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C3Ny is a recently discovered phase of carbon nitrides with the tetragonal crystal structure [D. Laniel et al.,
Adv. Mater. (2023), doi:10.1002/adma.202308030] that is stable at ambient conditions. C;N, is a semiconductor
exhibiting flat-band anomalies in the valence band, suggesting the emergence of many-body instabilities upon
hole doping. Here, using state-of-the-art first-principles calculations we show that hole-doped C;N, reveals
strong electron-phonon coupling, leading to the formation of a gapped superconducting state. The phase
transition temperatures turn out to be strongly dependent on the hole concentration. We propose that holes could

be injected into C3N,4 via boron doping which induces, according to our results, a rigid shift of the Fermi energy
without significant modification of the electronic structure. Based on the electron-phonon coupling and Coulomb

pseudopotential calculated from first principles, we conclude that the boron concentration of 6 atoms per nm

3

would be required to reach the critical temperature of ~36 K at ambient pressure.

DOI: 10.1103/PhysRevB.109.014502

I. INTRODUCTION

The prospects of high-temperature superconductivity at-
tract enormous attention to this phenomenon [1-3]. In this
respect, the performance of conventional superconductors,
i.e., those mediated by the electron-phonon pairing mech-
anism, are believed to be limited. Nevertheless, there has
been considerable progress in the experimental discovery of
phonon-mediated superconductivity in hydrides with reported
critical temperatures 7. of up to 260 K at extremely high
pressures (above 100 GPa) [4-8]. A promising direction in
attaining high T is to focus on compounds with light elements
that permit the existence of high-frequency phonons strongly
coupled to charge carriers. This strategy was suggested by
Ashcroft [9] as a practical realization of his old idea of super-
conductivity of metallic hydrogen [10]. From this perspective,
the role of heavy elements is just to provide a container for
solid hydrogen, assuming that the hydrogen contribution to
the electron states at the Fermi level is essential.

Other light elements are obvious candidates for obtain-
ing superconductors with reasonably high 7.. MgB, with
T. =~ 40 K is probably the most known example [11,12]. As
for the next to boron element in the periodic table, carbon,
intercalated graphite and graphene laminates were also inten-
sively studied both experimentally [13—15] and theoretically
[16-19] but the reached T;.’s are always essentially smaller
than for MgB,. Here, we predict theoretically the phonon-
mediated superconductivity in another group of light-element
compounds, namely, carbon nitrides, with the highest critical
temperatures of ~36 K at ambient pressure.

A number of previously unknown crystalline phases of
nitrogen and its compounds have been discovered in the
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past years by means of high-pressure synthesis [20-22]. Re-
cently, the synthesis of ultra-incompressible carbon nitrides
recoverable at ambient conditions has been reported [23].
Among them, a tetragonal phase C;N4 with the space group
I42m demonstrates remarkable electronic properties. Partic-
ularly, C3Ny is a semiconductor with the flat-band features
near the top of the valence band, suggesting the essential
role of many-body effects upon hole doping. In combina-
tion with high-frequency phonons with the highest energy
of ~160 meV, such characteristics make C3N, an appealing
candidate for superconductivity, which constitutes the main
focus of our study.

II. COMPUTATIONAL DETAILS

First-principles electronic structure and total energy calcu-
lations were performed using density functional theory (DFT)
within the plane-wave pseudopotential method [24] as im-
plemented in the QUANTUM ESPRESSO distribution [25,26].
The exchange-correlation effects were considered within
the generalized-gradient approximation (GGA) functional in
the Perdew-Burke-Ernzerhof parametrization [27]. Ultrasoft
pseudopotentials were used with a 50 Ry energy cutoff for the
plane waves and 400 Ry for the charge density [28]. A conver-
gence threshold for the total energy of 10~'? Ry was used in
self-consistent calculations. The atomic structure was relaxed
until the residual force components of each atom were less
than 10~* Ry A~!. The lattice dynamics and phonon-related
properties were calculated within the density-functional per-
turbation theory (DFPT) [29]. To achieve convergence in the
calculation of the superconducting properties, the electron-
phonon interactions were interpolated using the Wannier
functions [30,31] as implemented in the EPW package [32].
The Wannier functions were constructed from the mani-
fold of four valence states using the procedure of maximum
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FIG. 1. (a) DOS and band structure projected onto the sp states
of N and C atoms in C3Ny. Color indicates the contribution of N
(blue) or C (red) states. (b) The Brillouin zone of the tetragonal
lattice of C3N4 with the high-symmetry directions along which the
band structure is calculated. (c) p,-like Wannier orbital residing on N
atoms describing the valence states in C3Ny. (d) DOS of the valence
band (shaded area) and the hole concentration (blue solid line) shown
as a function of energy. Zero energy corresponds to the valence
band top.

