robust thermalization; these include (i)
increasing the interaction range to three-site gates, (ii) increasing the local Hilbert space dimension by appending
an additional unconstrained qubit to the conserved charge on each site, or (iii) using a larger Floquet period
comprised of two independent layers of gates. Our results should inform future studies of charge conserving
circuits, which are relevant for a wide range of topical theoretical questions.
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I. INTRODUCTION

The dynamics of thermalization in isolated quantum sys-
tems is a topic of fundamental interest [1-5]. Foundational
questions on this topic have taken special relevance with
the advent of quantum simulators that can coherently evolve
quantum states for long times [6—10]. Some key questions
include identifying universal features in the dynamics of ther-
malizing systems, such as in the growth of entanglement
entropy [11-15], the propagation of quantum information
[16,17], or the emergence of hydrodynamic transport [18-20].
Likewise, understanding mechanisms by which systems evade
thermalization or thermalize slowly, say due to localization
[21-23] or quantum scarring [24-26] or prethermalization
[27-34], is also an active area of research.

Analytic approaches to studying the out-of-equilibrium dy-
namics of interacting quantum systems remain scarce. In this
context, random quantum circuits have emerged as a powerful
class of analytically tractable models that can capture univer-
sal features of quantum dynamics [14,35-37]. Long studied
in quantum information as models of quantum computation,
quantum circuits are also the natural evolutions implemented
by digital quantum simulators that are the subject of much
experimental investigation [6,10,38,39]. A canonical exam-
ple of a minimally structured random circuit retains only
the ingredients of unitarity and locality, such that the time
evolution of a set of a qudits on some lattice is generated
by unitary gates acting on r contiguous qudits, and drawn
independently from the Haar measure at each position and
time-step. Such minimally structured circuit models have no
continuous symmetries or conservation laws (the discrete time
evolution means even energy is not conserved), and exhibit

“These authors contributed equally to this work.

2469-9950/2024/109(2)/024311(11)

024311-1

thermalization to an infinite temperature state, with universal
ballistic spreading of quantum information en route to ther-
malization [14,36,37].

Random circuits can also be endowed with additional
structure to achieve a range of interesting dynamical behav-
iors, with the simplest such extension being the addition of
a single U (1) conservation law of total spin [18,19]. In the
minimal implementation of this conservation law, each local
unitary gate assumes a block diagonal structure, with each
symmetry block within each gate drawn independently from
the Haar measure. We will refer to such gates as “Haar ran-
dom U(1) conserving” gates. With this change, the ballistic
information spreading is (provably) accompanied by diffusive
spin dynamics, and the diffusion constant can be analytically
derived [18,19]. The dynamics can be made subdiffusive if
the U(1) conservation law is accompanied by other dipole
or multipole symmetries, or if the system is endowed with
additional kinetic constraints [40—45].

Another important extension of random circuit dynamics
is obtained by considering Floquet dynamics with time-
periodicity, so that layers of random unitary gates are repeated
in time after a period of T time-steps. In generic Floquet
systems, the appropriate equilibrium state is the infinite tem-
perature state [46,47]. However, the periodicity in time and
randomness in space opens up the possibility of many-body
localization (MBL), which is absent in circuits that are ran-
dom in time. Indeed, several families of structured random
Floquet circuits have been shown to exhibit a many-body lo-
calized regime [48-53]. In this context, “structured” pertains
to Floquet circuits generated by specific gate sets param-
eterized by tunable interaction and disorder strengths and,
importantly, with a preferred local basis for the disorder such
that the models look increasingly diagonal in this basis as the
disorder strength is increased. Increasing disorder or decreas-
ing interactions leads to MBL.
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However, localization is generally not expected in mini-
mally structured Haar random Floquet models (without any
conservation laws), in which neighboring spins are strongly
coupled with Haar random gates, and there is no preferred
local basis in which the disorder is strong. In line with this
intuition, Ref. [54] proved that local Haar random Floquet
circuits are chaotic in the limit of infinite local Hilbert space
dimension g for each qudit [specifically, they proved that the
spectral form factor derived from the Floquet unitary exhibits
random matrix theory (RMT) behavior], while Ref. [49] nu-
merically showed thermalization even for spin-1/2 qubits.
The derivation of chaos in the spectral form factor was also
extended to random Floquet circuits with U(1) charge con-
servation symmetry [55], in which case the RMT behavior
sets in after a Thouless time governed by diffusive charge
transport. The U (1) Floquet calculation required appending
an unconstrained qudit to a qubit whose charge is conserved,
resulting in an enlarged local Hilbert space C> ® C? of dimen-
sion 2¢q. Once again, the limit ¢ — oo was necessary to make
analytic predictions although, just like the case without U (1)
symmetry, the results were expected to hold more generally,
i.e., even in the case of g = 1.

