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We investigate the dynamical relaxation behavior of the two-point correlation in extended XY mod-
els with a gapless phase after quenches from various initial states. Specifically, we study the XY chain
with gapless phase induced by the following additional interactions: Dzyaloshinskii-Moriya interaction
and the XZY-YZX type of three-site interaction. When quenching from the gapped phase, we observe
that the additional interactions have no effect on the relaxation behavior. The relaxation behavior is
δCmn(t ) ∼ t−3/2 and ∼t−1/2 for the quench to the commensurate phase and the incommensurate phase,
respectively. However, when quenching from the gapless phase, we demonstrate that the scaling behav-
ior of δCmn(t ) is changed to ∼t−1 for the quench to the commensurate phase, and the decay of δCmn(t )
follows ∼t−1 or ∼t−1/2 for the quench to the incommensurate phase depending on the parameters of pre-
quench Hamiltonian. We also establish the dynamical phase diagrams based on the dynamical relaxation
behavior of δCmn(t ) in the extended XY models.
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I. INTRODUCTION

Advancements in ultracold atomic experiments have
sparked significant interest in nonequilibrium many-body
physics [1–5]. One particularly important issue of this field
is the investigation of the nonequilibrium time evolution of
isolated quantum systems over long timescales [6–9]. Nu-
merous studies have focused on the dynamical relaxation
of different physical quantities, such as the entanglement
entropy [10–14], two-point longitudinal correlation func-
tion [15–17], population imbalance [18], antiferromagnetic
order parameter [19–21], and ferromagnetic order param-
eter [22,23]. These studies collectively contribute to a
comprehensive understanding of dynamical relaxation in a
wide range of physical systems.

Recently, a class of dynamical phase transitions, character-
ized by the relaxation behavior of the two-point correlation
Cmn(t ) = 〈ψ (t )|c†

mcn|ψ (t )〉, has been proposed in periodi-
cally driven systems [10,24–26]. Different from the persis-
tent oscillation behavior [27–29] and the vanishing of the
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order parameters at critical times of the dynamical quantum
phase transitions [30–33], the deviation δCmn(t ) = Cmn(t ) −
Cmn(∞) of the correlation at time t from their steady-state
values decays as a power-law behavior t−μ, where the scaling
exponent μ is determined by the system parameters, suggest-
ing that it characterizes the dynamical phase [10]. Later, this
type of power-law scaling behavior has also been observed in
the systems following the quantum quench, including the XY
model [34] and the XXZ model [35]. Specifically, in the XY
chain, two distinct power-law relaxation behaviors have been
identified, where the relaxation behavior is δCmn(t ) ∼ t−3/2

for the quench to the commensurate phase, and δCmn(t ) ∼
t−1/2 for the quench to the incommensurate phase [34]; in the
XXZ model [35], the deviation of two-point spin correlation
also follows the power-law decay of t−3/2. However, a recent
article [36] finds that the scaling behavior of δCmn(t ) may be
∼t−1, when the quench is from the critical point (the external
field hc = 1) of the Ising transition.

It is well established that additional interactions can lead to
different ground-state configurations in the XY chain, which
in turn have important implications for various properties. One
example is the Dzyaloshinskii-Moriya (DM) interaction, an
antisymmetric spin-exchange interaction that plays a crucial
role in inducing antiferromagnetic [37–39]. The DM inter-
action induces the emergence of a gapless phase in the XY
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chain [40–42]. In this gapless phase, the ground state of the
system corresponds to the configuration where all the states
with εk < 0 are filled and εk > 0 are empty. The gapless
phase has significant implications for various properties of the
quantum system, such as quantum phase transitions [42–45],
nonequilibrium thermodynamics [46], dynamical quantum
phase transitions [47,48], quantum speed limit [49], and oth-
ers [50–52]. Therefore, it is highly intriguing to study the
impact of the gapless phase on the dynamical relaxation
behavior.

In this paper, we study the dynamical relaxation behav-
ior of Cmn(t ) in the extended XY model with the gapless
phase, where the gapless phase is induced by the additional
interaction: the DM interaction and the XZY-YZX type of
three-site interaction. For a quench from the gapped phase,
we find that the dynamical relaxation behavior is not affected
by the additional interaction. This is due to the fact that, in
both cases, the excitation spectrum satisfies εk + ε−k = 2ωk ,
where ωk is exactly the excitation spectrum of the XY chain
without the additional interaction. However, for the quench
from the gapless phase, we find that the scaling behavior of
δCmn(t ) is changed to ∼t−1 for the quench to the commensu-
rate phase, and the decay of δCmn(t ) follows ∼t−1 or ∼t−1/2

for the quench to the incommensurate phase depending on
the parameters of the prequench Hamiltonian. This change in
the scaling behavior can be attributed to the broken inverse
symmetry of the excitation spectrum (εk �= ε−k ) induced by
the additional interaction. Consequently, the ground state of
the prequench Hamiltonian in the gapless phase contains the
single-occupied quasiparticle states, which do not contribute
to δCmn(t ).

The paper is organized as follows: In Sec. II, we introduce
the general expression of the XY chain with gapless phase
and give the formula of Cmn(t ) for various initial ground
states. In Secs. III and IV, we consider the dynamical re-
laxation behaviors in the XY chain with the DM interaction
and the XZY-YZX type of three-site interactions, for which
the inverse symmetry of the excitation spectrum is broken.
All possible quench protocols are considered. In Sec. V, we
discuss the results in the quench from the XX line of the XY
model, for which the excitation spectrum satisfies the inverse
symmetry with respect to k = 0. In Sec. VI, we summarize our
results and conclude comments for the dynamical relaxation
behavior in the XY chain with the gapless phase.

