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Drastic enhancement of d-wave superconductivity in an extended checkerboard Hubbard model
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Motivated by the recent discovery of anomalously strong nearest-neighbor attraction in the one-dimensional
hole-doped cuprate Ba2+xSrxCuO3+δ , we investigate the d-wave superconducting property of an extended
checkerboard Hubbard model, which includes an intraplaquette nearest-neighbor attraction V . Our quantum
Monte Carlo simulations reveal that, for small interplaquette hopping integral t ′, V induces a drastic enhancement
of long-range d-wave pairing correlations in the parameter range of 0.0 � U � 6.0t (t is the intraplaquette
hopping integral) when the electron density lies between half-filling and quarter-filling. At V = −0.4t , one
order of magnitude larger d-wave pairing correlations are observed compared to the ones at V = 0.0t and,
more importantly, they exceed the values of the free electron system, signifying the existence of d-wave
superconductivity. The exact diagonalization calculations on the 2 × 2 plaquette indicate that the enhancement of
d-wave pairing correlations can be attributed to the V -induced enhancement of pair-binding energy. Our findings
provide a new perspective on the realization of high-temperature d-wave superconductivity via the combination
of nearest-neighbor attraction and electronic inhomogeneity.
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I. INTRODUCTION

Exploring the superconducting (SC) mechanism of cuprate
high-temperature superconductors has been a central research
topic in the condensed matter physics community [1–9]. After
more than three decades of intensive research, numerous ex-
periments have demonstrated that the cuprate superconductors
have an anisotropic d-wave SC symmetry [10–13] and that
the medium of SC electron pairs may be antiferromagnetic
spin fluctuations [14–16]. Early theoretical studies based on
single- and multi-band correlated electron models [17–31]
have made significant progresses, but no consensus has been
reached so far on the high-temperature SC mechanism. Re-
cent angle-resolved photoemission spectroscopy revealed the
evolution of holon and spinon energy bands with doping
density in the one-dimensional cuprate Ba2+xSrxCuO3+δ [32].
A comparison with the theory indicated that the holon fold-
ing branch matches perfectly with the result predicted by
the one-dimensional Hubbard model with strong nearest-
neighbor (NN) attraction. Such an attraction can be mediated
by electron-phonon coupling [33,34]. Considering the struc-
ture similarity among cuprates, the two-dimensional extended
Hubbard model with NN attractive interaction is regarded as
a suitable model to understand d-wave superconductivity in
cuprates.

Up to now, a number of theoretical attempts [35–45] have
been made to investigate the SC property of the t-U -V ex-
tended Hubbard model. The presence of V -induced d-wave
superconductivity in the weak correlation regime (U < 2t)
has been well established with the aid of analytic analyses
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[35,36] and numerical simulations [37,38]. Yet it remains
unclear on the role of NN attraction in the intermediate and
strong correlation regimes. A recent density matrix renor-
malization group study of the extended Hubbard model on
four-leg square cylinders showed that the NN electron attrac-
tion can notably enhance the long-distance SC correlations
while simultaneously suppressing the charge-density-wave
correlations [39]. In addition, dynamic cluster calculations
of the extended Hubbard model on the 2 × 2 cluster indi-
cated that the NN attraction enhances antiferromagnetic spin
fluctuations but enhances (suppresses) the charge fluctuations
for small (large) momentum transfer, leading to 10–15% en-
hancement of d-wave superconductivity [40]. On the other
hand, quantum Monte Carlo simulations of the extended Hub-
bard model on two-dimensional finite-size lattices [41,46]
showed that the NN attraction produces a significant enhance-
ment of short-range d-wave pairing correlations, but little
effect on the long-range d-wave pairing correlations, suggest-
ing that d-wave superconductivity is hardly affected by the
NN attraction.

