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Local integrals of motion and the stability of many-body localization in Wannier-Stark potentials
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Many-body localization in disordered systems in one spatial dimension is typically understood in terms of
the existence of an extensive number of (quasi) local integrals of motion (LIOMs) which are thought to decay
exponentially with distance and interact only weakly with one another. By contrast, little is known about the form
of the integrals of motion in disorder-free systems which exhibit localization. Here, we explicitly compute the
LIOMs for disorder-free localized systems, focusing on the case of a linearly increasing potential. We show that
while in the absence of interactions, the LIOMs decay faster than exponentially, the addition of interactions leads
to the formation of a slow-decaying plateau at short distances. We study how the localization properties of the
LIOMs depend on the linear slope, finding that there is a significant finite-size dependence, and present evidence
that adding a weak harmonic potential does not result in typical many-body localization phenomenology. By
contrast, the addition of disorder has a qualitatively different effect, dramatically modifying the properties of the
LIOMS.
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I. INTRODUCTION

It is by now well established that the presence of disor-
der in a low-dimensional quantum mechanical system can
lead to localization. Such notions of localization are accom-
panied by the absence of thermalization via Hamiltonian
out-of-equilibrium dynamics [1–4]. Disorder-induced local-
ization was first discovered in noninteracting systems [5], in a
phenomenon now known as Anderson localization. In recent
years, this framework has been extended to include systems
with many-body interactions, leading to the celebrated phe-
nomenon of many-body localization (MBL) [3,6–13].

Many-body localized systems exhibit a variety of charac-
teristic and unusual properties, such as a logarithmic growth
of entanglement entropy with time [14–16] or of other cor-
relation measures [17], or a persistent density imbalance, a
phenomenon that has been observed in experiments [18].

While there is strong evidence that many-body localization
is a stable phase of matter [19], recently the claim that such
localization is truly stable in the thermodynamic limit has
been called into question [20–28]. This is a question that
will ultimately be difficult to decide; it has been suggested
that establishing any genuine properties of the MBL phase
transition is likely to be extremely challenging for current
numerical techniques [29].

The study of so-called Wannier-Stark localization in trans-
lationally invariant free-electron systems has a long history
[30] and has recently been investigated in solid-state physics
[31–33]. In the context of many-body systems, the question of
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whether disorder-free many-body systems can exhibit genuine
localization phenomena was already studied as far back as
2015 [34], but came to prominence with a pair of simulta-
neous works published in 2019 [35,36]. Reference [35] has
shown that a disorder-free system with a linear potential ex-
hibits a localized phase which is smoothly connected to the
well-studied conventional MBL phase in a disordered model,
while Ref. [36] has demonstrated that while the disorder-
free system with a purely linear potential did not exhibit
typical MBL properties, the addition of a weak quadratic
confining potential leads to an entanglement growth which
is consistent with conventional MBL. These observations
have sparked widespread interest in localization and related
phenomena such as time crystals in disorder-free systems
[37–41]. The proposed physical mechanism behind the phe-
nomenology of many-body localization is the appearance of
a form of emergent integrability. An integrable system is
one with an extensive number of local conserved quantities,
such that the initial condition may be inferred at any time
by local measurements. Many-body localization is then de-
scribed by the emergence of an extensive set of quasilocal
conserved quantities, called (quasi) local integrals of motion
(LIOMs). These are conserved quantities which are local up
to tails decaying exponentially in real space. Much of the
phenomenology of MBL can be recovered analytically by
assuming such quantities exist [42] and studies of LIOMs
in disordered and quasiperiodic systems have so far verified
their emergence from macroscopic models and validated their
use in the mathematical description of MBL [17,43–47], and
experimental probes of their properties have been put forward
[48]. For these reasons, explicitly constructing the LIOMs
leads to valuable insight into the physics of MBL which can
otherwise only be gleaned by individual probes such as slow
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growth of entanglement and particle imbalance. Moreover,
the mathematical description of LIOMs is independent of the
specifics of the Hamiltonian, notably, whether it is disordered
or not, and it is not immediately clear why disorder would be
necessary for their emergence. Their study in both disordered
and nondisordered systems can then better elucidate the role
that disorder plays in the phenomenology of MBL.

Motivated by this growing interest, in this work, we exam-
ine the localization properties of disorder-free systems in one
dimension through the lens of their local integrals of motion.
We will examine the localization properties of these LIOMs
using several different measures. We note for completeness
that disorder-free localization has recently been studied in the
context of lattice gauge theories [49–55], where the conserved
charges of the theory give rise to an effective disorder, how-
ever, this is not the form of disorder-free localization which
we consider in this work. We also wish to emphasize at the
outset that this work studies the properties of individual LI-
OMs, in contrast to other works on many-body localization
which typically focus on nonequilibrium dynamics. The re-
laxation dynamics of an arbitrary far-from-equilibrium state
is governed not only by the spatial extent of the LIOMs, but
also their overlap with one another, a crucial point which we
shall return to later.

The structure of this work is as follows. In Sec. II, we will
introduce the model that we will be working with, and the
different choices of potential that we study in this work. In
Sec. III, we will detail how the LIOMs are computed using
the tensor flow equation (TFE) method [47]; they introduce
an alternative measure to probe how quasilocal the unitary
transform used to diagonalize the Hamiltonian really is. In
Sec. IV, we will present numerical results obtained using the
TFE method, before concluding in Sec. VI by discussing our
results in the context of other contemporary work.

II. MODEL

In this section, we present the models which we examine
in this work, namely, XXZ models with an added clean po-
tential which replaces the more standard disordered field in
traditional models of MBL. In the last subsection, we discuss
properties of these potentials which sets them apart from the
disordered ones. We start from the Hamiltonian

H =
∑

i

hini + J
∑

i

(c†
i ci+1 + H.c.) + �0

∑
i

nini+1, (1)

which describes a one-dimensional chain of spinless fermions
with open boundary conditions, where hi is the varying onsite
potential, J is the nearest-neighbor hopping, and �0 is the
nearest-neighbor interaction strength. In all of the following,
we shall set J = 1 as the unit of energy. This model is equiv-
alent to the XXZ spin chain via a Jordan-Wigner transform;
however, fermionic algebra is much more suitable1 for the

1This is because the method involves computing nested commuta-
tors, and the (anti)commutator of two fermions is simply a number,
while the commutator of two spin operators is another operator.
Fermionic algebra therefore dramatically reduces the number of
terms that arise during the calculation, simplifying it considerably.

FIG. 1. The real-space decay of a local integral of motion cen-
tered in the middle of a one-dimensional noninteracting system of
length L = 64 with a linearly increasing potential of slope F , and
hopping J = 1. The integrals of motion are given by Bessel functions
of the first kind, as shown in Eq. (4), resulting in a faster-than-
exponential decay in real space and a highly nontrivial oscillatory
structure close to the center of the l-bit.

method we will introduce in Sec. III. We will examine three
different choices of potential, detailed below.

A. Linear potential

The first potential we will look at is the purely linear
potential, where hi = Fi and F measures the tilt of the lattice.
We first review the known behavior of the model with �0 = 0.
As detailed in Ref. [35], this model is Wannier-Stark localized
for all F �= 0, and can be diagonalized by the transform

bm =
∑

j

J j−m(2J/F )c j, (2)

where Jn is a Bessel function of the first kind. This leads to a
diagonal Hamiltonian

H̃ = −
∑

m

Fmb†
mbm. (3)

As the Bessel functions x �→ Jn(x) decay faster than expo-
nential (|Jn| < e−|n| for x � n), this noninteracting system is
Wannier-Stark localized for all values of F �= 0. It is interest-
ing to note that this mechanism is quite different from the case
of Anderson localization, and by means of a gauge transform
the linear potential can be mapped onto a time-dependent
vector potential rather than an onsite field.

The (local) integrals of motion of this noninteracting sys-
tem are given by ñi = b†

i bi and can be expressed in the
microscopic basis using the transform specified above:

ñi = b†
i bi =

∑
j,k

J j−i(2J/F )Jk−i(2J/F )c†
j ck,

=:
∑

j

α
(i)
j c†

j c j +
∑
j �=k

β
(i)
j,kc†

j ck, (4)

where we denote the diagonal terms α
(i)
j and the off-diagonal

terms β
(i)
j,k , a notation which we shall use throughout. The

diagonal terms for a local integral of motion prepared on
the central site of a one-dimensional chain are shown in
Fig. 1, where it is clearly visible that they decay with distance
in a faster-than-exponential manner. It is also interesting to
note that close to the center site where the l-bit is located,
the diagonal coefficients α

(i)
j exhibit an unusual oscillatory
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behavior that even in a small system enables them to be clearly
distinguished from the exponentially localized l-bits expected
in an Anderson localized system. It is likely that this form
should be experimentally measurable using techniques that
have already been applied to investigate Anderson localization
in ultracold-atomic gases [56], although to date this has not (to
our knowledge) been attempted.