II. MODELS

The Hamiltonian for the extended XY chain can be ex-
pressed by

H = HXY + Hex

= −1

2

N∑
n=1

(
1 + γ

2
σ x

n σ x
n+1 + 1 − γ

2
σ y

n σ
y
n+1 + hσ z

n

)

+ Hex, (1)

where σ
x,y,z
n are the Pauli operators defined on lattice site

n, γ represents the anisotropic parameter, and h denotes the
external magnetic field. Hex denotes the additional interaction

inducing the gapless phase, given by

Hex = −1

2

N∑
n=1

[
D

(
σ x

n σ
y
n+1 − σ y

n σ x
n+1

)
+ F

(
σ x

n−1σ
z
nσ

y
n+1 − σ

y
n−1σ

z
nσ x

n+1

)]
, (2)

where D and F denote the strength of nearest-neighbor
and next-nearest-neighbor off-diagonal exchange interaction.
When F = 0, Hex reduces to the DM interaction, which de-
scribes an antisymmetric interaction [37–39,50]. On the other
hand, when D = 0, Hex describes the next-nearest-neighbor
hopping through the XZY-YZX type of three-spin interac-
tion, which introduces gapless phases in the anisotropic XY
chain [53–55].

The Hamiltonian can be further expressed as the diagonal
form

H =
∑
k>0

Hk =
∑
k>0

[
εk

(
η

†
kηk − 1

2

)
+ ε−k

(
η

†
−kη−k − 1

2

)]
(3)

after using the Bogoliubov transformation ηk = cos θkck +
i sin θkc†

−k . Here, θk is the Bogoliubov angle. We consider
all possible ground-state configurations, in which the ground
state is related to the quasiparticle excitation spectrum εk , that
is [48,56]

|G〉 =
⊗
k>0

|G〉k,

|G〉k =

⎧⎪⎪⎨
⎪⎪⎩

|0k0−k〉, εk, ε−k > 0
|0k1−k〉, εk > 0, ε−k � 0
|1k0−k〉, εk � 0, ε−k > 0
|1k1−k〉, εk, ε−k � 0.

(4)

In a quench protocol, the initial state of the system is
prepared in the ground state of H (h0, γ0), i.e., |ψ0〉 = |G〉.
At t > 0, the Hamiltonian parameters are suddenly changed
to (h1, γ1), and the system is driven by the time-evolution
operator U (t ) = e−iH̃t = e−iH (h1,γ1 )t . The time-evolved state
at the arbitrary time is then given by

|ψ (t )〉 = e−iH̃t |ψ0〉 =
⊗
k>0

e−iH̃kt |G〉k, (5)

where |G〉k is not the eigenstate of the postquench Hamilto-
nian H̃ .

To observe the dynamical relaxation behavior following
the quench, we investigate the fermionic two-point cor-
relation functions Cmn(t ) = 〈ψ (t )|c†

mcn|ψ (t )〉 following the
Refs. [34,36]. By considering the various configurations of
the ground states, we obtain the difference δCmn(t ) of the
two-point correlation function from its steady-state values for
a long time by

δCmn(t ) = Cmn(t ) − Cmn(∞) =
∫ π

0

dk

2π
δCk

mn(t ), (6)
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where every component δCk
mn(t ) is dependent on the initial states, i.e.,

δCk
mn(t ) =

⎧⎪⎪⎨
⎪⎪⎩

sin 2θ̃k sin 2αk cos [(ε̃k + ε̃−k )t] cos [k(n − m)], εk, ε−k > 0
0, εk > 0, ε−k < 0
0, εk < 0, ε−k > 0
− sin 2θ̃k sin 2αk cos [(ε̃k + ε̃−k )t] cos [k(n − m)], εk, ε−k < 0.

(7)

Equation (7) indicates that the single-occupied quasiparti-
cle initial states |1k, 0−k〉 and |0k, 1−k〉 do not contribute to
δCmn(t ).

III. EXTENDED XY CHAIN WITH
DZYALOSHINSKII-MORIYA INTERACTION

Now we consider the extended XY chain with the DM
interaction, in which the Hamiltonian is given by (1) with
F = 0. By using the Jordan-Wigner and Bogoliubov transfor-
mations, the system can be expressed as the diagonal form (3)
with the quasiparticle excitation spectrum

εk = −2D sin k + ωk, (8)

where ωk = [(h + cos k)2 + γ 2 sin2 k]1/2. The Bogoliubov
angles satisfy

uk = cos θk = h + cos k − ωk√
2
[
ω2

k − (h + cos k)ωk
] , (9)

vk = sin θk = γ sin k√
2
[
ω2

k − (h + cos k)ωk
] . (10)

It should be noticed that the Bogoliubov angles are indepen-
dent of the strength of the DM interaction.

Figure 1(a) displays the phase diagram of the extended
XY chain with the DM interaction for D = 0.2. The phase

FIG. 1. (a) The phase diagram of the extended XY chain with
the DM interaction for D = 0.2. The solid line between the CP
and PM phases corresponds to h = (4D2 − γ 2 + 1)1/2. The dashed
line denotes the critical lines between the commensurate and in-
commensurate phases, corresponding to h = 1 − γ 2, known as the
disorder line. (b) The energy spectra for (h = 0.5, γ = 0.2) in the
CP phase. The energy spectra do not satisfy the inverse symmetry,
i.e., εk �= ε−k .

diagram consists of four parts: the ferromagnetic phase along
the x direction (FMx), the paramagnetic phase (PM), the fer-
romagnetic phase along the y direction (FMy), and the chiral
gapless phase (CP). The dashed line denotes the critical lines
between the commensurate and incommensurate phases, cor-
responding to h = 1 − γ 2, known as the disorder line (DL).
The FMx, FMy, and PM phases are the gapped phases, in
which the ground state is

|G〉 =
⊗

k∈(0,π]

|0k0−k〉. (11)

The CP phase is the gapless phase, in which the ground state
is

|G〉 =
⊗
k1>0

|0k1 0−k1〉
⊗
k2>0

|1k2 0−k2〉, (12)

with εk1 > 0 and εk2 < 0.
From Eq. (7), the δCmn(t ) in the XY chain with DM inter-

action is given by

δCmn(t ) =
{∫

k∈(0,π]
dk
2π

δCk
mn(t ), from the gapped phase∫

k∈{k1}
dk
2π

δCk
mn(t ), from the gapless phase,

(13)
with

δCk
mn(t ) = sin 2θ̃k sin 2αk cos (2ω̃kt ) cos [k(m − n)]. (14)

It should be noticed that here we have ε̃k + ε̃−k = 2ω̃k , and
ω̃k is exactly the excitation spectrum of the XY chain without
the DM interaction.