Besides NN attraction, the effect of inhomogeneity on
the high-temperature SC mechanism has received widespread
attention [47–56]. The checkerboard Hubbard model with in-
homogeneous hopping integral was reported to harbor a rich
variety of phases such as d-wave Mott insulator and d-wave
superconductivity, depending on the magnitude of U and elec-
tron filling [47]. However, whether inhomogeneity supports
d-wave superconductivity has not yet reached a clear con-
clusion. Both positive [48–52] and negative [53–56] results
have been reported based on different numerical methods.
Motivated by the above experimental and theoretical research,
we investigate the effects of NN attraction and inhomogene-
ity on the d-wave SC property by analyzing an extended
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FIG. 1. (a) Sketch of the checkerboard lattice. The solid and
dashed lines stand for the intraplaquette and interplaquette bonds
on the square lattice, respectively. (b) Cluster d-wave pairing and
(c) conventional d-wave pairing. “+” and ‘‘−” represent the form
factors. The dash-dotted lines refer to either solid or dashed lines on
the checkerboard lattice.

checkerboard Hubbard model with intraplaquette NN attrac-
tion. The constrained-path quantum Monte Carlo (CPQMC)
[57–60] and exact diagonalization (ED) are employed to sim-
ulate the correlated electron system. Our CPQMC results
reveal that the NN attraction induces a drastic enhancement of
d-wave superconductivity in the presence of strong inhomo-
geneity. ED calculations indicate that the enhanced d-wave
superconductivity originates from the enhancement of pair
binding energy.

This paper is organized as follows. In Sec. II, we introduce
the extended checkerboard Hubbard model and the CPQMC
method. Section III contains our calculation results and dis-
cussion. Finally, we present the summary and prospect of this
paper.

II. MODEL AND METHOD

As shown Fig. 1(a), the checkerboard lattice consists of
periodically arranged 2 × 2 plaquettes. The solid and dashed
lines represent the intraplaquette and interplaquette bonds, re-
spectively. The extended Hubbard model on the checkerboard
lattice is defined as

H = −t
∑

〈i, j〉,σ
(c†

i,σ c j,σ + H.c.) − t ′ ∑

〈i j〉′,σ
(c†

i,σ c j,σ + H.c.)

+U
∑

i

ni,↑ni,↓ + V
∑

〈i, j〉,σ,σ ′
ni,σ n j,σ ′ , (1)

Here, 〈i, j〉 and 〈i, j〉′ denote the restriction of the summa-
tion to NN sites within and between plaquettes, respectively.
c†

i,σ (ci,σ ) is the creation (annihilation) operator on site i with

spin σ and ni,σ = c†
i,σ ci,σ is the number operator on site i.

t (t ′) represents the intraplaquette (interplaquette) hopping
integral. t ′/t < 1 corresponds to the inhomogeneous case, and
t ′/t = 1 to the homogeneous case. U and V denote the on-site
Coulomb repulsion and the NN attractive interaction within
the same plaquette.

The Hamiltonian in Eq. (1) is simulated by a sign-problem-
free auxiliary-field quantum Monte Carlo, i.e., the CPQMC
method, which projects out the ground state from a trial
wave function by a branching random walk in an overcom-
plete space of constrained Slater determinants, having positive
overlaps with a known Slater determinant. More specifically,
starting with a certain trial wave function |�T 〉, we project out
the ground state by iterating

|� (n+1)〉 = e−�τ Ĥ |� (n)〉, (2)

where |� (0)〉 = |�T 〉 and �τ is a small positive parameter.
Extensive benchmark calculations demonstrated that the sys-
tematic error induced by constraint is within a few percent
and the physical observables are insensitive to the choice
of trial wave function [57–60]. A benchmark study of the
CPQMC method is presented in Appendix A. In our CPQMC
simulations, we employ closed-shell electron fillings and use
the corresponding free electron wave function as the trial wave
function.

Our simulations were performed on the N = Lx × Ly lat-
tices with periodic boundary conditions imposed on the x and
y directions. In this work, we mainly study four lattices of
6 × 6, 10 × 10, 12 × 10, and 14 × 14. The electron density
is defined as 〈n〉 = Ne/N , where Ne electrons are filled in the
lattice with N sites. We take t as the energy unit and t ′ is varied
from 0.02 to 1.0. The average number of random walkers is
set to 2000 for U � 2.0 and 4000 for 2.0 < U � 4.0. We
performed 1280 Monte Carlo steps before measurements and
did measurements in 20 blocks of 320 steps each to ensure
statistical independence. �τ in Eq. (2) was set to be 0.05.