In this paper we consider thermalization dynamics in var-
ious U (1) conserving random Floquet circuits. Surprisingly,
we find that the system deviates from robust thermalization
for the minimal Haar random U (1) conserving Floquet model
with nearest-neighbor gates, spin-1/2 qubits, and no addi-
tional qudits (i.e., with ¢ = 1). While the random-in-time
Haar random U (1) conserving circuit with ¢ = 1 is provably
diffusive [18,19]—and the same behavior was expected to
occur in Floquet circuits [55]—we instead find subdiffusive
behavior of conserved charges for long times and slow ther-
malization dynamics for numerically accessible system sizes.
We compute various local and global metrics of quantum
thermalization, such as level spacing statistics, the transport
of conserved charges, and the dynamics of entanglement.
While all metrics show trends that are consistent with asymp-
totic thermalization for large enough system sizes and times,
numerically accessible sizes and times do not show robust
thermalization. By studying the parametrization of the gates,
we argue that the slow dynamics can be understood in terms
of proximity of the nearest neighbor Haar random U (1) con-
serving gates to localized regimes in parameter space.

In contrast, robust thermalization is recovered by taking
q > 1 or, analogously, by increasing the range of gates r, or
the period T'. Random circuits (with and without symmetries)
have come to serve as canonical models for numerically and
experimentally studying quantum dynamics. Our paper in-
forms future studies of charge conserving Floquet circuits by
showing that the minimal such circuit is not robustly chaotic,
and needs to be extended in one of the ways mentioned above,
i.e., by increasing the range, the period, or ¢, to achieve robust
thermalization.

More generally, our paper shows that the combination of
locality, symmetry, and a small local Hilbert space can quite
generically hinder thermalization and exploration of the (con-
strained) Hilbert space. Interestingly, it was recently pointed
out [56] that local symmetric gates cannot produce the full
group of global symmetric gates even for random-in-time
systems (regardless of the range of interactions). This is to be

contrasted with the fundamental result in quantum computing
that any global unitary in U(N) can be arbitrarily approx-
imated by a sequence of two-local gates [57,58]. Whereas
the result in [56] does not preclude the emergence of local
thermalization, it raises intriguing questions of how truly ran-
dom the global unitaries generated by local and symmetric
evolution are.

The rest of this paper is organized as follows. We begin
in Sec. II with a description of the models considered in this
paper. We show how to parametrize two-site Haar random
U(1) gates in two different ways: By directly constraining
transition amplitudes in the unitary gate in accordance with
the symmetry, and in terms of the generators of the Lie algebra
of U (4) that commute with the generator of the U (1) subgroup
on two qubits. The various Lie algebra coordinates, which
we refer to as “couplings”, serve as important tuning knobs
of the models, controlling the interaction strength and real
and complex hopping amplitudes. We find that the minimal
nearest neighbor U (1) conserving Floquet circuit fails to sat-
urate to the RMT prediction at numerically accessible system
sizes, and explain this using the parametrization of U (1) gates.
We present level statistics data in Sec. III, charge transport in
Sec. IV, and entanglement dynamics in Sec. V. In all cases,
the minimal slowly thermalizing model is contrasted with a
robustly thermalizing model with larger period T > 1, longer
range interactions r > 1, or enlarged local Hilbert space
q > 1. We summarize and conclude in Sec. VI.

II. MODELS

A. Circuit architecture

In this subsection, we introduce the general architecture
of U(1) conserving Floquet circuits considered in this paper.
The circuit structure will be labeled by three parameters: the
local Hilbert space dimension 2g, the range r, and the period
T, discussed in turn below. The unitary gates comprising the
circuit are drawn from various probability distributions, which
are discussed in the next subsections.

We study periodic one-dimensional chains of length L
sites, where the degree of freedom on each site is the di-
rect product of a spin-1/2 qubit and a qudit with Hilbert
space dimension ¢. Thus, the local Hilbert space is C*> ® CY,
with dimension 2g. We can label the spin state on each
site i as (1 a); or (| b);, where the first label is the spin
state in the Pauli z basis and the second label is the qudit
state. Likewise, X, Y;, Z; denote Pauli matrices acting on the
qubit on site j, where the identity operator acting on the
qudit state is left implicit. The time evolution is constrained
to conserve the total z component of the spin-1/2’s, S =
> ;jZj» while the qudits are not subject to any conservation
laws [18].

We consider brickwork circuits with staggered layers of
range-r unitary gates. The range r is the number of contiguous
qudits each individual gate acts on, so that U; ji1,.. j+¢—1)
acts on sites (j, j+1,...,j+r —1). Thus, r =2 denotes
nearest-neighbour gates while » = 3 is a three-site gate in-
cluding both nearest and next-nearest-neighbor interactions.
Each gate is a (2¢g)" x (2g)" block diagonal matrix, with (r +
1) blocks labeled by the total z charge of the qubits on r sites:
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FIG. 1. (a) Brickwork circuit for the minimal model with
nearest-neighbor gates with » = 2, and Floquet period 7' = 1, and
(b) Circuit architecture with range r = 3 gates and Floquet period
T = 2. Each gate locally conserves Sg;.

Z{:fl Z;. The blocks have size (;)q’ withn=0,1,...,r.