A. Quench from gapped phases

First, we consider the quench protocols from the gapped
phase. In Fig. 2, we display δCmn(t ) as a function of t for
the quench from the PM phase to both the commensurate and
incommensurate phases, where |n − m| = 1. It is evident that
for the quench from the gapped phase to the commensurate
phase, δCmn(t ) exhibits a scaling behavior of ∼t−3/2, while for
the quench to the incommensurate phase, the scaling behavior
is given by δCmn(t ) ∼ t−1/2.

The relaxation behavior of δCmn(t ) can be explained by
the method of stationary-point approximation. For the quench
from the gapped phase, we have

δCmn(t ) = Re[I (t )], (15)

where Euler’s formula is used to obtain (|n − m| = 1)

I (t ) = 1

2π

∫ π

0
dk sin 2θ̃k sin 2αke2iω̃kt cos k

= 1

2π

∫ π

0
dk f (k)eig(k)t , (16)

024303-3



CAO, HU, TONG, AND YANG PHYSICAL REVIEW B 109, 024303 (2024)

FIG. 2. (a) |δCmn(t )| as a function of t for a quench from the PM
phase to the commensurate phase, which is from h0 = 100 to h1 =
0.9 with fixed γ0 = γ1 = 0.5. (b) |δCmn(t )| for a quench from the
PM phase to the incommensurate phase, which is from h0 = 100 to
h1 = 0.5 with fixed γ0 = γ1 = 0.2.

with f (k) = sin 2θ̃k sin 2αk and g(k) = 2ω̃k . The exponential
term in I (t ) oscillates rapidly so that I (t ) is determined by
the integrals around the stationary points k0, which satisfy
g′(k0) = 0. It also should be noticed that, in the XY chain
with the DM interaction, the stationary points are given by
∂ω̃k/∂k = 0, which is independent of the DM interaction.

Specifically, for the quench to the commensurate phase,
there are two stationary points k = 0, π . The contributions
for the integrals around stationary points k = 0, π to I (t ) both
have the approximate behavior of ∼t−3/2 (see Appendix A).
Consequently, the relaxation behavior of δCmn(t ) follows the
scaling behavior t−3/2 for the long time for the quench from
the gapped phase to the commensurate phase. However, for
the quench to the incommensurate phase, there is an extra
stationary point km, corresponding to the minimum value
of ω̃k , besides two stationary points k = 0, π . The integral
around km contributes a slower scaling decay ∼t−1/2, than
that of k = 0, π . Therefore, the relaxation behavior of δCmn(t )
dominates for the scaling behavior ∼t−1/2, when quenching
from the gapped phase to the incommensurate phase.

The dynamical relaxation behavior in the quench protocols
from the gapped phase is only determined by whether the
postquench Hamiltonian is in the commensurate or incom-
mensurate phase. This is similar to the behavior observed in
the XY chain, which suggests that the DM interaction does not
affect the relaxation behavior of δCmn(t ). The reason can be
explained by that the excitation spectrum of the XY chain with
DM interaction satisfies εk + ε−k = 2ωk , where ωk is exactly
the excitation spectrum of the XY chain.

B. Quench from gapless phase

Now we consider the quench protocols from the gapless
phase. In Fig. 3, we display δCmn(t ) as a function of t for the
quench from the gapless chiral phase to both the commensu-
rate PM phase and incommensurate part of the FMx phases. It
can be observed that, for the quench from the gapless phase

FIG. 3. (a) |δCmn(t )| as a function of t for a quench from the CP
phase to the commensurate phase, from h0 = 0.2 to h1 = 2.0 with
fixed γ0 = γ1 = 0.2. |δCmn(t )| for a quench from the CP phase to the
incommensurate part of FMx phase, (b) from (h0 = 0.2, γ0 = 0.1)
to (h1 = 0.5, γ1 = 0.5), and (c) from (h0 = 0.2, γ0 = 0.1) to (h1 =
0.2, γ1 = 0.5).

to the commensurate PM phase, the scaling behavior is given
by δCmn(t ) ∼ t−1, and for the quench to the incommensurate
phase, the scaling behavior is δCmn(t ) ∼ t−1/2 or ∼t−1.

To explain the relaxation behavior in the quench protocol
from the gapless phase, we can express the function I (t ) by

I (t ) = 1

2π

(∫ kl

0
+

∫ π

kr

)
dk f (k)eig(k)t , (17)

where kl , kr are two boundary points, and εk < 0 for kl < k <

kr (see Fig. 4). In this case, the asymptotic behavior of I (t ) is
determined by the competition between the integrals around
stationary points and the boundary points.

Specifically, for the quench from the gapless phase to
the commensurate phase, there are two stationary points k =
0, π and two boundary points kl , kr [see Fig. 4(a)]. It is
already known that the stationary points k = 0, π contribute
the scaling decay ∼t−3/2. While for the boundary points,
according to the generalized Riemann-Lebesgue lemma, the
integral around two boundary points in the limited intervals
k ∈ [0, kl ], [kr, π ] is given by

∼ f (kl )
e2itω̃kl

iω̃′
kl

t−1 + f (kr )
e2itω̃kr

iω̃′
kr

t−1. (18)

Therefore, the long-time scaling behavior of the integral
around the boundary points is ∼t−1. As a result, for the
quench from the gapless phase to the commensurate phase,
the relaxation behavior of δCmn(t ) follows the slower ∼t−1.
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FIG. 4. (a) Energy spectra εk and ω̃k for the prequench Hamil-
tonian parameter (h0 = 0.2, γ0 = 0.2) and the postquench Hamilto-
nian parameter (h1 = 2.0, γ1 = 0.2). (b) Energy spectra εk , ω̃k1, and
ω̃k2 for the prequench Hamiltonian parameter (h0 = 0.5, γ0 = 0.1),
the postquench Hamiltonian parameters (h1 = 0.5, γ1 = 0.5), and
(h1 = 0.2, γ1 = 0.5). The interval [kl , kr] does not contain the mini-
mum value of ω̃k1, but contains the minimum value of ω̃k2.