To study the d-wave SC properties of the doped checker-
board Hubbard model, we compute the cluster [61] and
conventional d-wave pairing correlations. The cluster (con-
ventional) denotes hole pairing within the same 2 × 2
plaquette (between NN sites). The averages of long-range
cluster and conventional d-wave pairing correlations are de-
fined as

Pcluster(R > 2) = 1

N1

∑

| �Rm− �Rn|>2

〈�†
d ( �Rm)�d ( �Rn)〉, (3)

Pd-wave(R > 2) = 1

N2

∑

|�ri−�r j |>2

〈�†
d (�ri)�d (�r j )〉, (4)

where �
†
d ( �Rm) and �

†
d (�ri ) [�d ( �Rn) and �d (�r j )] are the

electron pair creation (annihilation) operators. �Rm and �Rn

correspond to the position vectors of the left bottom sites of
plaquettes m and n. �ri and �r j represent the position vectors of
lattice sites i and j. N1 = N/4 − 5 and N2 = N − 13 are the
numbers of electron pairs with distances of R > 2. The cluster
and conventional d-wave electron pair operators are given by

�d ( �Rm) =
∑

�δ0,�δ
f (�δ)(c �Rm+�δ0,↑c �Rm+�δ,↓

− c �Rm+�δ0,↓c �Rm+�δ,↑), (5)

�d (�ri ) =
∑

�δ′

f ( �δ′)(c�ri,↑c�ri+�δ′,↓

− c�ri,↓c�ri+�δ′,↑), (6)
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FIG. 2. The average of long-range d-wave pairing correlations
Pcluster(R > 2) and Pd-wave(R > 2) as a function of U on the 10 × 10
lattice with t ′ = 1.0 at V = 0.0, −0.2, and −0.4. (a) Cluster d-wave
pairing correlation and (b) conventional d-wave pairing correlation.

where f (�δ) and f ( �δ′) are the form factors of d-wave pairing
symmetry with f (±�x) = 1, f (±�y) = −1. For �( �Rm), �δ0 =
0, �x + �y, �δ = �x, �y. For �(�ri ), �δ′ = ±�x,±�y. The cluster and
conventional pairing patterns are illustrated in Figs. 1(b) and
1(c).

To promote understanding of the CPQMC results, we per-
form an ED study for the 2 × 2 plaquette. The pair binding
energy (Eb) on the plaquette is defined by [62]

Eb = E (2, 2) + E (1, 1) − 2E (2, 1), (7)

where E (M1, M2) represents the ground energy of the isolated
plaquette with M1 spin-up and M2 spin-down electrons. A
negative Eb indicates that the plaquette favors hole pairing.
Moreover, considering that the negative V might produce a
phase separation (PS), we also compute the following energy
difference:

E62−44 = E (3, 3) + E (1, 1) − 2E (2, 2). (8)

A negative E62−44 implies that the half-filled plaquette with
two spin-up and two spin-down electrons tends to phase sepa-
rate into a two-hole rich phase and a two-electron rich phase.

III. RESULTS AND DISCUSSION

A. Homogeneous case: t ′/t = 1

We first analyze the effect of intraplaquette NN attrac-
tion on the d-wave SC properties for the homogeneous case.
Figure 2 shows the average of long-range d-wave pairing
correlations as a function of U at V = 0.0,−0.2, and −0.4
on the 10 × 10 lattice with t ′ = 1.0. The electron density
was chosen as 〈n〉 = 0.820. One can clearly see that at V =
0.0, both Pcluster(R > 2) and Pd-wave(R > 2) monotonically

FIG. 3. The average of long-range d-wave pairing correlations as
a function of |V | on the 12 × 10 lattice with t ′ = 1.0 at U = 0.0, 2.0,
and 4.0. (a) Cluster d-wave pairing correlation and (b) conventional
d-wave pairing correlation.

