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Many-body enhancement in a spin-chain quantum heat engine
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We show that ferromagnetic interactions can enhance the adiabatic performance of a quantum spin chain
engine at low temperatures. The enhancement in work output is particular pronounced, increasing exponentially
with interaction strength. The performance enhancement occurs in the paramagnetic phase and is qualitatively
explained by considering just the ground and first excited state, in which case the system exhibits bipartite
entanglement. As the temperature is increased, thermal occupation of higher energy states diminishes perfor-
mance. We find that these thermal fluctuations are smallest for long-range interactions, resulting in the highest
efficiency. Diabatic work extraction degrades performance due to quantum friction. We identify an approximate,
experimentally realisable counterdiabatic drive that can mitigate friction for weak interactions.
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I. INTRODUCTION

Quantum heat engines convert heat into work utilizing
some distinctly quantum effect in the reservoir or working
substance [1]. Reservoirs possessing coherence [2—4], squeez-
ing [5-11], or entanglement [12,13] have been shown to
improve engine performance. Coherence in a working sub-
stance can be utilized as a resource [14—17] and can improve
the power output of rapid engine cycles [18,19]. In the many-
body regime, interactions in a Bose gas can enhance engine
performance compared to a noninteracting gas [20-22]. Inter-
actions in a many-body quantum system can also be tuned to
change the energy of a working substance, hence providing a
means to extract work [23-25].

One of the simplest quantum working substances is an
ensemble of two-level systems (“spins”) [19,26-35]. Work
can be extracted by tuning the level spacing hw(t) via the
control of an external field, see Fig. 1(a). Including inter-
actions between spins opens up the possibility to explore
many-body quantum effects. While considerable work has ex-
plored engines with two interacting spins [36—49], much less
is known about greater numbers of spins. For nearest-neighbor
interactions, a spin chain can function as both a heat engine
and a refrigerator [50] with critical scaling of performance
close to the critical point [51]. While moderate enhancements
due to interactions have been identified in systems of two
spins [42-45], a thorough investigation of whether many-body
effects can improve the performance of a spin-chain quantum
heat engine is lacking.

In this paper we characterize the performance of an Otto
cycle with a ferromagnetic spin chain as the working sub-
stance. In addition to displaying rich many-body physics, this
system may be realized in experiments with a remarkable
degree of control [52-56]. We show that both short- and
long-range interactions improve the adiabatic work output
and efficiency in the paramagnetic phase at low temperatures
kgT < hw. The performance enhancement is qualitatively ex-
plained by an analytic model considering just the ground and
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first excited state, in which case the thermal state exhibits
bipartite entanglement. For temperatures kg7 > hw, higher
energy eigenstates are occupied and interactions degrade per-
formance. These thermal fluctuations decrease as the range
of interactions is increased, and hence greater efficiency is
most robust for long-range interactions. For diabatic work
extraction, decreasing the engine cycle time reduces perfor-
mance due to quantum friction [36,37,57]. We demonstrate an
approximate, experimentally realizable counterdiabatic drive
that can mitigate friction for weak interactions, and hence a
performance enhancement is possible at finite power output.

This paper is organized as follows. In Sec. II we intro-
duce the spin-chain model and the engine cycle. In Sec. III
we demonstrate the performance enhancement in the adia-
batic, low-temperature limit. In Sec. IV we demonstrate how
increasing temperature decreases the performance enhance-
ment. In Sec. V we show performance for finite-time work
extraction, and show how a performance enhancement can be
retained by using an approximate counter-diabatic drive. We
conclude in Sec. VI.

II. MODEL

A chain of N ferromagnetic interacting two-level spins is
described by the Hamiltonian (hereon /i = 1)

N N
A®)=-ot)) 60 —gYy Jel6P, (1)
i=1 i,j=1
G#D)

with 6 (u = x, y, z) the Pauli spin-1,/2 matrices for spins i =
1, ..., N. The interaction strength between spins i and j is gJ;;
with J;; = 1/]i — j|¥, g 2 0 the nearest-neighbor-interaction
strength and p > 0 determining the range of interactions. Both
g and p are tuneable in experiments [53,55]. For N — oo,
the system may be paramagnetic (g < w) or ferromagnetic
(g 2 ) with the precise cross-over g.(p) dependent on
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FIG. 1. (a) An Otto cycle can be realized in an ensemble of
two-level spins, as described in the main text. The area of blue and
red spots indicate the relative ground and excited state occupations,
respectively. [(b),(c)] Engine performance for a spin chain operating
adiabatically at low temperature (8y = 10a)g], Bc = 2By, N =10).
Increasing g increases both (b) work output and (c) efficiency, with
maximum performance at g ~ g.(p) (results are for r = ryi™*). Above
this, the system transitions to the ferromagnetic phase and no longer
functions as an engine. The approximate p = oo performance com-
puted from Eq. (6) (gray dot-dashed line) and from Eq. (9) (black
dashed line) are also shown. The gray horizontal line in (c) is the
Carnot efficiency.

p [58-64]. We denote nearest-neighbor interactions by
p = 0.

