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Microscopic insights into the London penetration depth: Application to CeColns

Mehdi Biderang ©,' Jeehoon Kim,? Reza Molavi,>* and Alireza Akbari ®>%
' Department of Physics, University of Toronto, 60 St. George Street, Toronto, Ontario, Canada M5S 1A7
2Department of Physics, POSTECH, Pohang, Gyeongbuk 790-784, Korea
3Department of Electrical and Computer Engineering, University of British Columbia, Vancouver, British Columbia, Canada V6T 1Z4
4D-Wave Systems Incorporated, Burnaby, British Columbia, Canada V5G 4M9
S Institut fiir Theoretische Physik 111, Ruhr-Universitit Bochum, D-44801 Bochum, Germany
®Asia Pacific Center for Theoretical Physics (APCTP), Pohang, Gyeongbuk 790-784, Korea

® (Received 30 September 2023; revised 9 November 2023; accepted 21 December 2023; published 16 January 2024)

We propose a comprehensive theoretical formulation of the magnetic penetration depth A(7') based on
microscopic calculations for a general superconducting gap symmetry. Our findings admit the significant role of
band structure and Fermi-surface topology together with the symmetry of the superconducting order parameter.
We employ our findings pertaining to the heavy-fermion superconductor CeColns to explore both local (London)
and nonlocal (Pippard) behaviors in response to an external magnetic field across varying temperatures. Our
calculations in the low-temperature regime offer compelling macroscopic evidence of the nodal character within
the superconducting state with d,»_,» symmetry. Furthermore, our findings align with the characteristics of
Pippard-type superconductivity, holding significant implications for upcoming experiments.
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I. INTRODUCTION

The discovery of unconventional superconductivity has
opened up exciting avenues of research, offering unprece-
dented insights into the fundamental properties of matter
[1-3]. The superconducting properties have been extensively
investigated using various theoretical and experimental tech-
niques, shedding light on its electronic structure, pairing
mechanism, and gap symmetry [4,5]. Of particular signifi-
cance is the measurement of the London penetration depth,
a fundamental property that delineates a superconductor’s re-
sponse to an applied magnetic field [6—11]. The experimental
studies employing diverse techniques, such as muon spin ro-
tation (uWSR), specific heat measurements, scanning tunneling
microscopy (STM), and magnetic force microscopy (MFM),
have explored the penetration depth [12—18]. To illustrate
the significance of the London penetration depth in practical
applications, it is worthwhile to recognize that superconduct-
ing quantum bits (qubits) are typically designed to possess
specific body inductance comprising two major components,
geometric and kinetic inductance. The latter term is heavily
impacted by the London penetration depth, further underscor-
ing the necessity of its accurate modeling to predict individual
qubit performance in a large-scale quantum processor [19].
The temperature-dependent behavior of the penetration depth
and related superfluid density provides direct windows into
the nature of the superconducting gap [20-22]. These inves-
tigations have revealed intriguing behavior, including a rapid
suppression of the superfluid density with increasing temper-
ature, unconventional power-law temperature dependencies,
and the presence of nodes or anisotropic gap structures in the
superconducting state [23-26]. Consequently, it becomes a
reflection of the interplay between the superconducting gap
structure and the topology of the Fermi surface [27,28]. A
comprehensive understanding of the penetration depth in both
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“specular” and “diffuse” regimes is crucial for investigating
the designing devices that utilize superconductors, such as
high-speed electronics, magnetic resonance imaging (MRI)
machines, or particle accelerators.