decrease with increasing U . In the ranges of 0.0 � U < 2.0
and 2.0 < U � 4.0, both Pcluster(R > 2) and Pd-wave(R > 2)
exhibit a weak enhancement and suppression effect with the
increase of |V |, respectively. For U = 0.0 and U = 4.0, the
ratios between Pcluster(R > 2) at V = −0.4 and the ones at
V = 0.0 are 1.32 and 0.75, respectively. To gain further
insight into the role of NN attraction in the lightly hole-doped
systems, in Fig. 3 we present the average of long-range d-
wave pairing correlations as a function of |V | at U = 0.0, 2.0,
and 4.0 on the 12 × 10 lattice with 〈n〉 = 0.983. Here, the
checkerboard lattice was chosen as a rectangular lattice so
that a wide range of closed-shell electron fillings, especially
the ones close to half-filling, can be adopted for CPQMC
simulations. One can readily see that both Pcluster(R > 2) and
Pd-wave(R > 2) display a nearly linear increase with increas-
ing |V | at U = 0.0, while they are slightly suppressed by
NN attraction at U = 2.0 and U = 4.0. The results shown in
Figs. 2 and 3 provide a strong support for the presence of V -
induced d-wave superconductivity in both half-filled [36,37]
and doped [38] weakly correlated electron systems.

B. Inhomogeneous case: t ′/t < 1

Now we turn to discuss the effect of intraplaquette NN
attraction on the d-wave SC properties in the inhomogeneous
case. Figure 4 shows the average of long-range d-wave pairing
correlations as a function of U at V = 0.0,−0.2, and −0.4
on the 10 × 10 lattice with t ′ = 0.05 and 〈n〉 = 0.820. The
dashed line indicates the result of the free electron system
with U = 0.0 and V = 0.0. Similar to the homogeneous case,
both Pcluster(R > 2) and Pd-wave(R > 2) display a monotonic
decrease with increasing U at V = 0.0. However, the ef-
fect of V on the long-range d-wave pairing correlations is
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FIG. 4. The average of long-range d-wave pairing correlations
as a function of U on the 10 × 10 lattice with t ′ = 0.05 at V =
0.0, −0.2, and −0.4. (a) Cluster d-wave pairing correlation and
(b) conventional d-wave pairing correlation.

distinct from the homogeneous case. As |V | is increased,
the long-range d-wave pairing correlations are dramatically
enhanced, and the ratios between Pcluster(R > 2) at V = −0.4
and the ones at V = 0.0 are 8.41, 9.69, 13.17, and 14.58 for
U = 1.0, 2.0, 3.0, and 4.0, respectively, manifesting one or-
der enhancement of d-wave pairing correlations. Remarkably,
both Pcluster(R > 2) and Pd-wave(R > 2) at V = −0.4 exceed
the values of free electron system, suggesting that d-wave
superconductivity could be realized in the extended checker-
board Hubbard model.

A limited number of simulations for t ′ = 0.05 and V =
−0.2 with V exerted on all NN sites show a similar enhance-
ment of d-wave pairing correlations to the one presented in
Fig. 4. These results demonstrate that the inhomogeneous
hopping integral plays a crucial role in the V -induced en-
hancement of d-wave pairing correlations. Notice that, at U =
0.0, the enhancement of both Pcluster(R > 2) and Pd-wave(R >

2) is weaker at V = −0.4 than at V = −0.2, which will be
attributed to the competition between V -induced pairing and
PS (see Fig. 10).