We consider an Otto engine cycle with the following steps,
as shown in Fig. 1(a).

(1) We begin with a hot ,0;},1 =
e~Prllren) ;7B ray) at level spacing w = rawy, with r > 1
the “compression ratio” (in analogy with the ideal gas Otto
cycle, where the compression ratio is given by the ratio of
maximum and minimum gas volumes). The partition function
is Z(B,w) =Tre PH@ and B = (kgT)~! is the inverse
temperature.

(1 — 2) The system is then thermally isolated and work
is extracted by decreasing w from rwy to wy, via the proto-
col w(t)/wo = f(t) (0 <t < ). Wechoose f(t) =r—+ (1 —
r)sin?(mt /27).

(2 — 3) Next, we cool the system at fixed w = wo, leaving
the system in a cold thermal state p{' = e~ /7(B, wy).

thermal state

(3 — 4) We thermally isolate the system again and increase
o from w( back to rwy, with the protocol w(t)/wy = f(r —t)
0L

(4 — 1) Finally we heat the system at fixed w = rwq back
to the initial state.

The work output W and efficiency 1 of the engine cycle
are

w

=—. 2
on @)

W=0y—0c, n

Here Qy = Tr[H (rwo)(,o}_},1 — p4)] is the heat input from the
hot reservoir and Q¢ = —Tr[A (wo)(,o‘ch — p2)] is the heat
output to the cold reservoir, with p4 the density matrix prior to
coupling to the hot reservoir and p, the density matrix prior to
coupling to the cold reservoir. The density matrix at points
2 and 4 are obtained by time-evolving the von Neumann
equation p(t) = —i[H(t), p(¢)] with initial conditions ,0}3 and
,ofjh respectively, using Runge-Kutta integration.

III. ADIABATIC LOW-TEMPERATURE PERFORMANCE

A. Interactions enhance performance

We first examine the quantum adiabatic limit T >> w), lg!
(we set T = 100w, 1 such that transitions between eigenstates
during the work steps are suppressed [65-68]. For zero in-
teractions and fixed Bywp > 1, the maximum work output
occurs at a compression ratio 1t ~ 1 + (Brwy)™', which
gives a small efficiency nn; & (Bywo)~' that decreases with
decreasing temperature. We find that interactions drastically
improve both work output and efficiency in the paramagnetic
phase for temperatures I « wy, see Figs. 1(b) and 1(c).
At these low temperatures, the performance enhancement is
far greater than that identified in systems of two interacting
spins [42-45]. The improvement in work output is particu-
larly pronounced, with a maximum work output ~10? times
larger than the noninteracting ensemble. The behavior is qual-
itatively similar in all cases p =1, 2, 3, oo after rescaling
interactions by g.(p), which we define to be the point at which
2N/ 8g2|w:w0 has a maximum (see Appendix A). Here A is
the energy gap to the first excited state. The improvement
increases monotonically up to g = g.(p), before dropping
abruptly.

We now derive an approximate analytic theory that quanti-
tatively describes the performance enhancement for low-spin
excitation and qualitatively describes the performance en-
hancement generally. The spin operators can be written in
terms of bosonic operators via a Holstein-Primakoff trans-
formation [69]. Expanding to quadratic order in bosonic
operators gives an analytically tractable theory. To low-
est order in g/w and for large N and B we obtain (see
Appendix B)

InZ ~ NG,(Bg)e P4, (3)

where Ne 7?2 is the low-temperature free energy of N two-
level systems with level splitting A(w) = ©w — wog/g.. We
have assumed a frame where the ground-state energy is
zero. The factor G,(Bg) arises from thermal fluctuations and
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depends on p,
1
\/% ) p >3,
y—— _,
G,(Bg) ~ 7B2G+n Bg)’ p=3, @
1 J—
3B (2)° p=2,
L, p=1,

with £(s) = Y >, 1/m* the Riemann zeta function.