For example, for » = 2, the gates U; ;1 have the structure

N
(4* x 4°)
NI
Uiy = , 1
Jij+1 (2q2 x 2q2) ()
W
(@* x °)

comprised of (i) a (¢*> x ¢°) block acting in the (1 a); ® (1
b)iy1 subspace, (i) a (2¢° x 2¢%) block acting in the (}
a); ® (§ b)ir1, (I @); ® (1 b)ix1 subspace, and (iii) a (¢* x
qz) block acting in the (| a); ® (| b);11 subspace. Likewise,
for r = 3, the gates U; ;41 j; have the structure

Ujjt1j+2

M
(@ =)
RN
(342 X 3q2)
= Wt il
(3q2 x 3¢°
Wi
¢ xq

(@)

comprised of (i) a (¢*> x ¢*) block acting in the (1 a); ®
(1 D)ix1 ® (1 ¢)i+2 subspace, (i) a (3q2 X 3q2) block act-
ing in the (1 a); ® (1 b)ix1 ® (I Oig2, 1 @i @ (I b)iy1 ®
(1 Oz, (} @)i ® (1 b)it1 @ (1 ¢)ig2 subspace, (iii) a (3¢* x
3q2) block acting in the (§ a); ® (§ b)i+1 ® (1 €)ix2, (
a)i @ (1 h)ir1 ®{ iy2, (1 @) ® (| D)iy1 @ (J ¢)ira sub-
space, and (iv) a (¢ x ¢*) block acting in the (| a); ® (|
b)i+1 ® ({ ¢)it2 subspace.

The circuit architecture has a periodic brickwork layout
with variable period T € Z. The circuit implements discrete
time evolution, and advancing by one unit of time comprises
the application of a “layer” comprised of r staggered sublay-
ers. Each sublayer is displaced by one lattice site with respect
to the prior sublayer (see Fig. 1). For example, for r = 2,
advancing by one unit of time entails applying one layer of

even and odd gates,
Ut+1,0) =[[Ujs12j2® [[ V22 @).  3)
j i

Uoaa 1)=U, (1) Ueven (1)=Up (1)

Likewise, r = 3 requires applying three staggered sublayers
of gates starting from the (0,1,2), (1,2,3), and (2,3,4) bonds
respectively,

Ut+1,t)= l_[ Usig2 3043, 3k+4 (1) X
k

Ua(1)

l_[ Usjy13j42,3j+3(t) X
J

Ui(1)

[ [Usi3i413i4200) - “

Uo(1)

More generally, for range r gates,

r—1
Ut+1,0=[]0.0),
a=0
Uy(t) = l_[ Urj+a,rj+(x+1,~~~,rj+ot+r71- %)

J

For a circuit with periodicity 7T, the gates in the first T
layers are chosen independently, and layers repeat after T
time-steps, U(t + T + 1,t +T) =U(t + 1,t). The Floquet
unitary is defined as the time-evolution operator for period 7',

T-1

Uph) =[Jue+1,0, ©6)

t=0

and U(t = nT, 0) = Up(T)".

B. Haar random U(1) conserving gates

A central focus of our study is on the most random U (1)
Floquet dynamics, where each symmetry block in each unitary
gate in the first T layers is sampled randomly and indepen-
dently from the Haar distribution. This requires uniformly
sampling unitaries in U(N) for all the (» + 1) block sizes
N = (;)q’, n=0,1---,r in each independent gate, which
can be done, for instance, with the numerical sampling algo-
rithm described in [59]. For example, r = 2 entails sampling
three independent blocks for each independent gate, of sizes
N = ¢*,2¢* and ¢* [cf. Eq. (1)]. Similarly, » = 3 requires
sampling four independent blocks for each independent gate,
of sizes N = ¢2, 3¢%, 3¢* and ¢* [cf. Eq. (2)].

In what follows, we will show that the minimal Haar ran-
dom U(1) conserving Floquet model with nearest-neighbor
dynamics on spin-1/2 qubits (no qudits),g = 1,r =2,T = 1,
is not robustly thermalizing for the accessible system sizes.
In contrast, the simplest extensions of the minimal model,
q=2,r=3,or T =2, all show robust thermalization (cf.
Sec. III). All these extensions have the effect of making the
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Floquet dynamics less locally constrained, which aids with
thermalization.

The balance of the paper is almost entirely focused on
dynamics with r = 2, g = 1, and we consider both T = 1, 2.
The T = 2 model will serve as a strongly chaotic reference
model to be contrasted with the minimal model. To under-
stand the origin of slow thermalization in the minimal model,
we will find it useful to consider deformations of the Haar
random gates that illuminate the proximity of nearby localized
regimes in parameter space. To this end, we will find it useful
to explicitly parametrize two-site U (1) conserving gates in
multiple ways, which we turn to next.

C. Parameterizing two-site U (1) conserving gates

The unitary gates for the minimal model with r = 2, g =
1 can be parameterized explicitly. The two-site basis is just

{11 114, ) S [H4)}, and Uy 4y takes the form

eia

Ujj+1 = cos(l//)e*i”

e

i cos(¥)e
€\ = sin(y)e i

sin(yr e )

)

The states |11) and || | ) can only acquire a phase, whereas
the central block enacts a general unitary transformation on
the {|1]), |1{)} subspace. The gate is parameterized with six
real parameters {«, 8, ¥, ¥, ¢, x}. We will consider different
distributions of these parameters in Secs. IIC 1, IIC2, and
IIC3.