localization [33,34], resulting in one p-like orbital per N atom.
The Brillouin zone was sampled by (12 x 12 x 12)k-point
and (6 x 6 x 6) q-point meshes in the DFT and DFPT calcu-
lations, respectively. The Brillouin zone (BZ) integrals were
calculated using interpolated k and q meshes. The numerical
integration was performed using the Gaussian smearing with
the parameters 10 and 0.5 meV for electrons and phonons, re-
spectively. Convergence tests of the BZ integrals are provided
in the Supplemental Material (SM) [35].

Dielectric screening and the Coulomb interactions in un-
doped C3N,4 were calculated in the Wannier basis using the
random phase approximation (RPA) as implemented in VASP
[36-38]. To this end, we carried out calculations within the
projector augmented wave formalism (PAW) [39] using GGA
and a 400 eV cutoff for the plane waves. In order to rule
out possible inconsistencies between VASP and QUANTUM
ESPRESSO, we performed a comparison between the band
structures calculated using these codes, which are found to be
almost identical [35]. The polarization function for RPA cal-
culations was calculated taking a window of ~100 eV for the
empty states. The calculation of the Coulomb interactions and
screening in doped C3;N4 was performed using an in-house
developed code.

III. RESULTS
A. Electronic structure

Figure 1(a) shows the band structure and density of states
(DOS) calculated for C3N, along the high-symmetry direc-
tions of the Brillouin zone shown in Fig. 1(b). From Fig. 1(a)
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FIG. 2. (a) Phonon dispersion (lines) and the corresponding
linewidths (filled areas) calculated for the Fermi energy Ep =
—25meV and T = 50 K along selected high-symmetry directions of
the Brillouin zone in C;N,. Right panel shows phonon DOS (shaded
area) and the Eliashberg function o>F () (blue solid line) calculated
for Ep = —25 meV. (b) High-frequency region of o’>F(w) plotted
for three different Er. Dashed line shows A. (c) Electron-phonon
constant A shown as a function of the Fermi energy Er superimposed
onto the electron DOS.

one can see that the valence band is predominantly formed by
the sp states of N atoms, while C atoms mainly contribute to
the conduction band. The valence N states are well isolated
within the range from —5 to 0 eV. The subspace of N va-
lence states can be represented in terms of equivalent p,-like
Wannier orbitals, each centered on N atoms, as visualized in
Fig. 1(c). The GGA electronic structure of C3N,4 exhibits an
indirect band gap of ~2.7 eV. The conduction band bottom is
located at the I" point, whereas the valence band top is in be-
tween the I' and X points, forming a saddle point at the I" point
~0.06 eV below the valence band top. This saddle point gives
rise to a van Hove singularity (vHS) which, however, does
not form an isolated peak in DOS. At the same time, there
is another VHS close to the valence band top at ~—0.5 eV,
originating from the flat band along the Y-X direction, giving
rise to a prominent peak in DOS. The proximity of the vHS
to the valence band edge suggests that the system could be
potentially p-doped in order to align the vHS with the Fermi
energy. This, in turn, might lead to the emergence of many-
body effects and exotic physics. Practically, hole doping in
C3Ny4 could be achieved by the doping of B atoms, which tend
to replace C atoms, which is discussed below. The dependence
of the hole concentration on the Fermi energy is shown in
Fig. 1(d). The Fermi surfaces for relevant doping levels are
presented in the SM [35].