Using Eq. (3), the system energy (E;) at the four points
i =1,2,3,4inthe cycle in Fig. 1(a) under adiabatic operation
are

(E1) = NA(rax)G,(Bug)e Prate),
(E2) = NA(w0)G,p(Bug)e Pt

(E3) = NA(w0)G,p(Beg)e Ped@),

(E4) = NA(ran)G,(Beg)e Pet @), )

We neglect a correction term dG,(8g)/08 = O(,B"gp(,Bg))
in Eq. (5), which is valid for low temperatures. Equation (5)
gives

W = Naoy(r — D[G,(Bug)e P20 — G, (Begle Fer™)],

n=1— A(wo) ‘ ©)
A(rwp)

For g < g.(p), increasing g decreases A(w). From examina-
tion of Eq. (6), this increases low-temperature work output
as W ~ Wiefrn8/s consistent with the exponential increase
in Fig. 1(b), and efficiency as n ~ nni/(1 — g/rg.). Above
g. the system transitions to the ferromagnetic state and A,
and therefore 3% In Z/d 8w, changes sign. The cycle therefore
no longer functions as a heat engine [50], resulting in the
abrupt drop in performance above g, in Figs. 1(b) and 1(c).
The analytic result Eq. (6) for p = oo is shown in Figs. 1(b)
and 1(c).

The bosonic approximation above permits a calculation
of the bipartite entanglement of the spin chain. For low
temperatures, a thermal state can be approximated by p; =~
(10) (O] + e#2 1) (1])/(1 4 e~#2), with |0) the ground state,
1) = Zf\lzl 65:) [0y / VN the approximate first excited state
(independent of p) and 6" = 6 + i6". In Appendix C, we
show that p; is entangled according to the Peres-Horodecki
criterion [70-72]. The performance enhancement, Eq. (6),
requires access to an entangled thermal state, and so coincides
with many-body quantum effects. The entanglement of |1) is
also directly evident from the entanglement entropy, which is
S = In(N/2) for a partition dividing the spin chain in half,
see Appendix C. In contrast, in a mean-field approximation,
the interaction of spin i with the remaining spins is replaced
by —g$2;6". Here ; = 2 >4 Jijsj is an effective transverse
drive and s; = (6;’ )>mf is a mean-field approximation for
spin j. The energy gap of spin i then increases with g as
Vo? + g2Q? and interactions degrade performance.

In the limit of large N, a chain with nearest-neighbor inter-
actions maps onto a system of noninteracting fermions with
energies [73]

E,(0) = V? + & — 2wgcosh. 7

o [T =

(b) e

FIG. 2. Engine performance for a spin chain operating adia-
batically at low temperature (8y = 10w, L Bc =2By, N =10).
(a) Work output and (b) efficiency as a function of compression ratio
for g = g.(p), with dotted lines indicating the noninteracting results
Wi and nn; (Wyyg is scaled by a factor of 100). The gray horizontal
line in (b) is the Carnot efficiency.

For ,31;1 < wy, g, only the lowest-energy states are appre-
ciably occupied. Considering only the ground state and
eigenstates with singly occupied fermions gives

N T
InZ~ — / e PE@ g, (8)
T Jo

In the adiabatic limit, the system energies (E;) computed from
Eq. (8) are

N T
By =~ / Epun (B) 1€ 4,
T Jo

N T
E) = [ £ o,
T Jo
N T
&) =7 [ @0 ao,
T Jo
N (7 —Bc&uy(©)
(E) =2 [ £y @)e e dp, ©
T Jo

The performance computed from Eq. (9) is plotted alongside
the full numerical results in Figs. 1(b) and 1(c) and agrees well
with the p = oo results for g < g..

B. Effect of compression ratio

Increasing the compression ratio increases performance
until r =7/, with " ~ 1.1 at g = g.(p). For larger compres-
sion ratio the performance abruptly drops, see Fig. 2. Unlike
the noninteracting case, the peak work output and efficiency
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FIG. 3. The (a) work output and (b) efficiency for increasing
system size for g = 0.4w,, showing nonextensive scaling for p = 1.
The perturbative prediction W ~ N1*#¢ is also shown (black dotted
line). [(c),(d)] p = 1 performance for additional values of g/wy (blue
symbols) along with the perturbative predictions for W (matching
black dotted lines). The gray lines in (b) and (d) are the Carnot

efficiency. All results are for 8y = 10w, L e =2By and r = A

can both occur at a comparable compression ratio. Equa-
tion (6) describes this behavior: within this approximation,
performance increases until 1 — A(wp)/A(rawg) ~ ne, with
ne=1—By/Bc=1—1/rc the Carnot efficiency. Hence
r~rc—(rc—1)g/g.+ O(gz) decreases with increasing g.
As a result, for g ~ g.(p) we can have high efficiency at
small compression ratios r ~ r{i*. Without interactions, the
efficiency is maximum for a compression ratio r¢c >> rgp-.
Choosing wj and r to maximise the work output in Eq. (6)
gives the same efficiency as a cold two-level atom at max-
imum work output (ignoring corrections due to G,). This is
approximately the Curzon-Ahlborn efficiency [74]. The value
of wy obtained satisfies (1 — g/g.)Bcwo ~ 1 + ngl In r¢. For
N "Inre ~ 1 and Bewy > 1, we are close to this regime only

if g~ g..