Heavy-fermion compounds have risen as captivating sys-
tems that manifest unconventional superconductivity, pushing
the boundaries of our comprehension beyond the confines
of the conventional Bardeen-Cooper-Schrieffer (BCS) theory
[29-31]. Among these compounds, CeColns has attracted
considerable attention due to its intriguing superconducting
properties and the presence of a complex superconducting
gap structure [32-37]. It is a unique heavy-fermion compound
that crystallizes in a tetragonal HoCoGas-type structure and
exhibits superconductivity below a critical temperature of
T. ~ 2.3 K [32]. This compound is of particular interest be-
cause it resides in close proximity to a quantum critical point,
where tiny perturbations can induce significant changes in
its electronic properties. This proximity to a quantum critical
point hints at the possibility of unconventional Cooper pair-
ing, emphasizing the intricate interplay between magnetism
and superconductivity [38,39]. These findings challenge con-
ventional models and highlight the need for a comprehensive
study to elucidate the superconducting gap function. Several
hypotheses regarding its superconducting gap function have
been explored, drawing from thermodynamic and transport
properties. The evidence suggests a spin singlet gap with d-
wave pairing. Initially, conflicting results hinted at both d\2>_,.
and dy, gap symmetries [33,40]. However, a distinct spin
resonance observed via inelastic neutron scattering strongly
supports the d,._,» symmetry [41-43]. Additionally, low-
temperature field-angle-resolved specific heat measurements
provided further confirmation of this symmetry [44], and
subsequent quasiparticle interference (QPI) measurements re-
inforced it [45-47].
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In addition to providing strong evidence for the d-wave
properties of CeColns, the most recent magnetic force mi-
croscopy results have shown a peculiar power-law pattern
in the penetration depth [48]. Inspired by these discoveries,
our work presents a comprehensive theoretical analysis of
the penetration depth in such materials, utilizing microscopic
approaches. We take into account both local and nonlocal
responses as we investigate the behavior of penetration depth
across a broad temperature range. Our primary goal is to
give a thorough explanation of its dependence on the super-
conducting gap symmetry. In this regard, Sec. II outlines the
physical model used to describe the electronic band structure.
In Sec. III, we introduce the response of a superconductor to
an external electromagnetic field and establish a microscopic
model to investigate the magnetic penetration depth within a
superconducting context. Lastly, in Sec. IV, we consolidate
our findings, presenting potential scenarios for the supercon-
ducting gap function in CeColns.

II. MODEL HAMILTONIAN
OF A HEAVY-FERMION SYSTEM

The Anderson lattice model Hamiltonian, which takes into
account the hybridization between the doubly spin-degenerate
conduction and localized orbitals, can be represented as [49]

H=Hy+ Hiy, (1)

with the noninteracting part of the Hamiltonian represented
by

- ) (-
HO = Z 8lc(ck,ack,a + Ei{flg,ofk,(r + E(chk,o’fk,a + H'C')’

k,o
(2)

and the on-site Coulomb interaction among the f electrons
given by

Hine = Z Ufff[i¢fk,¢f]j’,¢fk/,¢‘ &)

kK’

Here, the creation of a conduction (localized) electron of
momentum k and spin ¢ is denoted by c;ia ( fkT »)- The
hybridization between the lowest 4 doublet and conduc-
tion bands occurs through Vi, encompassing the influence of
spin-orbit coupling and crystal field effects. As the on-site
Coulomb interaction Uys tends towards an extremely large
value, the existence of doubly occupied f states becomes en-
ergetically forbidden. Consequently, by introducing auxiliary
bosons, the mean-field (MF) Hamiltonian of the quasiparticle
bands can be expressed as follows,

= i
HMF - Z Sk,Sak.S,zrak,s,(r’ (4)
k,s,o
where alt o 18 an operator of creation of a quasiparticle at

band s = &+ and spin o. The dispersion of quasiparticles is

given by
Gex = alek + 5'{ Ty (ek — 8'{)2 + W] ®)

The effective hybridization between conduction and localized
electrons is denoted by Vk = Viy/1 — ny, where n, represents

ky/m :
0

ky/m

1

FIG. 1. Calculated three-dimensional Fermi surfaces of CeColns
based on the Anderson lattice model.

the occupancy of the localized electron states and ensures
the exclusion of double occupancy. Extensive studies have
demonstrated that the formation of the Fermi surface is solely
attributed to the s = — band, while the s = 4+ band resides
above the Fermi energy. This phenomenon becomes evident
in a three-dimensional arrangement within a tetragonal crystal
lattice, with a distinct emphasis on the C,, rotational symme-
try within the xy plane. By employing the model detailed in
Refs. [45,49], we illustrates the Fermi surface of CeColns in
Fig. 1. Moreover, the superconducting state of the system can
be described by

Hse = 3 (Aal, 'y, | +He), ©)

k,s

wherein A, represents the superconducting gap function in
the singlet channel. Extensive research has established that the
gap function symmetry in CeColns exhibits the characteristic
nodal structure of d-wave pairing.