B. Phonons and electron-phonon coupling

Figure 2(a) shows the phonon dispersion wg, along with
the phonon linewidths yq, ~Npkqvwév calculated at T =
50 K and Er = —25 meV from the imaginary part of the
phonon self-energy [31]. The phonon spectrum exhibits three
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linearly dispersing branches in the range up to ~50 meV and
a bunch of optical branches extending up to 160 meV, simi-
lar to diamond [40]. The high-frequency character of optical
phonons in C3Ny is determined by the low atomic masses and
strong interatomic bonding. Overall, the spectrum is typical
for a 3D compound, showing no anomalies. At high frequen-
cies, there is an apparent broadening of the phonon lines, i.e.,
along the X-I" and I'-Z directions, indicating strong electron-
phonon interaction at specific wave vectors q. This gives rise
to a sharp high-energy peak in the Eliashberg function

1
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shown in Fig. 2(b) for three different Ep, from which one
can see that approximately half of the contribution to the
electron-phonon coupling originates from the high-energy re-
gion. InEq. (1), Aqy = (|g‘(’l|2) /wqy s the momentum-resolved
electron-phonon coupling constant averaged over the Fermi
surface with

gy = P (Y 10—V | ¥uk) 2
kk 2mowq,

being the matrix element of the electron-phonon interaction,
where d_q,V is the phonon-induced variation of the electronic
potential written in the basis of Bloch states k. Fig-
ure 2(c) shows the integrated electron-phonon coupling A =

2/ dw% as a function of Eg. Already at Er = —50 meV,
we obtain A = 0.6, which can be qualified as a strong regime
[41]. The energy dependence of A closely follows electronic
DOS, indicating that the strong coupling in C3Ny is governed
by the peculiarities of its electronic structure.

At the same time, in the absence of magnetism, large A
suggests an instability with respect to the formation of a
superconducting state. Ignoring the Coulomb interaction, a
simple estimate using the Allen-Dynes formula [42] yields
T. = 68 K for Er = —50 meV. In what follows, we analyze
the possibility for conventional superconductivity in C3N4 in
more detail.

C. Coulomb interaction

Before we proceed to a more rigorous analysis of the
superconductivity in C3N4, we consider the problem of the
electron-electron repulsion, which is another crucial factor for
conventional superconductivity.

The electron-electron interaction constant averaged over
the Fermi surface can be written as

pe=Ng"Y > Wi wd(Em — ER)S(Enie — Er),  (3)
mn KK’

where Ng = an S8(E.x — Ep) is DOS at the Fermi energy.
To estimate the Coulomb interaction, we employ the random
phase approximation (RPA) [43,44], in which Wy = V(1 —
l'IqVq)’1 with Vg being the bare (unscreened) interaction,
and T4 being the static polarizability. We first consider the
Coulomb interaction in C3N4 without doping. To this end,
we calculate the bare V (r;;) = (¢i¢i|ri; : |¢;¢;) and screened
U (r;j) Coulomb interaction between the relevant N-p, or-
bitals as a function of the interorbital distance 7;;, shown in
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FIG. 3. (a) Bare and screened Coulomb interaction calculated
between the relevant p.-like orbitals of N in C3N4 as a function
of the interorbital distance r. Lines are obtained by fitting to the
classical Coulomb law. (b) Coulomb pseudopotential p¢ calculated
as a function of the Fermi energy Ey shown for different cutoff

1 . J— max max max
energies of phonons: @y, = 1 X o™, 4 x wji™, and 8 x wj™.

Fig. 3(a). The screened interaction is calculated within RPA
Ug=Vyq + Vql'l((lo)Uq with l'[flo) being the static polarizability
of undoped C3;Ny4. Due to sufficient localization of the N
orbitals, the bare interaction fits very well to the classical
V(r) = €*/r law except the point r = 0, which is irrelevant
for the purpose of our study. To a good approximation, the
screened interaction U(r) can be obtained by the rescaling
V(r) — V(r)/e, which allows us to determine the dielectric
constant in undoped C3;Ny4, which is found to be ¢ =4.9.
Upon the doping, there is another (metallic) contribution to
the screening, which is essentially q- and doping-dependent.
In order to take this contribution into account, we calculate
the metallic contribution to the polarizability H((ll) considering
the N valence states separately, within the model discussed
earlier. The resulting Coulomb interaction can be then written
as Wy = Ug(1 — I{PUy) ™", where Uy = 4me*/eq>.