We will also find it useful to parametrize the two-site uni-
tary gate in terms of the generators {H“} of the Lie algebra of
U (4) that commute with the generators of the U (1) subgroup
on two qubits. The local unitary gate in Eq. (7) has six degrees
of freedom, thus the Lie algebra contains six generators,

Ujjr = € Zamo ol ®
The choice of generators is not unique, but a natural basis is
{Hﬁj-H} ={lilj1,
(Zj+Zj+1)/2,
ZiZjs,
XiXj1 +Y;Y11)/2,
i(XjYjr1 = YiXj1)/2,
(Zj1 —Zj)/2}, &)

where [ is the identity matrix. In the chosen basis (9), the
first three generators commute with all other generators,
[Ho 12, Hy] =0, Va, therefore we can factorize the unitary
as

2
P 5 o
a=0

In order to make connections to the physics of localization,
we express the spin operators in Eq. (9) in terms of fermionic
operators via a Jordan Wigner transformation. We denote f;
as fermionic operators {f}, ij} =1 and 7; = ij fi=U;—

Z;)/2 are density operators. It is straightforward to show that
the basis of generators in Eq. (9) can be written as

{H]0} = Ui,
Liljyy = Ay = fijia,
Liljpy = 2@ + fjgr) + 40 i,
fjf;+l+f?+]f}a
ilf] fii=Fia i,
A=), (11)

We can now interpret the physical meaning of each of the
couplings ¢;: cg, ci, and c¢s control the strength of the
local potential, c3 and c4 control the (complex) nearest-
neighbor-fermion hopping, and ¢, controls the strength of the
density-density interaction.

If we impose ¢, = 0, then the gates are noninteracting,
yielding a disordered free fermion Floquet model, which is
known to be Anderson localized in 1D. Interactions, on the
other hand, tend to delocalize the system. Importantly, due to
the Floquet nature of the model, interactions cannot be made
arbitrarily large. In particular, the parameter ¢, is periodic
modulo 2. Likewise, if we set c3, ¢4 to be zero, this turns
off the hopping, giving a model, which is diagonal in the z
basis and is trivially localized.

As we will see, although diagnostics of chaos suggest that
the minimal circuits with T = 1 asymptotically thermalize,
the proximity of these localized regimes and the limited num-
ber of parameters leads to slow thermalization at accessible
sizes. In contrast, the 7 = 2 circuits are less constrained in
parameter space and show robust thermalization. We now
discuss three families of two-site U (1) gates we consider in
this paper, obtained by varying the parameters {c,}. For each
family, we examine 7 = 1 as a minimal model and 7 = 2 as
a reference thermalizing model.

1. Haar random U (1) gates

Our main results pertain to Haar random U (1) conserving
gates and perturbations thereof. To study these perturbations,
we will find it useful to present the Haar random gates in terms
of the two parametrizations just introduced: In terms of the
representation of U (1) on two qubits (7), and in terms of the
corresponding Lie algebra in (8). The former is straightfor-
ward, each block in (7) is sampled independently from the
uniform Haar measure. In terms of the chosen parameters,
this means that the three diagonal phases (e, ¢, ¢ are all
elements of U(1), hence we can sample («, B, y) uniformly
in [0, 27 ]. The central block (modulo the overall phase) pa-
rameterizes SU (2). To sample from this manifold uniformly,
we take ¢t = [sin(y/)]? uniformly in [0,1] and (1, x ) uniformly
in [0, 27].

We turn to finding the equivalent distributions in terms of
the couplings (cy ) of (8). As before, we can sample (cy, c1, ¢2)
uniformly in [0, 2] since the couplings (co, ci,c2) are
associated with the commuting part of (10). However, the re-
maining three generators H3 = (XX + YY)/2, H*=i(XY —
YX)/2, and H> = (IZ — ZI)/2 do not commute, and, conse-
quently, the probability distributions of associated couplings
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(c3, ¢4, ¢c5) do not factorize. Thus we have to find the volume
element directly in terms of the Lie algebra [60]. Since we
have already factored out the commuting part, the remaining
algebra is that of SU(2). To see this explicitly, the genera-
tors H3*3 act only within the central block, and by defining
effective spins |0) = [{1),|1) = |1]), they act just like the
single-site Paulis (X, Y, Z), which obey the SU(2) algebra.
The details of the calculation are carried out in the Appendix,
where we first discuss how to generically obtain the uniform
(Haar) measure on a Lie group, and then specify to the SU(2)
case. Changing to polar coordinates, ¢z = Rsin(8)cos(¢),
¢4 = Rsin(0)sin(¢), and c¢5s = Rcos(f), the distributions
we find are P(R)dR = %sin(R)zdR, R e [0, 7], P(B)dO =
1sin(0)do, 0 €0, 7] and P(¢)d¢ = 5-dp, ¢ € [0,27].
Sampling from these distributions, and substituting the coor-
dinate change gives us the desired distributions on (c3, ¢4, ¢s).
Importantly, note that we cannot write down independent dis-
tributions for (cs, c4, ¢5) since the couplings are correlated.