We also examine the effect of NN attraction on both
extended and on-site s-wave pairing channels. Figure 5(a)
shows the average of long-range extended s-wave pairing
correlations [Ps∗wave(R > 2)] as a function of U at V =
0.0,−0.2, and −0.4, and a similar result for the on-site
s-wave [Ps-wave(R > 2)] is given in Fig. 5(b). The other
parameters are the same as the ones in Fig. 4. Here, the
two averages are obtained by replacing the pair opera-
tor �d (�ri ) in Eq. (4) with �s(�ri ) = c�ri,↑c�ri,↓ and �s∗(�ri ) =∑

�δ′ (c�ri,↑c�ri+�δ′,↓ − c�ri,↓c�ri+�δ′,↑), respectively. The results pre-
sented in Fig. 5 show that the extended s-wave pairing
correlations take negative values and are hardly affected by

FIG. 5. The average of long-range s-wave pairing correlations
as a function of U on the 10 × 10 lattice with t ′ = 0.05 at V =
0.0, −0.2, and −0.4. (a) Extended s-wave pairing correlation and
(b) on-site s-wave pairing correlation.

V , while the on-site s-wave pairing correlations exhibit an
anomalous increase at V = −0.2 and V = −0.4 for U = 0.0
and U = 0.5, respectively, which can be attributed to the PS-
induced enhancement of double occupancy (see Fig. 10). As
|V | is increased from 0.2 to 0.4, a sudden drop of Ps-wave(R >

2) occurs for U = 0.0. Nonetheless, one order of magnitude
smaller s-wave pairing correlations compared to the d-wave
ones suggest that d-wave pairing is dominant in the studied
parameter regime. In Fig. 6, we investigate in more detail
the effect of V on the d-wave pairing correlations for dif-
ferent t ′. At U = 0.5, both Pcluster(R > 2) and Pd-wave(R >

2) exhibit a nonmonotonic dependence on V for t ′ = 0.02,
0.05, and 0.1, as shown in Figs. 6(a) and 6(b). The d-wave
pairing correlations first increase with increasing |V | until
|V | = 0.3 (t ′ = 0.02 and 0.05) and 0.4 (t ′ = 0.1), and then
turn to decrease with further increasing |V |. For t ′ = 0.2, the
d-wave pairing correlations show a monotonic increase with
increasing |V |. At U = 2.0, the d-wave pairing correlations
monotonically increase with increasing |V | for t ′ = 0.05 and
0.1, and exhibit a nonmonotonic behavior for t ′ = 0.02, as
shown in Figs. 6(c) and 6(d). Another difference from U =
0.5 is that V has little effect on the d-wave pairing correlations
for t ′ = 0.2. A comparison of the results in Fig. 6 reveals that
the smaller is t ′, the stronger is the V -induced enhancement
effect.

Figure 7 displays Pcluster(R) and Pd-wave(R) as a function
of pairing distance R at different V with t ′ = 0.05. The
simulations were carried out on the 14 × 14 lattice and the
electron density was chosen as 〈n〉 = 0.827, which is close to
the one for the 10 × 10 lattice. It is apparent that Pcluster(R)
and Pd-wave(R) increase with increasing |V | at all long-range
pairing distances for both U = 0.5 and U = 2.0, and the en-
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FIG. 6. The average of long-range d-wave pairing correlations as a function of |V | on the 10 × 10 lattice with different t ′. [(a),(b)] U = 0.5
and [(c),(d)] U = 2.0.

hancement is much stronger at V = −0.4 than at V = −0.2.
The results obtained on the larger lattice provide a strong
support for the V -induced enhancement of d-wave super-
conductivity. Next, we investigate the checkerboard Hubbard
model with different hole-doping densities δ (δ = 1 − 〈n〉).
Figure 8 presents Pcluster(R > 2) and Pd-wave(R > 2) as a func-
tion of δ at U = 2.0 and t ′ = 0.05 on the 12 × 10 lattice. One
can readily see that, in the range of 0.05 < δ < 0.45, both
Pcluster(R > 2) and Pd-wave(R > 2) are drastically enhanced by
V . In contrast, the d-wave pairing correlations exhibit a weak

dependence on V as the hole-doping density approaches 0.0
or 0.5. When δ is close to 0.0 (corresponding to half filling),
most of the 2 × 2 plaquettes lie in the half-filled state, making
it difficult for a small number of hole pairs to form phase
coherence. On the other hand, when δ is close to 0.5, each
plaquette prefers two doped holes, forming a hardcore boson
[47]. A previous study based on the hardcore boson model
indicates that at half-filling, corresponding to δ = 0.5 in our
case, the hardcore boson is liable to form insulating state [63].
Therefore, despite the NN attraction V promotes the formation