While for the quench from the gapless phase to the incom-
mensurate phase, there are two different cases. The first one is
that the interval [kl , kr] does not contains the minimum points
km [see the orange line in Fig. 4(b)]. In this case, the asymp-
totic behavior of I (t ) is determined by competition between
the integrals around three stationary points k = 0, π, km, and
two boundary points kl , kr . It is evident that the integral around
the minimum point km contributes the slowest decay ∼t−1/2.
Consequently, the relaxation behavior of δCmn(t ) dominates
the scaling behavior ∼t−1/2 for a long time.

On the other hand, if the interval [kl , kr] contains the mini-
mum points km [see the orange line in Fig. 4(b)], the stationary
point km will not contribute to I (t ) anymore. In this case,
the asymptotic behavior of I (t ) is determined by competition
between the integrals around two stationary points k = 0, π ,
and two boundary points kl , kr . Similar to the case from the
gapless phase to the commensurate phase, the relaxation be-
havior of δCmn(t ) follows the scaling behavior ∼t−1.

C. Quench from gapless phase to the disorder line

Now we consider the quench protocol from the gapless
phase to the disorder line. The disorder line is the boundary
between the commensurate and incommensurate phases in
the XY chain. It has already been found a different relax-
ation behavior of δCmn(t ) ∼ t−3/4 for the quench from the
gapped phase to the disorder line [34]. In Fig. 5, we dis-
play the δCmn(t ) as a function of t for the quench from the
gapless phase to the disordered line. The relaxation behav-
ior of δCmn(t ) is observed to still follow ∼t−3/4. To explain
this, we display the excitation spectra εk and ω̃k in the in-
set graph of Fig. 5. The asymptotic behavior of δCmn(t ) is
determined by the competition between the contributions of
stationary points k = 0, π and boundary points, in which the
contributions of k = 0 and two boundary points are ∼t−3/2

and ∼t−1, respectively. At the stationary point k = π , we

FIG. 5. |δCmn(t )| as a function of t for a quench from the gapless
chiral phase to the disorder line, which is from (h0 = 0.2, γ0 = 0.1)
to (h1 = 0.5, γ1 = 1√

2
). The inset graph shows energy spectra εk and

ω̃k for the Hamiltonian parameters (h0 = 0.2, γ0 = 0.1) and (h1 =
0.5, γ1 = 1√

2
).

have dω̃k/dk|k=π = d2ω̃k/dk2|k=π = 0, corresponding to the
high-order stationary-point approximation. It is known that
the high-order stationary point k = π contributes the scal-
ing decay for ∼t−3/4, which is slower than that for ∼t−3/2

and ∼t−1. Consequently, the relaxation behavior of δCmn(t )
follows t−3/4 for the quench to the disorder line, regardless
of whether the quench originates from the gapped or gapless
phase.

D. Dynamical phase diagram

In this section, we present a schematic phase diagram
that captures the different dynamical phases based on the
relaxation behavior of δCmn(t ). While obtaining the dynam-
ical phase diagram for the quench protocol from the gapped
phase is straightforward, as it is divided by the disorder line,
we focus on the quench protocol from the gapless phase in
this discussion. The dynamical relaxation behavior of δCmn(t )
is determined by the conditions of whether the postquench
Hamiltonian is in the commensurate and incommensurate
phases, and whether the interval [kl , kr] contains the minimum
point km, as discussed in previous sections. Therefore, the
boundary of dynamical phases for the first condition is the
disorder line, i.e., h = 1 − γ 2.

The boundary for the second condition can be obtained by

h =
h0 ±

√
h2

0 − (
1 − γ 2

0 + 4D2
)(

h2
0 + γ 2

0 − 4D2
)

1 − γ 2
0 + 4D2

(1 − γ 2),

(19)
where h0, γ0 denote the parameters of the prequench Hamil-
tonian (see Appendix C). It is important to note that the
boundary (19) is dependent on the parameters of the pre-
quench Hamiltonian. The coefficient in (19) represents the
solutions of a quadratic equation, resulting in two possible
cases for the boundary for h > 0. It is known that 1 − γ 2 +
4D2 > 0 all the times, so that if h2

0 + γ 2
0 < 4D2, we have
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FIG. 6. (a) The dynamical phase diagram for the quench from
(h0 = 0.2, γ0 = 0.2) marked by the black solid dot. (b) The dy-
namical phase diagram for the quench from (h0 = 0.5, γ0 = 0.2).
The dynamical phases are characterized by the dynamical relaxation
behavior of δCmn(t ), where the blue region denotes δCmn(t ) ∼ t−1,
and the red region denotes δCmn(t ) ∼ t−1/2. The right boundary is
exactly the disorder line.

h0 < [h2
0 − (1 − γ 2

0 + 4D2)(h2
0 + γ 2

0 − 4D2)]1/2. In this case,
there is one boundary, i.e.,

h =
h0 +

√
h2

0 − (
1 − γ 2

0 + 4D2
)(

h2
0 + γ 2

0 − 4D2
)

1 − γ 2
0 + 4D2

(1 − γ 2)

[see Fig. 6(a)]. If h2
0 + γ 2

0 > 4D2, we have h0 >

[h2
0 − (1 − γ 2

0 + 4D2)(h2
0 + γ 2

0 − 4D2)]1/2. In this case,
there two boundaries following Eq. (19) [see Fig. 6(b)].