For nonzero values of �0, this model was first studied in
Refs. [35,36] and found to remain localized above a critical
field strength Fc, albeit with a faster than logarithmic growth
of the entanglement entropy due to the existence of a large
number of many-body degeneracies in the energy spectrum
which stem from the perfect translational invariance of this
model. To obtain more conventional MBL-like growth of the
entanglement entropy in time, it is necessary to lift these
degeneracies, either through the addition of weak randomness
or by adding some curvature to the potential.

B. Curved potential

In order to lift the many-body degeneracies which occur in
a system with a purely linear potential, we follow an approach
similar to Ref. [36] and modify the onsite potential to include
some weak curvature of the form

hi = Fi + α

(
i

L

)2

, (5)

where L is the system size and α represents the strength of the
curvature. For small values of α, the system breaks translation
invariance only weakly, and so the main effect of the curvature
is to lift the degeneracies and stabilize localization, as we
briefly demonstrate in Appendix B. Note that due to the factor
of 1/L2, this curvature vanishes in the thermodynamic limit.
This is required in order to prevent the curvature dominating
over the linear slope for large systems, but has the effect of
making it difficult to extract a well-defined behavior in the
thermodynamic limit (insofar as this limit exists at all for
systems with linearly increasing potentials). An alternative
form of curved potential without this factor, more akin to the
harmonic confining potentials used in ultracold-atomic gas
experiments, is briefly studied in Appendix C for complete-
ness. It has recently been argued that conventional many-body
localization in a random potential in two dimensions can be
stabilized by superimposing a weakly curved potential [57],
due to the curvature making it difficult for long-range reso-
nances to arise and limiting their effectiveness at delocalizing
the system. It is therefore of significant interest to understand
the role of weakly curved potentials in potentially stabilizing
localization.

C. Weakly disordered potential

We also consider a linear potential with (weak) disorder
superimposed on top of it, in order to investigate the effect
of randomness on Wannier-Stark localization and search for a
crossover to conventional MBL-like behavior, i.e., quantities
which are exponentially localized, in contrast to the Bessel-
function-like localization of Eq. (4). We will use a potential
of the form

hi = Fi + εi, (6)

with the randomly chosen variable εi ∈ [−d, d]. A potential
of this form has been considered in Ref. [35], who have shown
that the Wannier-Stark many-body localized phase appears to
be smoothly connected to the conventional disordered MBL
phase; however, there is as yet no understanding of how the
LIOMs behave in the presence of both a linear potential and
additional disorder. The addition of disorder is highly nontriv-
ial, and will not necessarily strengthen localization (as it may
potentially introduce rare resonant regions), and will lead to a
competition between Bessel-function-like Wannier-Stark lo-
calization and exponentially decaying (many-body) Anderson
localization.

D. The role of degeneracies

In selecting the potentials in this section, we have only
briefly mentioned the role of degeneracies in the spectrum.
Let us now elaborate on their importance. An interesting
phenomenon that has emerged from previous research on
many-body localization is the crucial role that degenerate
states play in the localization of the system. While a sim-
ple linear slope exhibits some signs of localization, such as
persistent imbalance and Poisson level statistics [35], other
signs of localization are absent. Notably, the entanglement
entropy quickly saturates as opposed to showing the slow
logarithmic growth typical of disordered many-body localized
systems [36,58]. A natural question to ask is then whether
adding curvature to a linearly growing potential is sufficient to
fully replicate the physics of a disordered potential. To better
explain how a nondegenerate potential may lead to slower
thermalization, consider a local spin Hamiltonian on n sites
of the form

H (γ ) = D + γV, (7)

where D is diagonal in the computational basis and ‖V ‖ =
‖D‖ = 1 and γ < 1. Here, the off-diagonal part V is treated as
a perturbation of the diagonal part D. In the case of the model
in Eq. (1), the first term corresponds to D and the other two to
V , and after suitable normalizations we have 1/γ ∼ maxi hi.
Clearly, D is trivially “localized,” as the local integrals of
motion are given by the single-qubit Pauli operators σ i

z one
each site. We now want to argue that if D has no degeneracies,
adding a small off-diagonal local perturbation γV can only
affect this weakly. Consider the operator

Ak,l = i
Vk,l

Dk − Dl
, (8)

where k, l are computational basis states and Dk = Dk,k . One
may verify that

eiγ AHe−iγ A = D + iγ 2[A,V ] + O(γ 3), (9)

where by O(γ 3) we mean terms the norm of which is bounded
above by O(γ 3). Assuming that the denominator in Eq. (8)
does not vanish (that is, there are no degenerate states in
D coupled by V ), as long as V and D are local, so is A,
by standard Lieb-Robinson bound type arguments [59], this
implies that the dressed Pauli operators τi = e−iγ Aσ i

z eiγ A are
quasilocal, and furthermore ‖[H, τi]‖ ∼ γ 3. This approach,
followed by an iteration to higher orders, has been used in
several works relating to many-body localization in the case
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of disordered potentials [42,60,61] and to show slow ther-
malization in various regimes [62]. The linear potential has
no degeneracies between states separated by a single hop, as
such states have an energy difference of at least F . These
states are the only ones directly coupled by the off-diagonal
part V (in this case, the XXZ Hamiltonian) at first order in
perturbation theory. This means that we will have δ ∝ 1/F , as
the denominator in Eq. (8) is proportional to F . Then we have
that for F large enough, there are quasilocal operators σ̃ i

z such
that [σ̃ i

z , H] ∼ 1/F 2. These are then quasilocal approximately
conserved quantities that should hinder thermalization.

Notice how the absence of degeneracies or resonances (that
is, nearly degenerate states) in D for states connected by V
is essential to control the norm of A. If we wished to iterate
this procedure to remove the off-diagonal potential to higher
orders, we would now need states connected by the new po-
tential [A,V ] to be nondegenerate, but if V is nearest neighbor,
it is easy to see that [A,V ] has next-to-nearest-neighbor terms.
We would then need states connected by flipping spins on
larger and larger portions of the lattice to be nondegenerate.
Nevertheless, states separated by multiple hops in the linear
potential can be degenerate. For example, the state vectors
|0, 1, 0, 1, 0, 1, 0〉 and |1, 0, 0, 1, 0, 0, 1〉 are separated by two
hops and have exactly the same energy, hence, they cannot be
eliminated in second-order perturbation theory. As a matter of
fact, the number of degenerate states must scale exponentially
in the system size since the number of possible many-body
eigenvalues the potential can give rise to is only linear in
the system size, while the number of possible states is ex-
ponential. Contrariwise, in a sufficiently strongly disordered
potential the probability of finding two exactly degenerate
states is zero, and while the energies can be arbitrarily close to
each other with nonvanishing probability, these resonant states
can be rare enough as not to cause thermalization [42]. It is
then expected that the pure linear potential cannot reproduce
the full physics of disordered potentials, as the proliferation
of dengeneracies with increasing system size renders it im-
possible for perturbative approaches to converge. This in turn
suggests that the many-body eigenstates should not behave
like the (localized) single-particle eigenstates, although this
problem may be avoided for small enough systems that the
degeneracies are sufficiently few in number.

The rationale behind adding curvature (cf. Ref. [36]) is
then to remove these higher-order exact degeneracies. Many
degeneracies are indeed removed, but by the same argument
as above we can say that the number of possible values that the
curved potential can take is at most quadratic in the system
size (the possible values are of the form Fa + α/L2b, with
a < L, b < L2, hence, there must still be exponentially many
exactly degenerate states. In general, for Wannier-Stark–type
polynomial potential of degree q, the diagonal of D can take
at most ∼Lq unique parameters. One would then have to take
a polynomial of degree ∼L/ log(L) in order to have enough
possible unique values. By this argument we can conclude that
no finite degree polynomial potential can replicate the physics
of a disordered potential.

By this heuristic, it is reasonable to suggest that while for
a given system size the curved potential might display more
signs of localization than the purely linear slope, a symptom of
being able to perturbatively remove higher-order couplings, it

also cannot reproduce the full physics of disordered potentials
for infinite times and system sizes. This argument can be ex-
tended ad infinitum by adding further nonlinear terms in order
to lift all degeneracies at a given system size, but ultimately
the exponential number of states must always be shared be-
tween a polynomial number of possible energy eigenvalues,
meaning that for a sufficiently large system there will al-
ways be enough degeneracies that perturbative approaches
will fail to converge, suggestive of delocalization. This stands
in dramatic contrast with the case of conventional (random)
disorder.

III. METHOD

Computing the local integrals of motion is equivalent to
diagonalizing the Hamiltonian. In this work we perform the
diagonalization using the tensor flow equation (TFE) method
[47], based on Głazek-Wegner-Wilson flow methods [63–68]
as implemented in the PYFLOW package [69]. In this section
we shall briefly summarize the key aspects of the method.
We note that there is no unique prescription for computing
the LIOMs of a many-body system, and other complementary
methods exist based around discrete displacement transforms
[43,44] and time-averaged observables [70–72].