C. Finite-size scaling

The dependence of work and efficiency on chain size
N is shown in Fig. 3. For p =00 and p =3 the perfor-
mance tends toward extensive scaling as N is increased.
Finite-size effects are slightly more pronounced for p = 2;
however, the scaling is close to extensive. For p =1 the

performance increases nonextensively due to a dependence of
A on N [see inset to Fig. 6(a) in Appendix A]. Nonextensive
thermodynamics is expected in systems with long-range in-
teractions [75,76]. The critical point g, also depends on N for
p = 1. In the cold, perturbative limit (see Appendix B), A ~
w — g(y +InN) with y the Euler-Mascheroni constant. The
two-level approximation, Eq. (6), then gives W ~ N!*#us,
This approximation captures the dependence of work on par-
ticle number for small g/g., see Fig. 3(c). Increasing either
g or N increases g/g. and the perturbative approximation
W ~ N'*Pus breaks down. Scaling g by g, effectively Kac
renormalizes the interactions, rendering the long-range sys-
tem extensive [55,63,77-79].

IV. ADIABATIC PERFORMANCE FOR INCREASING
TEMPERATURE

As the temperature increases, thermal fluctuations render
Eq. (6) invalid and we find that the performance enhance-
ment relative to the noninteracting system is diminished, see
Figs. 4(a) and 4(b). A performance enhancement is present
as long as By 2 4wy !, coinciding with the regime where
only the ground and first excited state are appreciably occu-
pied, see Fig. 4(c). The interaction strength gn.x that gives
maximum work output increases toward g.(p) for decreas-
ing temperature, consistent with the discussion in Sec. III B,
see inset to Fig. 4(a). Curiously, we see a gradual increase
in gmax above g.(p) for very low temperatures. This is not
accounted for by Eq. (9), and so we expect is due to finite-size
effects.

The transverse Ising model gives a qualitative understand-
ing of the diminished performance enhancement at higher
temperatures. The energy levels of this model are sums of
fermion energies &,(6)), with 6y = 27k/N (k=0,...,N —
1) [73]. Interactions diminish fermion energies with cos 6, >
g/w, with the most pronounced reduction occurring for the
lowest energy fermion (k = 0). Hence, the enhancement is
largest when only the first excited state is occupied, and
diminishes as more excited states are occupied [80]. The
efficiency enhancement is most robust to increasing temper-
ature for long-range interactions, see Fig. 4(b). At a given
temperature B > 4wy, the ratio lei; ";/ny decreases as
the range of interactions increases, see Fig. 4(c). Here n; =
e PE /Z(B, w) is the thermal occupation of energy level i =
0, ...,2Y — 1, indexed in order of increasing energy E;. Hence
long-range interactions are most effective at suppressing fluc-
tuations beyond the approximation (6).

For sufficiently large Srwy, interactions degrade perfor-
mance, see Figs. 4(a) and 4(b). Expanding the dimensionless-
free energy in powers of 8, we obtain

Np*w? n B8 3(2)?
8 8

with Z,, =2V the infinite temperature partition func-

tion and Q;: /%Z#i]izj. At order ﬂz, the free en-

ergy is indistinguishable from the mean-field free energy
In Tr ef Zi(@8:" 826" in which case interactions degrade
performance. The scaling In(Z/Z,,) o 8% is clearly present
for temperatures Sy S @ ! see Fig. 4(d). For tempera-

InZ=1nZ, + +0(hH, (10)
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FIG. 4. Adiabatic engine performance for varying temperature.
(a) Work output and (b) efficiency exceed the noninteracting values
(dotted lines) for By > 4w, [dark lines, g = g.(p); light lines, g =
0.8g.(p); r = 1.1]. The gray line in (b) is the Carnot efficiency. Inset
in (a) shows dependence of gmax/gc(p) on By with r = rii™*; dashed
line iS gmax/g.(p) computed from Eq. (9). (c) Thermal energy-level
occupations n (dotted lines), n; (solid lines), and 212:; ! n; (dashed
lines) at g = g.(p). The performance enhancement occurs when
occupation is predominantly in the ground and first excited state.
Long-range interactions suppress occupation beyond the first excited
state, resulting in the highest efficiency in (b). (d) Dimensionless free
energy InZ at g = g.(p) showing the B2 scaling (dashed line) for
B < ™!, coinciding with the regime of reduced performance. All
results are for N = 10 with B¢ = 28y.

tures B ~ wy !, we expect an interplay between mean-field
degradation and the enhancement (6), which will gov-
ern the dependence of gma on temperatures By S 8w !
[Fig. 4(a)].