In the Eliashberg theory of superconductivity [45] it is a
common practice to deal with the logarithmically corrected
Coulomb interactions, which captures the fact that the inter-
action decays away from the Fermi surface. Here, we use the
prescription of Marsiglio [46,47], who obtained the following
pseudopotential for the case of a finite bandwidth W and
arbitrary filling,

1276}
1+ $pc In[Ep /o] + Spc In[(W — Ep)/wpn]’

where wpy, is the energy cutoff for phonons, determined by
the highest Matsubara frequency used to solve the Eliash-
berg equations. Equation (4) is essentially different from the
well-known expression for the Coulomb pseudopotential pro-
posed originally by Tolmachev [48], and Morel and Anderson
[49]. In the original formulation, p* is derived under the
assumption of half filling, which is qualitatively well justi-
fied for metals. In this case, Er >~ W/2 and Eq. (4) reduces
to the well-known expression ug = pc/(1 + pc In[Er /wpn]).
In our case, we deal with a doped semiconductor where Ep <
W, making the “standard” formulation inapplicable. In our
calculations, we set W = 24.3 eV, which corresponds to the
width of the valence band formed by the 2s and 2p orbitals of
Cand N.

The resulting ¢ is shown in Fig. 3(b) as a function of the
Fermi energy for three different cutoff energies of phonons.
The case wpn = 1 x w?* corresponds to the typical choice
used in conjunction with the Allen-Dynes formula for T,

e = @
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FIG. 4. (a) Critical temperature obtained from solving the
isotropic Eliashberg equations for C3Ny for different Er. The results
for the Coulomb potentials ;& = 0.1 and 0.2 are shown for refer-
ence. Red arrows indicate the Fermi energies that are achievable
through the doping by boron with the concentrations n = 6, 3, and
2 B atoms per nm>. (b) Energy gap of the superconducting state A,
as a function of temperature for three different Er. (c) A, calculated
at T =0 K as a function of Eg. Horizontal blue line shows 7. of
MgB, given for reference.

showing a variation between 0.15 and 0.2, depending on the
Fermi energy. In the present study, in order to solve the
Eliashberg equations, we use a larger cutoff, namely, wp, =
8 x a)g}f"‘ =~ 1.3 eV. This choice ensures that the estimated
critical temperatures are converged for each Er considered,
as demonstrated in the SM [35].

D. Phonon-mediated superconductivity

We now determine temperature dependence of the super-
conducting gap Ag(T') as well as its dependence of the Fermi
energy in C3Ny. To this end, we solve the isotropic Eliash-
berg equations [45] on the imaginary axis using the coupling
parameters obtained earlier. The corresponding equations can
be found in the SM [35].

Strictly speaking, the Migdal-Eliashberg theory has lim-
ited applicability in case of strong electron-phonon coupling.
However, recent determinant quantum Monte Carlo calcu-
lations for the Holstein model demonstrate that the results
quantitatively agree with the Migdal-Eliashberg theory as
long as the renormalized electron-phonon coupling A < 1.7
[50,51]. This critical value is far beyond the values considered
in the present study [see Fig. 2(c)], suggesting that the Migdal-
Eliashberg theory is adequate for moderately doped C3Ny.

Figure 4(a) shows the calculated critical temperature in
C3;Ny as a function of the Fermi energy. The results are
shown for the calculated u calculated for wy, = 8 x wg;la"
[Fig. 3(b)], as well as for the two reference values u¢ =
0.1 and 0.2, representing boundaries of the typically used

Coulomb pseudopotential. The dependence T; versus Ef re-
sembles electronic DOS with a steep increase up to —0.1 eV
followed by a moderate growth. Already at Er = —0.05 meV,
we obtain T. ~ 8 K, increasing up to ~50 K at Ep =
—0.25 eV. For Er < —0.20 eV, the critical temperature is
found to be larger than in the prototypical conventional super-
conductor MgB,. Figure 4(b) displays a typical temperature
dependence of the superconducting gap A, for three repre-
sentative Fermi energies. Figure 4(c) shows Ag(T =0) as a
function of Er. The gap opens up at Er ~ —30 meV, which
corresponds to a hole concentration of ~4 x 10%* cm™3. At
zero temperature, we obtain the ratio 2A(/7; in the range
3.7-3.8, which lies in between the weak (3.53) and strong (4)
coupling regimes in the BCS theory [52].