A. Diagonalizing the Hamiltonian

We first separate the Hamiltonian into a diagonal part

H0 =
∑

i

hini + �0

∑
i

nini+1, (10)

and an off-diagonal part

V = J
∑

i

(c†
i ci+1 + H.c.). (11)

The Hamiltonian is diagonalized by the continuous unitary
transform

dH
dl

= [η(l ),H(l )], (12)

where η(l ) = [H0(l ),V (l )] is the so-called Wegner generator
[73,74]. This form of generator works using the principle of
energy-scale separation, first eliminating off-diagonal terms
which couple significantly different energy sectors of the
Hamiltonian before successively eliminating lower and lower
energy degrees of freedom, at the cost of generating new
terms (both diagonal and off diagonal) at intermediate flow
times, which must be kept track of throughout the proce-
dure. This method has a long history [63–68,75] as well as
a sound mathematical underpinning and convergence guaran-
tees [74,76]. Various different implementations of the method
have been used to study many-body localization extensively
in recent years in both time-independent [45–47,77–80] and
time-dependent [81–84] settings. It is also closely related to
the method of discrete displacement transforms [43,44].

In its most recent implementation [47,69], the Hamilto-
nian can be written in tensor form and the commutator in
Eq. (12) can be recast in terms of tensor contractions, which
can be efficiently computed on modern computer hardware
using highly optimized linear algebra libraries, eliminating
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the need to analytically determine the flow equations, there-
fore bypassing one of the most cumbersome aspects of flow
equation techniques. In this work, we run our simulations on
graphics processing units (GPUs), which are highly optimized
for massively parallel linear algebra operations. We numeri-
cally integrate the flow equation until all off-diagonal terms
present in the initial Hamiltonian have decayed to less than
a fraction ε = 10−6 of their original value, or the maximum
flow time of l = 25 is reached. We store up to q = 7500
steps for the smallest system sizes and q = 3500 steps for the
largest system sizes, with the steps spaced logarithmically in
flow time. Detailed convergence and error measures are shown
in Appendix A.

It is worth emphasizing that the principle of separation
of energy scales which underpins this method has serious
consequences in systems with exact degeneracies. The trans-
form cannot remove off-diagonal couplings which connect
degenerate states, and while the linear potential does not have
single-particle degeneracies, it can have many-body degen-
eracies, as discussed in Sec. II D. We can thus anticipate that
there may be regimes where this transform fails to remove
all off-diagonal couplings. The existence of such off-diagonal
couplings which connect different degenerate states signifies
that fermions are able to move freely throughout the lattice,
implying delocalization. We shall refer to these as “resonant
terms.”

For a noninteracting system, this transform can be per-
formed exactly and leads to a (quadratic) diagonal Hamil-
tonian in the l → ∞ limit. For an interacting system, this
transform will generate successively higher-order terms and
the final Hamiltonian will be given by

H̃ =
∑

i

h̃iñi + 1

2

∑
i, j

�i, j ñiñ j

+
∑
i, j,k

ξi, j,k ñiñ j ñk + · · · , (13)

where the tilde notation signifies that quantities are written
in the diagonal (l → ∞) basis. In general we will neglect all
terms of third order and more, i.e., we keep the two-body
�i, j ñiñ j terms but neglect the three-body and higher terms,
in order to keep the computation tractable. The source term
which generates the three-body interaction scales at most like
∼J�2

0 [47], so for weak interactions with �0 � 1, the three-
body terms are typically negligible. The exception to this is if
the system is delocalized due to the interactions, in which case
these neglected higher-order terms become relevant during the
flow procedure and the transform may deviate significantly
from unitarity, resulting in divergent terms and a loss of ac-
curacy, similar in spirit to a divergent renormalization group
flow towards a strong coupling fixed point. The essential idea
is that the unitary transform can add, as well as remove,
resonant off-diagonal terms during the flow, and if these terms
are added faster than they can be removed, the method will
fail to converge. The breakdown of the method can then
be associated with proximity to a delocalization transition
and the proliferation of resonances. We can already antici-
pate that for a fixed interaction strength, this method should
break down below some critical field strength Fc where the

system becomes delocalized. This can be made more precise
through a self-consistent error estimation method shown in
Appendix A.

B. Obtaining local integrals of motion (LIOMs)

The Hamiltonian in Eq. (13) is diagonal in terms of the
operators ñi, which we shall call (quasi) local integrals of
motion (LIOMs), anticipating that this system will display
signatures of localized behavior. One way we can gain insight
as to the nature of the phase is to examine the real-space sup-
port of these objects, which we can compute by transforming
them from the diagonal (l → ∞) basis back into the initial
real-space basis (l = 0). In order to do this, we store the flow
of the generator η(l ) which diagonalizes the Hamiltonian, and
then we can apply the same series of infinitesimal transforms
in reverse to move from the diagonal basis back into the
microscopic basis. The flow equation for a LIOM operator ñi

is given by

dñi

dl
= [η(l ), ñi(l )], (14)

The end result of this will be the LIOM operator ñi located on
site i expressed in terms of the original microscopic fermionic
operators n j ,

ñi =
∑

j

α
(i)
j n j +

∑
j,k

β
(i)
j,kc†

j ck +
∑

j,k

γ
(i)
j,kn jnk

+
∑

j,k,p,q

ζ
(i)
j,k,p,qc†

j ckc†
pcq + · · · , (15)

where the superscripts (i) denote that the original LIOM has
been centered around lattice site i. This has a similar form
to Eq. (4), but now with additional higher-order terms due to
the interactions present in the Hamiltonian. In the absence of
interactions, only the α and β coefficients are nonzero and
the LIOMs can be calculated exactly. On the other hand, for
an interacting system this equation does not close and we
have to make a suitable truncation. This truncation must be
consistent with the truncation made for the Hamiltonian, e.g.,
if we neglect all terms of a given order in in the flow of the
Hamiltonian, we cannot consistently include these terms in
the flow of the number operator.

We will be interested in the behavior of the coefficients
α

(i)
j , β

(i)
j,k , γ

(i)
j,k , and ζ

(i)
j,k,p,q. In the following we will look at

their norm and real-space support. In all of the following, we
shall compute only a single LIOM located on the central site
of the one-dimensional chains that we consider, in order to
avoid boundary effects.

C. Operator spreading in flow time

Another way to get a measure of the locality of the system
is to apply the unitary operator which diagonalizes the Hamil-
tonian to an operator which is local in the original basis, e.g.,
an onsite number operator. We can again do this by applying
the unitary transform used to diagonalize the Hamiltonian to
the desired operator in order to transform it into the diagonal
basis. This procedure does not require storing the full unitary
transform, as it can be performed on the fly simultaneously
with the diagonalization process. The flow equation for the
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operator ni is given by

dni

dl
= [η(l ), ni(l )]. (16)

The end result of this will be an initially local operator ni

located on site i expressed in terms of the LIOMs ñ j . We de-
note this operator by ni(l → ∞) = n∗

i to signify that it is the
microscopic number operator expanded in terms of operators
from the diagonal basis, and it takes the form

ni(l → ∞) =
∑

j

α̃
(i)
j ñ j +

∑
j,k

β̃
(i)
j,k c̃†

j c̃k +
∑

j,k

γ̃
(i)
j,k ñ j ñk

+
∑

j,k,p,q

ζ̃
(i)
j,k,p,qc̃†

j c̃k c̃†
pc̃q + · · · . (17)

This has essentially the same structure as Eq. (15), but the
role of the number operator and LIOMs is reversed: note the
interchange of the operators ni and ñi. This operator, which
from now on we will call a transformed number operator, is
not an integral of motion, nevertheless, we expect that it shares
many of the properties of the LIOMs.

We shall call these “transformed number operators” to
distinguish them from the LIOMs considered in the previ-
ous section. If the local integrals of motion ñi are obtained
by evolving the number operators backwards using the uni-
tary U which diagonalizes the Hamiltonian, i.e., ñi = U †niU ,
then the transformed number operators are obtained by per-
forming the same evolution, but forward, i.e., UniU †. It is
then reasonable to suggest that n∗

i should have similar local-
ity properties as ñi. More precisely, a way of encoding the
property that U maps local number operators to quasilocal
operators (the LIOMs) is that U should satisfy a property akin
to a Lieb-Robinson bound. That is, given two observables A
and B supported on regions separated by a distance r, we
need to have ||[U †AU, B]||∞ � C e−r/ξ , for some character-
istic length ξ and a constant C. This is a comparably weak
definition of quasilocality,2 but it should be expected that it
holds for many-body localized systems. Then it is true that
the inverse evolution also satisfies the same since

||[UAU †, B]||∞ = ||[A,U †BU ]||∞ � C e−r/ξ . (18)

This means that, in this definition, ni(l → ∞) is quasilocal.
We thus expect that many commonly used locality probes
will yield the same results for n∗

i as they do for ñi. This
is convenient as it is much less costly to compute: it does
not require inverting the transform, which necessitates storing
the full unitary transform at each flow time step. This also
means that the accuracy of the final result is not limited by the
resolution at which we store the unitary transform. A recent
analytical study of operator spreading using flow methods can
be found in Ref. [76].

Although this operator is not a true local integral of motion,
we can transform it into one simply by taking the long-time
average:

ni := lim
T →∞

1

T

∫ T

0
dt e−iHt ni(l → ∞)eiHt . (19)

2Compare also the discussion in Ref. [71].