2. Perturbed Anderson localized model

As shown in Eq. (11), the strength of interactions is con-
trolled by c,, with ¢; = 0 being a noninteracting Anderson
localized model. We define a family of gates in which ¢; is
nonrandom and tuned continuously from O to 2z, while the
remaining five parameters are drawn using the same distribu-
tions as for the Haar random case described in the previous
subsection. The “interaction unitary” can be expanded as
€'*?Z = cos(cy)II + isin(c2)ZZ. For ¢, = {0,  /2}, this re-
duces to {I1, ZZ}, which results in a free theory. Note that the
7 /2 point is free because the ZZ gates from the even and odd
layers combine to give the identity. The middle value ¢, =
7 /4, reduces to the symmetric superposition, (/I + iZZ)/ V2,
corresponding to the most ergodic point. Meanwhile, the be-
havior for ¢, = {0 £ 6§, w /2 £ §} is the same up to signs of the
coefficients of 11, ZZ, making the phase diagrams reflection
symmetric about 7 /2 and 7.

3. Perturbed diagonal model

Next, we tune the real and complex hopping strength pa-
rameterized by c¢3 and c4. In the absence of hopping, the model
is trivially localized since all other terms are diagonal in the z
basis. As discussed in Sec. II C 1, the values c3, ¢4 are corre-
lated with cs, as the generators H*>*3 are noncommuting. For
simplicity, we set cs = 0. This should qualitatively not affect
the statistical properties of U; j;: the generator H° produces
a local potential, but so do H® and H'. Even if c5s = 0, the
composition of even and odd gates still results in a potential
that is random in space. This leaves us with ¢3 = R cos(¢) and
¢4 = Rsin(¢). In order to have a single tuning parameter, we
sample ¢ as prescribed by the Haar distribution, and tune a
nonrandom R from O to 1, set to be equal for all U; ;.

III. LEVEL STATISTICS

As a first diagnostic of thermalization, we study the
statistics of the eigenspectrum of the Floquet unitaries Up.
The eigenvalues are phases e, which define quasiener-
gies 6, modulo 2. We compute the ratio of quasienergy

spacings [61],

min(s,,, Sn—l)
g = ol (12)
max(sn, snfl)

which captures level repulsion, a characteristic signature of
random matrix behavior [62]. In (12), s, = 6,21 — 6, is the
spacing between the n, (n 4+ 1)st quasienergies in sorted or-
der. We recall that one needs to resolve all symmetries for
level spacings to be an accurate diagnostic of chaos. In our
case, we consider the S7, =0 symmetry sector and look
at the distribution of the r ratio across the spectrum and
across circuit realizations. We study both the full probabil-
ity distribution P(r) of the ratio, and its mean (.) (Fig. 2).
Thermalizing systems exhibit level repulsion akin to ran-
dom matrix theory, hence we compare P(r) and (r) to the
predictions of the Gaussian unitary ensemble (GUE), with
P(r)gug ~ mﬁ% (ignoring the normalization constant),
and (r)gug ~ 0.60 [63]. In contrast, integrable models ex-
hibit uncorrelated level statistics and a Poisson distribution
P(r)p ~ e " and (r)p = 0.39 [64].

Figure 2(a) shows the distributions P(r) for T =1 (blue
colors) and T = 2 (red colors) U(1) Haar random Floquet
circuits with ¢ = 1, r = 2 defined in Sec. IIC 1. We observe
that, despite the small difference between these circuits, the
T =1 circuit approaches the GUE distribution significantly
slower than the 7 = 2 circuit, which matches the GUE distri-
bution even for moderately small system size L = 8. The inset
shows data extending the minimal model either by adding a
qudit with g = 2, or by increasing the range of the gates to
r = 3. Both extensions lead to robust convergence to the GUE
distribution even at small sizes.

To more systematically examine the terms that hinder ther-
malization in the minimal model, we analyze the perturbed
Anderson localized and perturbed diagonal models discussed
in Secs. [I C 2 and I C 3. In the first case, we set ¢, in Eq. (10)
to be equal for all unitaries U; ;. Figure 2(b) shows the ratio
factor as a function of c;. As expected, the ratio factor is
Poisson (r)p ~ 0.39 in the noninteracting regime ¢, = 0, and
grows monotonically until the most ergodic point ¢, = 7 /4.
Note that the maximum value of (r) for finite-size T =1
circuits is well below the GUE prediction even at the most
ergodic point. However, finite-size scaling suggests that (r)
converges to the GUE predictions for all values ¢, # 0 (mod-
ulo ) in the thermodynamic limit. In contrast, for the 7 = 2
circuits we find that (r) rapidly approaches the GUE value,
even for the smallest system size and relatively small values
of ¢;.

In the second case, we tune the strength of the hopping
terms (c3, ¢4), with c3 = ¢4 = 0 corresponding to the classical
disordered Ising model [Fig. 2(c)]. In the absence of hopping,
the T = 1, 2 circuits are classical (diagonal) disordered spin
models that do not agree either with the Poisson or GUE
predictions. As hopping is turned on with a finite value of
R, (r) slowly (rapidly) approaches the GUE predictions for
T =1 (T = 2) circuits.