V. DIABATIC WORK EXTRACTION

For diabatic (finite-time) work extraction, interactions
generally degrade engine performance due to “quantum fric-
tion” [36,37,57]. This friction arises when the interaction
component of the Hamiltonian does not commute with the
driving component, and hence the density matrix develops
off-diagonal elements in the energy eigenbasis. The diabatic
performance of a p = oo engine with weak interactions is
shown in Fig. 5(a). The peak power output occurs for a time
step T ~ 4wy, ! (the precise value is dependent on g), at which

‘ Wp Wep e Wai ==mp = =mep == WNI‘
(a) ————— —————
- - Fo.12
X1O 4 _'_':':'7" ''''''''' * '''''''''''''''''''''''''''''''
o [T / 14 x107
3 / £ N 0.08
g ,’ R 07 s
1L I
I Pp 10.04
I 0
| 0 B 10
I
0 o ‘ ‘ ‘ 0
0 2 4 6 8 10
woT
‘ —0p=1 —p=2 p=3 ——p=
-4
x10 5 04
3
< 8
a1 0.05 &
=
) © 0
0 0.1 02 03 04 0 0.1 02 03 04
9/9:(p) 9/9:(p)

FIG. 5. (a) Diabatic work output Wy, and efficiency np for p = oo
with weak interactions g/g. = 0.2. The maximum power output
Py (see inset) occurs at T &~ 4w, (star), with performance rapidly
declining for smaller t. The approximate counterdiabatic driving
[Eq. (11)] results in work output (Wcp) and efficiency (ncp) close
to the adiabatic performance even for rapid engine cycles. (Inset)
The power output with counterdiabatic driving Pcp (red line) grows
oc 77! (black dashed line). The blue line is Pp. (b),(c) The effective-
ness of Eq. (11) diminishes for larger g/g.(p) or smaller p (results for
T = a)o’l; for p = oo, we use the exact y;;, whereas for p = 1,2, 3,
we set x;; = 1). All results are for N = 10 and r = ™.

point the efficiency is close to the adiabatic efficiency. For
faster cycles, the performance rapidly decreases.

In principle, quantum friction can be mitigated completely
using a counterdiabatic driving field H.q [81,82]. In practice,
exact counterdiabatic driving in a many-body system requires
unrealistic interactions between all particles [83—89], and ap-
proximate protocols are required. A powerful approximation
method is to find Aq variationally by minimizing the action
S = Tr[G(H.)*], with G(H.q) = dH /0t + i[Heq, H] and Hoy
expanded in some truncated set of operators [90,91]. We
use Hea = Yz Cij6764”, which is the optimal coun-
terdiabatic drive over all one-body and two-body operators
(c.f. [92]). For large N in the paramagnetic phase, we obtain
(see Appendix D for details)

i gw' (t)J;;

g o W Mij 5 0) 5 0)

Hyq = i,§=1 Yo 2 Xxij()6,."6,7, (11)
)

with x;;(1) =1+ O(g*/w?) given in Appendix D. The work
protocols f(¢) and f(r —t) satisfy f'(0) = f'(r) =0, and
hence the net power transferred to the counterdiabatic drive
field is zero. This can be shown explicitly by integrating by
parts the instantaneous power (9(H +I:ch)/ ot) and noting
that only the boundary term remains.
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For nearest-neighbor interactions, x;; = 1/(1 + g*/w(1)?)
and Eq. (11) drastically improves the diabatic engine opera-
tion for g < 0.3g., see Fig. 5. For rapid cycles, the work output
approaches a constant with little cost in efficiency, and hence
the power output increases as 7', see inset to Fig. 5(a). In
practice, the time scale of the thermalization steps will limit
the engine to finite power [26,93]. Note n o« W irrespective
of counterdiabatic driving [Fig. 5(a)], hence Oy depends only
weakly on 1.

For increasing g/g. there is a trade-off in the performance
gained from interactions and the performance lost from quan-
tum friction, with peak performance occurring for g/g. &
0.3 for 7 = w, ! Here, the work output from a chain with
nearest-neighbor interactions is about 50% larger than the
noninteracting chain and both show comparable efficiency,
see Figs. 5(b) and 5(c). For p=1,2,3, x;;(¢) is difficult
to engineer since the interactions must be reconfigured at
different times. To simplify, we expand to lowest order in
g/w and set x;;(t) = 1. While this is somewhat effective at
mitigating diabatic degradation for weak interactions, the per-
formance enhancement diminishes as the range of interactions
increases. Hence a chain withp = 1, g/g. < 0.3and 7 = a)al
has approximately the same performance as a noninteracting
chain. Interestingly, we find that Eq. (11) is most effective
for By < 10wy !, with reduced performance for colder tem-
peratures. This may be due to thermal fluctuations countering
quantum friction [94].