To see that this is an integral of motion, notice that the
off-diagonal terms of the form c̃†

i c j with i �= j, along with
higher-order terms of the same form, vanish under the time-
averaging procedure, leaving behind only the terms which
commute with the diagonal Hamiltonian. As a matter of fact,
the operators c̃†

i , c̃i simply act as ladder operators for the
eigenstates of the LIOMs (since both sets of operators are uni-
tarily equivalent to the standard set of ladder operators), which
count the number of particles in each “quasilocal mode.”
These eigenstates are also eigenstates of the Hamiltonian,
which means that for an eigenstate of H with energy E ,
〈E |c†

i c j |E〉 ∝ δi j . Assuming the Hamiltonian has no degen-
erate states, these terms will give rise to oscillatory terms
of the form ei(E−E ′ )t , which vanish when time averaged. By
contrast, the terms consisting of products of ñi are unaffected
by the averaging since they commute with the Hamiltonian.
Together, this implies

ni =
∑

j

α̃
(i)
j ñ j +

∑
j,k

γ̃
(i)
j,k ñ j ñk + · · · (20)

is a true integral of motion. Assuming that many-body
localized systems satisfy a zero-velocity Lieb-Robinson
bound [85–87], that is, there exists constant C such that
||[A(t ), B]||∞ � C for any t , it is easy to see that time aver-
aging with an MBL Hamiltonian preserves quasilocality [70].

One of the aims of this work is to show that these oper-
ators are easier to compute and exhibit qualitatively similar
behavior to the LIOMs, making them ideal candidates for
future studies of localization in more computationally difficult
scenarios, such as higher-dimensional systems or periodically
driven models. We shall present numerical results to substan-
tiate this claim in Sec. IV.

D. LIOM weight measure

To investigate signs of a possible delocalization transition
using the LIOMs alone, we use the method developed in
Refs. [47,72] to estimate the transition point from the LIOMs.
We define

f2 := 1

||n||

⎛
⎝∑

j

∣∣α(i)
j

∣∣2 +
∑

j,k

∣∣β (i)
j,k

∣∣2

⎞
⎠, (21)

f4 := 1

||n||

⎛
⎝∑

j,k

∣∣γ (i)
j,k

∣∣2 +
∑

j,k,p,q

∣∣ζ (i)
j,k,p,q

∣∣2

⎞
⎠, (22)

where ||n|| := ∑
j |α(i)

j |2 + ∑
j,k |β (i)

j,k|2 + ∑
j,k |γ (i)

j,k |2 +∑
j,k,p,q |ζ (i)

j,k,p,q|2. In other words, the quantities f2 and f4

represent the fraction of the total weight of the operator
contained by the quadratic and quartic components,
respectively, and give a measure for how important
many-body effects are in the context of the LIOMs. In a
strongly localized system with low entanglement, we would
expect to see f2 � f4. On approach to the delocalized phase,
the interacting terms become relevant and, heuristically,
we would expect to see f4 grow significantly and f2 shrink
significantly as the highly entangled nature of the system
requires the LIOMs to take on a highly nontrivial structure
incorporating many-body interactions, this will result in
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FIG. 2. Pictorial representation of the truncated LIOM norm.
Only terms that act inside of a certain radius r are kept, and the tails
that are cut off should be exponentially small.

observing f4 � f2 on the thermal side of the transition.
It is important to note that these measures are somewhat
heuristic in nature, and in particular that the limit of f4 = 1 is
unphysical. The TFE method breaks down in the delocalized
phase, as discussed in Sec. III A, and this results in the
quartic components of the LIOM diverging. As the fn ratios
are normalized, in this case we obtain f4 = 1 and f2 = 0.
It must therefore be understood that the case of f4 � f2

represents a breakdown of the method which is linked to
the proliferation of many-body resonances that cannot be
removed by the transform, indicative of a delocalized phase.
We also wish to emphasize that in noninteracting systems,
regardless of whether the system is localized or not, we will
always have f2 = 1 and f4 = 0, therefore, care must be taken
when interpreting this measure; it cannot simply be taken as
a direct measure of how localized the system is, and should
be understood as a heuristic only. Note that we shall also
define the ratios f̃2 and f̃4, which are the same measures but
for the transformed number operator rather than the LIOM;
as before, the tilde represents quantities computed in the
diagonal basis.

E. Truncated LIOM norm

We can also see the localization in a measure that combines
both the linear and the quadratic parts of the LIOM. Let O
be an operator on the lattice with fermionic operator decom-
position O = ∑

S αSOS , where the sum is over all subsets S
of the lattice and OS are sums of products of creation and
annihilation operators only acting on S. Define

O|r,i :=
∑

S:d (S,i)�r

αSOS, (23)

where d (S, i) is the maximum distance between a site i and
the sites in S. We then define the locality of O as

LO(r, i) = 1 − ||O|r,i||2F
||O||2F

, (24)

where || · ||F is the Frobenius norm. A visual representation is
given in Fig. 2.

This locality measurement reduces to the one proposed in
Ref. [71] if the operators OS are orthogonal in the Hilbert-
Schmidt inner product. Intuitively, if O is well localized
around the site i, restricting it to a certain radius around i
should not significantly change its norm, hence, for large r
the quantity LO(r, i) should be small. In the following we
always assume that i = L/2 is the central site of the chain and
suppress this index for clarity. The Frobenius norm of a LIOM
must be 2N−1, but since our method only gives us the linear

FIG. 3. The diagonal, quadratic part of the l-bit (α(L/2)
j , blue) and

transformed number operator (α̃(L/2)
j , green) located on the central

site of a one-dimensional chain, as compared to the exact analytic
solution [Eq. (4), crosses]. The l-bit agrees precisely with the an-
alytical solution, while the transformed number operator exhibits
small deviations at the edges of the chain. For clarity, we show the
comparison for a single value of the field, F = 1.0; other choices of
F show similar behavior.

and quadratic parts of the LIOM, the norm of the operator con-
structed from these can deviate significantly from this value
in the delocalized phase, as in this regime the LIOM might
have significant weight on higher-order terms. Computing this
norm is computationally expensive, as it involves building
the full LIOM as an exponentially large matrix rather than
using the (polynomially large) tensor structure of Eq. (15), so
instead of comparing the restricted LIOM to the full one, we
instead compare it with the LIOM restricted to a maximum
radius of r = 10. Note that this definition involves (2r + 1)
lattice sites, as we take r sites either side of the LIOM center,
and as such even for r = 10 is already computationally very
costly to compute. By doing this, we measure how quickly
in real space the LIOM converges to this particular restricted
version instead of the full LIOM, but this has the same phys-
ical interpretation and (at least in the localized phase), terms
beyond this radius should only have a very small weight. As
we shall see, the results appear to give a consistent picture of
LIOMs in disorder-free systems.

IV. NUMERICAL RESULTS

A. Linear potential

In this section, we present the numerical results obtained
for the different choices of potential discussed in Sec. II. In
the following, we set the onsite potential to be a purely linear
slope hi = Fi where F sets the strength of the linear slope and
i labels the lattice site. Following Ref. [35], we would expect
to see a transition as a function of F/J for fixed interaction
strength �0 > 0.

1. Noninteracting systems

We first verify the accuracy of our method by diagonalizing
the noninteracting Hamiltonian numerically using flow equa-
tions. As the system is noninteracting, this can be done exactly
and we can compare with the known analytical solution for
the form of the LIOMs. In Fig. 3, we show the diagonal
terms α

(i)
j and α̃

(i)
j for the LIOMs and transformed operators,

respectively, in the case of a purely linear potential. We see

024206-7



C. BERTONI et al. PHYSICAL REVIEW B 109, 024206 (2024)

that they are almost indistinguishable from each other, except
from small deviations at the edge of the system, thus confirm-
ing that both operators evolve in very similar ways under the
action of the quasilocal unitary transform used to diagonalize
the Hamiltonian. (Note, however, that the off-diagonal terms
of the transformed number operator are quantitatively quite
different from those of the LIOM, as it does not commute with
the Hamiltonian.) Having confirmed that the method works as
expected for the noninteracting system, we now move on to
the many-body physics.

2. Interacting system

Now we switch interactions back on, and set �0/J = 0.1
such that any three-body or higher-order terms in the diagonal
Hamiltonian [Eq. (13)] can be considered negligible. The first
thing to note is that this method cannot fully diagonalize the
many-body Hamiltonian due to the presence of a large number
of many-body degeneracies. The transformed Hamiltonian
takes the form

H(l → ∞) = H̃ +
∑
i, j,q



q
i, j c̃

†
i−qc̃†

j+qc̃ic̃ j, (25)

i.e., it contains a multiparticle hopping term which hops one
particle “up” the linear slope by q lattice sites, and another one
“down” the linear slope by q lattice sites, for a total change
in the single-particle energies of (−Fq + Fq) = 0. This term
couples degenerate states, and as such it cannot be removed by
the flow equation method. This term allows for the movement
of particles and strongly implies that localization will not be
stable to long times and large system sizes. It does not, how-
ever, rule out the existence of a seemingly localized phase that
exhibits only very slow transport. We shall still refer to this as
the “diagonal basis” as all single-particle off-diagonal terms
have been removed, as have all multiparticle off-resonant
terms, and as such the remnant off-diagonal terms carry very
little weight.