IV. RESULTS OF THE XY CHAIN WITH XZY-YZX TYPE
OF THREE-SPIN INTERACTION

Now, we consider the XY chain with XZY-YZX type of
three-spin interaction, which is described by the Hamilto-
nian (1) with D = 0, β = −1. Similarly to the XY chain with
the DM interaction, the phase diagram consists of four parts
see Fig. 7(c): the ferromagnetic phase along the x direction
(FMx), the paramagnetic phase (PM), the ferromagnetic phase
along the y direction (FMy), and the chiral gapless phase (CP),
where, except for the CP phase, FMx, FMy, and PM are the
gapped phases. The quasiparticle excitation spectrum is given
by [53]

εk = F

2
sin 2k +

√
(h + cos k)2 + γ 2 sin2 k, (20)

where the first term F
2 sin 2k breaks the inverse symmetry of

the XY chain. Similar to that in the XY chain with the DM
interaction, the ground state in the gapped phase (FMx, FMy,
and PM phases) is |G〉 = ⊗

k>0 |0k, 0−k〉, and in the gapless
phase (CP phase) is |G〉 = ⊗

k1>0 |0k1 0−k1〉
⊗

k2>0 |1k2 0−k2〉.
It should be noticed that, similar to the case in the XY

chain with the DM interaction, the excitation spectrum (20)
also satisfies εk + ε−k = 2ωk , where ωk is the excitation spec-
trum of the XY chain without the additional interaction. As a
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FIG. 7. In the XY chain with XZY-YZX type of three-site inter-
action, (a) energy spectra εk and ω̃k for the prequench Hamiltonian
parameter (h0 = 0.5, γ0 = 0.1) and the postquench Hamiltonian
parameter (h1 = 2.0, γ0 = 0.5). (b) εk and ω̃k for the prequench
Hamiltonian parameter (h0 = 0.5, γ0 = 0.1) and the postquench
Hamiltonian parameter (h1 = 0.5, γ0 = 0.65). (c) The dynamical
phase diagram for the quench from (h0 = 0.5, γ0 = 0.1) marked by
the black solid dot. The gray solid lines are the critical lines of the
quantum phase transitions.

result, for the quench from the gapped phase, the XZY-YZX
type of three-site interaction does not influence the relaxation
behavior of δCmn(t ). In the following, we show the results of
quenching from the gapless CP phase.

In Fig. 8, we display |δCmn(t )| as a function of t for
the quench from the gapless chiral phase to both the com-
mensurate PM phase and incommensurate part of the FMx

phases, where |n − m| = 1. It can be observed that, for the

FIG. 8. In the XY chain with XZY-YZX type of three-site in-
teraction, (a) |δCmn(t )| as a function of t for a quench from the
gapless chiral phase to the commensurate phase, which is from (h0 =
0.5, γ0 = 0.1) to (h1 = 2.0, γ1 = 0.5). (b) |δCmn(t )| for a quench
from the gapless chiral phase to the incommensurate phase, which
is from (h0 = 0.5, γ0 = 0.1) to (h1 = 0.5, γ1 = 0.65).

024303-6



DYNAMICAL RELAXATION BEHAVIOR OF AN EXTENDED … PHYSICAL REVIEW B 109, 024303 (2024)

quench from the gapless phase to the commensurate PM
phase, the scaling behavior is given by δCmn(t ) ∼ t−1, and for
the quench to the incommensurate phase, the scaling behavior
is δCmn(t ) ∼ t−1/2.

Similarly to the case in the XY chain with the DM inter-
action, the dynamical relaxation behavior can be explained
by the stationary-phase approximation. For the quench from
the gapless chiral phase to the commensurate phase, there are
two stationary points k = 0, π and two boundary points kl , kr

[see Fig. 7(a)]. As mentioned before, the integrals around the
stationary points at the boundary or center of the Brillouin
zone provide approximate behavior ∼t−3/2, and the boundary
points provide ∼t−1. Therefore, the power-law behavior of
δCmn(t ) is ∼t−1 for the quench from the chiral phase to the
commensurate phase. However, for the quench from the gap-
less chiral phase, the asymptotic behavior depends on whether
the interval (kl , kr ) covers the minimum value of ω̃k . As seen
in Fig. 7(b), the minimum value of ω̃k is not covered in the
interval (kl , kr ). The integral of δCmn(t ) is thus contributed by
three stationary points k = 0, π, km (ω̃km = min ω̃k ) and two
boundary points kl , kr , where the integral around km provides
the slowest asymptotic decay ∼t−1/2. Therefore, the power-
law behavior of δCmn(t ) is ∼t−1/2, which agrees with the
numerical results in Fig. 8(b). If the interval (kl , kr ) covers the
minimum value min ω̃k , the power-law of δCmn(t ) is ∼t−1.

Finally, we obtain the dynamical phase for the quench from
the point (h0 = 0.5, γ0 = 0.1) [see Fig. 7(c)].

V. RESULTS OF THE QUENCH FROM THE XX LINE

In the previous sections, we discuss the dynamical relax-
ation behaviors in the XY chain with the DM interaction
(D �= 0, F = 0) and the XZY-YZX type of three-site interac-
tion (D = 0, F �= 0), respectively. In both models, the energy
spectra are asymmetric, so when quenching from the gapless
phase, the initial state consists of the vacuum states |0k0−k〉
and the single-occupied state |1k0−k〉. Now, let us consider
another special case, i.e., quench from the XX line in the
XY chain (γ = 0, D = F = 0, h � 1). In this case, the quasi-
particle excitation spectrum εk of the prequench Hamiltonian
satisfies the inverse symmetry with respect of k = 0, which is
given by

εk = h + cos k. (21)

To calculate the δCmn(t ), we consider the XX line as the
γ → 0 limit.

In Fig. 9, we display the δCmn(t ) as a function of t for
the quench from the gapless chiral phase to both the com-
mensurate PM phase and incommensurate part of the FMx

phases, where |n − m| = 1. It can be observed that, for the
quench from the gapless phase to the commensurate PM
phase, the scaling behavior is given by δCmn(t ) ∼ t−1, and for
the quench to the incommensurate phase, the scaling behavior
is δCmn(t ) ∼ t−1/2.