Since the Haar random U(1) conserving gates sample from
¢z, R randomly, they approximately average over the range of
behaviors observed in Figs. 2(b) and 2(c), explaining the lack
of robust thermalization in the 7 = 1 model.
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FIG. 2. (a) Distribution of the ratio factor for 7 = 1 (blue color
palette) and T = 2 (red color palette) Haar random U (1) conserving
Floquet circuits as function of system size (r = 2, ¢ = 1). Although
the finite-size scaling indicates that the 7 = 1 Haar random U (1)
circuit converges to the GUE distribution, this convergence is slow
and numerically accessible system sizes are not robustly thermal.
In contrast, the T = 2 circuit exhibits GUE statistics even for the
smallest system size. (Inset) Extensions of the minimal model with
g =2 and r = 3. Both extensions display GUE statistics even for
small sizes and T = 1. [(b),(c)] Finite-size scaling of (r) as a function
of (b) the interaction strength ¢, in the perturbed Anderson localized
model and (c) the hopping strength c3; = Rcos(¢), ¢4 = Rsin(¢)
in the perturbed diagonal model. See Eqgs. (8)—(10) for parameter
definitions and Secs. IIC2 and IIC3 for model definitions. Once
again, the 7 = 2 circuit is much more robustly thermal. Number
of disorder realizations for L = 8, 10, 12, 14 are 10°, 10*, 10*, 10?
respectively.
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FIG. 3. Spin-spin autocorrelation function for Haar random U (1)
Floquet circuits of size L = 16, total spin M =5, 6, 7, 8, averaged
over 10% circuit realizations. Data is shown for both the T =1
circuit (blue color palette) and 7 = 2 circuit (red color palette); both
sets have r = 2, ¢ = 1. The solid gray line shows diffusive scaling
1/+/t. Whereas the T = 2 circuits fits well within expectations from
diffusive hydrodynamics, the T =1 circuits exhibits subdiffusive
behavior for long times with a possible slow crossover towards
diffusion.

IV. DYNAMICS OF CHARGE TRANSPORT

We now study thermalization of the local U(1) charge
density. For this purpose, we compute the spin-spin autocor-
relation function

L

1
cCo=+ > (Zi(6)Z:(0)), (13)

i=1

for states with fixed magnetization (.) = (Y (M)|...|(M)).
The state |y (M)) is chosen to have two domains so that all
spins in the left domain are polarized 1, all spins in the right
domain are polarized |, and the relative sizes of the domains
is set by M. The average over circuits is once again implicit in
C(t). In generic nonintegrable 1d systems, autocorrelations of
conserved densities at long times decay diffusively as t~'/2.
Our circuit model has both a conservation law and on-site
disorder, thus there are multiple potential sources of slow
dynamics. They can arise from intrinsic diffusive transport
(present even in clean systems), as well as from rare region
effects where the local two-site gate has an unusually strong
on-site potential (as measured by cy, i, cs). Figure 3 shows
the spin autocorrelation function for the 7 = 1, 2 Haar ran-
dom U(1) Floquet circuits. Whereas T = 2 circuits exhibit
relaxation consistent with diffusion, we instead observe subd-
iffusive relaxation of charge in T = 1 circuits for long times,
before a gradual crossover to an apparent diffusive regime at
the largest accessible times.

The subdiffusive-to-diffusive crossover for the minimal
T =1 circuit is due to the Griffiths effect. The dynamics
of conserved quantities in the Griffiths phase were previ-
ously studied in [65—69], where it was noted that standard
models for random Floquet circuits admit weak links with a
power-law probability distribution of local rates, P(I") ~ I'“.
By the arguments of [36,70], the resulting charge dynam-
ics can be solved by considering a random walker moving
between these links. For a < 0, the distribution has large
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weight on weak links, and one expects subdiffusive dynamics.
For a > 0, the distribution has increasingly less weight on
weak links, and one expects regular diffusion. In the 7 =1
circuit, charge diffusion is associated with the hopping rate
I =t = [sin(y¥)]? in (7). Since ' = ¢ is uniformly sampled,
the probability distribution for small rates is P(I") ~ I'°. This
value of a = 0 lies exactly at the between diffusion and sub-
diffusion. For the T = 2 circuits, we can make the simplest
approximation that the hopping rate is the sum of the rates
for each layer, so I' =t 4+ 1,. The distribution of the sum
of two uniform random numbers is given by the Irwin-Hall
distribution, which for ' < 1 is P(I") ~ I'!. This value a =
1 is safely in the diffusive phase, which is consistent with
Fig. 3.

V. ENTANGLEMENT DYNAMICS

We proceed to discuss the dynamics of entanglement,
which is another metric of quantum thermalization in
many-body systems. Various aspects of the evolution of en-
tanglement, such as the rate of growth of entanglement as a
function of time, depend on the type of entanglement entropy
being considered and the details of the initial conditions. As an
example, for initial states with charge inhomogeneity evolving
under charge conserving dynamics, the second Rényi entropy
grows as +/7 at early times, while the von Neumann entropy
grows ballistically [15]. In general, we expect that the von
Neumann entropy grows ballistically in local thermalizing
systems and saturates to its maximum value in in O(L) time.