We will now take a look at the behavior of the LIOM
interactions �i, j and the resonant coefficient 


q
i, j as defined

in Eqs. (13) and (25), shown in Fig. 4. The interactions
display an unusual structure that is more complex than the
straightforward exponential decay seen in random systems.
The LIOMs initially decay faster than exponential (i.e., curved
on the semilogarithmic scale of Fig. 4), before crossing over
to behavior consistent with a conventional exponential tail
at large distances. By contrast, the LIOM interactions in a
disordered system exhibiting conventional MBL decay almost
perfectly exponentially with distance [47].

This confirms that the many-body disorder-free scenario
also behaves in a distinctly different way than conventional
many-body localization. Furthermore, we can see that the
coefficient of the resonant terms 


q
i, j (shown here averaged

over q = ±1; other values of |q| > 1 are qualitatively similar,
but quantitatively smaller) has a similar form to the LIOM in-
teractions, with a broad plateau for short distances. Although
this term is smaller than the LIOM interaction coefficient, its
presence implies that resonant multiparticle processes leading
to particle transport are present in this system, which likely
leads to slow delocalization on sufficiently long timescales.
There is a weak variation as the slope gradient F is increased,

FIG. 4. Results for a chain of length L = 36 with interaction
strength �0 = 0.1 for different values of the linear slope F . (a) The
LIOM interactions �i, j as a function of distance r = |i − j|. They
display a faster than exponential decay at short distances (curved
on a semilogarithmic scale), with a crossover to what appears to be
an exponential tail at large distances. The inset shows a zoomed-in
view at small distances r, highlighting the nonexponential decay.
(b) The coefficient of the remnant resonant terms that remain in the
final Hamiltonian 


q
i, j , with |q| = 1, for the same parameters as the

previous panel. This term is approximately an order of magnitude
smaller than the maximum value of the �i, j terms, but also displays
a broad plateau that does not strongly vary with slope gradient.

which acts to suppress these terms, however, the qualitative
form is not strongly modified by a larger gradient. We note,
however, that all of our analysis is conducted in the param-
eter regime where F/J � 1. In the regime of large gradients
F/J � 1, then it is reasonable to expect much faster decay
of all parameters. In this parameter regime, the microscopic
model is much closer to a classical Hamiltonian, as the linear
slope is the largest energy scale in the problem and the hop-
ping terms can be regarded as a small perturbation, implying
that localization is likely to be much more stable.

We now turn to the real-space support of the LIOMs them-
selves, as shown in Figs. 5(a)–5(c). Figure 5(a) shows the
quadratic part of a LIOM located on the center lattice site,
for a variety of values of field strength F . In the present
scheme, we do not implement normal-ordering corrections in
the flow equations (see Refs. [68,88] for further information),
and as such the α

(i)
j coefficients are identical to those of the

noninteracting system. Figure 5(b) shows the diagonal part
of this two-body contribution to the LIOM, which exhibits a
clearly nonexponential decay with distance. For small values
of F , the interacting part of the LIOM shown in Fig. 5(b)
displays a lengthy plateau that decays only very slowly with
distance, before crossing over to a faster exponential-like
decay at large distances. This is interesting as it shows that
although the quadratic component of the LIOM is always
localized (as in the single-particle model), the interaction
terms can become highly extended. This suggests that the
interaction terms could be responsible for driving a delocal-
ization transition, or at the very least that one might expect
spatially separated LIOMs to have a larger overlap than in
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FIG. 5. Results for a chain of length L = 36 with interaction strength �0 = 0.1 for different values of the linear slope F . (a) The quadratic
part of the LIOM located on the central site of the chain. (b) The diagonal quartic part of the LIOM. In contrast to disordered many-body
systems, these LIOMs do not decay purely exponentially with distance. (c) The ratios f2 and f4 for system sizes L = 8, 10, 12, 16, 24, 30, 36
(light to dark), showing convergence with increasing system size. (d) The quadratic part of the transformed number operator initially located
at the center of the chain. (e) The diagonal quartic part of the transformed number operator (TNO). (f) The ratios f2 and f4 computed using the
transformed number operator, for the same system sizes as in (c).

conventional disorder-driven MBL. This is consistent with the
faster-than-logarithmic growth of the entanglement entropy
that has already been seen numerically [36], which also im-
plies an overlap between LIOMs that is not exponentially
small, as in conventional disorder-driven MBL.

At the smallest values of F note that there is a visible
divergence of γ

(L/2)
j,k at small distances, due to the conver-

gence of the flow becoming slow (as F/J � 1) and the large
number of degeneracies in the many-body spectrum leading
to the quartic terms in the LIOM diverging. This suggests
that the system cannot be diagonalized in this manner, and
may become delocalized at the smallest values of F/J shown
here. We can investigate this more quantitatively through the
ratios f2 and f4, defined previously. Due to the divergence
visible in Fig. 5(b) for small values of F , the term f4, which
takes into account the relative weight of the quartic terms
in the LIOM, will tend towards one, and f2 will vanish. In
principle, the crossover from f2 = 1, f4 = 0 to f2 = 0, f4 = 1
can be used to estimate the transition point, although it should
be noted that what this measure really probes is the point
at which degeneracies in the Hamiltonian lead to diverging
terms in the LIOM and the method breaks down. This is likely
to be close to the phase transition but care should be taken
when interpreting these results. The ratios fn are shown in
Fig. 5(c) for various different system sizes. We see that there is
a significant finite-size effect, with the crossover to localized
behavior shifting to smaller and smaller values of the slope
F as the system size is increased. While it is tempting to

conclude that this implies localization is more stable for larger
system sizes, this interpretation is not supported by the full
data. Rather, it is more likely that this effect simply indicates
that these systems are subject to severe finite-size effects; for
example, in Fig. 5(b), we can see that systems of size L � 24
are within the plateau region of the LIOMs, and it is only
on larger length scales that the quasiexponential tails become
visible. For systems large enough to resolve this tail, the fn

ratios appear to converge.
In Figs. 5(d)–5(f), we show the same quantities computed

using a transformed number operator on the central lattice
site, rather than the true LIOM. All features are qualitatively
identical, with only small quantitative changes, although in
general it seems that the transformed number operator is
marginally more local than the true LIOM, with all quanti-
ties exhibiting a slightly faster decay. We remind the reader
that this observable is far less computationally challenging to
compute, and the strong resemblance to the behavior of the
true LIOM is an encouraging sign that it captures the same
essential physics at a much lower computational cost. This
quantity could be a promising candidate for future study in
more demanding regimes, such as two-dimensional systems
or periodically driven models [84].

We can also compute the locality of the central LIOMs
via their truncated norm. In Fig. 6, one can see this quan-
tity as a function of the distance from the center for values
of the slope between F = 0.8 and 1.2 at intervals of 0.02.
For small slopes,the locality decays slowly at small distances
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FIG. 6. Locality of the central LIOM in a system of size L = 24,
the different lines are different values of the slope, from F = 0.8
to 1.2 at intervals of 0.02. The inset shows the same quantity on a
logarithmic scale, where purely exponential decay would appear as a
straight line. It is clear that the truncated norms of the LIOMs of the
disorder-free system do not decay exponentially.

before starting to drop towards zero, while for large slopes
the locality immediately drops quasiexponentially, signaling
that the LIOM is strongly localized. This echoes the behavior
of the decay of the quartic part of the LIOM observed in
Fig. 4: while the rapid decay of the quadratic part of the LIOM
attenuates the effect, the plateau observed in the quartic part
is still visible in the overall decay of the LIOM norm. These
results again demonstrate that the real-space support of the
LIOMs does not behave as expected in conventional MBL,
as it decays in a nonexponential matter. This slow decay of
the LIOM strongly implies that nearby LIOMs will have an
enhanced overlap as compared with the case of conventional
disorder-driven MBL, which could account for the fast growth
of entanglement entropy seen in earlier works [36].

B. Quadratic potential

We can now add some curvature to the potential in order
to reduce degeneracies of the many-body spectrum, as in
Ref. [36]. We now set the onsite potential to be hi = Fi +
α(i/L)2, and repeat the analysis from the previous section.

1. Noninteracting systems

We again start by plotting the real-space support of the
LIOMs in the noninteracting system. With the addition of the
curved potential, there is no analytic solution; however, the
results of Ref. [36] would suggest that the system is more
strongly localized in the presence of the curvature, and there-
fore we might expect to see the LIOMs decay more quickly in
real space.