The predicted critical temperatures in doped C3Ny are
fairly large for conventional superconductivity, and may even
reach liquid nitrogen temperature at high enough doping. Up
to now, we did not specify how the hole doping could be
realized in C3Ny. In analogy to diamond [53,54], where boron
demonstrates the ability to substitute carbon atoms and in-
duce hole doping without significant changes in the electronic
structure, we propose a similar mechanism for C3Ny, which is
discussed in the next section.

E. Realization of hole doping in C3N,

Unlike diamond, there are two possibilities for the substi-
tutional doping in C3Ny4, where dopants may replace C or N
atoms. In order to check whether this process is energetically
favorable, we calculated the formation energy of a boron
dopant in C3Ny4, considering the replacement of C and N
atoms individually. The formation energy of boron dopants
in C3Ny4 can be calculated as [55]

E; = Ep — Ep + jic/N — UB, (5)

where Ep is the energy of a defective supercell with a boron
dopant, Ep is the energy of a supercell without defects. pc/N
is the chemical potential of a replaced C or N atom, and up is
the chemical potential of the B dopant. In Eq. (5), we do not
explicitly consider the charge transfer term because here we
only deal with a small hole doping induced by B. Indeed, the
maximum possible charge transfer induced by B in the highest
considered concentration (6 x B/nm?) is 0.25 |e|, meaning a
marginal contribution to the formation energy.

To calculate the formation energies, we use three different
supercells, corresponding to the concentration of 6, 3, and
2 B atoms per nm?>. Specifically, we employ (1 x 2 x 2),
(2 x 2 x 2),and (2 x 2 x 3) supercells with the compositions
C11BNj¢, C23BN3,, C35BNyg for the C — B substitution, and
C|2BN15, C24BN3], C36BN47 for the N — B substitution. In
each case, the atomic positions in the supercell containing a
dopant were relaxed, keeping the lattice constants fixed. The
presence of B dopants has a minor effect on the position of
surrounding atoms. The chemical potentials pc and puy in
Eq. (5) are dependent on the formation conditions. In our
calculations, we consider C-rich and C-poor conditions. In the
former case, we take jc = u'*, where u2'™* is the chemical
potential of C atoms in diamond. In this case, uy is deter-
mined from the condition

HesN, = 3uc +4un, (6)
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TABLE I. Formation energies E; (in eV) of boron dopants in
C3Ny calculated for three different supercells, corresponding to the
concentration of 2, 3, and 6 B atoms per nm®. The values are given
for the substitution of C and N atoms in the C-rich and C-poor
conditions.

C substitution N substitution

Concentration C-rich C-poor C-rich C-poor
2 x B/nm? —2.41 —1.14 +0.49 —0.46
3 x B/nm? —2.42 —1.15 +0.51 —0.45
6 x B/nm? —1.85 —0.58 +0.57 —0.38

where pc,n, is the energy of pristine C3Ny4 per formula unit.
In the C-poor case, un = u&', where u® is the chemical
potential of N atoms in the o phase of crystalline nitro-
gen. Similarly, pc is determined from the condition given
above. In all cases, we take up = uX'*, where up™* is
the chemical of B atoms in the o phase of rhombohedral
boron.

The calculated formation energies are given in Table 1. We
find that the substitution of C atoms by boron is considerably
more favorable with the formation energies lying between
—2.4 and —0.6 eV depending on dopant concentration and the
formation conditions. On the contrary, the formation energy
of the N substitution is found in between —0.5 and +0.6 €V,
demonstrating that this type of B doping is considerably
less likely.