VI. CONCLUSIONS

We have shown that an engine of interacting spins outper-
forms a noninteracting engine in the paramagnetic phase for
low temperatures and adiabatic operation, due to a lowering
of the first excited state energy gap. The enhancement in
work output is particular pronounced, with W/Wy; increas-
ing exponentially with increasing interactions. The efficiency
enhancement is largest for long-range interactions, which sup-
press occupation of energy levels beyond the first excited
state. A performance enhancement due to long-range inter-
actions has also been identified in Kitaev chains [95,96]. For
diabatic engine operation, quantum friction degrades perfor-
mance. We have presented one counterdiabatic method that
mitigates friction for weak interactions; however, other meth-
ods could be explored [83,89,94,97-102]. Modulating the
phase and detuning of the drive profile may better isolate the
two lowest energy eigenstates [103—107], limiting degrada-
tion due to thermal fluctuations and quantum friction. The
low-temperature performance enhancement coincides with
many-body quantum effects due to bipartite entanglement
arising from the first excited state. A more thorough investiga-
tion of the entanglement properties of the thermal spin chain
could reveal how entanglement changes for higher tempera-
tures [108—111] or diabatic operation.
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FIG. 6. (a) Energy gap A between ground and first excited state
for a 10-spin chain. The energy gap decreases as A = 1 — g/g.(p) +
O(g?), where g.(p) is the critical interaction strength separating the
paramagnetic and ferromagnetic phases. In the finite-sized system,
we define g.(p) to be the point where 3>A/dg?, shown in (b), is
a maximum. Inset in (a) shows the dependence of A on N for
g=04w.

APPENDIX A: DETERMINING g.(p)

In this Appendix we explain how we determine the crit-
ical interaction strength g. separating the paramagnetic and
ferromagnetic phases in a finite-sized spin chain. The en-
ergy gap A between the ground and first excited state is
shown in Fig. 6(a). The energy gap decreases approximately
linearly with increasing g/g.(p). In an infinite system with
nearest-neighbor interactions, the exact energy gap is A =
| — g| [73] and hence 3>A/dg”> = 8(w — g). Finite-size ef-
fects regularize the divergence of 9>A/dg”, however, we still
observe a clear peak at a critical value of g, see Fig. 6(b). We
define g.(p) to be the value of g corresponding to this peak.
The critical value is close to w for p = oo and decreases for
decreasing p. The critical value will depend on w. We fix g.(p)
by defining this to be the critical value at w = wy.

APPENDIX B: BOSONIC SPIN-WAVE APPROXIMATION

In this Appendix we derive the bosonic spin-wave ap-
proximation for the Hamiltonian (1), which leads to the
approximation Eq. (6). We assume a large chain so that bound-
ary effects can be ignored and hence we approximate the
system as being translationally invariant (equivalently we can
impose periodic boundary conditions). The spin operators can
be converted to expressions in terms of bosonic operators via
a Holstein-Primakoff transformation [69],

6 —i6" — ( Ta;.  (B1)

X
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In the low-excitation regime we expand the Hamiltonian (1)

~

to quadratic order in the bosonic operators a@;, &;. This
gives [69,112,113]

(B2)
Fourier transforming and carrying out a Bogoliubov transfor-
mation gives [114]

N—1

A - 2g -\ rin

H= > i — gl 1 — =20 |\blbe, (B3
€0 + (a)mgn(w gJk) » k) Dr,  (B3)

k=0

with €y the ground-state energy, by bosonic operators for the
quasiparticle modes, and

N—-1

- cos 2mwkm/N) .27k
=y e = ()

mP P

(B4)

m=1

Here CIIJ\’ 0) = ZZ:I cos(m6)/m? is the finite-N generalized
Clausen function [115]. For nearest-neighbor interactions,
Jo = cos(2mwk/N) and hence Cévo(é) = cos 0. From hereon we
assume sign(w — gfy) > 0.

The thermodynamic properties of the spin chain can be
determined from the partition function,

N-1 |
z=1] . (B
k=01 — exp (—ﬂa)‘/l — i—gfk)
with logarithm
N-1 |
InZ =
n Z In |
k=0 1 —exp(— Bw/1— %)
N-1 5
~ Y exp (—ﬂw, [1— —gjk). (B6)
1)
k=0

The latter approximation assumes low temperature. We have
ignored the ground-state energy, which adds an inconsequen-
tial constant to In Z. To proceed analytically, we assume small

gJi/w and approximate /1 — 2gJ; /@ ~ 1 — gJ; /w. Hence
N-1

InZ ~ e F® Z exp (BgJk)-
k=0

(B7)

We reserve a discussion of p =1 for later and for
now assume p > 1. For large N, C)~'(6) - C,(6) =
Y o cos(mf)/mP and we can replace the sum over k in
Eq. (B7) by an integral