The results are shown in Fig. 7, and indeed this is pre-
cisely what we see. The black crosses represent the analytical
solution in the α = 0 limit (as shown in Fig. 1), while the
lines represent the numerical data for the curved potential with
α = 5.0. We see that the LIOMs decay much faster in the
presence of this curvature than they did in the purely linear
potential. Curiously, the oscillatory behavior close to the cen-
ter of the LIOM is also suppressed. This confirms that indeed
the addition of a quadratic potential enhances localization of
the single-particle wave functions, but what effect does it have

FIG. 7. A comparison of a LIOM computed for the quadratic
potential with α = 5.0 (purple line) with the analytical solution of the
purely linear potential (crosses), with system size L = 36. The LIOM
is more strongly localized in the presence of the curvature. The green
line shows the diagonal part of the transformed number operator, as
in Fig. 1, which again agrees very closely with the behavior of the
true LIOM except for small deviations at the edges of the chain.

on the interaction terms of the LIOM? We now turn to the
many-body case in order to find out.

2. Interacting systems

We can now add the interactions back in, again using
�0 = 0.1, and again we will look at the real-space decay
of the LIOM interactions �i, j , the real-space decay of the
LIOMs themselves, and the ratios f2 and f4 used to indicate
(de)localization. By adding curvature which breaks the de-
generacies of the many-body states, we find that the resulting
Hamiltonian is much closer to being truly diagonal, with fewer
resonant terms surviving until the end of the flow. Taking the
interactions first [Fig. 8(a)], we see a smoother decay than in
the case of the purely linear potential. By comparison with the
purely linear potential, it is clear that the curved potential is
significantly more localized for all values of F/J , as one might
reasonably expect. In Fig. 8(b), we see that the curvature has
a significant effect on the presence of off-diagonal resonant
terms that remain in the final Hamiltonian, being much more
effective at suppressing them than simply increasing the slope
F/J . This suggests that for large curvature, any remaining
resonant hopping terms will be so small that their effects are
unlikely to be seen except on extremely large timescales.

We now turn to the LIOMs themselves. The results are
shown in Figs. 9(a)–9(c), where we compute the same quan-
tities as in Fig. 5, but now for a fixed slope F = 0.8 and
for varying values of the curvature parameter α. For small
values of the curvature the system behaves largely the same
as in the purely linear case, with single-particle LIOMs
which exhibit oscillatory behavior near the central site and
a many-body contribution which has a lengthy plateau before
a slow crossover to exponential decay at large distances. As
the curvature is increased, however, the Bessel-function-like
behavior of the LIOM is suppressed and the single-particle
component decays much faster. The many-body contribution
still displays a plateau, but it is significantly weakened in mag-
nitude and exhibits a slow decay. This can be more precisely
quantified using the fn ratios, shown in Fig. 5(c), where we
see again that there is a strong finite-size dependence and
a broad crossover from localized to delocalized behavior at
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FIG. 8. (a) LIOM interactions extracted from the diagonal
Hamiltonian [Eq. (13)] in the case of a linear potential with weak
curvature, controlled by the parameter α. Results are shown for
L = 24 at a fixed slope F = 0.8. Qualitatively similar results are
observed for other values of the slope. We see that increasing α

has a qualitatively similar effect to increasing F in the purely linear
case, i.e., it leads to a faster decay of the LIOM interactions. (b) The
coefficient of the remaining resonant terms in the final transformed
Hamiltonian. Here we can see that the curvature plays a significant
role in removing these resonances as the curvature parameter α is
increased.

small values of α. The effect of increasing the system size is
rather different in the case, with larger values of L tending
towards delocalization. This may seem surprising, but it is a
consequence of the 1/L2 term in the potential which causes
the curvature to become weaker with increasing system size,
eventually vanishing in the L → ∞ limit, where we would
expect to recover the result from the purely linear slope.

In Figs. 9(d)–9(f), we show the same quantities computed
for the transformed number operator, where we note that the
qualitative behavior is again the same as that of the true
LIOMs. Interestingly, this operator seems to pick up the effect
of the curvature more strongly than the LIOM, with a clear
asymmetry visible in Fig. 9(d) that is much less visible in
the corresponding Fig. 9(a), although a careful examination
reveals that the asymmetry is indeed present in both. The
decay visible in Fig. 9(d) is faster than that in Fig. 9(b), again
consistent with the findings in the previous section that the
transformed number operator decays more quickly than the
true LIOM.

Finally, we can look at the truncated LIOM norm for the
curved potential. Figure 10 shows the LIOM norm for a fixed
slope of F = 1.0 and increasing curvature. It is clear that the
addition of the curvature makes the LIOM more localized,
but once again even at substantial curvature a short-distance
nonexponential behavior is preserved due to the failure of the
quartic part to decay exponentially.

C. Weakly disordered potential

Finally, we examine the effect of adding a weak additional
random potential on top of the linear potential. The results

are shown in Fig. 11 for two disorder strengths, d = 0.1
and d = 5.0, averaged over Ns ∈ {256, 512} disorder realiza-
tions. Taking the LIOM interactions first [Fig. 11(a)], we can
immediately see a dramatic difference in the decay of the
interactions as disorder is increased. At weak disorder, we see
the by now familiar nonexponential decay that characterizes
the linear slope, with a short plateau at small distances. For
strong disorder, however, the LIOM interactions decay at short
distances almost perfectly exponentially (a straight line on a
semilogarithmic plot, most clearly visible in the inset). The
long-distance tails are very similar in both cases, as the influ-
ence of the linear potential is still felt at long distances, but
the short-range behavior in the presence of strong disorder is
much more in line with previous studies of disorder-driven lo-
calization. We do not show the remaining resonant terms 


q
i, j

for the disordered model, as for any d > 1 they are essentially
zero to within machine precision, as the disorder suppresses
all degeneracies and so the flow equation transform is able
to remove all such off-diagonal terms without difficulty. This
again highlights the very different way in which the disordered
and disorder-free potentials behave, and from this we con-
clude that disorder is more effective at stabilizing localization
than either of the disorder-free potentials studied in this work.

Turning to the LIOM itself, we can also clearly see that
weak randomness does essentially nothing to the form of it,
and the quadratic component agrees very closely with the
analytical form of Eq. (4) [black crosses in Fig. 11(b)]. This
makes sense, as such weak disorder is only a minor pertur-
bation on top of the linear slope, and is not strong enough to
add any new resonances into the system or otherwise change
its behavior in any qualitative manner. Strong disorder, on
the other hand, dramatically modifies the LIOM such that
both the quadratic and quartic components exhibit behavior
consistent with exponential decay at short distances, as seen in
conventional models of disorder-driven MBL. In the presence
of such strong disorder, the tail of the interacting component
of the LIOMs is smaller and decays faster than in the purely
linear or weakly disordered potentials. It is worth emphasiz-
ing that even for the strongest disorder which we consider
here (d = 5.0), the linear slope still plays a significant role
at large distances, and as such we do not recover precisely
the properties of a random system in the absence of a linear
potential. Hints of this can be seen in Fig. 11(c) where the
exponential decay crosses over to another functional form at
large distances.

V. ENTANGLEMENT ENTROPY

So far we have computed the properties of local integrals of
motion in a variety of systems subject to potentials which are
close to the Wannier-Stark ladder, and we have suggested that
the nonexponential decay of the LIOMs is responsible for the
faster-than-logarithmic growth of entanglement entropy seen
in Ref. [36]. Here we make this statement a little more precise.

The logarithmic growth of entanglement with time seen in
many-body localized systems is commonly argued to arise
from the exponential decay of the overlap of distant LIOMs
[14,16]. This, however, does not take into account the effect
of a plateau, which we expect to strongly enhance the over-
lap between LIOMs separated by short distances, potentially
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FIG. 9. The same quantities as shown in Fig. 5, but now computed for the potential with weak curvature. Unless stated, the results are for
system size L = 24 with fixed slope F = 0.8. (a) The quadratic part of the LIOM located on the central site of the chain. (b) The diagonal
quartic part of the LIOM. (c) The ratios f2 and f4 for system sizes L = 8, 10, 12, 16, 24 (light to dark). (d) The quadratic part of the transformed
number operator initially located at the center of the chain. (e) The diagonal quartic part of the transformed number operator. (f) The ratios f̃2

and f̃4 computed using the transformed number operator, for the same system sizes as in (c).

allowing transport throughout the system. It has previously
been suggested that the entanglement entropy in a purely lin-
ear potential grows faster than logarithmically [36], implying
a larger-than-exponential overlap between the LIOMs. This is
consistent with our findings that the LIOMs do not decay in
an exponential manner.

In fact, for MBL featuring disorder it has been shown
that the disorder-averaged entanglement entropy can grow at
most logarithmically in time [89], starting from product states.
These upper bounds are proven by decomposing the unitary
reflecting time evolution generated by the Hamiltonian as an
operator acting only on two parts, each with respect to which

FIG. 10. Truncated LIOM norm for fixed slope F = 1.0 and
varying curvature α. System size: L = 24.

notions of entanglement are considered, and another unitary
that is supported on the vicinity of the boundary between those
parts [90]. Following the logic of the argument of Ref. [89],
decomposing the Hamiltonian into LIOMs (the strength of
which are sufficiently small), it is plausible that for LIOMs
featuring a nonexponential decay as featured here one finds
an upper bound for the growth of the entanglement entropy
that scales faster than logarithmically in time (the findings of
Ref. [36]).