Equation (21) reveals that the quasiparticle excitation spec-
trum of the XX case satisfies the inverse symmetry with
respect to k = 0, i.e., εk = ε−k . The inverse symmetry guar-
antees that the ground state of the prequench Hamiltonian is

FIG. 9. (a) |δCmn(t )| as a function of t for a quench from the
XX line to the commensurate phase, which is from (h0 = 0.5, γ0 =
0.0001) to (h1 = 2.0, γ1 = 0.5). (b) |δCmn(t )| for a quench from the
XX line to the incommensurate phase, which is from (h0 = 0.5, γ0 =
0.0001) to (h1 = 0.5, γ1 = 0.5).

given by

|G〉 =
⊗

0<k<κ

|0k0−k〉
⊗

κ<k<π

|1k1−k〉, (22)

with εk, ε−k > 0 for k < κ and εk, ε−k < 0 for k > κ [see
Figs. 10(a) and 10(b)]. The integral of δCmn(t ) is thus sepa-
rated as two parts, given by

δCmn(t ) = 1

2π

∫ κ

0
dk sin 2θ̃k sin 2αk cos (2ω̃kt ) cos k

− 1

2π

∫ π

κ

dk sin 2θ̃k sin 2αk cos (2ω̃kt ) cos k.

(23)
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FIG. 10. (a) Energy spectra εk and ω̃k for the prequench
Hamiltonian parameter (h0 = 0.5, γ0 = 0.0001) and the postquench
Hamiltonian parameter (h1 = 2.0, γ0 = 0.5). (b) Energy spectra εk

and ω̃k for the prequench Hamiltonian parameter (h0 = 0.5, γ0 =
0.0001) and the postquench Hamiltonian parameter (h1 = 0.5, γ0 =
0.5). (c) The dynamical phase diagram for the quench from (h0 =
0.5, γ0 = 0.0001) marked by the black solid dot.
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Therefore, the relaxation behavior of δCmn(t ) is determined by
the integrals around the boundary point κ and the stationary
points k = 0, π and k = km, where km corresponds to the
minimum value of ω̃k for the system in the incommensurate
phase. It also should be noticed that the case of critical quench
in Ref. [36] can be treated as an exceptional case of our theory,
in which the zero excitation spectrum εk = 0 is located at the
center or boundary of the Brillouin zone, i.e., κ = 0, π .

Specifically, for the quench from the XX line to the
commensurate phase, the δCmn(t ) is ∼at−3/2 + bt−1, which
dominates for the scaling behavior of t−1 for long time. How-
ever, for the quench from the XX line to the incommensurate
phase, δCmn(t ) is ∼at−3/2 + bt−1 + ct1/2, which dominates
for the scaling behavior of ∼t−1/2. Both of them agree with the
numerical results in Fig. 9. According to the relaxation behav-
ior of δCmn(t ), we plot the dynamical phase diagram as seen
in Fig. 10(c). The boundary between the dynamical phases is
the disorder line of the commensurate and incommensurate
phases.

VI. CONCLUSION

In this paper, we investigate the dynamical relaxation be-
havior of extended XY chains with the gapless phase after
a quantum quench, in which the gapless phase is induced
by the additional interactions: the DM interaction, the XZY-
YZX type of three-site interactions, etc. This facilitates us to
obtain the expression of the two-point correlation function
Cmn(t ) in the quench from various initial states. We notice
that in both models, the excitation spectrum satisfies εk +
ε−k = 2ωk , where ωk is the excitation spectrum of the XY
chain without additional interaction. This results in that, when
quenching from the gapped phase, the additional interactions
do not affect the relaxation behavior. The relaxation behavior
is δCmn(t ) ∼ t−3/2 for the quench to the commensurate phase,
and δCmn(t ) ∼ t−1/2 for the quench to the incommensurate
phase.

In the case of the quench from the gapless phase, the initial
state contains the single-occupied quasiparticle states, i.e.,
|1k0−k〉, which do not contribute to δCmn(t ). This indicates
that the additional interactions will affect the integral region
of δCmn(t ), and generate the boundary points in the asymp-
totic behavior. Consequently, we find the dynamical universal
decay of the two-point correlation follows a power law of t−1

and t−1/2, where t−1 is contributed by the integral around
the boundary point. Specifically, when the quench is from
the gapless phase to the commensurate phase, the power-law
behavior of δCmn(t ) is t−1. However, when the quench is
from the gapless phase to the incommensurate phase, there
are two different cases. The one is that the interval [kl , kr],
in which εk of the prequench Hamiltonian is smaller than
zero, covering the minimum value of ω̃k of the postquench
Hamiltonian. In this case, the power-law behavior is t−1. The
other is that the interval [kl , kr] does not cover the min ω̃k ,
where the power-law behavior is t−1/2. Finally, we give the
dynamical phase diagram and find it also depending on the
position of the prequench Hamiltonian.

In addition, we also study the case of quench from the XX
line, in which the ground state contains the double-occupied
quasiparticle states |1k1−k〉, due to the excitation spectrum
satisfying the inverse symmetry with respect to k = π . The
dynamical relaxation behavior of δCmn(t ) is found to be ∼t−1

for the quench from the XX line to the commensurate phase,
and ∼t−1/2 for the quench from the XX line to the incommen-
surate phase.
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APPENDIX A: CORRELATION FUNCTIONS

In this paper, we impose the periodic boundary conditions with σN+1 = σ1. By implementing the Jordan-Wigner transforma-
tion, the Hamiltonian (1) can be written as a quadratic form of the spinless fermion model [57]:

H =
∑
mn

c†
mAmncn + 1

2

∑
mn

(c†
mBmnc†

n + H.c.), (A1)

where cn and c†
n are fermion annihilation and creation operators, respectively. By applying the Fourier transformation, the

Hamiltonian is written in momentum space as

H =
∑
k>0

�
†
kHk�k, (A2)

where �k = (ck, c†
−k )T are Nambu spinors, and Hk are the associated Bloch Hamiltonians.