N-1
- N [T
Zexp (IBng) — ;/ exp (ﬂng(G)) df9 =NI, (B8)
k=0 0
For even integers p,
(—DP2Q@myr (0
) =—————"B, | — B
&® 2p! "\2r )’ 9

with B,,(x) the Bernoulli polynomials, which are polynomials
of order p. We obtain the following results for p = oo and
p=2

Be
B—o0 e
I =1(Bg) ~ —F—=.
00 0 271,3g
2ePem?/6 /B2 \ 5 gt (2)
1, = 20 U p( YT p e . (BI0)
Ve 2 3B )

where Iy(x) is the modified Bessel function, D(x) is Dawson’s
function (expressible in terms of the imaginary error function
erfi(x) via D(x) = (/7 /2)e > erfi(x)), and £ (2) = 72/6.

In general, for p>3 the integral
fol exp ((mBgCy(2mx)))dx can be approximated at low
temperatures using the method of steepest descent,

1
I, =] m exp (BgC,(0)), p>3, (Bl

where C,(0) = Z;’f:] m~P? = ¢(p). This does not work for
p = 2 since C5(0)]g—o # 0. This reflects that the spectrum is
linear rather than quadratic around the lowest-energy state.
Nor does it work for p = 3, since C}(6)|o=o diverges. We
observe numerically that exp (8gC;(0)) is dominated by its
small 6 behavior for large Sg. Hence for p = 3 we expand
the Clausen function in a power series around the maximum
6 =0,

C3(0) ~ ¢(3)+ 167 In6 — 207 + 0(6*). (B12)
This gives
Bet(3) pm 92
I~ E / exp(—ﬂg (3—21n0))d0,
T 0 4

Bec3) p 2
_¢ / exp (— P (3 1 tn(g) ln(ﬂg92))) de,
T 0 4
Bs®) VBT 1
= nm ; uu /2 exp <_Zu2(3 + ln(ﬁg))) du,

P8

”«/@0

rIE)

T
= m erf (E‘/3ﬁg+ Bgln ﬂg),

P83

VrBg3 +nBg)

Hence we find a logarithmic correction In g to the parti-
tion function for p = 3, which interpolates between p = 2
and p > 3. The asymptotic behavior in the fourth line fol-
lows by replacing w2 by lim,_, ¢+ u’’? =1 due to exp(—
%uz( In(Bg) + 3)) being sharply peaked around the origin for
large Bg. The validity of this approximation was confirmed
numerically. Equations (B10), (B11), and (B13) give InZ =
NG, (Bgle PA with A = w — g¢(p) and G,(Bg) arising from
thermal fluctuations and dependent on p.

For p=1, Eq. (B4) at k = 0 diverges with N as Jy ~
InN + y, with y the Euler-Mascheroni constant. We separate
out this term in Eq. (B7). For k # 0, Eq. (B4) converges and

p—o00
~

n/Bg 1
exp <_ZM2(3 + ln(,Bg))) du,

p—o0
~

(B13)
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we have
> cos(m@) .
Z =C1(0) = —In|2sin(6/2)|. (B14)
m=0 m
Hence
InZ ~ ¢ PP N11P8 4 =P A (Bg) (B15)
with
N—1 Bg
ABg)=27)" <sm —) :
k=1
D2 N B
=2l ﬂg Z (sm —) (B16)

arising from thermal fluctuations. We have assumed N is odd
in the second line in Eq. (B16), however, even N will give the
same final result below. The sum in A(Bg) is dominated by
small k terms, hence we can use the small-angle approxima-
tion sin(6) ~ 0,

N Bg (N—1)/2
ABg) =2 — > kP
(Bg) (2;1)

k=1

Be
2! 2(ﬁ> £(B9).
T

This term is smaller than the first term in Eq. (B15) by a factor
~N~!(2me”)7P¢. Hence thermal fluctuations are suppressed
for low temperatures and large N, and we obtain

InZ ~ Ne #2,

(B17)

(B18)

with A & w — g(In N + y). The low-temperature work output
within this approximation is [see Fig. 3(a)],

W = Nawy(r — 1)(6_'3”A — e_ﬁ‘fA),

~ wy(r — 1)e Preoefusy N1 Hhus, (B19)

Summarizing, to lowest order in g/w and for large N and
B, we obtain the dimensionless free energies,

1 -BA
S ™ =3
1 —BA _
InZ ~ \/n— Ty A p=3 (B20)
1 —BA _
B¢ p=2,
eiﬂAa p: l’

with A(w) = w — wog/gc.