FIG. 7. The d-wave pairing correlations Pcluster(R) and Pd-wave(R) as a function of the distance R on the 14 × 14 lattice with t ′ = 0.05 at
V = 0.0, −0.2, and −0.4. [(a),(b)] U = 0.5 and [(c),(d)] U = 2.0.
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FIG. 8. The average of long-range d-wave pairing correlations as
a function of δ on the 12 × 10 lattice with t ′ = 0.05 at U = 2.0 for
different V . (a) Cluster d-wave pairing correlation and (b) conven-
tional d-wave pairing correlation.

of hardcore boson, it does not effectively enhance d-wave
superconductivity.

Figure 9 displays the average of long-range d-wave pairing
correlations as a function of |V | at U = 0.0, 0.5, and 1.0 on
the 12 × 10 lattice with 〈n〉 = 0.983. It is found that both

FIG. 9. The average of long-range d-wave pairing correlations
as a function of |V | on the 12 × 10 lattice with t ′ = 0.05 at U =
0.0, 0.5, and 1.0. (a) Cluster d-wave pairing correlation and (b) con-
ventional d-wave pairing correlation.

FIG. 10. (a) The electron pair binding energy Eb and (b) energy
difference E62−44 as a function of |V | at different U . The green dashed
lines indicate the position of Eb = 0.0 or E62−44 = 0.0.

Pcluster(R > 2) and Pd-wave(R > 2) exhibit distinct V depen-
dence at different Hubbard interactions: The d-wave pairing
correlations at U = 0.0 first rapidly increase with increasing
|V | and begin to decrease when |V | exceeds 0.2; The d-wave
pairing correlations are slightly enhanced by NN attraction
until |V | = 0.2, and then turn to rapidly increase and saturate
with increasing |V | further for U = 0.5 and U = 1.0, respec-
tively. A comparison of the results presented in Figs. 3 and 9
indicates that, close to half-filling, the enhancement of d-wave
superconductivity at U = 0.0 is one order of magnitude larger
for the inhomogeneous case than for the homogeneous case.

C. ED results on the 2 × 2 plaquette and discussion

Finally, we try to understand the results of CPQMC using
the ED method. In Fig. 10, we display the electron pair bind-
ing energy Eb on the 2 × 2 plaquette and the energy difference
E62−44 as a function of |V | at different U . At V = 0.0, Eb

has a minimum Emin
b = −0.039 at U = 2.46. As seen from

Fig. 10(a), Eb exhibits a monotonic decreasing dependence on
|V | for all U , and the decreasing rate is slightly reduced with
increasing U . More negative Eb for larger |V | indicates that
the NN attraction is favorable to the formation of hole pairs in
the studied parameter regime. Figure 10(b) shows that E62−44

decreases monotonically with increasing |V | for all U and
changes to negative value at a critical Vc = 0.0 for U = 0.0
and Vc ∼ −0.25 for U = 0.5, respectively. This indicates that,
in the parameter regime U < 1.0, PS starts at the critical Vc

and becomes stronger as |V | is increased.
Based on the ED results, the enhancement of pair binding

energy is responsible for the enhancement of d-wave super-
conductivity in the parameter regime U � 1.0, while both
hole pairing and PS are crucial for understanding the pairing

014519-6



DRASTIC ENHANCEMENT OF D-WAVE … PHYSICAL REVIEW B 109, 014519 (2024)

TABLE I. Comparison of the d-wave paring correlations (D2d )
from the CPQMC simulations and exact results on the 4 × 4 lattice
with 5↑ and 5↓ electrons at U = 4.0. The free electron wave function
was used as the trial wave function in the CPQMC simulations, and
the Monte Carlo errors are shown in parentheses.