III. RESPONSE OF A SUPERCONDUCTOR
IN A WEAK ELECTROMAGNETIC FIELD

We investigate the response of a superconductor to an
external weak electromagnetic field, which is significantly
smaller than the critical magnetic fields. We focus our analysis
on a semi-infinite three-dimensional CeColns superconductor
with a planar surface located at z = 0, occupying the half
space (z < 0). This system is exposed to a constant weak
magnetic field (Meissner state) in the y direction. The current
density J is connected to the vector potential A through the
relation [7]

Jo,t,T) = — / K@ —r't =t TYAQW, thdr'dt', (7)

where K represents the nonlocal electromagnetic response
kernel. In the microscopic theory, this quantity is expressed
as the charge current—charge current correlation function at
temperature 7. In our formalism, we have opted to employ the
following unit conventions: /i, kg, ¢ = 1. Performing a Fourier
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transformation over space and time gives the correlation func-
tion in momentum and frequency spaces as

In the context of linear response theory and through the appli-
cation of the Kubo formula, this correlation function is defined
as

Kop(@, 0, T) = K8, 5 + AK,4(q, i, T)|

iw—>w,+i0t’
)]

where K = nez/m, and n, e, and m are the density, charge,
and bare mass of the electron, respectively. It should be em-
phasized that K is solely a band structure property and is
related to the magnetic penetration depth A(0) = A, at abso-
lute zero temperature. Moreover, the temperature-dependent
part of the response function determining the deviation of the
magnetic penetration depth from 1, is given by [50]
AK,4(q, o,

m’

T)
T PP A8 5 . .
= —m Z Jk gk(lv,,).]k gk+q(1wm + lvn)’ (10)
k,iv,

in which w,, = 2mz stands for bosonic Matsubara frequency.

In addition,
Jo K 0 (11)
KT loo gt

represents the 2 x 2 matrix of the wth component of the
charge current in Nambu space (al__, g, l)’ whose ele-
ments are defined by [51,52]

o, h — aE—k—&-eA
Tk dA,

d
]ﬁ(,e - _ %-k—keA

9 (12)

A=0 A=0

Furthermore, the Matsubara Green’s function is

R . Gk, il)n) F(K, ivn)
Gl vy = [ﬁ(k, )  —G(k —iv,l):|’ 4
where
. _ v, + & — . _ —Ag
g(k, ll)n) = m, ]:(k, ll)n) = —(i])n)z — Elg’_
(14)

are normal and anomalous Green’s functions, respectively,
with the fermionic Matsubara frequency v, = 2n+ 1)aT
at finite temperature 7', and the quasiparticle dispersion

Ex— =,/& _+ Af. Thus in the superconducting state,
AK, 8 (q, w, T') can be simplified as

AK 5(q. @, T)

1 Ex ) — E, _
_ ﬁzjs,ejf,e[ ny(Eg,—) —ng( k+q,.)+:|’ (15)
k a)—i—Ek,_ _Ek+q,— +10

where ny(e) = 1/[1 4 exp(e/T)] is the Fermi-Dirac distribu-
tion function. Since we are specifically interested in the dc

response (w = 0), afterwards we drop @ from our calcula-
tions. In the local limit (q — 0), one finds

Jeeghe
4T cosh*(E, _/2T)

Re[AK,,(q=0,T)]=—)
k

(16)

While the magnetic penetration depth is linked to the real
component of the electromagnetic response tensor, we have

[9]

1
2

loc 4r
Aop(T) = TRe[]Kaﬁ(q =0,T)] . 17

In this context, we can thus formulate the magnetic pene-
tration depth for a superconductor with an arbitrary Fermi
surface as

_1
Jeeghe EN\|
AT = 2o 8, —§ K Tk cosh? <—) . (18)
p B — 4K, T 2T

Hence, within the low-temperature regime, T < T, we can
derive

Ty ~ o 8,5+ 30 T h2<Ek> (19)
loc X Ao| 0y cos — .
Pl A 8K, T 2T

However, for the nonlocal limit (q £ 0), the electrons are
reflected by the boundary either specularly or diffusively.
In both regimes, the penetration depth is related to the su-
perconducting properties of the material, such as its critical
temperature and the density of superconducting carriers. It is
also influenced by external factors such as temperature and the
frequency of the incident electromagnetic waves.