Considering the quasiparticle operators between the pre- and postquench Hamiltonian are related by the Bogoliubov
transformation ηk = cos αk η̃k − i sin αk η̃

†
−k with αk = θk − θ̃k , we obtain the eigenstates of the prequench Hamiltonian Hk as

a superposition of eigenstates of H̃k by

|0k0−k〉 = cos αk|0̃k 0̃−k〉 − i sin αk|1̃k 1̃−k〉,
|0k1−k〉 = |0̃k 1̃−k〉,
|1k0−k〉 = |1̃k 0̃−k〉,
|1k1−k〉 = −i sin αk|0̃k 0̃−k〉 + cos αk|1̃k 1̃−k〉. (A3)
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Then the time-evolved state is given by

|ψk (t )〉 = e−iH̃kt |G〉k =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

cos αkei(ε̃k+ε̃−k )t/2|0̃k 0̃−k〉 − i sin αke−i(ε̃k+ε̃−k )t/2|1̃k 1̃−k〉, εk, ε−k > 0

ei(ε̃k−ε̃−k )t/2|0̃k 1̃−k〉, εk > 0, ε−k � 0

ei(−ε̃k+ε̃−k )t/2|1̃k 0̃−k〉, εk � 0, ε−k > 0

−i sin αkei(ε̃k+ε̃−k )t/2|0̃k 0̃−k〉 + cos αke−i(ε̃k+ε̃−k )t/2|1̃k 1̃−k〉, εk, ε−k � 0.

(A4)

To obtain Cmn(t ), we transform the fermionic operators into the momentum space. We obtain

Cmn(t ) = 〈ψ (t )| 1

N

∑
k

c†
kckeik(n−m)|ψ (t )〉 = 1

N

∑
k>0

[〈ψk (t )|c†
kck|ψk (t )〉eik(n−m) + 〈ψk (t )|c†

−kc−k|ψk (t )〉e−ik(n−m)], (A5)

where

〈ψk (t )|c†
kck|ψk (t )〉 = 〈ψk (t )|(cos θ̃k η̃

†
k + i sin θ̃k η̃−k )(cos θ̃k η̃k − i sin θ̃k η̃

†
−k )|ψk (t )〉

= 〈ψk (t )| cos2 θ̃k η̃
†
k η̃k − i sin θ̃k cos θ̃k η̃

†
k η̃

†
−k + i sin θ̃k cos θ̃k η̃−k η̃k + sin2 θ̃k η̃−k η̃

†
−k|ψk (t )〉, (A6)

and

〈ψk (t )|c†
−kc−k|ψk (t )〉 = 〈ψk (t )|(cos θ̃k η̃

†
−k − i sin θ̃k η̃k )(cos θ̃k η̃−k + i sin θ̃k η̃

†
k )|ψk (t )〉

= 〈ψk (t )| cos2 θ̃k η̃
†
−k η̃−k + i sin θ̃k cos θ̃k η̃

†
−k η̃

†
k − i sin θ̃k cos θ̃k η̃k η̃−k + sin2 θ̃k η̃k η̃

†
k |ψk (t )〉. (A7)

To calculate Cmn(t ), we need to calculate every component in Eqs. (A6) and (A7). According to Eq. (A4), we obtain

〈ψk (t )y|η̃†
k η̃k|ψk (t )〉 = 1 − 〈ψk (t )|η̃k η̃

†
k |ψk (t )〉 =

⎧⎪⎪⎨
⎪⎪⎩

sin2 αk, εk, ε−k > 0
0, εk > 0, ε−k � 0
1, εk � 0, ε−k > 0
cos2 αk, εk, ε−k � 0,

(A8)

〈ψk (t )|η̃†
k η̃

†
−k|ψk (t )〉 = −〈ψk (t )|η̃†

−k η̃
†
k |ψk (t )〉 =

⎧⎪⎪⎨
⎪⎪⎩

i sin αk cos αkeit (ε̃k+ε̃−k ), εk, ε−k > 0
0, εk > 0, ε−k � 0
0, εk � 0, ε−k > 0
−i sin αk cos αkeit (ε̃k+ε̃−k ), εk, ε−k � 0,

(A9)

〈ψk (t )|η̃−k η̃k|ψk (t )〉 = −〈ψk (t )|η̃k η̃−k|ψk (t )〉 =

⎧⎪⎪⎨
⎪⎪⎩

−i sin αk cos αke−it (ε̃k+ε̃−k ), εk, ε−k > 0
0, εk > 0, ε−k � 0
0, εk � 0, ε−k > 0
i sin αk cos αke−it (ε̃k+ε̃−k ), εk, ε−k � 0,

(A10)

〈ψk (t )|η̃−k η̃
†
−k|ψk (t )〉 = 1 − 〈ψk (t )|η̃†

−k η̃−k|ψk (t )〉 =

⎧⎪⎪⎨
⎪⎪⎩

cos2 αk, εk, ε−k > 0
0, εk > 0, ε−k � 0
1, εk � 0, ε−k > 0
sin2 αk, εk, ε−k � 0.

(A11)

Substituting Eqs. (A8)–(A11) into Eqs. (A6) and (A7), we have

〈ψk (t )|c†
kck|ψk (t )〉 =

⎧⎪⎪⎨
⎪⎪⎩

cos2 θ̃k sin2 αk + 1
2 sin 2θ̃k sin 2αk cos [(ε̃k + ε̃−k )t] + sin2 θ̃k cos2 αk, εk, ε−k > 0

0, εk > 0, ε−k � 0
1, εk � 0, ε−k > 0
cos2 θ̃k cos2 αk − 1

2 sin 2θ̃k sin 2αk cos [(ε̃k + ε̃−k )t] + sin2 θ̃k sin2 αk, εk, ε−k � 0,

(A12)

and

〈ψk (t )|c†
−kc−k|ψk (t )〉 =

⎧⎪⎪⎨
⎪⎪⎩

cos2 θ̃k sin2 αk + 1
2 sin 2θ̃k sin 2αk cos [(ε̃k + ε̃−k )t] + sin2 θ̃k cos2 αk, εk, ε−k > 0,

0, εk > 0, ε−k � 0
1, εk � 0, ε−k > 0
cos2 θ̃k cos2 αk − 1

2 sin 2θ̃k sin 2αk cos [(ε̃k + ε̃−k )t] + sin2 θ̃k sin2 αk, εk, ε−k � 0.