ED CPQMC

D2d (2,1) (t1 = 0.00) 0.02453 0.02455(9)
D2d (1,0) (t1 = 0.22) 0.08655 0.0863(4)
D2d (1,1) (t1 = 0.22) −0.01403 −0.0144(2)
D2d (2,1) (t1 = 0.22) 0.02339 0.0228(2)
D2d (2,2) (t1 = 0.22) 0.13411 0.1304(5)

correlations in the parameter regime U < 1.0. In the lightly
hole-doped case (〈n〉 = 0.983), where the hole pairing is of
secondary importance, the results shown in Fig. 9 indicate
that weak PS can induce a dramatic enhancement of d-wave
superconductivity for U = 0.0 and U = 0.5, which is then
suppressed by strong PS beyond a certain NN attraction. Such
a dual role of PS was also observed in the homogeneous
systems [41,64], and simultaneously, it causes the anomalous
increase and drop of on-site s-wave pairing correlations as
shown in Fig. 5, evidenced by very similar evolutions of
Ps-wave(R > 2) with V to the ones in Fig. 9(b) for U = 0.0
and U = 0.5.

A combination of the results in Fig. 4 and Fig. 9 demon-
strates that, when the hole pairing and PS have equal
importance, there exists a strong competition between them,
otherwise, the enhancement effect at U = 0.0 and V = −0.2
as well as at U = 0.5 and V = −0.4 should be stronger for
〈n〉 = 0.820 than for 〈n〉 = 0.983. Moreover, the competi-
tion between hole pairing and PS is manifested in the U =
0.5 and t ′ = 0.05 curves displayed in Figs. 6 and 9, which
show opposite evolutions with increasing |V | from 0.3 to 0.5.
Furthermore, the competition between hole pairing and PS
provides a reasonable explanation for the dip appearing at
U = 0.5 in the V = −0.2 curves shown in Fig. 4. For the
parameters U = 0.5 and V = −0.2, although the system lies
in the uniform state, the tendency to PS could act to sup-
press the d-wave pairing correlations contributed by doped
holes, leading to smaller Pcluster(R > 2) and Pd-wave(R > 2)
compared to the ones at U = 1.0.

Our findings at small t ′ are consistent with the picture pro-
posed by Kivelson et al. [47,49] in which the 2 × 2 plaquettes
act as the centers of hole attraction, and then the interplaquette
t ′ drives d-wave superconductivity in the two-dimensional
lattice. The results presented in Appendix B indicate that
this local pairing picture is applicable for larger Hubbard
interactions (U > 4.0) in the parameter regime t ′ < 0.2. One
question arising is how to realize local pairing in the homo-
geneous system. As pointed out by Tang and Hirsch [65],
the Peierls instability can produce the same checkerboard
hopping pattern on the square lattice as shown in Fig. 1(a),
when electrons are coupled to two frozen phonons, one with a
wave vector (π, 0) and the other with a wave vector (0, π ).
Therefore, it is expected that, in the homogeneous system with
electrons coupled to dynamic (π, 0) and (0, π ) phonons, dy-
namic checkerboard hopping (each bond alternating between

FIG. 11. The d-wave pairing correlation Pd-wave(R) as a function
of the distance R on the 10 × 10 checkerboard lattice with t ′ = 0.05
at U = 2.0 and 〈n〉 = 0.820. Different trial wave functions are indi-
cated by the symbols. (a) V = 0.0 and (b) V = −0.4.

solid and dashed lines) can promote the formation of d-wave
superconductivity.