Here we consider the evolution of the half-chain
von Neumann entropy, Ss = Tra[palogpa], with ps =
Trp[|W(¢))(W(¢)|] obtained after tracing half of the degrees
of freedom. We consider initial states in the S, = 0 sector.
To avoid effects caused by slow relaxation of domain walls,
we choose the antiferromagnetic initial state, | M1 ---).
Figure 4 shows the dynamics of entanglement for 7 =1, 2
Haar random U (1) Floquet circuits (r = 2, g = 1), as well as
arandom in time version. In the left top panel, we measure the
convergence to the saturation value of entanglement for Haar
random states with U (1) symmetry, denoted Sy (1y; this value
is slightly different from the Page value for random states
without symmetry restrictions [71]. The direct comparison to
the analytic prediction highlights the different growth behav-
ior more transparently than the simple entanglement growth
picture in the top right panel.

As expected, we find that the entanglement entropy relaxes
to its saturation value in t ~ L = 20 time steps for the ran-
dom in time and T = 2 circuit model, which is compatible
with the time necessary for entanglement to spread across
the entire system. On the other hand, the T = 1 circuits do
not reach their saturation value for timescales several orders
of magnitude longer, and the approach to the final saturation
value appears parametrically slower in time. The sub-ballistic
growth of entanglement in 7 = 1 circuits can once again
be explained through Griffiths effects [70]. In this case, the
simplest conjecture is that a weakly entangling link is due to
the constants ¢, c3, ¢4 being small (they are the ones that can
generate entanglement). If we assume a local entanglement
production rate I' = c% + c% + ci, we obtain the distribution
P(I") ~ T''/2, According to [66], the entanglement entropy for
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FIG. 4. Evolution of the von Neumann entropy for half-system
size S;>(¢). Top panels: L = 20 averaged over 100 circuits for the
T =1,T =2, and random in time Haar random U (1) model defined
in Sec. IIC1 (¢ = 1, r = 2). Bottom panels: L = 16 averaged over
100 circuits for the perturbed Anderson localized model, with gate
set parametrized by ¢, and described in Sec. I C2. The left panels
show convergence to the saturation value Sy, of Haar random
states with fixed magnetization S;, = 0 [71], while the right panels
show entanglement growth with time (same data as on the left).
The Page value Spyg. (the saturation value for Haar random states
unconstrained by symmetry) is plotted as a reference [72]. In all

cases, the initial state is an antiferromagnetic state in the S5, =0
sector.
a power law distribution of rates P(I") ~ I'“ scales as
24a
Sy~ 7= : 14
) =TT a (14)

where the dynamical exponent z; sets the typical length-scale
for entanglement at time . For a = 1/2, this predicts a sublin-
ear entanglement growth of S ~ ¢3/3, which is consistent with
numerics in Fig. 4.

To more systematically examine the terms controlling ther-
malization, we study entanglement growth for the 7 =1
perturbed Anderson localized circuit with gates parameterized
by the integrability breaking term ¢, (Fig. 4 bottom panel). We
observe that the strength of the interaction term ¢, controls
the rate of entanglement growth. For all values of c,, as well
as ¢, sampled from the Haar distribution, we find that the
T =1 circuit takes at least an order of magnitude longer to
thermalize as compared to the 7 = 2 circuit, in agreement
with the conclusions obtained from level statistics and the
autocorrelation function.

VI. SUMMARY

We have studied thermalization in various U (1) conserving
random Floquet circuits. Surprisingly, we find the absence of
robust thermalization for a minimal Haar random U (1) con-
serving Floquet model with nearest-neighbor gates, spin-1/2
qubits, and periodicity T = 1. While various diagnostics of
chaos are consistent with asymptotic thermalization, numeri-
cally accessible system sizes show a slow approach to chaotic
behavior, and subdiffusive dynamics for long times. This be-
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havior is surprising because the random-in-time version of the
same model is provably diffusive [18,19] and, more generally,
because localization is generally not expected in minimally
structured Haar random Floquet models in which neighboring
spins are strongly coupled and there is no preferred local basis
in which the disorder is strong [49]. We explain the slow
thermalization in terms of proximity of the Haar random U (1)
conserving gates to localized regimes in parameter space by
studying a convenient parametrization of the gates in terms
of Lie algebra generators. We further provide an exact micro-
scopic models of weak links that accounts for the sub-ballistic
decay of correlations, and the sublinear growth of entropy
in the minimal model. Our results imply that the interplay
of symmetry, locality, and time periodicity can constrain the
dynamics enough to significantly slow down thermalization.

Random Floquet models are a workhorse for numeri-
cally studying thermalization dynamics; our results should
inform future numerical studies of charge conserving thermal-
izing Floquet circuits by updating the minimal U (1) random
Floquet model needed to obtain robust thermalization. Impor-
tantly, we show that increasing the Floquet period, the range
of interactions, or the on-site Hilbert space dimension g > 1,
is sufficient to weaken constraints enough to show robust
thermalization.
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APPENDIX: UNIFORM VOLUME ELEMENT ON SU (2)

In this Appendix, we derive the volume element of a Lie
group G in terms of the coordinates of the Lie algebra genera-
tors. We then apply this to the example of G = SU(2).

As a preface, we note that the more common way of
defining the volume element is in terms of the fundamental
representation U of G. For instance, in the case of SU(2), we
can easily derive the volume element by thinking of the group
as a 3 — sphere embedded in R*, with U parametrized as in
the central block of (7).