To see this, we note that it has been shown in Ref. [89]
that the entanglement growth in a many-body localized system
following a quench from a product state can be upper bounded
by a function of the form

S(t ) � C1r + C2 exp(−r/ξ )t, (26)

where r is some length scale that can be freely chosen. By
choosing r = ξ ln(t ), one can recover the familiar logarithmic
growth of the entanglement entropy with time. The key point
is that this choice of r completely cancels the linear growth in
the second term of Eq. (26): the exponential dependence on r
here comes directly from the exponential decay of the LIOMs.
If we instead assume a more relaxed form of the LIOMs, we
arrive at the expression

S(t ) � C1r + C2 f (r)t, (27)

where f (r) encodes the form of the LIOM. Based on our nu-
merical results which show a plateau, we can gauge the effect
of this by crudely estimating f (r) to be piecewise constant and
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FIG. 11. The LIOMs obtained for a linear potential with slope
F = 1.0 with added disorder of strength d , shown for a system size of
L = 25. (a) The decay of the LIOM interactions, showing the typical
(median) decay (with Ns = 256 disorder realizations), highlighting
the clear visible difference in the short-range behavior between weak
and strong disorder. In the latter case, the decay at short distances
is clearly exponential, whereas in the former case it exhibits a short
plateau. Error bars are omitted for clarity. (b) The diagonal quadratic
component of the LIOMs, averaged over Ns = 512 disorder realiza-
tions, with the analytical result of Eq. (4) indicated by black crosses.
Error bars indicate the mean absolute deviation. Weak disorder does
not strongly modify the properties of the LIOMs; however, strong
disorder leads to a qualitative change in behavior from a Bessel func-
tion to an approximately exponential decay. (Here we only show two
values of disorder for clarity.) (c) The diagonal quartic component of
the LIOMs (Ns = 512) displays similar behavior, with weak disorder
behaving qualitatively the same as the clean system, while strong
disorder leads to a smaller tail that decays more quickly, consistent
with exponential decay.

composed of a constant plateau at short distances, followed
by an exponential decay. We stress that while this picture is
undoubtedly an oversimplification, it serves to illustrate the
effect of LIOMs which do not decay exponentially as

f (r) =
{

const, if r < R

e−r/ξ , otherwise
(28)

which in turn leads to

S(t ) �
{

O(t ), if t < exp(R/ξ )

O[ln(t )], otherwise.
(29)

This analysis suggests that a slower-than-exponential decay
of the LIOMs can lead to a linear increase of the entangle-
ment entropy at short times, with a crossover to logarithmic
growth at late times. This may in fact be visible in the data of
Ref. [36]. As the “plateau” region of the LIOM is suppressed,
the crossover from linear to logarithmic growth is moved to
shorter and shorter times. By increasing the gradient of the
linear field, or by lifting the degeneracies through the addition

of weak curvature or weak disorder, this plateau may be weak-
ened and conventional MBL behavior eventually recovered.

We conclude this section by formulating two questions
which are crucial to understand whether clean Hamiltonians
can exhibit true MBL or whether some explicit (i.e., a random
potential) or implicit (i.e., as seen in lattice gauge theories)
form of disorder is necessary. First, we must ask how R be-
haves as a function of the system size L. In particular, even a
very slow growth of the order R(L) ∼ ln(L) implies the entan-
glement entropy will grow linearly for a time algebraic in the
system size, e.g., t ∼ L1/ξ . This connects to the second ques-
tion: Under which circumstances is one willing to call such
systems localized? To see the implications of these questions
let us first assume ξ � 1 and R(L) ∼ ln(L). Any such system
should not be considered localized as the entropy will grow
extensively. To see this we recall that in the thermodynamic
limit it is crucial to scale L and t in the right order, namely,
limt limL. For ξ > 1 the question becomes more subtle as in
this case, following Eq. (29), the entanglement will exhibit
both a linear growth regime (at short times) and a logarithmic
growth regime (at long times). Even for systems displaying
MBL, it is natural that the entanglement entropy has a linear
onset before crossing over into a logarithmic regime (except
in the limit of infinitely strong disorder). It is thus interesting
to understand the properties of the short-time linear growth
regime in more detail in order to establish whether a system
can be considered many-body localized. If the timescale at
which the crossover to logarithmic growth occurs at a time
scaling as a constant in the system size t ∝ L, this may be
regarded as MBL perturbed away from the idealized infinite-
disorder limit. The same reasoning may be extended to the
case when the crossover happens at a time t ∝ ln(L), which
still corresponds to a state that after any polynomial time (in
L) has only a logarithmic (in L) entanglement entropy. The
situation is different in case of a crossover time t ∝ L1/ξ .
In this setting, the underlying state would have an algebraic
(in L) entanglement entropy after a linear time, which would
break the intuition that many-body localized systems have low
entanglement.

VI. DISCUSSION AND CONCLUSIONS

We have computed the local integrals of motion for in-
teracting fermions subject to both disorder-free and weakly
disordered potentials. In the case of disorder-free potentials,
we have shown that the LIOMs and their localization prop-
erties are qualitatively different from those of conventional
many-body localization seen in random or quasirandom po-
tentials. Our results demonstrate that the LIOMs can be
broken into single-particle and many-body components, and
despite the single-particle terms decaying faster than expo-
nentially, at weak values of the slope F/J the many-body
components can extend significantly throughout the system,
driving a delocalization transition. This does not necessarily
imply ergodicity, as exotic nonergodic extended states have
been shown to exist in close proximity to localized phases
[91]. This is a topic that should be further explored in future
work.

It should be noted, however, that our localization measures
are based upon the real-space support of individual LIOMs,

024206-13



C. BERTONI et al. PHYSICAL REVIEW B 109, 024206 (2024)

but in a real many-body system the overlap between spatially
separated LIOMs also plays a role in how quickly the system
will delocalize when prepared in some initial arbitrary excited
state. In particular, for systems with no, or only weak, dis-
order, we find that the interacting component of the LIOMs
exhibits a plateau around their center site before decaying in
a faster than exponential manner. In contrast, at sufficiently
strong disorder the LIOMs do not show any such plateau and
the exponential decay sets in immediately (cf. Fig. 11). We
believe that this distinction is a key feature for the difference
in the dynamics of these systems.

One particularly striking feature of our results is that in-
creasing the strength of the curvature gradually from zero
has a very similar effect to simply increasing the gradient of
the linear potential. Importantly, the qualitative form of the
LIOMs and in particular the existence of a plateau remains
valid. Treating this as a witness for delocalization, we believe
that the quadratic potential ultimately inherits the instability
of the linear potential, although the lifting of some of the
degeneracies weakens this effect, meaning it may only show
up in the long-time limit. This is in contrast to what may have
been expected based on previous studies where observables
were found to behave in a manner consistent with conven-
tional disorder-driven MBL [36]. We interpret our result as
strong evidence that in fact localization is not significantly
more stable in the curved potential than in the linear potential
with a large gradient, and that for sufficiently large systems
and long times, the system may ultimately thermalize.

This presents a clear challenge to the prevailing wisdom
of disorder-free many-body localization. If weak curvature
stabilizes localization, as suggested in Ref. [36], then we
would expect to see the LIOMs approach the conventional ex-
ponentially localized form as the curvature is increased from
zero. However, we find that both the quartic component of the
LIOMs and their interactions retain clear signs of a plateau at
short distances, which is only weakly affected by increasing
the curvature further. While it is true that the long-distance
tails of the LIOMs decrease in a manner consistent with an
exponential decay, the nonexponential behavior at short dis-
tances is unchanged by the addition of weak curvature. In
contrast, the quadratic component of the LIOMs changes dra-
matically when true random disorder is added, approaching
the conventional exponentially decaying form seen in systems
with disorder alone. These observations can be heuristically
explained by considering the amount of degenerate states that
are eliminated by choosing a given potential, as discussed
in Sec. II D and which we briefly recap here. The linear
slope ensures that states that are separated by a single hop
are never degenerate: they are separated by the energy cost
F . This means that the off-diagonal couplings between these
states can be treated perturbatively. The same is not true for
states separated by multiple hops, which play a significant
role at higher orders in perturbation theory. The highly de-
generate nature of the spectrum is responsible for the poor
localization properties of the linear slope potential. Adding
some weak curvature to the linear potential improves the situ-
ation by removing many of the higher-order degeneracies, but
nevertheless a similar argument applies and the many-body
eigenvalues of the system in the presence of the curved poten-
tial can still take only quadratically many values which are to

be shared by exponentially many states, as argued in Sec. II D.
Our work complements the recent results of Ref. [92] in which
a large class of symmetric Hamiltonians which includes the
pure linear slope examined here are shown to exhibit trans-
port. Here, we show numerically that breaking the symmetry
with a harmonic potential does not qualitatively change the
physics, and conjecture that both of these cases might be ex-
plained by the proliferation of resonances as described above.
Based on the results presented in this paper, it would also be
interesting to apply similar locality measures to the LIOMs in
disorder-free systems in two dimensions, a regime which has
seen recent numerical evidence for MBL [45,93–96] despite
its instability argument [97,98]. Another interesting setting for
this technique would be to study disorder-free localization in
lattice gauge theories [49–55] where the underlying localiza-
tion method is quite different and there is no direct link to the
concept of local integrals of motion in the way that they are
defined here, although it seems reasonable to assume that the
conserved charges of the theory must play a similar role and
may be able to be expressed in terms of a quasilocal unitary
transform applied to some nontrivial microscopic operator.
This is particularly interesting because in such systems there is
an emergent form of disorder, which may lead to more stable
localization than in the Wannier-Stark case studied in this
paper. At the end of the day, it may be quantum simulations
[99] that will ultimately be able to decide on the stability
of these various readings of localization discussed here. This
strategy of settling questions in quantum many-body theory
based on the outcome of quantum simulations constitutes an
intriguing perspective.