For the specular boundary condition, the magnetic pene-
tration depth is determined by [9]

2 o0
Agpec(T) = ;/ dqlg® + Re[K(q, HII™!,  (20)
0

where electromagnetic waves incident on the superconductor
are reflected in a predictable and orderly manner, similar to the
way light reflects off a mirror. This regime typically applies to
smooth and clean surfaces of the superconductor. Moreover,
the penetration depth refers to the depth at which the ampli-
tude of the electromagnetic field decreases by a factor of 1/e
(about 37%) compared to its value at the surface.

On the other hand, when considering a diffusive boundary,
one can find [9]

0 -1
A (T) = n[/ dgqln (1 + 4—”—R6[K(§’ Tﬂ)} . 2D
0 ¢ q
where the electromagnetic waves incident on the supercon-
ductor are scattered in various directions due to surface
roughness, impurities, or defects present on the surface. The
penetration depth refers to the average distance over which the
electromagnetic field is attenuated inside the superconductor.
This regime typically applies to rough or dirty surfaces.
We are also interested in the normalized superfluid density
tensor, which can be expressed in terms of the magnetic pen-
etration depth as [21]

-2
@] . (22)

p'(T) = [ ™
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FIG. 2. Temperature dependence of (a) xx and zz components
of the penetration depth, and (b) normalized superfluid density for
possible d, _,- and d,,-wave pairings in CeColns in the local limit
(q — 0). Note Here, the London penetration depth is normalized by

p— mEC
}LO - dmelng’

concentration 7.

with electron mass (charge) m, (e), and superfluid of

For the simplistic case, namely an s-wave superconductor
with a spherical Fermi surface in the local limit, our approach
yields

ony(Ex)
dEy

2 Az
_1——/decosh ( 82+ ), (23)

which is the familiar expression of superfluid density for
isotropic s-wave pairing [6,53].

This approach establishes the connection between the com-
plex microscopic state for the most general superconductor
and the macroscopic penetration depth which can be exper-
imentally measured. Thus it can reveal the complex nature
of the superconducting gap and its pairing symmetry. In
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FIG. 3. The xx and zz components of A(7T) for CeColns in

(a) specular and (b) diffusive regimes, considering possible deyZ'

and d, -wave pairings. Similar to Fig. 2, the London penetration
depth is normalized here.

particular, an exponential or temperature-independent be-
havior suggests a conventional s-wave superconducting gap
(nodeless). Conversely, at low temperatures, for unconven-
tional pairing the penetration depth can be approximated by
a power-law-type behavior, A(T') o< 7", which can imply the
existence of nodal superconductivity. The type of nodes in the
system determines the value of the power exponent. A linear
to quadratic temperature dependence analogizes the presence
of line nodes or point nodes in the superconducting gap.

IV. RESULTS OF PENETRATION DEPTH FOR CeColn;

In this section, we delve into the outcomes of our in-
vestigation into the penetration depth of CeColns, with a
specific focus on symmetry-related aspects. It is important
to note that due to the in-plane C,, rotational symme-
try, an expected equivalence arises between the xx and yy
components of the penetration depth and superfluid den-
sity tensors. However, we should underscore that no such
guarantee exists for the zz component. Here, in addition to
the primary candidate pairing, d, _,, Ay(T)(cos k, — cosky),
we also investigate dy, palrmg, (T)smk sink,. In the
strong-coupling limit, the temperature dependence of the su-
perconducting order parameter is assumed to be of the form
Ay(T) = Aytanh[1.76/Tc/T — 1], with A as the amplitude
of the pairing.