Another approach is to parametrize U in terms of Euler
angles. In this case, U is a product of single qubit rotations
along separate axes, U = e™X¢eP" ¢/, In order to transform
this into a rotation around a single axis, U = e/*X 7 +2%_one
needs to employ the group composition law of SU (2).

A more straightforward way to derive the volume element,
which generalizes to any Lie group, is to do so directly in

terms of the Lie algebra generators [73]. The algebra of the
generators specifies the metric tensor g, in a given represen-
tation. Once this is known, we can carry out the group integral
using the volume element

dv = /|det(g)|,

which leads to the Haar measure. Let us start with Lie group G.
The representation of this group in terms of unitary matrices
U is obtained with the exponential map,

(A)

U=eé', Hn =) xT,. (A2)
a=1

where n is the dimension of the real vector space spanned by
the generators {7,} of the Lie algebra. We can always choose
the generators to be orthogonal, Tr(T,T,) = 8,45, so that we
can easily extract the coordinates x, = Tr(T,H). The algebra
of the generators is encoded in the structure constants f.,

(T To) =i ) fancTe. (A3)

The metric g in a chosen parametrization is defined by the
invariant measure

ds* = gup(x)dx,dx, = Tr(U~'dUU'dU).
ab

(A4)

g is a real symmetric n x n matrix. The differential of a
group element dU is defined in [66,74], dU =d(e) =
fol dte -4 HeH  With this in hand, we can calculate the
mvariant measure,

1 1
dS2 — _/dt/dsTr(e—zHez(l—z)HdHelHle—zHezH(l—s)dHelHS)
0 0

1
= / dtTrie  *dHe M dH) (1 — |T])
—1

(AS5)

where we used cyclicity of the trace, and changed variables to
a symmetrized version w = %(s +t)and T =t — s, and also
rescaled the integral. Since dH =), dx,T,, we can look at
each term in g, individually,

1
8ab = / dtTr(e ™ T, T,)(1 — |z). (A6)
—1

We know that the {7} form a basis, so let us write the time
evolution of 7, as an operator expansion,

eiTH(x)T'ae—i‘rH(x) — anb(t,x)n.
b

(A7)

We extract c,;(7, x) using the orthonormality property of
the generators,

can(t,x) = Tr(e™OT,e ™MW, (A8)
To solve for c,;(7, x), we write the differential equation

d

Ecab(f,x) =- Zxcfcadcdb(x» ) = —MgaCpa(x, T),

c,d
(A9)

where we have defined the matrix My, = ). X, feap and used
(A3). The solution is an exponential, cg(T,x) = (e™™)),4,.
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Plugging this back into (A6), we find

1
Zap(x) = / AT =), (AL0)

Note that M is real and anti-Hermitian. As such, its eigen-
values are purely imaginary, and the nonzero ones must come
in pairs. Furthermore, the matrices g and M are diagonalized
by the same unitary matrix, therefore, if A; is an eigenvalue of
M, the corresponding eigenvalue of g is

sin?(1;/2)
(Ai/2)?

So far, this was applicable to any Lie group. In our case,

we want to study the matrix M corresponding to the algebra

of su(2). The matrix elements are given as M, = ZC Xefeab =
> Xc28cap, resulting in

1
o =/ dr(l — [z)e™ = (A1D)
—1

0 -z vy
M= z 0 —x|, (A12)
-y X 0

with eigenvalue equation —A% +A(x*> +y?> +72) = A3 +
AR? =0, where we have defined R = \/x2 4+ y2 + z2. The
resulting spectra are spec(M) = {0, 2R, —2R} and spec(g) =
{1, %, #} = {1, %, %}, where we have used
sin?(—x) = sin?(x). The determinant of g is just the prod-
uct of its eigenvalues, so plugging this into (Al), we find

_ si’(®)
dV = *5=dxdydz. Let us formally change to Polar co-

ordinates, x = Rsin(6) cos(¢), y = Rsin(6)sin(¢), and z =
R cos(0). This comes with the usual Jacobian of R? sin(#). The
volume element is

sin(R)?

v = —3

R%*dRsin(0)dOd¢ = sin(R)*dR sin(0)d0d .
(A13)

The final step is to define linear variables f(R) and #(6),
which we can sample uniformly in the correct range, and
then solve for (R, 0) to get the correct weight. The 6 vari-
able is straightforward: Define 6 = arccos(¢), and sample ¢
uniformly in [—1, 1]. We can now sample f € [0, ()] uni-
formly, and solve for R numerically,

R
f(R) f sin(R')?dR’
0

1 R
—/ (1 — cos(2R"))dR’
2 Jo

= (R — sin(R) cos(R))/2. (A14)

To summarize: To get the Haar measure on SU (2) in terms
of the parameters (x,y,z) in U = /¥ P72 we sample
(f,t,¢) uniformly in [0, f(;r)], [—1, 1], and [0, 27] re-
spectively, solve f(R) = (R — sin(R) cos(R))/2 numerically
to find R, and define 6 = arccos(¢). This gives us the correct
distribution (R, 6, ¢) in polar coordinates. Finally, we convert
back to Cartesian coordinates to get the coefficients (x, y, 7).
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