Recently, a related work (Ref. [92]) was published that
explores the absence of localization in interacting spin chains
with a discrete symmetry.

All data and code used in this project are available at
Refs. [69,100].
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FIG. 12. A summary of various error measures used to verify the accuracy of the method, computed for various system sizes as shown in the
legend. All panels show results for the linear potential. (a) The magnitude of the maximum quartic off-diagonal element at the end of the flow.
(Note that all system sizes approximately overlap.) (b) The fraction of quartic off-diagonal elements which have not decayed below a cutoff
of ε = 10−3 by the end of the flow, confirming that any nondecayed couplings form a vanishingly small fraction in the thermodynamic limit.
(c) The relative error of the diagonal Hamiltonian computed with respect to exact diagonalization for small system sizes. (d) A self-consistent
measure of the deviation from unitarity, measured with respect to the diagonal final Hamiltonian, as detailed in the text. This self-consistent
measure is approximately independent of system size.

APPENDIX A: ERROR MEASURES

In this Appendix we will briefly review several error esti-
mation methods used to verify the accuracy of our results.

1. Convergence

Flow equation methods based on Wegner-type generators
are known to be unable to fully diagonalize systems with
degeneracies, as the method requires a clear separation of
energy scales in order to transform away off-diagonal ele-
ments. As the linear potential here leads to a highly degenerate
many-body spectrum, it is important to check carefully the
convergence properties of the algorithm. One can easily see
that there are no single-particle degeneracies; however, the
interacting part of the Hamiltonian is indeed highly degen-
erate, and as such some off-diagonal elements of the quartic
component of the Hamiltonian can survive until the end of the
flow, and can even diverge sufficiently far into the delocalized
phase where the method breaks down.

The magnitude of the maximum quartic off-diagonal ele-
ment remaining at the end of the flow max(V (4) ) is shown in
Fig. 12(a). We see that it increases as F becomes small, con-
sistent with our understanding that in the delocalized phase
the method is unable to fully diagonalize the Hamiltonian, and
that it is almost independent of system size. This measure is a
worst-case error estimate, however, as the terms which fail to
decay are an extremely small fraction of the total number of
off-diagonal terms. We demonstrate this in Fig. 12(b) where
we plot the fraction of off-diagonal terms remaining at the
end of the flow F (V (4) ) which are above a cutoff value of
ε = 10−3. We see that this quantity is extremely small and
decreases with both increasing system size L and increasing
slope F , confirming that the resonant couplings which fail to
decay under the action of the transform constitute a vanishing

fraction of the total number of terms in the Hamiltonian. In
fact, careful examination reveals that the divergent terms are
almost always unphysical, containing two creation and anni-
hilation operators which act on the same site, and are usually
confined to the boundaries of the system. These terms cannot,
therefore, act on any physical state.

In the following error estimates we will neglect these off-
diagonal terms, as their inclusion would force us to build
the Hamiltonian as an exponentially large matrix in the full
Hilbert space, whereas neglecting them allows us to easily and
straightforwardly compute various quantities of the (approxi-
mately) diagonal final Hamiltonian. It must be understood that
the convergence shown in this section is the primary check
of the accuracy of the method, and only once convergence is
ensured can the following methods be used.

2. Comparison with exact diagonalization

The next error estimation we can make is a comparison
of the eigenvalues obtained from the final diagonal Hamilto-
nian with those obtained by numerically exact diagonalization
(ED), computed using the QUSPIN package [102,103]. Clearly,
this comparison is only valid for small system sizes, but it is
nonetheless an instructive and useful sanity check before mov-
ing on to self-consistent error estimates that can be applied to
systems larger than those which can be studied with ED.

In order to compare the results, we simply apply the di-
agonal Hamiltonian to all 2L basis states and compute their
energies, then compare this with the spectrum returned from
ED. We define the relative error as

ε := 1

2L

∑
n

∣∣∣∣EED
n − EFE

EED
n

∣∣∣∣. (A1)
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FIG. 13. The energy spectrum of a small system of size L = 8
at half-filling, with F/J = 3.0 and �0 = 1.0. Data are shown for
four different values of the curvature parameter α to illustrate the
degeneracies that exist in the spectrum of the linear potential (α = 0)
and how these degeneracies are lifted by increasing values of α.

This quantity is shown in Fig. 12(c), for system sizes L =
8, 10, and 12 only. We see that the relative error remains on
the order of 1% for all values of F .

3. Invariants of the flow

As the previous error estimate is only useful for small sys-
tems where exact diagonalization can be used, we also make
use of a second measure, namely, the invariants of the flow.
This relies on the fact that unitary transforms conserve integer
powers of the Hamiltonian, i.e., Ip(l ) = Tr[Hp(l )] (where p
is an integer) will be the same for any value of l . These are
known as invariants of the flow. We define the following quan-

tity which measures the difference between the pth invariant
at the start and end of the flow and acts as a measure of how
far our approximate transform deviates from unitarity:

δIp =
∣∣∣∣ Ip(l = 0) − Ip(l → ∞)

Ip(l = 0)

∣∣∣∣. (A2)

Here, we specify to the case of p = 2, which can be straight-
forwardly computed if we restrict the trace to the basis
containing m particles, where m � L. We use the QUSPIN

library to build the Hamiltonian as a matrix in the basis of
m-particle states (using the output from the TFE method) and
compute the trace exactly numerically. The results are shown
in Fig. 12(d) for all system sizes, where we compare the
diagonal final Hamiltonian with the initial Hamiltonian. Here
we use m = 2, the smallest nontrivial number of particles that
allows us to probe the error in the interaction term of the
Hamiltonian. Similar results are obtained for m ∈ {4, 5, 6},
however, the memory requirements quickly become unfeasi-
ble for m > 4 at the largest system sizes we consider, and so
we specify to m = 2 here. We see that the flow invariant is well
conserved throughout, confirming that the transform remains
close to unitary.

APPENDIX B: EFFECTS OF CURVATURE

Here we briefly show exact diagonalization results for the
energy spectrum of a small system of size L = 8 to demon-
strate the degeneracies present in the case of a purely linear
potential, and how they are lifted in the presence of some
curvature. The results are shown in Fig. 13. It is interesting
to note that even for very large curvature, some near degen-

FIG. 14. The same quantities as shown in Fig. 9 in the main text, but now computed for the quadratic potential without the factor of 1/L2.
Unless stated, the results are for system size L = 24 with fixed slope F = 0.8. (a) The quadratic part of the LIOM located on the central site
of the chain. (b) The diagonal quartic part of the LIOM. (c) The ratios f2 and f4 for system sizes L = 8, 10, 12, 16, 24 (light to dark), showing
an enhancement of the localized phase with increasing system size. (d) The quadratic part of the transformed number operator initially located
at the center of the chain. (e) The diagonal quartic part of the transformed number operator. (f) The ratios f2 and f4 computed using the
transformed number operator, for the same system sizes as in (c).
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eracies remain, suggesting that curvature is not able to fully
remove the many-body resonances which are thought to lead
to delocalization. For small systems, curvature is able to lift
the majority of the degeneracies, but with increasing system
size the number of degeneracies increases faster than moder-
ate curvature can compensate for (as we discuss in Sec. VI of
the main text).

APPENDIX C: CURVED POTENTIALS
WITH NO 1/L2 DEPENDENCE

In the main text we considered a curved potential of the
form hi = Fi + α(i/L)2; however, in the limit of L → ∞ this
clearly reduces back to the linear potential, with its associ-
ated highly degenerate many-body spectrum. Here we briefly
investigate an alternative definition of a curved potential,

given by

hi = Fi + αi2 (C1)

which does not have an explicit dependence on system size.
Note, however, that for large systems, this potential has its
own problem as the quadratic component will quickly domi-
nate over the linear term; however, the lack of dependence on
L makes it of interest for finite-size scaling. The results are
shown in Fig. 14, where we plot the same quantities as shown
in the main text for the linear and other curved potentials. By
comparison with the original form of curved potential which
includes the factor of 1/L2, we see here that the behavior
with system size is reversed, with larger systems appearing
more localized. This is due to the curved part of the potential
dominating for larger systems, as expected, and as such it
cannot really be considered to be Wannier-Stark localization.
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