APPENDIX C: CALCULATION OF ENTANGLEMENT

In this Appendix we calculate the low-temperature entan-
glement of the spin chain. Within the bosonic approximation
in Appendix B, the first excited state is a state with one
excitation uniformly spread across all spins,

I .0
=—Y"600). 1)
W; -

We consider a partition dividing the chain in half. The en-
tanglement entropy of state |1) with respect to this partition
is

S = —Trr(pL1Inpp), (C2)

with p; = Try (1) (1]) and Trg(, a partial trace over states in
the right(left) half of the chain. It is straightforward to show
that this gives S = In(N/2).

For low temperatures, we can qualitatively describe the
system by the thermal state

1 -
p1=m(lo> (01 + e P2 11) (1), (C3)

where A = w — wpg/g. for small g/w. The Peres-Horodecki
criterion states that a separable density matrix has pos-
itive partial trace [70,71]. Hence, if the density matrix
does not have positive partial trace, the state is entan-
gled (“non-PPT entanglement”). Due to the symmetry of
the state, a sufficient condition for p; to exhibit non-PPT
entanglement is Tr(M @ Mp;) < 0, with M any Hermitian
operator acting on either the left (M®) or right (®M)
partition of the chain [72]. We choose MM = l—[f\]=1 m;
with

1 L
060 _a6060],  (Ca)

m; = —(1 —|—(x)1/N [O’

with « > 0 a free parameter. This gives

1 —qe P2

TM @ Mp) = G S T o p8)

(C5)

We can make Tr(M ® M p;) arbitrarily close to —(1 + ef2)~!
by choosing « to be large (o >> ¢#2). This choice of M gives
negative Tr(M @ M p1) and hence the state exhibits non-PPT
entanglement.

APPENDIX D: CALCULATION OF COUNTERDIABATIC
DRIVE

In this Appendix we derive the approximate counterdia-
batic drive Eq. (11). We find the coefficients C;; in Hyg =

> iz Cij6y "6 by minimizing the action

S = Tr (G(Hea)?), (D1)
with G = %~ + i[H.q, H] [90,91]. Hence we need to solve
aS G
— =2Tr(G— ) =0. (D2)
0C;; 0C;;

024310-8
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For notational simplicity, we set J;; = C;; = 0. We have
G=-0')) 6 —io@)) C;[6060.60] —ig Y Cijlyy6[67,6P61]
14 i,J,p i.J,p.q

Y6 +0) Y C (60508, — 69605,) g 3 Cplp6 (60585, 4+ 60605,,)
P

i,j.p i.j,p:q
=-0/ 1)) 6P +w)) Ci(6P6) —6767) =28 J,yCip6 66, (D3)
4 ij i,pq
Hence
G
_ 50m) 5 (1) _ 5(m) 5 (n) 5.m) 5 (0) 5 (1)
5C — (,()(l)(Uxm O,xn o O,ym O,yn ) _ ZgXK:Jneo’xm o, o’Z” . (D4)

We now want to calculate the trace of GdG/dC,,, (m # n). The three terms in G and the two terms in dG/9C,,, gives a total of
six terms. Three of these are zero, since the trace of terms with an odd number of spin-1/2 operators is zero. The three remaining
terms are

() mn
Tr | 200/(1) Y 67> Ju6 606" | = 2”%. (D5)
p 4
t 2le‘t
Tr | () Y Cpy(6610 — 6P6(P) (66" — 6M6M) | = 2N%. (D6)
p.q
Jmn JC i + 1 J2 nnCmn _J2 Cmn
Tr | 4% Z 15 Cor6 V6@ Zjnzé)gm)ﬁg)&z(n) _ 2N32( (JCun + 3(J7) anConn) ' D7)
; ' 8
p.q.r ¢
Combining terms gives the coupled linear equations that determine C,,,
80 (1) + 20 Coy + & (Jun IO + 53T )inCon = J3,Com) = 0. (D8)
This gives
! t Jmn Jmn JC nn
G = — Ol & EIn IO 9)
2w(t)2 + g2[§(-]2)nn - J1121n]
Multiplying both sides by g°J,,, and summing over m gives
EUCm = — (80 (1) + &UChun)n, (D10)

with

2
An = Z & . (D11)

20(t)* + &[5 — I2,]

m

Equation (D10) can be rearranged to give

2 gw/(t))‘n
JCO)yyy = ——"—. D12
g0 Y (D12)
Substituting this into Eq. (D9) gives
ga)/([) = Jmn
Con = (7z) (D13)

20002 + @[30 — 2]

For an infinite chain with J,,,, = 1/|m — n|?, (J 2)m /2 =¢(2p), and A, = A is independent of n. For nearest-neighbor interac-

tions, A = gz/a)(t)2, and

o gw'(1)
2(w(t)* + &%)

Using Mathematica, we find that A can be evaluated analytically for selected values of p. For example, forp = 1,A = 1 — xcotx

withx = g/ 20(t)? + ¢ (2)g?.

Snmt1- (D14)

mn —
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