We now analyze the electronic structure of C3N4 doped
by B atoms substituting C atoms. In Fig. 5, we show the
electronic DOS for the case of C — B substitution corre-
sponding to three different concentrations. DOS of pristine
C3Ny is shown for reference in each panel. The calculated
DOS shows that the presence of boron defect does not in-
duce any midgap states, but leads to a shift of the Fermi
energy into the valence band, indicating a p-type doping. The
shift of the Fermi energy increases with the B concentration,
while the form of the electronic spectrum remains essen-
tially unchanged. At the largest considered concentration of
6 x B/nm? one can see a splitting of the main peak, which
takes place below the Fermi energy, which is not affecting
the states in the immediate vicinity of the Fermi energy. This
demonstrates that the rigid shift model of the hole doping
in C3Ny is well justified up to the boron concentrations of
6xB /nm3, which allows one to achieve the hole density of
~10% c¢m™3 (see Table S1 in the SM [35] for a correspon-
dence between the units for different B concentrations). Under
these conditions, the superconducting critical temperature is
estimated to be around 36 K (Fig. 4). At higher B dopings,
a more significant modification of the electronic structure
is expected, limiting the applicability of the rigid band-shift
approximation.

Lastly, we comment on the dynamical stability of C3Ny4
in the presence of hole doping. The presence of van Hove
singularities and related anomalies in the electronic spectrum
often causes softening of the phonon modes, developing dy-
namical instabilities of the atomic structures [56,57]. In order
to rule out this scenario for C3Ny4, we calculate the phonon
dispersion under the hole doping induced by adding a posi-
tive charge to the system. Our calculations presented in Fig.
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FIG. 5. Electron DOS of boron-doped C;N4. The results are
shown for three different supercells, corresponding to the concen-
tration of 2, 3, and 6 B atoms per nm?, as well as for pristine C3Ny.
In all cases, zero energy corresponds to the valence band maximum.
Vertical line is the Fermi energy of the doped system. A shift of

the Fermi energy from the valence band edge increases with the B
concentration.

S1 [35] demonstrate the absence of imaginary phonon modes
in C3Ny up to the concentrations of at least 0.4 x 10% cm3,
which suggests that the system remains dynamically stable in
the relevant range of hole concentrations. Beyond this range,
the dynamical stability of C3N4 was not examined.

IV. CONCLUSION

Summarizing, we performed a systematic study of the
electron-phonon interaction and superconductivity in a
recently discovered tetragonal phase of the carbon nitride
C3Ny [23]. C3Ny4 features flat-band anomalies in the electronic
spectrum, suggesting the development of many-body instabil-
ities upon hole doping. Using state-of-the-art first-principles
calculations, we demonstrated that hole-doped C3N,4 exhibits
strong electron-phonon coupling with the constant A < 1,
originating predominantly from the high-frequency part
(2100 meV) of the phonon spectrum. In turn, large A permits
the emergence of conventional superconductivity even at
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moderate dopings. The critical temperature of the supercon-
ducting transition is estimated from solving the Eliashberg
equations on the imaginary axis. For this purpose, we care-
fully estimated the Coulomb pseudopotential ¢, which turns
out to be doping-dependent, lying around 0.3 for the relevant
doping regime and phonon energy cutoff. Our calculations
show that T; steadily increase with the hole concentration,
reaching 7, ~ 36 K at n;, ~ 1 x 10> cm~3. We demonstrate
that this concentration could be achieved by doping C3Ny4
with boron. At moderate concentrations up to 6 x B/ nm?>, the
electronic structure of C3N,4 remains essentially unchanged
with the exception of the Fermi energy shift, manifesting itself
a p-type doping. At the same time, we do not exclude that even
higher doping levels, i.e., higher T, could be reached by other
dopants.

Our findings expand the spectrum of ambient-pressure
conventional superconductors with relatively high 7¢, and call
for its experimental verification. We note that the presence of
flat bands in C3N,4 might trigger other many-body instabilities

even at higher temperatures, potentially leading to the
formation of different exotic states of matter such as charge
density waves or sp magnetism. This paves the way for further
research in this direction. Finally, it is worth mentioning that
multiple other phases of the recently discovered carbon
nitrides [23] with ultra-incompressibility also represent a
promising playground for further superconductivity studies.
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