In the local limit (see Fig. 2), a theoretical prediction is ful-
filled: All components of the penetration depth and superfluid
density tensors (xx, yy, and zz) converge to identical values.
Notably, within this limit, we made a significant observation
that the penetration depth of d,-wave pairing surpasses that
of dxz_yz-wave pairing. Inversely, the superfluid density of
de , dominates over that of dxy. Moving into the nonlocal
limit, Fig. 3(a) investigates the specular scattering regime,
revealing fascinating insights into the penetration depth’s be-
havior. Particularly at higher temperatures, we observed a
remarkable convergence in the zz-component values for both
d-wave pairings, indicating a trend toward parity. Notably,
these zz-component values are significantly greater than those

1.0Fy

Diffusive

0.8

0.6

0.4

0.2

0.0

FIG. 4. The spatial components of the normalized superfluid
density tensor of possible d,»_» and d,, Cooper pairings in CeColns
for nonlocal (a) specular and (b) diffusive regimes.
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TABLE I. The values of the exponent in the power-law relation-
ship between the London penetration depth versus temperature at the
low-temperature limit (7' /T < 1/3).

Pairing Component Local Specular Diffusive
d,_, XX 1.88 1.89 2.07
" 2z 1.88 1.17 1.56
d, XX 1.17 1.15 1.90
2Z 1.17 0.61 1.20

recorded for the xx and yy components. Furthermore, we
observe a striking dominance of the penetration depth for
d,,-wave pairing overits d , _,-wave counterpart in the xx and
yy components. In the diffusive regime, as shown in Fig. 3(b),
we have uncovered a distinct behavior within the penetration
depth characteristics. In contrast to the specular regime, the
zz component exhibits a clear preference for d,-wave pairing
over dxz_yz-wave pairing. This pattern is mirrored in the xx
components, further accentuating the dominance of d, -wave
pairing in this particular scattering regime.

Furthermore, Fig. 4 represents the temperature dependence
of superfluid density in the nonlocal limit. In the specular
regime, this quantity strongly depends on the symmetry of the
superconducting gap. In addition, for every specific type of
order parameter, an obvious difference is apparent between
the xx and zz components of the superfluid density, especially
at higher temperatures. However, in the diffusive regime, there
are lesser differences among the components of the superfluid
density for both a’xLy2 and d,, pairings.

At the end, Table I provides the exponent that character-
izes the power-law temperature dependence of the London
penetration depth in the low-temperature regime (7/T¢ <
1/3). Both the in-plane (xx) and out-of-plane (zz) compo-
nents of A(T) are offered for dxz_yf and dx},—wave pairings,
characterized by both London (local) and Pippard (non-
local) properties. These findings reveal a departure from
the behavior of A(T) ~ T towards A(T) ~ T? at low tem-
peratures. This deviation is in line with the presence of
line nodes [or point nodes in two dimensions (2D)] in the
superconducting pairing symmetry. In the case of experi-
mental observations in CeColns, it becomes apparent that
Axx undergoes a crossover, transitioning from a behavior

proportional to T to one proportional to T2 [48,54-56].
Furthermore, the well-established Kosztin-Leggett prediction
suggests that A, behaves as ~T [20]. Our results confirm the
dominant f nonlocal behavior in the superconducting state
and they align more consistently with prior efforts in the
dxzfy2 pairing in the specular nonlocal regime. Additionally,
they concur with the thermal-conductivity measurements per-
formed in the presence of an in-plane applied magnetic field,
which demonstrates fourfold symmetry. They also pinpoint
the nodes situated at the (£, ) positions within the Bril-
louin zone [39].

V. SUMMARY

We present a microscopic formulation of the London
(magnetic) penetration depth, specifically designed for heavy-
fermion superconductors, with a focus on CeColns, a repre-
sentative system known for its suggested d-wave pairings. Our
formulation establishes a crucial link between the intricate
microscopic superconducting state and the experimentally
observable macroscopic properties in these materials. We
demonstrate that the temperature-dependent behavior of the
penetration depth is influenced by both the superconducting
gap structure and the complex Fermi-surface topology. Par-
ticularly, our study provides evidence that CeColns exhibits
London-type superconductivity, where the penetration depth
significantly exceeds the coherency length [7]. Furthermore,
in the nonlocal limit, the temperature-dependent behavior of
the London penetration depth suggests that the prevailing
superconducting pairing mechanism for CeColns is the nodal
d,_, symmetry. These features are closely aligned with
thermal conductivity measurements [39], and magnetic force
microscopy results [48]. This versatile approach is applicable
to a wide range of physical systems, making it valuable for
exploring superconducting behaviors in various materials.
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