IV. CONCLUSION

In summary, we investigate the effect of intraplaquette NN
attraction V on the d-wave SC property of the well-known
two-dimensional checkerboard Hubbard model. The simu-
lations reveal that, in the homogeneous system, V induces
a significant enhancement of d-wave superconductivity near
half-filling in the range of 0.0 � U < 2.0; when the inter-
plaquette hopping integral is small, V drastically enhances
d-wave superconductivity in the studied range of 0.0 � U �
6.0. For t ′ = 0.05, the long-range d-wave pairing correlations
at V = −0.4 are approximately one order of magnitude larger
than the ones at V = 0.0. The ED studies indicate that this en-
hancement effect originates from the V -induced enhancement
of pair binding energy, and there exists a strong competi-
tion between hole pairing and PS in the weak correlation
regime. Our findings not only deepen the understanding of
the extended checkerboard Hubbard model, but also provide a
promising route for the search of high-temperature supercon-
ductivity in the inhomogeneous correlated electron systems.
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APPENDIX A: BENCHMARK OF THE CPQMC METHOD

Here we present the benchmark study for the CPQMC
method. First, we compare the results for the uniform
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FIG. 12. The average of long-range d-wave pairing correlations
as a function of |V | on the 6 × 6 lattice with different t ′. (a) Clus-
ter d-wave pairing correlation and (b) conventional d-wave pairing
correlation.

t − t1 − U Hubbard model obtained from the ED and
CPQMC methods. The NN hopping integral t is taken as
the energy unit and t1 denotes the next NN hopping integral.
Table I lists the d-wave pairing correlations (D2d ) on the 4 × 4
lattice with 5↑ and 5↓ electrons at U = 4.0. The ED results
for t1 = 0.00 and t1 = 0.22 are from Refs. [58] and [66],
respectively. The d-wave pairing correlation in this section is
defined as [58]

D2d (�l ) = 〈�†
2d (�l )�2d (�0)〉, (A1)

where �l = (lx, ly) is the position vector of lattice site l
and �2d (�l ) = ∑

�δ′ f ( �δ′)c�l,↑c�l+�δ′,↓ denotes the d-wave pair
operator, which is different from the one in Eq. (6). From

Table I, one can clearly see that the CPQMC data are in ex-
cellent agreement with the ED results, with relative deviations
from the ED results being less than 3.0%.

In Fig. 11, we compare Pd-wave(R) on the 10 × 10 checker-
board lattice with t ′ = 0.05 at U = 2.0 and 〈n〉 = 0.820
obtained from different trial wave functions. Two free-
electron wave functions, one with t ′ = 0.05 and the other with
t ′ = 0.2, as well as a Hartree-Fock mean-field wave func-
tion, were used as the trial wave functions. The Hartree-Fock
wave function was obtained by diagonalizing the following
quadratic Hamiltonian

HHF = −t
∑

〈i, j〉,σ
(c†

i,σ c j,σ + H.c.) − t ′ ∑

〈i j〉′,σ
(c†

i,σ c j,σ + H.c.)

+U
∑

i

(〈ni,↑〉ni,↓ + 〈ni,↓〉ni,↑ − 〈ni,↑〉〈ni,↓〉). (A2)

where 〈ni,↑〉 and 〈ni,↓〉 stand for the mean fields of spin-up and
spin-down electrons. As seen from Fig. 11, the d-wave pairing
correlations obtained from the three trial wave functions are in
agreement with each other at all distances, and the agreement
is better for V = 0.0 than for V = −0.4. The results shown in
Fig. 11 demonstrate that the physical observables are insensi-
tive to the choice of trial wave function.

APPENDIX B: CPQMC RESULTS ON THE 6 × 6 LATTICE
FOR U = 6.0

In this Appendix, we examine whether the V -induced dras-
tic enhancement of d-wave superconductivity is applicable for
larger U . Figure 12 displays the average of long-range d-wave
pairing correlations as a function of |V | at t ′ = 0.05, 0.2, and
1.0 on the 6 × 6 lattice with U = 6.0 and 〈n〉 = 0.722. At
t ′ = 0.2 and 1.0, both Pcluster(R > 2) and Pd-wave(R > 2) are
weakly dependent on |V | and exhibit a tendency to be en-
hanced and suppressed by NN attraction for t ′ = 0.2 and 1.0,
respectively. In contrast, one order enhancement of d-wave
pairing correlations is observed for t ′ = 0.05 with increasing
|V | from 0.0 to 0.5. The results presented in Fig. 12 suggest
that our findings can be extended to the strong correlation
regime.
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