(A13)

These indicate that correlation functions are independent of time for the single-occupied states. For εk, ε−k > 0, we have

Ck
mn(t ) = 〈ψk (t )|c†

kck|ψk (t )〉eik(n−m) + 〈ψk (t )|c†
−kc−k|ψk (t )〉e−ik(n−m)

= [〈ψk (t )|c†
kck|ψk (t )〉 + 〈ψk (t )|c†

−kc−k|ψk (t )〉] cos [k(n − m)]

+ i[〈ψk (t )|c†
kck|ψk (t )〉 − 〈ψk (t )|c†

−kc−k|ψk (t )〉] sin [k(n − m)]

= {1 − cos 2θ̃k cos 2αk + sin 2θ̃k sin 2αk cos [(ε̃k + ε̃−k )t]} cos [k(n − m)], (A14)
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and for εk, ε−k � 0,

Ck
mn(t ) = {1 + cos 2θ̃k cos 2αk − sin 2θ̃k sin 2αk cos [(ε̃k + ε̃−k )t]} cos [k(n − m)]. (A15)

Ck
mn(t ) consists of two components: one is the value of Ck

mn(t ) in the steady state, i.e.,

Ck
mn(∞) =

{
(1 − cos 2θ̃k cos 2αk ) cos [k(n − m)], εk, ε−k > 0

(1 + cos 2θ̃k cos 2αk ) cos [k(n − m)], εk, ε−k � 0,
(A16)

and the other one is the difference between Ck
mn(t ) and Ck

mn(∞), i.e.,

δCk
mn(t ) =

{
sin 2θ̃k sin 2αk cos [(ε̃k + ε̃−k )t] cos [k(n − m)], εk, ε−k > 0

− sin 2θ̃k sin 2αk cos [(ε̃k + ε̃−k )t] cos [k(n − m)], εk, ε−k � 0.
(A17)

APPENDIX B: STATIONARY-POINT APPROXIMATION
FOR THE CASE FROM THE GAPPED PHASE

In the following, we use the stationary-phase approxima-
tion to explain the relaxation behavior.

For quenching from the gapped phase to the commen-
surate phase, there are two stationary points k0 = 0, π .
By considering the Bogoliubov angles satisfy tan 2θk =
γ sin k/(h + cos k), we have

f (k) = [h1γ0 − h0γ1 + (γ0 − γ1) cos k]γ1 sin2 k

ωkω̃
2
k

, (B1)

so that f (0), f ′(0), f (π ), and f ′(π ) vanish. We thus need to
expand f (k) around k0 and go to the second-order contribution
(γ0 = γ1):

f (k) = −(h1 − h0)γ 2
1

ωk0 ω̃
2
k0

(k − k0)2. (B2)

Considering ω0(ω̃0) > ωπ (ω̃π ), the contribution of the sta-
tionary point k0 = 0 is quite smaller than that of k0 = π .
Hence, the approximate behavior of I (t ) is determined by the
contribution of the stationary point k0 = π , i.e.,

I (t ) ≈ 1

2π

−(h1 − h0)γ 2
1

ωπω̃2
π

e2itω̃π

×
∫ +∞

0
dk(k − π )2eitω̃′′

π (k−π )2

= 1

2π

−(h1 − h0)γ 2
1

ωπω̃2
π

e2itω̃π +iφ
√

π

ω̃′′
π

t−3/2. (B3)

The asymptotic behavior of δCmn(t ) is thus given by

δCmn(t ) = −(h1 − h0)γ 2
1

2ωπω̃2
π

√
π (ω̃′′

π )3
cos (2ω̃π t + φ)t−3/2. (B4)

Here, the cosine terms describes the oscillation of δCmn(t ), so
that the decay of δCmn(t ) is given by ∼t−3/2, which agrees
with the numerical simulations in Fig. 2(a).

While for quenching from the gapped phase to the in-
commensurate phase, there is an additional stationary point
of ω̃km for 0 < km < π besides k0 = 0, π , where ω̃km is the
minimum value of ω̃k . I (t ) should be calculated by summing
the integrals over all stationary points, i.e.,

I (t ) = I1(t ) + I2(t ) + I3(t ), (B5)

where I1(t ), I2(t ) ∼ t−3/2 denotes the integrals around the sta-
tionary points k0 = 0, π , and

I3(t ) ≈ (h1 − h0)γ 2
1 sin2 km

2πωkm ω̃2
km

e2iω̃km

∫ +∞

m
dkeitω̃′′

km
(k−km )2

= (h1 − h0)γ 2
1 sin2 k

2ωkm ω̃2
km

√
πω̃′′

km

e2itω̃km +iφt−1/2

∼ t−1/2, (B6)

denotes the integral around the minimum value of ω̃k .
Considering t−3/2 decays faster than t−1/2, the approximate

behavior of δCmn(t ) is determined by the slowest decay, i.e.,
δCmn(t ) ∼ t−1/2. This result also agrees with the numerical
simulations in Fig. 2(b).

APPENDIX C: BOUNDARY OF THE DYNAMICAL
PHASE DIAGRAM

The second condition to distinguish the dynamical phase
diagram is whether the interval [kl , kr] covers the mini-
mum value of ω̃k , which can be expressed by the following
equations:

εk = 0,

cos k = h

γ 2 − 1
. (C1)

Here εk is the excitation spectrum of the prequench Hamilto-
nian H (h0, γ0).

For the XY chain with DM interaction, the Eq. (C1) re-
duces to

− 2D sin k +
√

(h0 + cos k)2 + γ 2
0 sin2 k = 0,

cos k = − h

1 − γ 2
, (C2)

which can be written as a quadratic equation of h/(1 − γ 2) by

(
1 − γ 2

0 + 4D2
)( h

1 − γ 2

)2

− 2h0
h

1 − γ 2
+ h2

0 + γ 2
0 − 4D2

= 0. (C3)
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The Eq. (C3) can be solved by

h

1 − γ 2
=

h0 ±
√

h2
0 − (

1 − γ 2
0 + 4D2

)(
h2

0 + γ 2
0 − 4D2

)
1 − γ 2

0 + 4D2
.

(C4)

Therefore, the boundary of the dynamical phase in the case
of quench from the gapless phase is also dependent on the
position of the prequench Hamiltonian. A similar conclusion
can also be obtained for the XY chain with the XZY-YZX type
of three-site interaction.
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